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then it concentrates in frequencies localized in an annulus in the frequency space. The
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We will further observe the concentration occurring in any time derivative of the solution
or in the vorticity and its time derivatives with the same annulus or the ball for the
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1. Introduction

The large-time behavior of solutions to the Navier-Stokes equations has been intensively studied for several decades;
see for example [1,2] or [3]. In this paper we are mostly interested in the large-time behavior of solutions in the frequency
space. It was proved in [4] that if u is a nonzero turbulent solution of the Navier-Stokes equations (that is a global weak
solution satisfying the strong energy inequality), then

| (Eate — Ea—s)u(t)||
m =
t=00 lu@®ll
for every ¢ > 0, where a = lim,_, o, [|AY2u(t)||>/|lu(t)||? is a well defined nonnegative finite number. Here A is the Stokes
operator, {E,; A > 0} denotes the resolution of the identity of the Stokes operator and || - || is the L>-norm (see Section 2 for
other notation). We put E,_, = 0 ifa — ¢ < 0. This result holds for the case of any sufficiently smooth three-dimensional

domain. For the case of the whole three-dimensional space, the result can be formulated as follows: ifa > 0 and ¢ € (0, a)
then

(1)

2
% o IFuD) @) dé @)
Ifa=0and ¢ > 0then
IF(u(t)) (&) dg
lim Jo 0 -1 .
t—oo  [os [F(u(t))(§)|? d§

Here F denotes the Fourier transform, xp 50 is the characteristic function of B 55(0) = {x € R3; x| < V).
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It follows from (2) and (3) that the energy of solutions concentrates in frequencies from an annulus if a > 0 (solutions
with exponentially decreasing energy—see [4]) or from a ball if a = 0. This result holds for any turbulent solution and for
any sufficiently smooth three-dimensional domain—in the sense of (1).

In the present paper we improve the mentioned results for the case of the three-dimensional space. For example, we will
show instead of (2) and (3) that forany o« > 0

) f,(ucg &% |F (u(t))(§)]* d§
lim : =
t—00 f,(“ €[4 F (u(t))(§)]? d&

where K, . = B /z77(0) \ B = (0) for (2) and K, . = B 4 (0) for (3). K;S =R3\ Kq . It is clear that (4) offers a much better
insight into the evolution of particular frequencies than (2) and (3).

Let us mention here that it is not difficult to find solutions with the large-time energy concentration in the low
frequencies—the solutions satisfying (4) with K, . = B_/z(0) for any ¢ > 0. Several classes of the initial conditions yielding
such solutions were described in [5]. In fact, every solution with the energy not decreasing exponentially has this property.
On the other hand, it is still an open problem to find a solution with exponentially decreasing energy and so satisfying (4)
with some K, . = B /777 (0) \ B z=:(0) even though the existence of such solutions is very well known (see [6,7]).

In fact, we will prove that (4) remains true even if the solution u is replaced with the time derivative of u of any order
or with the vorticity and its time derivatives. It is interesting here that for a fixed solution the number a does not change
notwithstanding if we consider the solution itself, its time derivatives or the vorticity and its time derivatives.

The main results of the present paper are summed up in Theorem 1 and Corollary 1 in Section 3. The proofs and results
concerning time derivatives of solutions and the vorticity are presented in Sections 4 and 5.

The topic of the present paper seems to be connected with the study of the Navier-Stokes solutions in the Besov spaces.
The connection of the Besov spaces and the Navier-Stokes equations was studied in a series of papers; for example [8-11]
or [12]. In [13] the author studied the large-time behavior of turbulent solutions with initial conditions uy € Li such that

0, (4)

/(1 + [xDuo(®)]dx < oo.

5/2

~ - Due

Such solutions always lie in the homogeneous Besov space Bl’lo and consequently in the homogeneous space B,

to the definition of B, iéz, the presence of the solution in this space gives us information on the distribution of energy
throughout the entire frequency spectrum. On the other hand, the results presented in the present paper seem to be
different: they give information on the relative incidence of frequencies in the frequency spectrum of the particular solution
and its evolution in time. Nevertheless it would be interesting to establish some deeper relation of the results presented in

the present paper with the results from the literature mentioned above.

2. Notation and preliminaries

The notation and most of the results from this section comes from [14].

Let g € [1,00] and k € N.Then L = LI(R®) and Wk? = W*2(R®) denote the Lebesgue and Sobolev spaces
with the norms || - |lg and || - [lx,2. We will often denote || - || instead of || - ||,. Define L2, resp. Wol(f as the closure of
C5e = {p € C°(R*)*; V-9 = 0} in (L*)3, resp. (W'2)3. P, denotes the Helmholtz projection from (L*)® onto L2. The Stokes
operator A is defined as A = —A = —9%/9x3 — 8?/0x3 — 9% /9x3 with the domain D(A) = (W??%)> N [2. Ais a positive
self-adjoint operator. {E; ; A > 0} denotes the resolution of identity of A. If © € R, then the powers A* of A can be defined by
the use of {E;; A > 0} (see [14, Chapters I1.3.2 and I11.2.3]). The domains of A* are denoted by D(A*). {e~*¢; t > 0} denotes
the Stokes semigroup generated by —A. || - l« = || - || + ||A% - || is the graph norm. F denotes the Fourier transform defined
as Fu(§) = [ e ™%u(x) dx. The Navier-Stokes equations in R® can be written as

]

8—;’—Au+u-Vu+Vp:O inR? x (0, 00), (5)
V-u=0 inR?x (0, c0), (6)
U= = Uo, (7

where u = u(x, t) and p = p(x, t) denote the unknown velocity and pressure and 1y = ug(x) is a given initial velocity.
Ifug € L(Z,, a measurable function u defined on R? x (0, co) is called a global weak solution of (5)-(7) if

u € L%((0, 00); L2) N L*((0, T); W&‘j) forevery T > 0

and the integral relation

/ [— (@), 3:p(t)) + (Vu(t), V(1)) + (u(t) - Vu(t), ¢(t))1dt = (uo, ¢(0))
0
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holds for all ¢ € C5°([0, 00); C55,). We say that a global weak solution satisfies the strong energy inequality if

t
luce)® +2/ IVu(e)|*do < [[u(s)|®

for almost all s > 0 including s = 0 and all t > s. A global weak solution to (5)-(7) satisfying the strong energy inequality
is called a turbulent solution.

Let uy € D(A). A function u € C([0, oo); D(A)) N C'((0, 00); L(Z,) is called a global strong solution of (5)-(7) if u(0) = ug
and du/dt + Au + P, (u - Vu) = 0 for every t > 0.

It is known that for ug € L?, there exists at least one turbulent solution of (5)-(7). It is also known (see [14, Chapter
V]) that this solution becomes strong after some transient time which means that there exists Ty > 0 such that u €
C([To, 00); D(A)) N C1((Ty, 00); [2) and du/dt + Au + P, (u - Vu) = 0 for every t > To.

We will now present several known results which we will use in the present paper.

(i) [Vull = [|A"2ul| for every u € D(AY2) = W2 (see [14, Chapter I11.2]).

(ii) DAY = (WZ*2)3 N2 forany k € N.Ifg € (W*2)3, then P, (g) € (W*?)? and P, (V¥g) = V*P, g (see [14, Chapter
11.2]).

(iii) If u is a global strong solution of (5)-(7), then u(t) € D(A") foranyn € N and t > 0. Consequently, it follows from (ii)
that P, (u - Vu(t)) € D(A") foranyn € N.

(iv) If ¢ € [0,3/4),q € [2, 00) and 2« + 3/q = 3/2, then there exists ¢ = c(«, q) such that |ull; < c|[A%ul| for every
u € D(A%) (see [14, Chapter I11.2.4]).

(v) Let u be a global strong solution of (5)-(7). Then forany t,§ > 0

S
u(t +8) = e Mu(r) —/ e AP, (u- Vu(t +5)) ds (8)
0

(see [14, Chapter V.1.3]).
(vi) If0 <z <y < xand u € D(A¥) then a so called moment inequality holds:

IAul| < (AU ¥ A )| (9)
(vii) Let k € N. There exists a positive constant c (k) such that
A ull < | V¥ull < c(k)|A?ul|
for every u € D(A¥/?) (it follows directly from [14, Lemma 2.3.2]).
(viii) If u is a global strong solution of (5)-(7) and ||u(t)|| = O(t™*), t — oo, for some u > 0, then for any o« > 0
IA%u)|| = 0(t™**), t— oo, (10)

(see [15]).
The following result was proved in [16].

(ix) Let Assumption 1 be satisfied. Let 0 < o < 8 < o¢. Then there exist C = C(«, ) > 1, 6o = do(x, B) € (0, 1) and
to = to(ce, B) such that

AP u()|
lA*u(t + o)l —
forevery t > tg and every é € [0, &g].
(x) The equality F(E u) = Xgﬁ(o)F(u) holds for every u € I? and every A > 0 (see [17]). x4 denotes the characteristic
function of A, B ;;:(0) = {x € R?; |x|> < 1} and F is the Fourier transform.

Assumption 1. We suppose that u is a turbulent solution to (5)-(7) such that u(t) # 0 for every t € [T, co) for some
T>0.

Remark 1. It is not clear if Assumption 1 is satisfied for any turbulent solution to (5)-(7) with a nonzero initial condition.
However, if Assumption 1 was not satisfied for some solution, it would mean that this solution is equal to zero for every
sufficiently large time. So such a solution is not interesting from the point of view of the large-time dynamics.

3. Large-time localization of A*u in the frequency space

We will start this section with a precise formulation of the main result.
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1A u(o)| )” -

Theorem 1. Let 0 < a < B < o¢. Let Assumption 1 be satisfied. Then a = lim;_, o (nAau(r)u

nonnegative number independent of « and B. Further, if ¢ > 0 then

is a well defined finite

Eq A%u(t) |l p— Eq A%u(t
Voo AUONs e _ o EacAUON _ o
e AUOlp- e [AUO]

where Eg o = Eqye — Eq—c if a > O (weput E,_, =0if a — ¢ < 0)and E, . = E, if a = 0. Moreover,
S JEIF ) @) de

lim = =
=00 fos |E|4|F (u(t))(§)[? d&

where Ky = B /z7z(0) \ B g=(0) if a > ¢ > 0,K; e =B ;z77z(0) if ¢ > a > 0and K, = B z(0) if a = 0,B,(0) = {x €
R3; |x| < r} and F denotes the Fourier transform.

1, (12)

Corollary 1. It follows immediately from (11) that

(I — Ea.e)A*u®ll _

im (13)
t=oo ||Eq A¥u(t) |l
and
o ke JEIIF (D) @)1 dE
lim — 2 > =0, (14)
o0 [ JE[%|F(u(D)() dE
where K§, = R?\ Kq .
The following lemma is a key result for the proof of Theorem 1.
Lemma 1. Let Assumption 1 be satisfied and 0 < o < B < oc. Then
Abu(t)|?
|47 u()] (1)

o0 [|[A%u(t)]|?
is well defined and it is a nonnegative finite number.

Proof. We can suppose without loss of generality thatk/2 4+ 1/2 < o < 8 < k/2 + 1 for some k € Ny U {—1}. There exists
to > 2 such that u is strong on [ty — 1, 00). Let k (t) = ||APu(t)||?/||A%u(t)||? for t > t,. First, it follows from (5) that

%llz‘\”‘u(f)ll2 = =20 A M Pu(O) P = 2P, (u - Vu(t)), Au(t)).

Therefore,
() = —2(|APF2u(t) |1 + (Py (u - Vu(t)), A%Pu(n))) [Au(t)||?
[A*u() |4
. 2[|APu(t) |2 (AT 2u(t) 1> + (Py (u - Vu(t)), A%u(t)))
[A%u(e)||*
—2(APTV2y(t), ABT12u(t) 4+ AP12P, (u - Vu(t)))
B [A*u(t)||?
2(APT12y(t), A2e—BH12y (1)) 2(P, (u - Vu(t)), A%u(t))
o AT O o
_ —2(APF12y(t), ABF12u(t) + AP=12P, (u - Vu(t)) — k (£)A2*—PH1/2y(t)) L e®) 2(P, (u - Vu(t)), A%u(t))
[A*u(t)|? [A*u(t)||?
Since

(k OA P 2u(t), APF1Pu(e) + AP7V2Py (u - Vu(t)) — k(DA™ P 2u(t))

B 2 B 4
_ HA u(f)” ||A°‘“/2u(t)||2 +/c(t)(A2°‘u(t),P[,(u . VU(I’))) _ ”A U(t)“

T APy )2,
[[A=u(t) |2 [ A=u(t) |4
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we have
, —2(APH2u(t) — i (DA FH124(t), APHV2u(t) + AP=12P, (u - Vu(t)) — k(A PH12u(t))
K'(t) = 3
lA*u() |l
L IAPu@)? A% u(e)*

A1 2u(e) || + 2 A% P2y ).

llA*u(e)||* [[A*u(t)]|®
The sum of the last two terms is smaller than or equal to zero, so

—2[|APTV2u(t) — ke (DA P 2u(0) | n —2(APF12u(t) — ik ()A2PH12y(r), AP=1/2P, (u - Vu(b)))

K (t) = ”Aau(t)”Z ||A°‘u(l’)||2
_ 142712, - V()|
- A*u(e)||?

If0 <a < B < 1/2,then
IAP=12Pg (u - Vu() 1> < APV 4 u@) [P 1A 2u@)|1” < cllA*u(t) | |AZ~F 2uc) || A u(t) |
and
K (1) < c| AP~ 2y AT u)] < c(1+ 072
If0 <« < B =1/2, then
1P (u - Vu)I> < cllu®IEIVu® 3 < clA2u® 1?1 Vu® | | Vu©) s
clA2u@) P Au() | < clA*u() [P Au(e) |2 |Au() | 4> u(t) || /2

IA

and
K (1) < AT u@ P2 A2 w2 < c(1 4+ 072
Suppose now that k/2 +1/2 < a < 8 < k/2 + 1 for some k € Ny. Then
IAP=12Py (u(t) - Vu(©)1* < |A2Pe (- V) [PCF2720 | A2 F12P, (u - T 2P 7D

. 2042-28) 1y, 202B—k—1)
(Z ”Vfu . Vk—j+lu”) <Z ”Vju . Vk_j+2u||)

j=0 j=0

IA

X | Vu - V¥ < [ Vulg)| VE a5
C”Aj/2+]/2u” . ||Ak/27j/2+1/2u||1/2||Ak/27j/2+1u||1/2 < C”Ak/2+1u”(Zk+5)/(2k+4)

IA

C[| A% | [+ B k=D 2@k Bl APy || [(Zk+5)(—2a+2))/ 20K+ (B—e)]|

IA

where B is sufficiently large. Analogically,

”Vju . Vk—j+2u|| < C”Aau”[(2k+7)(23—!(—3)]/[2(2k+6)(B—a)]”ABU”[(2k+7)(k—2a+3)]/[2(2k+6)(B—oz)].

So,
1AP=12P, (u(t) - Vu(©)|1? < cllAu| |APul)>,
where
2k+52B—k—2 2k+7 2B —k—3
- _ (k+2—2B)+ _ B —k—1)
"= 2(B — ) P k+3 2(8—a) g
and
2k+5 k—2a+2 2k+7 k—2a + 3
= ~ k+2—28)+ - 28 —k—1).
2= 26— o) ( B) K13 206 -w (2B )

It is possible to verify elementarily that y; > 2 and a(y; —2) + Byz > 3/2 ifB is sufficiently large. Using (10) we then have
1AP=12P, (u(t) - Vu(©)|1? < cllA“ull > A%l "2 |APul|”? < cllA%ull>(1+ 6)~ 2.

Consequently, ' (t) < c(1 + t)~>/? and a nonnegative lim,_, o « (t) exists. O
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Definition 1. Let 0 < @ < 8 < oo. Let u be a global strong solution of (5)-(7), u # 0. We define (dropping for simplicity

the index «)
AP u()|
A, lA“u(o)l|”

E;A°u(t)|l -«
Mg A>011m1fM> }
t—oo [lA%u(t) |l p—e

E; A%u(t) || g—o
{ 0: lim sup NExA%u(t)ll s - 0},
v llA*u() Nl -

CB) =

E;A%u(t
{x>o limi fM>O},
t=oo  [|A%u(t)||
E;, A%u(t
{A 0; lmsupM >0l,
t>o0  [|A%u(0) |l
ag = inf Mg, dg =inflg, a=infM, d =infL.

Theorem 1 will be proved as an immediate consequence of lemmas presented in the rest of this section. We suppose
throughout the rest of the section that Assumption 1 is satisfied. We also suppose that 0 < o < 8 < oo. First, we will

get as the main consequence of Lemmas 2-11 thata = ag = d = dg = C(B)"/#~*) —see Remark 2.

Lemma 2. Let A > C(B)V/ = Then

IEAu@®) | (2P — C(B)*)"2

lim inf > > 0,
t=oo  [|A%u(t)|| AP
) IExA*u(®)llg—o _ (A2E=2 —C(B)*)"/?
liminf >
t=oo  JIA*u(t) |l p—o A= (14C(B))
Proof.
AP u(t) | - W2E=O (I — E)Au(t)|)? — 26 [A“u(t) 1> — [|ExA*u(t)]|?
lAcu(e)|> — lAu(t)||? lAu(t)||?

thus

. . IEA%u (D) i
C(B)? > limsup A%¥ “><1—7 —)26-0(1 _ ),
(P =T IOIE (1=

where y = liminf,_, o, ||E,A%u(t)||?/||A%u(t)||%. It gives that y > (A2B=® — C(B)?)/A2¥~®) and (16) follows. Further,

NEA*uOllg—a _ ExA*u(o)|| o IEA"u@|| ( IIAﬁU(f)H)]
A u®llp— — A UMD + IAPu®I —  [IA*u@)] [A*u(®) |l

So, it follows from (16) and Definition 1 that
. IEsA“u®)llp—a _ (WP~ —C(B)*)'?
liminf >
t=oo AUl p—e AP (1+C(B))
and (17)is also proved. O

Lemma3. a < ag < c(ﬁ)l/(ﬂ—w_

(16)

(17)

(18)

Proof. The second inequality is an immediate consequence of (17). To prove the first inequality we suppose, by

contradiction, that ag < A < a.Then

lim inf IA*Eu©llg—o _ liminf IA*E;u(t) || + AP Exu(t)||
twoo A% u(®)flp-o o0 [A“u(e)||
< liminf IPAUOIA 277,
T toe [A“u(®)]] B

and it is the contradiction with the fact that A > ag. O
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Lemma 4. Let A > a. Then
|E A% u(t) ||

im ——— =
t=oo ||A%u(t)||

Proof. Leta < Ay < Aand$ € (0, 1). Put

(I — E)A%u(t)||

gt) = ———
Ex A%u(O) |l

Since A; > a, the function g is well defined and continuous on an interval [tg, 00) for some non-negative t,. It is easy to
show that

I — Ene ™ A*u()|| < oG I = EDA"u@) |
IEx, e PA*u(®)l  — [Ex, A%u(0)]]

(20)

Using the point (v) from Section 2 we have

(I — E e~ Au(t)|| +J
|Es., e~ A%u(t)|| —J

where J can be estimated in the following way: let« € [k/2, k/2 + 1/2), k € Ny. Then

gt+9) =<

)

P 8
J < / 1A% AP, (u - Vu(t + )| ds < / 1A, (u - Vu(t +5))]| ds
0 0

IA

P
/ AP (u - Vu(t + ) [ AV2 2P (u - Vu(t +5) 17 ds
0
X [|AY2Py (u - Vu(t 4+ 5)) | < c|V¥Py (u - Vu(t +s)|| = cl|P, V¥(u - Vu(t +5)) ||

k
Z VYu - VKt +5)

< c|V¥u- Vut +s)ll <c
y=0
k k
< VUV e+ 9| < ¢ Y IV ult + 5)lls [V u(e + 9)15
y=0 y=0

IA

k
Y IVTult + 96V (e + )12V u(e +5) g
y=0

k

< €Y (IAYFD2u(e + )| |AY>Y P 2u(e 4 5|2 AT P (e +5) |12
r=0
< c||u(t +s)||2—(2k+5)/(2k+4)||Ak/2+lu(t +s)”(2k+5)/(2k+4)

— 2 —2ak—
C”u(t + s)||2 (2k+5)/(2k+-4) ||Ak +(9/2)k+5—2ak 40tu(t + S)”l/(2k+4) ”Aotu(t + S)”
r(6)|A%u(t + )|,

where lim;_, o, 7(t) = 0. In the last inequality we used the point (ix) from Section 2. Similarly,

IAIA

k+1
< IV utt +9)ls IV u(t +5) I3
y=0
k+1
¢ Y ATV Ru(e 4 s)|| AP (e 4 5) |2 |AY> TP P+ 5))) V2
y=0
C”u(t + s)||2—(2k+7)/(2k+6) ||Ak/2+3/2u(t + s)||(2k+7)/(2k+6)

|A/2+12p_(u . Vu(t +3))||

A

IA

— 2 —2ak—
C”u(t + $)||2 (2k+7)/(2k+6) ”Ak +(13/2)k+21/2—2ak Gau(t + S)”l/(2k+7) ||Aotu(t + S)H
r(OIA%u(t + 8|l

INIA IA

So

B
J< / r(O)|A%u(t + 8)|| ds = r(t)S||A%u(t + )| (21)
0
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Since

|wma+&nsuﬁmmn+/ﬂM%A“”mavVMr+9ww
< lA%u@®l + rgt)SllA“U(f + 9,
we have for all sufficiently large t that
[A%u(t + 0)II < 2[|A%u(®)].
So, it follows from (21) that
J =r@®)3]IA*u®)].
Further, since A > a, we can suppose that for a sufficiently large t,
IA“u(®) |l < cllExA*u(ll < ce*’|E e A"u(0)|
for every t > ty and so we have

I — Ee M A%u(®) || + clIE;, e A*u(®) |Ir(t)

t+48) <
4 )= |Ex, e~ A2u(t) || — c8||Ex, e~ A%u(t)||r (t)

Using (20), we arrive at the inequality

(22)

(t48) < e~ (=218 o+ cdr(t)
& S1r T 1 cr o)
If ty is sufficiently large then there exist g such that
e~ (A=21)8
——— <apg <1 forallt > tg,
1—cdr(t)
which gives
(t+0) < aog(t) + cor(e) forall t > ¢
o _— .
& = W8T T (o) =
It follows immediately that lim sup,_, ., g(t) < oo and subsequently lim;_, ., g(t) = 0.(19) now follows from the following
inequalities:
IEA U 10 = EpAtu@)|*\ "
1> lim ————= = lim (1 - ————————
t—oo JJA*u(t)l]  t=oo lAu(t) |l
1—E)u@®|*\"?
> im (1 MZEMOFNT_ p 0 gy? =1, 0
t=o00 lIEx,u(0)]? t—00

Lemma 5. a = ag.

Proof. Due to Lemma 3 it is sufficient to prove that ag < a. Suppose, by contradiction, thata < Ao < ag < A.Then

m 1Ex — Ex)A"u(®]l + A (E = Ex)A"u(®)|

s — Ex)A"u®llg—a _ .

=00 llA*u(E)lp—o Bl A*u() ||

ICEx — Ex)A"u®ll _

IA

lim (1 + A#~%)
(=00 [A%u ()]

where we used Lemma 4 for the last equality. So,

NEs (A% u() 17— E; A“u(t) || + |APEu(t) |1
inf N0 oo o i i e IE AU 4 AT, u(D)]

(RSP ()% T tooo Acu(t)||3
A= u(o)I3_, lA“u(©)lI3_,
o EBAU® 1+ I Bu@)? 1
= liminf 3 > —1i
(=00 llA*u()ls 2 tooo

and it is a contradiction, since Ag < ag. O

E; A%u(t) ||
ot IExA*u(t)ll5_q .
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Lemma 6. Let A > ag. Then

IEAA*u(t)lll p—o

—1. (23)
t—=o0 [|A%U(t) || p—a

Proof. We proceed analogically as in the proof of Lemma 4. Letag < A1 < A and § € (0, 1). Put

I — EDA“U(t) o
t) =
80 = I AUl

Since A, > ag, the function g is defined and continuous on an interval [ty, c0) for some non-negative to. It is easy to show
that

Il — En)e ™ A“u(t)llp—q < o= 14 = EDA" U llp—o

< (24)
NEx, e~ A*u(t) |l o NEs, A*u(®)[lp—e
Using the point (v) from Section 2 we get:
I —E)e MA%u(t) || g—a +
gt +8) < [[¢ )L—)A(S Ol J
llE;. e~ A*u(®) |l g—a —J
where
s
J= / 1A%e= APy (u - Vu(t +$)|| + |47 7P, (u - Vu(t +5)) | ds
0
< r(O8(IA*u®) || + [APu@)[)) = r@©)8[IA*u®)llp-o < cr(©)8]IEx,e AUl p—a-
In the last inequality we used the fact that A4 > ag = a. We have
g(t+6) < Il — E)e ™A% u(t) |l p—a + cr(0)S]1Es, e A% u(t) || p—a
T E e A U)o — cr(t)SIEx, e A Ut) |-
Using (24), we arrive at the inequality
s T e
£ =1 cwor® T 1 cor o
and we can derive exactly in the same way as in the proof of Lemma 4 that
Jim g(t) = 0. (25)
We now have
IEAAu®)llp—o  (IA“u@®)[* = 10 = EDAu®) ) + (IAPu(®)|I> — || — E)APu(t)[|*)'/?
NA* Ul p—e A« u() Nl p—e
@ 2 o 2\ ' B 2 B 2\ /2
_ [ 1A u®l® Id = EDA*u) || n [A"u(O1*  [1A"U = EQu)l (26)
AU, Au(©I3_, Au(©l3_, lAu(©l5
I\ll1ow, by contradiction, if (23) does not hold then there would exist cp € [0, 1) and a sequence {t; fjl, limj_, o tj = 00, such
that
E; A%u(t)|ls—
”| 7% u(])”lﬂ o = ap. (27)

lim
j=oo [lA%u(t) |l p—o

We can suppose, without loss of generality, that there exist o1, a5 € [0, 1] such that

A u(t) ||
lim 5 = o1,
i=oo lA%u(t)ll5_
A% u(e)|)?
o

= lA“u(tlG_,
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and ./aq + /oy = 1. Returning to (26) and using (25) we obtain that

E,A%u(tj)lll s—
mw: fay — 0+ /o, —0=1,

oo [lA*u(t)ll p—o
which is a contradiction with (27). So, (23) holds and Lemma 6 is proved. O
Lemma 7. ag = C(B)"/#~* forevery B > a.

Proof. Due to Lemma 3 it is sufficient to prove thatag > C(B8)"/~*). Suppose, by contradiction, thatag < A < C(B)"®#=*),
Using Lemmas 6, 5, 4 and the definition of C(8) we get

IEA"uONlp-o _ | NEATUO] + IExA u(®)|

1 = lim =
>0 flAu®)lp—o  t=oo AU || + [|APu(t)]|
o EMOIEAUO] RO 1y e
T e U@+ IARON S gy WL 14 C(B)]
Yy
So A#=® > C(B) and A > C(B)/#~*) which is the contradiction with the assumption above and Lemma 7 is proved. O

Lemma8. d < dg < C(B)V/ =,

Proof. The second inequality is an immediate consequence of the previous lemma and the fact that dg < ag. To prove the
first inequality we suppose, by contradiction, that dg < A < d. Then

IEsA*u ()l p—o IExA*u®) | + IIELA u(®)|

lim sup = limsup
t»oo  [lA%u(t)llp—o 00 A% u(E) N p—e
. IExA*u()]| (1 + AP~*)
< lim sup =
t—00 [[A%u(t)||

and it is the contradiction with the fact that A > dg. O

Lemma9. d = dg.
Proof. Due to Lemma 8 it is sufficient to prove that dg < d. Suppose, by contradiction, thatd < A¢ < dg < a < A.Then

|||Exo/‘\°‘u(t)|||;suaZlimSu (IIEAOA“U(f)II [A*u(®)]| |||EAA"‘U(t)III,9—a)_
t—00

lim sup
lA¥u Il NExA*u(®)llp—o NA*U®)p—a

t—oo  [lA%U(O)]lg—a

Since
[A*u@®l IA*u() |l - A u(®)|l

IEsAu®llp-o  IEAA*u@©)]l + [ExAPu©)|l — (1 + AP=*)||E;A%u(t) |l
we have by the use of (19) that

liminf IATu(O] > ! >0

t~oo ||EA“u(t)lg—o — (1+2F7%)
Further, it follows from (23) and Lemma 5 that

IEA“u(®)llp—a
t=oo A u(t) |l p-a

Since Ag > d, it leads to the conclusion that
I NExA*u®)llp—a _ . | Es A% u(t) |l 1
imsup ————— >
tooo AU |l p-o oo AU (14 AF7)

The preceding inequalities are in contradiction with the fact that Ay < dg. Therefore, d = dg and Lemma 9 is proved. O

> 0.

Lemma 10. Let A € (d, a) and ¢ € (0, A). Then
| e = B ATU@I _

lim sup 1, (28)
t—00 lA*u(t) ||
E — E,_)A%u(t)||s—
lim sup |”( rte 28 8) u( )l”ﬁ o« _ 1. (29)

t—00 llA*u()lp—o
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Proof. Let A € (d, a). Put
(I — E)A%u®)||
ExAu(t) |l

Here itis not excluded that g can be equal, for some t > 0, to infinity. It follows from the definition of d and a (see Definition 1)
that

gt =

limsupg(t) = oo (30)
t—0o0
and
liminfg(t) < K < o0 (31)
t—00

for some K > 1. At first, we will show (28). Suppose, by contradiction, that ¢ < min(A — d, a — A) and

”(E)Hrs - E)Lfs)Aau(t)” —

lim su <1 32
Cxl A 0 52)
For sufficiently large t, either
o 1—o?
s cATu® _ 0 33)
IBAu®l — 2
or
_ o 1—o?
Id = B )A"u@®|l 0 (34)

I —EDA*u@®l — 2
Indeed, if both (33) and (34) did not hold then we would get the following contradiction:
_ IEs—cA“u(O) 1> + | (Exye — Er_o)A*u(®)[1> 4 |1 = Exy)A%u(t)|?
[A*u(t)]|?

1— o o 1\ 1-a?
< 0+(0+)—|— 0 1.

1

4 2 4
Suppose now that g(t) = K for some t sufficiently large. Let § € (0, 1). We get from the point (v) from Section 2 that
(I — E)e ™ A*u(t)|| 4 J

Ee=MAu(t) || —J
where the inequality ] < r(t)d8||A%*u(t)|| can be derived exactly in the same way as in Lemma 4. Since
1/2

g(t+3d) <

)

10— EDAu@®)|  (IAu®” — |E,A“u()||?)
IEsA“u(t)ll IExA*u(o) ||
we have [[A%u(t) || = (14 K?)'?||[E,A%u(t)|| < 2K||E,A%u(t)|| < 2Ke* ||Exe ™ A%u(t)].
First, suppose that (33) holds. Then
(I — EeMAu)|| (I — E;)e ™ A%u(t) ||
IExe=PA*u(t)|  (I(Ex — Es_o)eMA%u(t) || + |Es_ce~4Au(t)[)"/2
- e IIU — EDAu()|
T (e M|(Ey — Ex—e)A*u(t) |2 + e 2RI E; _Avu(D) |22
I = E)A" u@®)|l
(15, — Ex—e)A*u(6) |2 + e2°||E; —.A*u(t) ||2) /2

_ o 2 o 2\ —1/2
=gm(mm Er—o)A“u(0)| zwthumH> =: g(DH.

K=g() =

3

e
IExA*u(t)||? IExA*u(t)||?
Thus,
(I — Ex)e ™ Au(t)|| + cr(t)8||Exe P A*u(t) |
Exe~4Avu(t) || — cr(t)8||Eze~*A*u(t)||
Hqg(t) cr(t)s
T 1—cr(@®)8 1—cr()s’

gt+39d) =<

(35)
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If we put for simplicity

_ IE = E—o)A"u@®)|? B IEx—cA*u(®)|*

, . C=cr(),
|ExA*u(t)||? |ExA“u(t)||?
we can write the right hand side of (35) as
K 1 Cé

f@©) =

(F + e2¢9B)1/2 1 — C$§ + 1-Cé§’
We use F + B = 1 and compute elementarily that
f'(0) =K(—eB+C)+C.

Since B > (1 — a2)/4, we have

f'0) < K(—e(1—ag)/4+ cr(t)) + cr(t)

and since lim,_, o, r(t) = 0, we conclude, that for t sufficiently large f/(0) < 0. Thus, g(t +48') < g(t) = K forall 8’ > 0
sufficiently small. This result holds for every t sufficiently large such that g(t) = K. It is in contradiction with (30). Thus,
(32) does not hold and (28) follows immediately.
Suppose, second, that (34) holds. Then
It = Epe ™A u®l (14 = E)e™A%u(®) % + | (Erye — E)e™A%u(0) )"/
Exe=PA*u(t)|| IExe~AA%u(t) ||
_ @9 — By ) AU + e N (Bve — EDA"u(D)|?)?
- e M| ExA*u(o) |
(2| (I — Epy )A*u(®) 1> + || (Erye — E)A%u(t)[|?)'/?

IExA*u(e) ||
= e 10 = B AU [ Ersee — Ex)A"u(t)”Z)]/z —
= g(t) (e ||(I _ EA)AO‘u(t)IIZ ||(I — EA)A”u(t)||2 = g(t)Hz.
Thus,
H,g(t) cr(t)s
gt+d) < s + 1 v 36)
If we put
_ a1 — EA+8)AO‘U(t)||2 _ |(Esie — EA)A“u(t)HZ .
N ’ - ) = cr(t),
14— EDA“u(t)|P 10— EpA“u(0)|2

we can write the right hand side of (36) as
K (Fe=2¢% 4 B)1/2 cs
1-Cé 1-C§
We use F + B = 1 and compute elementarily that
f'(0) =K(—&F +C) + C.

Since F > (1 — a?)/4, we have

f@©) =

f(0) <K(—e(1—ad)/4+cr(t) +cr(t)

and so for t sufficiently large f'(0) < 0. As above, (28) follows immediately.
Prove now (29). Let ¢y > a. Then

) l(Erte — Ex—)A"u(Ogllp—a .
lim sup = lim sup
t—00 A% u(E) Nl - t—00

n (IA° B u(®) 1> = IAPEr—eu(®)|I* = 1A% (Exy — Erye)u(®)l*)"/?
IEzA*u(O)ll + [|EsgAPu(t) |

(IExA*u()[1> = IEx—A*u(®)|I> = l|(Exy — Exse)A*u(®)|*)'?
IEz A% u(O)1l + [|ExgAPu(o) |

2
. IE—eA*u®1?  (Esy — Ero)Au®) "
= limsup||1— >~ 3
IEx,A*u(®) |l ExA¥u(o) |l

t—>00
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[EA*u(Ol>  [[Ez,A*u()? IEs A%u(t)|?

APE, ut)|\ "
" (1+ |APE; u( )||> .
| Ezo A% u(t) ||

(“ME%“(OHZ IAVE a4 (B —EHg)u(t)MZ)]/z}

If we put

G(t) = IEx—cA*u(®)|> | NI(Esy — Eaye)Au(®)|?
l|ExA*u(t)|? l|ExoA*u(t)[12 ’

H(t) = |APE;,_cu()|? | AP (Esy — Exyo)u(t)]?
l|ExoA*u(t)|? l|ExoA%u(t)]|? ’
APE, u(t

Fo = B
IEs A% u(t) |l

it follows from the equality (28) and Lemma 4 that there exists an increasing sequence {tj}]?'i1 such that limj_, o t; =

00, limj_, oo G(t;) = limj_, o, H(tj)) = 0 and lim;_,, F(t;)) = F > 0. So we can write
lim l(Erte — Ex—)A"u(tpllp—o lim (1—G(t;)'? 4+ (F2(t) —H()'?
j=o0 lA*u(E)ll g—o j=00 1+ F()

Thus, (29) follows immediately and Lemma 10 is proved. O

1.

Corollary 2. Let A € (d, a). Then

. IEAu@®)l . lExA*u(t) |l p—o
limsup ———— = limsuyp ——— =
tsoo  [lA%u(t) |l t»oo  [lA%u(t)llp—o

Lemma 11. dg = C(B)"/ ¢,

Proof. Suppose that A € (dg, C(B)/#~*). Then, by the use of Lemma 9, Corollary 2 and the definition of C(8) we obtain
the following contradiction

IEA"uOllp—o _ . (IIEAA"‘U(t)II IIAﬂEAU(t)II)
t—o00

1 = limsup

ool IAU(O) 5 lAu©l A
||Aﬂu(t)||>1 . o IEA ()| ( ||Aﬁu<t)||>l
1+ —— 1 14 28 1+
8 ( Ay ) = sueC ) Ao Ao

14+ 287 14C(B)
< < =1
1+C(B)  1+CB)
The proof of Lemma 11 now follows from Lemma 8. O

Remark 2. If we fix @ > 0, it follows immediately from Lemmas 2-11 thata = ag = d = dg = C(B)/¥~% forany g > a.

So C(B)"#~* jsindependent of B. The validity of (11) follows from the definition of a, ag, d and dz in Definition 1. To finish
the proof of Theorem 1, it suffices to prove that the number a from Theorem 1 is independent of «. It is our goal in the rest
of this section.

Remark 3. Up until now we have not stressed (because of simplicity of notation) the possible dependence of the number a
on «. From now on we will write a, instead of a, meaning that a, possibly depends on the chosen « > 0.

Lemma 12. Let 0 < oy < ap < 00. Then a,, = 00r Ay, = dg,.
Proof.

o 1/(az—a) 2 —ar 1/(az—aq)
e (1A i (1] _,
oo\ JAu(n) | oo\ [[A2u() || ®

and so ay, € [0, a,,]. Thus, if a,, = 0thena,, = 0. Leta,, > 0.Then for every ¢ € (0, aq,/2)
, [ (Eaq, —e — E)A* u(t) || ) 172 | (Eq,, —e — E)A™2u(0) ||
lim < lim =
=50 [|(Eagy+e — Eagy—) AN U(E) | ~ 6500 (dgy + )12 | (Eqy, + — Eagy —e)A2U(D)|
and so dq, & (0, ay,) due to (11) (see also Remark 2). O
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Lemma 13. Let o > 0. Then ||A%u(t)|| decreases exponentially for t — oo if and only if a, > 0.

Proof. Let« > 0and a, > 0.Take ¢ € (0, a,) and § € (0, 1). It was proved in Lemma 4 that

8
A"/ e "=Ip_(u- Vu(t +5)) ds|| < r()8||A%u(t)|,
0

where lim;_, o, (t) = 0. We have
(Eay+e — Eqq—e)A"u(t +8) = (Egy+e — Eay—e)A%e u(t)
P
- / (Eaqte — Eqg—e)A%e ™ O™9Py (u - Vu(t +5)) ds,
0

I(Eaq-+e — Eaq—e)A%e ™ u(0)]] < €™ %™ || By e — Eq—e)A"u(0)ll
and

I (Eayre — Eau—e)A%e ™ u(®)|| = €| (Eg e — Egu-e)A"u(0)|].
If we put f(t) = ||(Eqy+¢ — Eq,—s)A%u(t)|| and use (11), we get for all sufficiently large ¢

e~ @FNF(6) = 28r(Of (£) < f(t+8) < e “"Pf (1) + 287 (DF ().
It gives

(=g —& =2r(O)f () <f'(t) < (—ag + &+ 2r(O)f (£)
and there exists ¢ > 0 so that

ce~@rOt < f(1) < ce~ o
for t sufficiently large. Consequently,

ce” @O < | A%u(t)|| < ce” "

and so ||A%u(t)|| decreases exponentially.
Leta, = 0.Lete > 0. Then

IE-A%u(t + 8)|| > [[E-A%e P u(t)|| — 8r(O)|Au(®)|| > e |EA*u(t) || — 8r(©) |A*u(t)|l.
IfFf(t) = ||[E.A%u(t) ||, then f'(t) > —(e + 2r(t))f(t), f(t) > ce>*! and by the use of (11)
[Au(t)|| > ce "

for some ¢ > 0 and all sufficiently large t. Since & > 0 has been chosen arbitrarily, ||A“u(t)|| does not decrease exponentially
and lemma is proved. O

Lemma 14. qa, is independent of « € [0, 00).
Suppose that a, > 0 for some « > 0. It means according to Lemma 13 that ||A%u(-)|| decreases exponentially and since
A u()ll < flu@ I 1A% u( ),
||A""u(-) || also decreases exponentially and consequently, due to Lemma 12, a, = a, forany o’ € (0, ). To finish the proof
it suffices to exclude the possibility that a, = a > 0 for every« > 0 and ag = 0.
Thus, suppose that a, = ay;; > 0 for every & > 0. Then according to the proof of Lemma 13 for every A € (0, a;,2)
lim [|JAY2u(t)| e = 0. (37)
t—00
Fix A € (0, ay2). It suffices to show that
lim sup ||u(t)||e" < oo. (38)
t—00

Indeed, it then follows from Lemma 13 that ag > 0. We can write

[ee] t
u(t) = e (uo - / eSE, Py (u - Vu(s)) ds) - / e A=) — E)Py (u - Vu(s)) ds
0 0

oo
+ / e ACIE, P (u - Vu(s)) ds. (39)
t
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Let us remark that all the integrals presented here have sense due to (37). Applying the operator e*A'/2E, on the equality
u(t) = e My — fot e At=9IPp_(u - Vu(s)) ds we get

t
M AV2E u(t) = AV2E;,u(0) — / AV2eME P (u - Vu(s)) ds.
0

Applying lim,_, o, on both sides of the last equality, we get

0

0 = AV2E,u(0) — /ooAl/zeA‘EAPo(u - Vu(s)) ds = A2 (E,\u(O) - /Oo eSE, P, (u - Vu(s)) ds)
0
and
Eu(0) = / eSE, P, (u - Vu(s)) ds.
0

If we put n = u(0) — [, eE; P, (u - Vu(s)) ds then n = (I — E; )u(0) and it follows from (39)

t [e%e}
u(t) =ep— / e (I — E)P, (u - Vu(s)) ds + / e AIE, P (u - Vu(s)) ds. (40)
0 t

We will now finish the proof by estimating the three terms on the right hand side of (40). Since n = (I — E; )7, the treatment
of the first term is clear. Let t > 1/(4A). Then

t—1/(41)
< / A=A (1 _ E)ATVAP, (u - Vu(s)) ds
0

t
/ e A (1 — E)Py (u - Vu(s)) ds
0

t
+ / A=A (1 — ENATVAP (u - Vu(s)) ds
t

—1/(4%)

t—1/(41)
< / )\'1/46—)»({—5) ”A]/Zu(s)”Z ds
0

t
+ f et — 5 VA1 u(s)|)? ds
t—1/(40)

0
< C/ efk(tfs)efns ds
0

t
4 ce-2ME=1/() / (t —s)"V4ds < ce™
t—1/(4%)

and

o0
/ e A=9E, P (u - Vu(s)) ds
t

0]
< / A1/4ek(37[‘) |IA1/2u(S)”2 ds < Ce*lt.

t

Therefore, (38) follows from the previous estimates and Lemma 14 is proved.

(o]
/ A== E, A=1/4p_(y . Vu(s)) ds
t

Proof of Theorem 1. It follows immediately from Remark 2 and Lemma 14. (12) follows from the point (x) in Section2. O

4. Large-time localization of time derivatives of A*u

Theorem 1 in the previous section was proved for every solution satisfying Assumption 1. We will now prove that the
same results can also be derived for the time derivatives of u of any order. We again suppose in this section that Assumption 1
is satisfied and we use the notation from Definition 1 - especially the number a - and the results from the previous section.

Lemma 15. Let 8 > 0 and !l € Ny. Then

dt!

5ol
lim —— =
=2 [ AFTu(o)|

Proof. We proceed by the mathematical induction. (41) holds if | = 0. We suppose that

dti
t>oo [|ABHU(D)|

5ol _
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forevery 8 > 0andj=0,1,...,1, | € Ny, and we will show that

1+1
HAﬁ Z[mu () H
(42)
AT, AP +HTu(e)||
forevery B > 0.Let 8 € [n/2,n/2 + 1/2) for some n € Ny. We start with the equality
I+1 p 1 d p
+
N 2 +A o i+ A Po (- Vu(®) = 0. (43)
Then
d d, n+1-28 d, 28—n
n/2 ) nj2+12 & )
” A Pau- AP - V() ‘A ciPa - V)|
/2 d 1-
n/2 = V4 n+1-y
A P (u-Vu(t)) dfv u(t) - o jV u(t)
y=0 j=
and
d Y - n+1-y Y dl n+1-y 1
VVu(t \Y% ut)| < (|VV—(t \Y% t
’dtf ()dt’l ® _H dtf() ‘ dt'J()
d=iu ||'? d=iu ||'?
(y+1)/2 .l atn+1=y)/2 (n+2-y)/2
< ‘A S50 | O ‘A O
< CllA(}/+l+2j)/2u(t)” ) ||A(ﬂ+1—)/+2[—2j)/2u(t)||1/2 A ”A(Tl+2—y+21—2j)/2u(t)”1/2
< C”u(t) || 1-1/(2n+4l+4) ||An/2+1+lu(t) ||(2n+4l+5)/(2n+41+4).
So,
dl
An/zd lP (u Vu(t)) < C||ll(t)||1 1/(2n+4l+4)||An/2+1+lu(t)||(211+4l+5)/(211+4l+4)
Analogically,
dl
An/2+1/2 @Po' (u A Vu(t)) H < C”u(t) ” 1-1/(2n+-414-6) ||An/2+3/2+’u(t) ||(2n+4l+7)/(2n+4l+6)'
We further estimate
||An/2+1+lu(t) || < ||u(t) ||(ﬁ7n/2)/(ﬂ+l+l) ||A/3+1+lu(t) ||(n/2+1+l)/(ﬁ+1+l)’
||A"/2+3/2+lu(t) ” < ||A/3+1+lu(t) ”(/3—1’!/2—3/2—1)/(/3—/3—1—1) ||A/3u(t) ||(1’l/2+1/2—/3)/(ﬂ—/3—1—l),
where ,B is sufficiently large, and get
H AP, (- Vu) | < clu@IF 1A a2 AP uc) |, (44)

where kq, k3 > 0 and

2n4+4l+5 2n4+2+1 2n+4l+7 2P —
ky = : “(n+1-26) + P (2B —n).
2n+4l+4 28+2+21 2n+4l+6 2,8—2,8—2—21

It is possible to verify that k; > 1 for B sufficiently large. It follows from (43), (44) and (10) and by the use of the induction
assumption that

l+

AP u@))1(1 - £() < HAﬁ d 2| < 1A ) (1 + £(0)).

drit

where lim;_, , £ (t) = 0. (42) immediately follows and Lemma 15 is proved. O
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Corollary 3. Let o, f > 0and k, | € Ny. Then

APLu (g H
lim H ok = qf—+Gk=D, (45)

t—00 ‘

wdof
Ifa=0and (B — a) + (k — 1) < 0 then the right hand side of (45) is equal to infinity.
Proof. The proof follows immediately from Lemma 15, Theorem 1 and the equality
Bd p du
HA “(t) H HA 3 (t) H |A/3+ku(t)” ”AOH—lu(t)”
I B+k o+l
[ata o] 14 u()l A (o] ‘

The following corollary is a consequence of Lemma 15 and the point (ix) from Preliminaries. The space-time derivatives
of the solution have bounded decays in the L?>-norm on small time intervals. O

o]

Corollary 4. Let o, f > 0and k,l € No and B + k > « + L. Then there exist C > 0, §p € (0, 1) and to > 0 so that
[l
[adsce+ o)

foreveryt > tgand § € [0, 8g].

<C

dlu
o
A dl

Theorem 2. Let o > 0 and k € Ny. We suppose that Assumption 1 is satisfied. Let ¢ > 0. Then

B, AL (0)|

tl_lfgo ‘Aa dkdr(kt) H _1 (46)
and
_ fK“ lE|% |F (d[k (t)) (5)' di’ | (47)

T ol F(fo) ©f @

where a, E, . and K, . were defined in Theorem 1.

Proof. We proceed by the mathematical induction. It follows from Theorem 1 that (46) holds for k = 0. Suppose that (46)
holds for every @ > 0 and some k € NO. We will prove its validity for every « > 0 and k + 1. We start with

k-Hu 1 dk
Eoch” g (O + EacA g LT Polu- Vum) =o.
We know that (see (44))
k k
Eq A" 2 Po A= Po (- VuD) | < EOA @),

where lim;_, o, S(t) =0.So

k+

d
EMAC'“ ZO O O] < |Eooh o i =0)

A

Ea,sA“+l 2o

o +EO AT u()].

Dividing the previous inequalities by ||A%*! Zt,ﬁ‘ (®)|l, applying lim;_, o, and using the induction assumption and (41), we get

"
Eoch* St 0)|
1< lim r—= @ 0.
T t—oo o dktly
E==1C] .

(47) follows from (46) using the point (x) from Section 2. Theorem 2 is proved. O
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Corollary 5. It follows immediately from (46) that

“ (I — B A" L2 0) H B

lim - =0 (48)
R 1AW 10
and
K 2
fe, g1 |F (4£©) ©| dg
lim — =0, (49)

— k
X IR (SO @ d
where K$, = R® \ Kg...

5. Large-time localization of vorticity

Up until now we have dealt with the solution u satisfying Assumption 1 and its time derivatives. We will now prove that
the same results can also be derived for the vorticity and its time derivatives. It is interesting that for a fixed solution the
number a does not change and plays the same role as in the previous sections. As before we suppose Assumption 1.

i — (Qup _ duz duz  Bup duy _ dupy
Define & = (3X3 axp ? 9xq dx3 > 9xp X1 )'

Lemma 16. Let u € Wo],j Then

IF(@)®)* = [E°IFw)(©)]>, almostall &
IF(Eq.0)E)* = Xk, E)EPIFW)(E)*, almostall &.

Proof. At first for u € (5% and then using the fact that C§, is dense in ng. O

Lemma 17. Let 0 < o < 8 < oo. Let ¢ > 0. Then
AP
IOl _
t=o00 ||A%w(t) ||

and
| Eq,e A% w0 (0) |
im ———— =
t=oo [|A%(t) |
where a and E, . are the numbers from Theorem 1.
Proof. We have F(A%u)(£) = |£|**F (u)(£). Therefore, by the use of Lemma 16

IA%ol* = |FA*w)|* = / |§1*F (@) (©)1* dt

)

= / |E1F2IF)(§)I7 d& = [IFA™Pu)|? = [|A*H2u)? (50)
and
Ea A 0||* = |IF(AEqc0)|* = / & 1% F (Eq,c0) (8)] d&
= /K |61 F2F () (€)]? d& = [|F(Eq, A" u)|1? = [[Eq A" 2ul.

The proof now follows from Theorem 1. O

Lemma 18. Let § > 0and | € Ny. Then

50|
lim —— = 51
o0 [|AFHw(0) || G
Proof. We proceed by the mathematical induction. (51) holds if | = 0. We suppose that
do
i 150 (52)

t~o0 AP ()]



7. Skaldk /J. Math. Anal. Appl. 400 (2013) 689-709 707

forevery 8 > 0andj=0,1,...,1, 1 € Ny, and we will show that
I+1
=01 o)
t=oo |AFHH ()|
for every 8 > 0. We start with the equation
pdtlo ﬂ+1 d s d
A s (t)+A (t) + A P,(u-Vo(t)) — —A P, (w - Vu(t)) = 0. (54)
Let 8 € [n/2,n/2 4+ 1/2) for some n € Ny. Then
d n+1-28 d 28—n
o < | A2 =Py (u - V(1)) AP p (Vo) (55)
dt dt dt
di
n/2 n+1-y
A ,P - Vo()| < CZZ us sV wH (56)
y=0 j=0
and
j I—j 1 1/2 I 1/2
ivyu d jvn+1 )/w < ||Vy7|| n+1 ]’d fa) VH+1 Vd ](1)
dti dtl=i - dt dt'=i at= ||s
P12 —i 11/2
< A<y+1)/2dj | am+1- ppd e pn2-p)2 0 (57)
- dti dt=i dtl=i
If we now use (41), the induction assumption (52), (50) and the moment inequality, we obtain
d d— . . .
’ Evyu o ]vn+1 yw” < C||A(y+21)/2w|| . ||A(”+1’V+2’*21)/2w||1/2||A(”+2’V+2’*21)/2w||1/2
<c ||AB+1+la)|| (2n4-414-3) /(48+-4+4]) ||w||2_(2"+41+3)/(4ﬂ+4+4l). (58)
Similarly,
/24172 d SRy - 2—
A2 — Yu. —— V"7 59
dt! Z;)Z; dtJ dt'=i 59)
and if (y,j) # (0, 0) then as above
d d 2— 1) || 2n+4l45)/(4B+4+4l 2—(2n+41+5)/(4p+4+4]
—VvV'u- l — V2| < C||A(/3+1+)w||( n+414-5)/ (4 +4+ )”w” @n+al+5)/(4p+4+4D) (60)
dv de=i
If (v,j) = (0,0) then by the induction assumption and by the use of the inequality ||u]s < |w]'/? ||a)||1/2 (see
[18, Lemma 2.1])
d_, d'
+2 2,
u- gV wH < ||u||ooHd Y
dw
1/2
< lol"(olg? |A™22— || = el 1A ] VAT )|
< AP g | @S HAD(AB+454D | )1 2= 2no54D /(4B +4+4l) (61)
We still estimate
ol = AY2ul| < [APH/2Hu| VEFEED < AP ||V @PH42D, (62)
It now follows from (55)-(62) that
dl
g Po (- V@) = cla” ), (63)

where it is possible to compute elementarily that
46 +3 + 4l 1 46 +5+ 4l
= >
486 +4+4 4+44+4 2+3+21
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In the same way as above one can get the same estimate for || AﬂP (w-Vu(t))|l. It now follows from (54) and the induction
assumption that

+1

1A ol (1 - &) < < A7 Mol (1 4+ £(0)),

dti+1

where lim;_, o, £(t) = 0 and Lemma 18 is proved. O
Corollary 6. Let o, 8 > 0and k, | € Ny. Then

s

i
nde o)

lim — qB—+k=D, (64)

t—00

If a=0and (8 — «) + (k — I) < O then the right hand side of (64) is equal to infinity.

Proof. The proof follows immediately from the previous lemma and the equality

vz _ sl o] A o)
‘A“Zl—[‘f(t) H ARk (D) [JA*o(t) | ‘Aa%(t)H

Corollary 7. Let o, 8 > 0and k,l € Ny and B + k > o + L. Then there exist C > 0, §p € (0, 1) and t; > 0 so that

rseo]
dt <C

“‘jfﬁ(t+8)”

foreveryt > toand é € [0, &].

Theorem 3. Let « > 0 and k € No. We suppose that Assumption 1 is satisfied. Let € > 0. Then

Focht 520

Jm ‘ R H =1 (65)
and
o V1| (2 0) @) ae

lim =1,
t—00

Jo [P (220) @ ag

where a, E, . and K, . were defined in Theorem 1.

Proof. We proceed by the mathematical induction. Suppose that (65) holds for every « > 0 and some k € Ny. We will prove
its validity also for every o« > 0 and k + 1. We start with

k+lw dl dk dk
Eq A" ——(t) + E A"‘“ —P,(u- V() — Eq A — Py (w - Vu(t)) = 0.
E kT a8 GET gk C GET dtk
We know that (see (63))
k k
Ea oA = Ps AP (- Vo) | < A o),

where lim;_, , £(t) = 0. So

k+1
Eq,, EA“

d*w
Ea,e/‘\aﬂm(t) H —EMIA M o) <

=

dt k+1
k

Ea,sAa+1 d

o O] FEOIA o]

®
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Dividing the previous inequalities by ||A"‘Jrl 2 ()], applying lim;_, », and using the induction assumption and (51), we get

ek

k+1
0 A" e (1) H

1< lim
t—00 ‘

Aoz+1 dkw (t) H
Theorem 3 is proved. O
Corollary 8. It follows immediately from (65) that

o -eongo]
lim d

t—>00 ‘

w50

tk

and

g et [F (S 0) ©| a
S L el (520) ©F ds

where K, = R*\ K ..

=0,
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