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1. Introduction and the main result

Consider the following quasilinear hyperbolic system of conservation laws:
ou+ dyf(u) =0, xeR, t>0, (1.1)

where u = (uy, ..., u,)" is the unknown vector-valued function of (t, x), f : R* — R" is a given C? vector function of u.
It is assumed that system (1.1) is strictly hyperbolic, i.e., for any given u on the domain under consideration, the Jacobian
A(u) = Vf(u) has n real distinct eigenvalues

M) < () < - < An(w). (1.2)

Let (u) = (1 (), ..., () (resp. ri(u) = (i (w), ..., riy(w)T) be a left (resp. right) eigenvector corresponding to
A (i=1,...,n):

LWAW) = Ali(u)  (resp. AWri(u) = Ai(W)ri(w)).
We have
det|l;j(u)| # 0 (equivalently, det|r;(u)| # 0).
Without loss of generality, we may assume that on the domain under consideration
iwriw =46 G,j=1,...,n) (1.3)
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and
Twrw=1 (i=1,...,n),

where §;; stands for Kronecker’s symbol.

Clearly, all A;(u), Ij(u) and r;;(u) (i,j = 1, ..., n) have the same regularity as A(u), i.e., C? regularity.

We also assume that on the domain under consideration, each characteristic field is either genuinely nonlinear in the
sense of Lax (cf. [14]):

Vairi(u) #0 (1.4)
or linearly degenerate in the sense of Lax:
Vii(ri(u) = 0. (1.5)

We are interested in the generalized Riemann problem for the system (1.1) with the following piecewise C! initial data:

U_+eu_(x), x<0,

Uy +sup(x), x>0, (1.6)

t=0:u={

where Ty are two constant vectors satisfying

47,

while & (0 < & «| Uy — U_ |) is a small parameter, u_(x) and u. (x) are C! vector functions defined onx < 0 andx > 0
respectively, which satisfy

lu-®)lc1, lur @l <K (1.7)
and
+00 0
/ u'y (0)|dx, / [u”(x)|dx < K, (1.8)
0 —00

where K; and K; are positive constants independent of ¢.
Problem (1.1) and (1.6) can be regarded as a small BV perturbation of the corresponding Riemann problem (1.1) and

U, x<0,
t_O.u_{/u\_H Sy (1.9)

Let
0= —1,l

When # > 0 is suitably small, by Lax [14], the Riemann problem (1.1) and (1.9) admits a unique self-similar solution
u = U(*) composed of n+ 1 constant states ' =7_,u'V, ..., u"~Y U™ =1, separated by shocks, centered rarefaction
waves (corresponding characteristics are genuinely nonlinear) or contact discontinuities (corresponding characteristics are
linearly degenerate). As in Kong [11], this kind of solution is simply called Lax’s Riemann solution of the system (1.1).

For the self-similar solution of the Riemann problem of general quasilinear hyperbolic systems of conservation laws, the
local nonlinear structure stability has been proved by Li and Yu [16] for the one-dimensional case, and by Majda [18] for
the multidimensional case. If system (1.1) is strictly hyperbolic and linearly degenerate, Li and Kong [15] proved the global
structure stability of the self-similar solution with small amplitude under perturbation (1.6) satisfying certain reasonable
hypotheses. In this case the self-similar solution contains only n contact discontinuities. If system (1.1) is strictly hyperbolic
and genuinely nonlinear, Li and Zhao [17] proved the global structure stability of the self-similar solution containing only
n shocks under perturbation (1.6) satisfying certain reasonable hypotheses. In their work they do not require that the
amplitude of the self-similar solution is small, although the existence of the self-similar solution with non small amplitude
still remains open. Since many physical systems (for example, the one-dimensional compressible Euler equations of gas
dynamics, the system of traffic flow on a road network using the Aw-Rascle model, etc.) do not belong to these two cases, a
general consideration is needed for general hyperbolic systems of conservation laws whose characteristic families might be
either genuinely nonlinear or linearly degenerate. Recently, for the case that the perturbation (1.6) satisfying the following
decay property: there exists a constant i > 0 such that

A
@ = sup((1-+Ix) """ (leu-(0] + leu (D} + sup{(1 + X)) (leu ()| + leu, (D)) < +00
x< X=
is small enough, Kong [11,12] proved that Lax’s Riemann solution of general n x n quasilinear hyperbolic system

of conservation laws is globally structurally stable if and only if it contains only non-degenerate shocks and contact
discontinuities, but no rarefaction waves and other weak discontinuities.
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However, it is well known that the BV space is a suitable framework for the one-dimensional Cauchy problem for the
hyperbolic systems of conservation laws (see Bressan [2], Glimm [9]), the result in Bressan [3] suggests that one may achieve
global smoothness even if the C! norm of the initial data is large. So the following question arises naturally: can we obtain
the global structure stability of Riemann solutions for general quasilinear hyperbolic systems of conservation laws under
small BV perturbations of the initial data (the perturbations are in BV but they are assumed to be C!-smooth, with bounded
and possibly large C'-norms), where the Riemann solution contains rarefaction waves. Here, it is important to mention that
the global existence of weak solutions to a strictly hyperbolic system of conservation laws in one space dimension when
the initial data is a small BV perturbation of a solvable Riemann problem has been proved by Schochet [21], unfortunately
his method is not useful to show that the solutions are still either contact discontinuities or shocks or rarefaction waves. An
analogous result on stability of a strong shock wave under perturbations of small bounded variation is stated by Corli and
Sable-Tougeron [7]. In this paper we exploit to some extent the ideas of Bressan [3], and we will develop the method of using
continuous Glimm’s functional to provide a new, nontrivial proof of an estimate on the lifespan of the piecewise C' solution
to the generalized Riemann problem under consideration mentioned above. The basic idea we will use here is to combine
the techniques employed by Li-Kong [15], especially both the decomposition of waves and the global behavior of waves
on the discontinuity curves, with the method of using continuous Glimm’s functional. However, we must modify Glimm'’s
functional in order to take care of the presence of rarefaction waves. This makes our new analysis more complicated than
those for the C! solutions of the Cauchy problem for linearly degenerate quasilinear hyperbolic systems in Bressan [3], Dai
and Kong [8] and Zhou [24].

As in [22], the aim of this paper is to study the global structure stability of Lax’s Riemann solution containing shocks,
contact discontinuities, particularly centered rarefaction waves. In this case, we shall first get a lower bound of the lifespan of
the piecewise C'! solution containing at least a rarefaction wave to the generalized Riemann problem. To do so, we introduce

X

Jr £ Ij ljef{l,...,n}, j-waveinu=U (;) is a centered rarefaction wave} ,
A, . . . X\ .

Js = {] |jel{l,...,n}, j-waveinu =U <E> 1sashockwave},

J 2 (ilj € {1,...,n}, Aj(u)is genuinely nonlinear}
and
= {ili € {1,...,n}, Ai(u)is linearly degenerate}.
Then, the assumption that each characteristic field is either genuinely nonlinear or linearly degenerate gives
TU]=1{1,...,n}.
To state our result precisely, we now introduce the concept of the lifespan of the piecewise C! solution to the generalized
Riemann problem (1.1) and (1.6) as follows.

Definition 1.1. The existence of piecewise C! local solutions to the generalized Riemann problem (1.1) and (1.6) is
guaranteed by the monograph Li-Yu [16]. The life span is defined to be the supremum of the time T such that a Li-Yu
solution exists for 0 < t < T. This definition will coincide with the usual definition of the life span of the C! solution
(without shocks).

Our main results can be summarized as follows.

Theorem 1.1. Suppose that system (1.1) is strictly hyperbolic and each characteristic field is either genuinely nonlinear or linearly
degenerate. Suppose furthermore that u_(x) and u, (x) are all C' vector functions on x < 0 and on x > 0 respectively
satisfying (1.7) and (1.8) as well as

u_(0) =uy(0) =0, (1.10)
and
0=Ju, —u_|= |u§(0) —uy (0)| >0

is suitably small. Suppose finally that the self-similar solution u = U(f) of the Riemann problem (1.1) and (1.9) contains at least
either centered rarefaction waves or shocks, i.e., JsUJs # . Then for small © > 0, there exists a constant g9 > 0 so small that for
any fixed & € (0, &], the lifespan T (¢) of the piecewise C' solution to the generalized Riemann problem (1.1) and (1.6) satisfies

?(8) > Ky 1,
where K is a positive constant independent of e. Moreover, when u = u(t, x) blows up in a finite time, u = u(t, x) itself is
bounded on the domain [0, T(g)) x R, while the first-order derivatives of u = u(t, x) tend to be unbounded ast /' T(e).

Remark 1.1. In Theorem 1.1, we say the solution blows up, if the piecewise C'! solution in the sense of Li-Yu u = u(t, x) to
the generalized Riemann problem (1.1) and (1.6) ceases to exist for some x € R, t > 0. After this blow-up time, new waves
(particularly, new shocks) will appear (cf. [6,13]).
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Remark 1.2. Suppose that (1.1) is a non-strictly hyperbolic system with characteristics with constant multiplicity, say, on
the domain under consideration,

M) = =2 <tpp(W) <o <X@) (I=p=n.
Then the conclusion of Theorem 1.1 still holds (cf. [8]).

Remark 1.3. Our result implies that classical discontinuous solutions to the generalized Riemann problem under
consideration exists almost globally in time, i.e., we prove almost global well-posedness of the generalized Riemann problem
for hyperbolic systems of conservation laws.

The rest of this paper is organized as follows. For the sake of completeness, in Section 2, we briefly recall John’s formula
on the decomposition of waves with some supplements and give a generalized Hérmander Lemma. In Section 3, we first
review the definitions of shock, contact discontinuity and centered rarefaction wave, and then analyze some properties of
waves on discontinuous curves, which will play an important role in our proof. The main result, Theorem 1.1 is proved in
Section 4. Some applications with physical interest will be given in Section 5.

2. John’s formula, generalized Hormander Lemma

For the sake of completeness, in this section we briefly recall John’s formula on the decomposition of waves with some
supplements, which will play an important role in our proof.

Let
vi=Lwu @(G(=1,...,n) (2.1)
and
wi=Lwu, (i=1,...,n), (2.2)
where [;(u) = (Ij;(v), . .., li;(u)) denotes the ith left eigenvector.
By (1.3), it is easy to see that
n
U=y vr(u) (2.3)
k=1
and
n
=Y wen(u). (2.4)
k=1
Let
% = % + ki(U)% (2.5)

be the directional derivative along the ith characteristic. We have (cf. [10,11,15])

dv; u ]
(Tl = Z BixWvwy, (=1,...,n), (2.6)
it &
where
Bijk(@) = ((u) — A )W) Vr(wre(u). (2.7)
Hence, we have
Bii(w) =0, Vi,j. (2.8)
On the other hand, we have (cf. [10,11,15])
dwi u .
at = Z viewjwe (=1,...,n), (2.9)
it =
where

1
YikW) = 5{(kj(u) — M@ Vr(wyr(w) — Vawryw)dy + (k) (2.10)
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in which (j|k) denotes all the terms obtained by changing j and k in the previous terms. We have

vi) =0, Vi#iGj=1,...,n) (2.11)
and
vir(w) = —Vrarn) @(=1,...,n). (2.12)
Noting (2.4), by (2.9) we have (cf. [8])
ow;  I(A(wyw; . o
wi  AGi@wy) 3 Fwuwwe 2 G, %), (2.13)
at ax =
equivalently,
n
d[w;(dx — A;(u)dt)] = Z Tk wjwedt A dx = Gi(t, x)dt A dx, (2.14)
J.k=1
where
1
T (u) = 5()\]‘(”) = L)L) [ V() — Vr(wre(w)]. (2.15)
Hence, we have
Ij(w) =0, Vi, j. (2.16)

Lemma 2.1 (Generalized Hérmander Lemma). Suppose that u = u(t, x) is a piecewise C' solution to system (1.1), 7 and 1,
are two C! arcs which are never tangent to the ith characteristic direction, and D is the domain bounded by t;, T, and two ith
characteristic curves L;” and Li*. Suppose furthermore that the domain O contains mC' curves of discontinuity of u, denoted by

6 :x =Xx;j(t) =1, ..., m), which are never tangent to the ith characteristic direction. Then we have

/ lwi(dx — Ai(u)dt)| < f lwi(dx — Ai(u)dt)| + Z/A [wildx — [wiri(u)]dt]|
T1 19 G

j=1
n
+ // > Die(wywyw, | dedx, (2.17)
D |j k=1
where I (u) is given by (2.15) and [w;] = w,.+ — w; denotes the jump of w; over the curve ofdiscontinuityfj G=1,...,m),

etc.
The proof can be found in Li and Kong [15].

3. Shock, contact discontinuity and centered rarefaction wave

In this section, we first review the definitions of shock, contact discontinuity and centered rarefaction wave, and then
analyze some properties of waves on the discontinuous curves, which will play an important role in our proof.

Definition 3.1. A piecewise C! vector function u = u(t,x) is called a piecewise C! solution containing a kth shock
X = x,(t)(x,(0) = 0) for system (1.1), if u = u(t, x) satisfies system (1.1) away from x = x,(t) in the classical sense
and satisfies on x = x,(t) the following Rankine-Hugoniot condition:

fWh —fw) =s@" —u") (3.1)
and the Lax entropy condition:

Mh) <s < b)), Aepr@) > s> (U0, (3.2)

where u* = ut(t, x(t)) £ u(t, x,(t) £0)and s = dxgt(t) (when k = 1 (resp. k = n), the term Ay_;(u™) (resp. Agp1(u™))
disappears in (3.2)).

Definition 3.2. A piecewise C! vector function u = u(t, x) is called a piecewise C! solution containing a kth contact
discontinuity x = x,(t) (x¢(0) = 0) for system (1.1), if u = u(t, x) satisfies system (1.1) away from x = x,(t) in the
classical sense and satisfies on x = x,(t) the Rankine-Hugoniot condition (3.1) and

s = meuh) = M), (33)

where u = uE(t, x(t)) = u(t, x(t) £ 0) and s = dXSf[)-



Z.-Q. Shao /J. Math. Anal. Appl. 409 (2014) 1066-1083 1071

Definition 3.3. Let
V={(tx|t>0, &t <x < &t}

be an angular domain, where &, & are two constants with &, < &.Ifug(£) isa C! function of £ € [£,, £&] with the following
properties:

dug(§)
dé

thenu = uo(’[—‘) defined on V is called a kth standard centered rarefaction wave with the center point (0, 0).

Mi(Uo(§)) =& and //m(uo(%)),

Definition 3.4. Let
V={t.0)[t>0, x() <x < x(t)
be an angular domain, where x,(t), xz(t) are two C! functions of t with the following properties:
x(0) = x(0) =0 and & 2 T < 28
dt dt
A vector function u = u(t, x) defined on V is called a kth centered rarefaction wave for system (1.1) with the center point

(0, 0), if the following conditions are satisfied:
(i)let& = 7 and

0) £ &.

u(t, t§), int >0,
v(t,§) = lin(;n u(r, &), ont =0,
>0+

we have
v(t,€) € C'[V] and g—;(o,@ £0, Vi € [, &l
where
V= !(t,é‘) t>0, XLft) =f= XRt(t)’ int >0 };
§L<& <&, ont =0

(ii) u(t, x), i.e., v(t, ¥) satisfies system (1.1) on v \ {(0, 0)} in the classical sense;
(iii) both boundaries x = xy (t)(H = L, R) of V are the kth characteristic curves passing through (0, 0), i.e.,

dxy (t)
dt
A continuous vector function u = u(t, x) defined on R™ x R\ {(0, 0)} is called a piecewise C 1 solution with a kth centered
rarefaction wave on V for system (1.1), if u = u(t, x) is a kth centered rarefaction wave on V and satisfies system (1.1) out

of V in the classical sense.
Definitions 3.1-3.4 can be found in [14,16].

= Me(u(t, xy(£)))(H=L,R), Vt>O0. (3.4)

Definition 3.5. We call the piecewise C! solution containing a finite number of shocks, contact discontinuities or centered
rarefaction waves as a classical discontinuous solution.
The following lemmas give some properties of waves on shock, contact discontinuity or centered rarefaction wave.

Lemma 3.1. Let u = u(t, x) be a piecewise C! solution with a kth centered rarefaction wave on v for system (1.1). Then on
x = xy(t)(H = L, R) it holds that

vi=v (=1,...,n (3.5)
and

wi=w" (i=1,....,k—1,k+1,...,n), (3.6)

provided that |u*| is suitably small, where v;, w; are defined by (2.1) and (2.2), respectively, vii = vii(t, xy(t)) £ vi(t, xy(t)
=+ 0), etc.

Lemma 3.2. On the kth shock or contact discontinuity x = x(t), it holds that
vh=v7 +0(WEP) (i=1,....,k—1,k+1,...,n), (3.7)

provided that |u™| is suitably small, where v; is defined by (2.1) and v,-i £ vi(t, X (t) £0).
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Lemma 3.3. On the kth contact discontinuity x = x,(t), it holds that

w;:wf+o<|u+—u|-2|wf|> (i=1,....,k—=1,k+1,...,n), (3.8)
#k

provided that |u™| is suitably small, where w; are defined by (2.2) and wii 2 w;(t, x(t) £0).

Lemma 3.4. On the kth shock x = x,(t), it holds that

w = w + o<|u+ —u Y |wji|) +0(lut — w1 Gu ut) = Awh)w 1)
J#k

+o(|u+ —u | ueu™, ut) — Ak(u—))w,ﬂ) (i=1,....k—1,k+1,...,n), (3.9)

provided that |u*| is suitably small, where A, (u™, u™) is the kth eigenvalue of the matrix

1
A, ut) = / Vi + @t —u))de.
0

Remark 3.1. By (1.2),if [ut — u™| is suitably small, then the matrix A(u~, u™") has n distinct real eigenvalues:
M, ut) <A@, ut) <o < AT, ut).

The proofs of Lemmas 3.1-3.4 can be found in Kong [11,12].

Corollary 3.1. On the kth contact discontinuity x = x(t), it holds that

(wiriw) ™ = (wiriw)~ + O<|uJr —u |- Z |wf|) i=1,....k—1,k+1,...,n), (3.10)
7k
provided that |u*| is small.
Proof. Noting
(wiriw) ™ — (wiriw)™ = [w;” — w; J@) ™ + w [R@)* — i) 7],
from (3.8), we immediately get (3.10). O

4. Proof of Theorem 1.1

For the sake of simplicity and without loss of generality, we may suppose that
0 < A1(0) < X2(0) < --- < A(0) (4.1)
and
[is] < 6. (4.2)
By the existence and uniqueness of local classical discontinuous solutions of quasilinear hyperbolic systems of
conservation laws (see [16]), when # > 0 is suitably small, the generalized Riemann problem (1.1) and (1.6) admits a unique
piecewise C! solution u = u(t, x) containing only n shocks, centered rarefaction waves (corresponding characteristics are
genuinely nonlinear) or contact discontinuities (corresponding characteristics are linearly degenerate) x = x,(t) (x,(0) =
0) (k = 1,...,n) on the strip [0, h] x R, where h > 0 is a small number; moreover, this solution has a local structure
similar to the one of the self-similar solution to the corresponding Riemann problem. In order to prove Theorem 1.1, we first

establish some uniform a priori estimates on u and u, on the domain of existence of the piecewise C! solution u = u(t, x).
By (4.1), there exist sufficiently small positive constants § and § such that

)"i+1(u)_)"i(v) 2507 V|u|a |U| S(S(l: 15"'7n_ 1) (43)

For the time being it is supposed that on the domain of existence of the piecewise C! solution u = u(t, x) to the
generalized Riemann problem (1.1) and (1.6), we have

lu(t, x)| < 4. (4.4)

At the end of the proof of Lemma 4.3, we will explain that this hypothesis is reasonable.
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For any fixed T > 0, let

U (T) = sup sup [u(t, x)], (4.5)
0<t<T xeR
Voo (T) = sup sup |u(t, x)], (4.6)
0<t<T xeR
Woo(T) = sup sup |w(t, x)], (4.7)
0<t<T xeR
Wi(T) = max maxsup | |wi(t,%)|dt, (4.8)
i=len A g Jg
T
wi(T) = rjﬂ;X/ |(xj () — Aju(t, x;(t) £ 0)w;(t, x;(t) + 0)|dt, (4.9)
s Jo
where | - | stands for the Euclidean norminR", v = (v, ..., vy)T and w = (wy, ..., wy)" in which v; and w; are defined by

(2.1) and (2.2) respectively, while C; stands for any given jth characteristic on the domain [0, T] x R. In (4.4)-(4.7), on any
contact discontinuity or shock x = x;(t) the values of u(t, x), v(t, x) and w(t, x) are taken to be u™(t, x) = u(t, xi(t) £ 0),
vE(E, X) = v(t, x(t) £ 0) and wr(t, x) = w(t, x(t) £ 0). Clearly, Vo (T) is equivalent to Uy, (T).

In the present situation, similar to some basic L! estimates that are essentially due to Schatzman [19,20] and Zhou [24],
we have the following careful L' estimates of the piecewise C! solution.

Lemma 4.1. Under the assumptions of Theorem 1.1, on any given domain of existence [0, T] x R of the piecewise C' solution
u = u(t, x) to the generalized Riemann problem (1.1) and (1.6), there exists a positive constant ki independent of 6, ¢ and T
such that

o0

+00 ~
/ lwi(t, x)|dx < k1{8+W1(T)+Voo(T)(W1(T) + Wi(T))

T +00
+/ / |Gi(t,x)|dxdt} (i=1,...,n), Vt<T, (4.10)
0 —00

provided that the right-hand side of the inequality is bounded.

Proof. To estimate fj;o |w;(t, x)|dx, we need only to estimate

fa [wi(t, x)|dx

a

for any given a > 0 and then let a — +o0.

Fori=1,...,n, foranygivent with0 <t < T, passing through point A(t, a) (a > x,(t)) (resp. B(t, —a)), we draw the
ith backward characteristic which intersects the x-axis at a point D(0, xp) (resp. C(0, xc)). In what follows, we assume that
the ith wave (shock or contact discontinuity or rarefaction wave) passing through 0(0, 0) is a centered rarefaction wave,
while other cases can be dealt with in a manner similar to [23]. Let E(t, xg) (resp. F(t, xg)) be the intersection point of the
straight line t = t with the left (resp. right) boundary x = x;(t)(resp.x = xg(t)) of the rarefaction wave. Then, applying
(2.17) on the domain BCOE bounded by the left boundary of the rarefaction wave, the straight line t = t, the ith characteristic
passing through B and the x-axis, we get

E 0
/ |wi(t, %)|dx < / [wi0, )ldx + Y | [([wilx(£) — [wiri(w)]dt] + / / |Gildxdt, (4.11)
B Xc kesy ¥ Ck BCOE

where S; stands for the set of all indices k such that the kth discontinuous curve (shock or contact discontinuity) Ek X =
Xk (t) is partly contained in the region BCOE, and

(4.12)

(O = dt | m@,ut), aske]s.

Noting (3.6), in (4.11) we need not consider the case that the kth wave is a rarefaction wave. Using (1.8), (3.8)-(3.10), (4.4)
and (4.12), and noting the fact thati ¢ S;, we have

dxi(t) {kk(ui), askel,

XE 0 - T 400
f it Wldx < / 110, X)[dx + Voo (T) (W (T) + Wy (T)) + f / 1Gildxdt
0 —00

—a —o0

- T +o00
< cz{s + Voo (TY(W1(T) + W1 (T)) + / / |G,»|dxdt}, (4.13)
0 —00
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where here and henceforth, ¢; (i = 1, 2, .. .) will denote positive constants independent of 8, ¢ and T. Similarly, we have

a T +o00
/ Jwi(t, x)|dx < cg{s + VOO(T)(Wl (T) + Wq(T)) + / / |Gi|dxdt}. (4.14)
XF 0 —00
XF T +00
| tweooiaxs [ iGlae (4.15)
XE 0 —00

Combining (4.17) in [23] and (4.13)-(4.15) all together, we finally get

a - T +o0
/|wi<r,x>|dxsc4{e+w1<T>+voo(T><w1(T>+w1(T)>+// |cf|dxdr}.
— 0 —0o0

a

Letting a — 400, we immediately get the assertion in (4.10). The proof of Lemma 4.1 is finished. O

Lemma 4.2. Under the assumptions of Theorem 1.1, on any given domain of existence [0, T] x R of the piecewise C! solution
u = u(t, x) to the generalized Riemann problem (1.1) and (1.6), there exists a positive constant k, independent of 6, ¢ and T
such that

T +o0 - T +o00
/ / it 20|yt ) ldxdt < ks (s Wi (T) + Voo (D) (Wi (T) 4+ Wi (1)) + / f |Gi(t,x)|dxdr)
0 — 0 —00

- T pt+oo
X (8 + Wi(T) + Voo (T) (W1 (T) 4+ W1 (T)) —|—/ / |G;j(t, x)|dxdt), Vi£jl,j=1,...,n), (4.16)
0 —00

provided that the right-hand side of the inequality is bounded.

Proof. The proof of Lemma 4.2 is essentially similar to Lemma 3.2 proved by Yi Zhou in [24]. The author points out that here
the line of discontinuity (center rarefaction wave) is considered; and some differences will emerge. Such points are similar
to the cases considered by the author in [23,25]. As in [24], to estimate

T 400
/ / it %) [wy (¢, %) dxdl,
0 —00

it is enough to estimate

T L
/ [wi(t, X)||w;(t, x)|dxdt
0o J-L
for any given L > 0 and then let L - +o0.

Fori,j € {1,...,n}and i # j, without loss of generality, we suppose thati < j. Letx = x;(t,L) (0 <t < T) be
the ith forward characteristic passing through point (0, L) (L > x,(T)). Then, we draw the ith backward characteristic
x = si(t) (0 < t < T) passing through point (T, a) (a > x;(T, L)). In the meantime, passing through the point (T, —L),
we draw the jth backward characteristic x = s;(t) (0 <t < T) which intersects the x-axis at a point.

We introduce the “continuous Glimm’s functional” (cf. [3,4,24])

Q) = / / (£, 0wt y)dxdly.
5j(t)<x<y<s;(t)

Because of the piecewise C' solution u = u(t, x) containing only n shocks, centered rarefaction waves or contact
discontinuities x = x,(t) (x,(0) = 0) (k = 1, ..., n), without loss of generality, we may suppose that u = u(t, x) containing
only a centered rarefaction wave, while other cases can be dealt with in a manner similar to [23]. Without loss of generality,
we may suppose that the 1st wave is a centered rarefaction wave. Let x = x;(t)(resp.x = xg(t)) be the left (resp. right)

boundary of the rarefaction wave, we divide the bounded domain 2 2 {(x,»)sj(t) < x <y < si(t)} by the straight lines

Yy =xu(t)(H=L,R) andy = x,(t) (k = 2, ..., n) into some parts. Then, the straightforward calculations on all parts of
the domain 2 reveal that
do(t) , si(t) , si(t)
T s (O |wi(t, si(t))] lwj(t, )|dx — s;(t) [w;(t, 5;(t))] [wi(t, x)|dx
t 5i(t) 5i(0)
x(t)
+x (O flwi(t, X, (£) — 0)| — |wi(t, x,(t) +0)|} lwj(t, x)|dx + xp () {|wi(t, Xz (t) — 0)]

si ()
xR(t)

— |wi(t, xg(t) + 0)[} lwj(t, x)|dx + ZXL(f){lwi(f, X (t) — 0)]
k=2

sj(t)
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*(Iw;(f ) DIwi(t, y)|dxdy

Xk (t)
it x® 10l [ we. x>|dx+// 2
sj(t) <x<y<s;(t)

Sj (t)

// lwj(t, X)I (Iwz(t y)dxdy
sj (t)<x<y<si(t)
si(t)

si(t)
= si(O)lwi(t, 5:(f))|f lw; (¢, x)|dx — s; () [w(t, Sj(f))|/ lwi(t, x)|dx

xL(t)
+x (O wi(t, x,.(6) — 0)] — |wi(t, x.(t) + 0)]} lw;(t, x)|dx + x;(t)
sj(t)
XR(t) n
x {lwi(t, x(t) — 0)] — |wi(t, xg(t) +O)|}/ lw;(t, x)|dx + ZXL(t){Iwi(r,xk(t) —0)|
k=2
Xk ()
— lwi(t, x(t) + 0)[} lw(t, X)IdX—// a—(kj(u)le(t ) Iwi(t, y)|dxdy
sj(t) sj(t)<x<y<s;i(t)
- // lw (t, X)I (k W |wi(t, y)l)dxdy+// sgn(wj)
sj(t) <x<y<si(t) sj(t)<x<y<s;i(t)
X Gt ey + [ / [yt 0lsgn(u)Gi(t, ydxdy
sJ(t)<x<y<s,(t)
si(t)
= - /() (j(u(t, 0) — Ai(u(t, ) [wit, )| [w;(t, X)|dx + (s(t) — Aiu(t, siE))))wilt, si(t))]
Sj t

si(6)
x f e 91+ Gt 500 = SOy .50

si(6)
X f lwi(t, x)|dx + x (O){|wi(t, x.(t) — 0)| — [w;(t, x.(t) + 0)[}
sj(6)

xL(t)
X [ lw;(t, 0)|dx + xx (O f[wi(t, xe(£) — 0)| — |wi(t, X (t) + 0)]}
sj(6)

xR (1) n X (t)

X / : [w;(t, x)|dx + Zx;((t)“wi(t,xk(t) = 0) — |wi(t, x(t) + 0)} : lw;(t, x)|dx
sj(t k=2 s;(t

+ {Ai (e, X () [wit, x.(6) + 0)| — A (u(t, x.(£)))|wi(t, x.(t) — 0)[}

x(t)
X / [wj(t, %) |dx + {A;(u(t, xr(£)))|wit, Xr(t) + 0)| — Ai(u(t, xp(£)))|wi(t, xr(t) — 0)[}
sj ()

xR () n
X / lw;(t, x)|dx + Z{)x (u(t, x(t) + 0)[wi(t, X (t) + 0)| — A;(u(t, x¢(t) — 0))
s_](t)

Xk(t)
x [wit, xe(6) — )]} / (£, )] dx + / / g (w)Gy (¢, X)[wi (£, y) | dxdly
sj (t)<x<y<si(t)

[ Juy(t, %)Isgn(wi)Gi(t, y)dxdy. (4.17)
sj (t)<x<y<si(t)
(i)Fori=2,..., n — 1, noting (3.6), we get from (4.17) that

dQ(t) si(t) ,
T —fsm (A (u(t, x)) — Ai(u(t, X)) [wit, X)|Jw;(t, 2)|dx + (s;(£) — Ai(u(t, si(0))|wi(t, si(t))]

si(6)
x / e 91 Gt 500 = SOy . 5(0)

si(6)
X / lwi(t, x)|dx + (x;(£) — Ai(u(t, xi(t) — 0)))|wi(t, xi(t) — 0)]
sj(6)
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xj(t) xi(t)
X / [wj(t, x)|dx + (i u(t, x;(t) 4 0)) — x;(E) [wi(t, xi(t) + 0)] lw;(t, x)|dx
sj(t) sj(t)
n X (t) n
+ > KOt x(©) = 0 — [wi(t. xe(®) + O} [ [uy(t. 0ldx+ Y (At x(t) +0))
k=2, ksti 5j(©) k=2, ksti
Xk (£)
X |wi(t, X (£) + 0)| — A (u(t, x(t) — 0))[wi(t, xk(t) — 0)[} [w;(t, x)|dx

sj(6)

+ / / sgn(w)Gy(t. 0 |wi(t, y)|dxdy + / / oy (E, 0 lsgn(w)Gi(t, y)dxdy.  (4.18)
sj() <x<y<s;i(t) i

j (t)<x<y<si(t)

Using (3.2), (3.3) and (4.3), we get

dQ(t) si(t)
TR —38o / lwi(t, 0)|Jw;(t, X)|dx + | (X (t) — Ai(u(t, x;(t) £ 0))w;(t, x;(t) £ 0)|
sj(t)

xi(t) n Xk (6)
X/ [wj(t, x)|dx + Z X (O {lwi(t, xi () — 0) — w;(t, xi(t) 4 0)[} [w;(t, x)|dx

5j(0) k=2, ki 5j(6)

+ Z {IAi(u(t, xi(6) + 0))wi(t, X (t) + 0) — Ai(u(t, xi(t) — 0))w;(t, X (t) — 0)[}

k=2, k=i
Xk (£) si(t) si(t) si(t) si(t)

X / |wj(t,x)|dx+/ |Gj(t,x)|dx/ |w1-(t,x)|dx+/ |Gi(t,x)|dx/. |w;(t, x)|dx
Sj([) Sj([) Sj(t) Sj(t) Sj(t)

si(6) +oo
< —50/ lwi(t, X)[|w; (€, X)|dx 4 [(X;(£) — Ai(u(t, x;(t) £ 0)))wi(t, x(t) £ 0)] / lw;(t, x)|dx

sj(6)

n 400 n
+ D7 K OUwie, x(6) — 0) — wilt, xi(6) + 0)]) / wit. W)ldx+ Y (A, %(t) +0))

k=2, ki k=2, ki

+o00
x wi(t, X () +0) — Ai(u(t, X (t) — 0)wi(t, X (t) — 0)[} / [w;(t, x)|dx

+00 +o0 +o0 +00
[ e [ eolacr [ iaeoola [ i

[ee} [ee} —0o0 o]

It then follows from Lemma 4.1 that

do (¢ si(t)
4Q + 50/ [wi(t, X)||w;(t, x)|dx
dt Sj([)

400 ~ T +o00
<k f |G;(t,x)|dx(s Wi () + Vao (D) (Wi (T) + Wi(T)) + f / |G,-<r,x>|dxdt)
_ 0 —00

oo
n

+/<1<|(X§(t) — Ai(u(t, xi(t) £ 0)w;(t, x;(t) £ 0)| + Z X (O{|wi(t, x(t) — 0) — wi(t, xi (t) + 0)[}
k=2, ki

+o00

+ Z {12 u(t, x(t) + 0)wi(t, X (t) + 0) — Ai(u(t, x(t) — 0))wi(t, xi(t) — 0)[} +/

k=2, ki —00

|Gi(t, x)|dx>

~ T +00
X <s + Wi(T) + Voo (T (WA (T) + Wi(T)) + f / G (¢, X)Idxdt)-
0 —00

Therefore
T psi(t) T p+oo -
50/ / [w;(t, x)[|w;(t, x)|dxdt < Q(0) +k1[ / IGj(t,x)Idth<8 + Wi(T) + Vo (TY (W1 (T) + W1 (T))
0 Sj 0 —00

j(©)
T +o0 T
+/ / IGi(t,X)Idxdt> +kq (/ | (8) — Ai(u(t, x(t) £ 0)))
0 —00 0
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n

xwit, (0 £0)lde + > [ [willaub)de

k=2,k£i ¥ Ck

n T 400
+ Z A |[wi)»i(u)]|dt+/ / |G,(t,x)|dxdt)
0 —00

k=2,ksi ¥ Ck

- T p+oo
X (8 + Wi(T) 4+ Vo (T) (W1 (T) + W1 (T)) + / / |G;(t, x)|dxdt>.
0 —00

Using (3.8)-(3.10) and noting (4.4), we obtain

si(t) ~
5 f / it 2| lwy(t., 0 ldxdt < Q(0) + ¢ (e + Wi(T) + Voo (1) (W4 (T) + Wi(T))
sj (t)

+o0 o T +o00
+ / / |G,-<t,x)|dxdr) (a + Wi(T) + Voo (D) (WA (T) + Wy(T)) + / / |c,-<t,x)|dxdr).
0 -0 0 —00

Noting

+00 +00
0(0) < / (0, x)|dx / 10,0, %) dx,

o0 —00

we get

si(t) ~ +00
50/ / lwi(t, )| |wj(t, X)|dxdt < C6<8+W1(T)+V00(T)(W1(T) + Wi(T)) +/ / IGi(t,X)Idxdt>
sj(t) 0 —00

- T p+oo
X <s 4+ Wi(T) 4+ Voo (T) (W1 (T) + W (T)) + / / |Gj(t, x)|dxdt>.
0 —00

It then follows

si(t) - T p+oo
/ f it 20wy (6. 0 ldxdt < g—s(s+wl(r) Voo () (W1 (T) + Wi (1)) + f / |ci(t,x)|dxdt)
s(r) 0 0 —00

o T +o0
X (8 4+ W1(T) 4+ Voo (T) (W1 (T) + W (T)) + / / |Gj(t, x)|dxdt).
0 —00

Therefore

T L ~ T +00
/ / lwi(t, )| |wj(t, x)|dxdt < c; <8 + Wi(T) + Voo () (W1(T) + W1(T)) + f f IGit, X)ldde)
0 J-L 0 J-oo

- T +00
X (8 + Wi(T) + Voo (T)(W(T) + Wy (T)) + / / |G;(t, x)|dxdt)
0 —00

and the desired conclusion follows by taking L — +o0.
(ii) For i = 1, the argument in step (ii) is similar to the one in step (i), so instead of giving all the details one can just refer
to (i) and briefly describe the changes one needs to introduce. Instead of formula (4.18) we have

dQ(t) si(t) ,
o = f([) (Aj(u(t, x)) — Ai(u(t, X)) [wit, x)[|w;(t, x)[dx + (s;(£) — Ai(u(t, si(£)))) [wi(t, si(£))]
5

si(t) si(t)
X/) lw;(t, x)|dx + (A (ut, 5(£))) — s;(E) [w;(t, s;(0)] : [wi(t, x)|dx
Sj([ Sj(t

x (1)
+ (g (6) — Aiu(t, X (O)))wilt, x.(t) — 0)] f() lw;(t, X)dx + (Ri(u(t, x.(t))) — x;(¢))
Sj t

x(t)
x |wi(t, x(t) + 0)] lwj(t, X)|dx + (Xp(t) — Ai(u(t, Xp(£)))) [wi(t, Xg(t) — 0)]

sj ()

XR(t) xg(t)
x / |wj(t, )ldx + (uiu(t, X (6)) = X () [wilt, Xe(£) + 0)] |wj (¢, x)ldx
sj(t) sj(t)
n Xk (£) n
+ X OFwilt, xi(6) = 0)] — |wilt, X (6) + 0)[} |wj(t, )ldx + Y {ri(u(t, x(t) + 0))
k=2

k=2 sj(t)
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Xk (t)
X |wi(t, X (£) + 0)| — A (u(t, X, (t) — 0))|wi(t, X (t) — 0)]} [w;(t, x)|dx
sj(6)

+// Sgn(wj)Gj(t,X)|wi(tv}’)|dXdy+// |wj(t, x)|sgn(w;)G;(t, y)dxdy.
i) <x<y<s;i(t) sj(6) <x<y<s;i(t)

Using (3.4) and (4.3), we get

dQ(t) si(t) n ,
TR —30/ [wi(t, X)|Jw;(t, x)|dx + Zxk(t){lwi(t, Xk () — 0) — wi(t, x,(t) + 0)[}
5j(t) k=2
X (t) n
X / [w;(t, x)|dx + Z{I?»i(u(f, Xk(t) + 0))wi(t, x(£) + 0) — A;(u(t, x(t) — 0))wi(t, xk(t) — 0)[}
sj(t) k=2
xk(t) si(6) si(t) si(6) si(t)
x / Jwi(t, %)]dx + / |cj<r,x>|dx/ Jwi(t, X)ldx +/ Gict, x)|dx/ Jwy(t, X)ldx
sj(t) sj(t) sj(6) sj(t) sj(t)
si(6) n
< —5 / Jwi(t, 0 wy(E, )ldx 4+ KO {lwilt, xe(6) — 0) — wi(t, xe(6) + 0)1)
s

() k=2

+0o0 n
< [ Il + D (e 500 + 0wt x(0) + 0

00 k=2

+00
— Ai(u(t, x.(t) — 0))wi(t, xi () — 0)|}/ w;(t, x)|dx

+00 +o00 +o00 +00
+/ |Gj(t,X)|dX/ |w,~(t,x)|dx+/ |Gi(t,x)|dx/ |wj(t, x)|dx. (4.19)

oo oo —00 o0

By exploiting the same arguments as in (i), and noting (3.8)-(3.10), we can deduce from (4.19), formula (4.16). The proof
of Lemma 4.2 is finished. O

Lemma 4.3. Under the assumptions of Theorem 1.1, for small & > 0 there exists a constant ¢ > 0 so small that on any given
domain of existence [0, T] x R of the piecewise C! solution u = u(t, x) to the generalized Riemann problem (1.1) and (1.6), there

exist positive constants k; (i = 3, ..., 7) independent of 0, ¢ and T, such that the following uniform a priori estimates hold:
Wi (T) < kse, (4.20)
Wi (T) < ke, (4.21)
Uoo(T), Vo (T) < ks0 (4.22)
and
Woo(T) < ke, (4.23)

where T satisfies
Te < ky. (4.24)
Proof. The proof of Lemma 4.3 is similar to that in Yi Zhou's paper [24]. The only differences between them are emerged

in Lemma 4.2 caused by the line of discontinuity (center rarefaction wave). We sketch the proof and details for the readers’
convenience. We introduce

n T +00
=25 [ [ w0l ol
0 —00

=i

By (2.13), it follows from Lemma 4.2 that

- T ptoo 2
Qw(T) <cs (8 + Wi(T) + Voo (T)(W1(T) + Wi (T)) + / / |G(t, X)Idxdt> , (4.25)
0 —00

where G = (G], Gy, onn, Gn).
Noting (2.16), we have

T “+00
/ f |G(t, %) |dxdt < coQu (T). (4.26)
0 —00
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Substituting (4.26) into (4.25), we obtain

2
Qw(T) = c1o (8 + Wi(T) + Voo (T) (W1 (T) + W1 (T)) + Qw(T)) . (4.27)

We next estimate W1 (T).
Let

Gix=x(t) O<tj<t<t<T)

be any given jth characteristic on the domain [0, T] x R. Then, passing through the point P;(t, x;(t1)) (resp. P2 (t2, Xj(t2)))
we draw the ith characteristic which intersects the x-axis at a point A; (0, y1) (resp. A, (0, y2)). Without loss of generality, we
assume that the whole ith wave (shock or contact discontinuity or rarefaction wave) passing through 0(0, 0) is contained
in the domain P;A;A;P,. In what follows, we only consider the case of rarefaction wave, while other cases can be dealt with
in a manner similar to [23]. Let x = x;(t)(resp.x = xg(t)) be the left (resp. right) boundary of the rarefaction wave. Then,
applying (2.17) on the domain P;AA,P, and noting (2.16), it is easy to see that

5]
/ [wi(E, %;,(0)] 1A (u(t, %(£))) — Ai(u(t, x;(t)))|de
t
1 y2 T
S/ Iwi(O,X)IdX+/ |(x () = Ai(u(t, x (D)) wi(t, x,(t) £ 0)|dt
Y1 0

T
+ / |(X(6) — At x(EDDwilt, xe(t) £ O)|de + Y ﬁ |([wilXi(6) — [wiks) Dt
0 Ck

keSy
+ / / D Ty wywy|dedx, (4.28)
P1A1A2P £k

where S, stands for the set of all indices k such that the kth discontinuous curve (shock or contact discontinuity) a X =
Xk (t) is partly contained in the domain P1A;A,P,, and

dxi(t) {,\k(ui), askel, (4.29)

X0 = d | Mm@ ,ut), aske]s.

Noting (3.6), in (4.28) we need not consider the case that the kth wave is a rarefaction wave. Using (1.8), (3.4), (3.8)-(3.10),
(4.3), (4.4) and (4.29), we have

[ e seniae < en e+ VaDWD) + WaD) + QD .

f

Thus, noting (4.42) in [23], we get immediately

Wi(T) = ciafe + Wi (T) + VoMW (T) + Wi (T) + Qu(D]. (430)

We next estimate W (T).

(i) For i = n, passing through any fixed point A(T, a) (a > x,(T)), we draw the nth backward characteristic which
intersects the x-axis at a point B(0, xg).

We rewrite (2.14) as

d(Jwi(t, x)|(dx — A(u)dt)) = sgn(w;)Gidxdt. (4.31)

Without loss of generality, we assume that the nth wave (shock or contact discontinuity or rarefaction wave) x = x,(t)
passing through 0(0, 0) is the shock curve. Let D denotes the point (T, x,(T)). Then, integrating (4.31) (in which we take
i = n) on the domain ABOD gives

A

T XB
/<x;<t)—xn<u<t,xn<t)+0)>)|wn<t,xn<t>+0)|dr+/ |wn(r,x>|dxs/ |wn<o,x)|dx+// (Galddt.
0 D 0 ABOD

Hence, noting (1.8) and (4.26), we get

.
/ (X3, (6) = A (u(t, X (£) + 0))) [wi(t, xa(t) + 0)]dt < c13{e + Quw(T)}.
0
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In view of (3.2), this implies

T
/ |}, (0) = An(U(E, Xa(6) + 0)))wy(E, %2(0) + 0)|de < c13{e + Qu(T)). (4.32)
0

(ii) Fori = 1,...,n — 1, passing through point A(T, a) (a > x,(T)), we draw the ith backward characteristic which
intersects the x-axis at a point B(0, xg). Without loss of generality, we assume that the ith discontinuous curve x = x;(t)
passing through the origin is the shock curve.

Let D denotes the point (T, x;(T)). Thanks to the piecewise C' solution u = u(t, x) containing only n shocks, centered
rarefaction waves or contact discontinuities x = x,(t)(x,(0) = 0) (k = 1, ..., n), without loss of generality, we may
suppose that u = u(t, x) containing only a centered rarefaction wave, while other cases can be dealt with in a manner
similar to [23]. Without loss of generality, we may suppose that the i + 1th wave is a centered rarefaction wave. Let
x = x.(t)(resp.x = xg(t)) be the left (resp. right) boundary of the rarefaction wave, we divide the bounded domain
ABOD by both boundaries of the rarefaction wave x = x4 (t) (H = L, R) and the discontinuous curves (shocks or contact
discontinuities) x = x,(t) (x,(0) = 0) (k =i+ 2, ..., n) into some parts. Then, integrating (4.31) on all parts of the domain
ABOD gives

fo (0 — Aault, %(0) + Ot x(6) + Olde + /D T ol
< /0 i (0, %) dx + /Orxz(mawf(t,xmr) —0)] — [wi(t, %(6) + 0))de
4 /0 " At X O) (e, 3,(6) + 0] — e x,(6) — )yt
+ /O O (16 0) — 0)] — . xe(6) + O
+ fo " At X)) (018, )+ O)] — it xe(©) — D))

+ i1, () — [wik; dt+// Gi|dxdt,
>0 w6 — [wiri@)]] | (Gildx

k=i+2 ¥ Ck

where /C\k . x = xi(t) stands for the kth discontinuous curve (shock or contact discontinuity) passing through the origin,
which is contained in the domain ABOD. Thus, using (1.8), (3.6), (3.8)-(3.10), (4.4) and (4.29), we obtain

T
/ (X (&) = Ai(u(t, %(6) + 0))|wi(t, xi(t) + 0)|dt < c1a{e + Voo (T) (W1 (T) + W1(T)) + Qu (T)}.
0

In view of (3.2), this implies

T
/ | (&) = A(u(t, %i(6) + 0))wi(t, xi(t) + 0)|dt < crafe + Voo (T) (W1 (T) + Wi(T)) + Qw(T)}. (4.33)
0

(iii) For i = 1, passing through any fixed point A(T, a) (a < x;(T)), we draw the 1st backward characteristic which
intersects the x-axis at a point B(0, xg). Without loss of generality, we assume that the 1st discontinuous curve x = x(t)
passing through the origin is the shock curve.

Let D denotes the point (T, x(T)). Then, integrating (4.31) (in which we take i = 1) on the domain ABOD gives

D 0 0
/ le(T,X)IdX+/ (XQ(t)—kl(u(t,h(t)—0)))|w1(t,X1(t)—0)|dt5/ le(O,X)IdX+f/ |G1|dxdt.
A T Xp A

BOD

Hence, noting (1.8) and (4.26), we get

T
/ (ha(u(t, x1(t) — 0)) — X () |[wy (L, x1(t) — 0)|dt < c15{e + Qu(T)}.
0

In view of (3.2), this implies

T
f | () (6) — Aq(u(t, X1 (£) — 0))wy (£, x1(t) — 0)|dt < c15{e + Qw(T)}. (4.34)
0

(iv) Fori = 2,...,n, passing through point A(T, a) (a < x1(T)), we draw the ith backward characteristic which
intersects the x-axis at a point B(0, xz). Without loss of generality, we assume that the ith discontinuous curve x = x;(t)
passing through the origin is the shock curve.
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Let D denotes the point (T, x;(T)), without loss of generality, we may suppose that the piecewise C' solution u = u(t, x)
containing only a centered rarefaction wave, while other cases can be dealt with in a manner similar to [23]. Without loss
of generality, we may suppose that the 1st wave is a centered rarefaction wave. Let x = x;(t)(resp.x = xz(t)) be the left
(resp. right) boundary of the rarefaction wave, we divide the bounded domain ABOD by both boundaries of the rarefaction
wave x = xy(t) (H = L, R) and the discontinuous curves (shocks or contact discontinuities) x = x,(t) (x,(0) = 0) (k =
2,...,i— 1) into some parts. Thus, integrating (4.31) on all parts of the domain ABOD gives

/0 . x(0) — 0)) — X it 1 (6) — Dl + /A T ol
" 0,0l + /0 ROt x(6) — 0]  Jue, x,(6) + O e
- [ " At X O (it 3(0) + O — (e, 3, (6) — O
+ [ ROy (E. 0) — 0)] — st xe(©) + O

T
+ / Ai(u(t, xp(0) (Jwi(t, X (£) + 0)| — [w;(t, x(t) — 0)])dt
0

Z |[w 1%, (t) — [wk(u)]|dt+// |G;|dxdt
ABOD

where a( : x = x,(t) stands for the kth discontinuous curve (shock or contact discontinuity) passing through the origin,
which is contained in the domain ABOD. Then, using (1.8), (3.6), (3.8)-(3.10), (4.4) and (4.29), we obtain

;
/ (Ri(u(t, %(t) — 0)) — x(O)lwi(t, x:(t) — 0)|dt < c16{e + Voo (T) (W1 (T) + Wi (T)) + Qu(T)}.
0

In view of (3.2), this implies

T ~
/ | () — Ai(u(t, xi(t) — 0))wi(t, xi(t) — 0)|dt < crg{e + Voo (T)(W1(T) + Wi (T)) + Qu(T)}. (4.35)
0
Combining (4.32)-(4.34) and (4.35) all together, we have

Wi(T) < cizfe + Voo (T)(W(T) + Wi (T)) + Qu(T) }. (4.36)

We next estimate Uy (T) and Vo (T).
Passing through any fixed point (t, x) € [0, T] x R, we draw the ith backward characteristic C; which intersects the x-axis
at a point (0, y). Integrating (2.6) along this characteristic C; and noting (2.8) yield

n

0 = v + Ykt [ D putwyuid, (437)
keS3 Gi jk=1,k£i

where S; denotes the set of all indices k such that this characteristic C; intersects the kth discontinuous curve (shock or

contact discontinuity) x = x(t) at a point (t, X, (tx)), and [v;]lx = v;(tx, xk(tx) + 0) — v;(tk, xk(tx) — 0). Noting (1.8) and

using (1.10), we have

+oo
luy (0] < / lu, (x)|dx <K, VxeR* (4.38)
0
and
0
lu_(x)| < / u”_(x)|dx < K,, VxeR". (4.39)
—00

Therefore, noting the fact thati & Ss, and using (1.6), (2.1), (3.7), (4.2) and (4.4), we get from (4.37)-(4.39) that

Voo T) < C18{0 + & + Voo (T) (Voo (T) + W1 (T))}. (4.40)

Combining (4.27), (4.30), (4.36) and (4.40) all together, and noting (4.2), (4.38) and (4.39), we can prove (4.20)-(4.22)
and

Qw(T) < croe’.
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We finally estimate W (T).
For any fixed point (t, x) € [0, T] x R, we draw the ith backward characteristic C; passing through the point (¢, x), which
intersects the x-axis at a point (0, y). Integrating (2.9) along this characteristic C; and noting (2.11) yield

n
wi(t, ) = wi(0.y) + > _[wil + / L > viwywy + J/m(U)w,-z}dt,

keSy Ci [ k=1,j£k
where S4 denotes the set of all indices k such that this characteristic C; intersects the kth discontinuous curve x = x,(t) at
a point (ty, xk(tx)), and [w;lx = wi(ty, Xk (tx) + 0) — w;(tx, Xk (tx) — 0). Using (3.6), (3.8), (3.9) and (4.4) and noting the fact
thati ¢ S4, we have

Wao(T) < C0{E + Voo (T)Wao(T) + Woo (W1 (T) + T(Wao(T))?}. (4.41)

Noting (1.7), by continuity there exists a positive constant ks independent of 6, & and T such that (4.23) holds at least
for T > 0 suitably small. Thus, in order to prove (4.23) it suffices to show that we can choose kg and k- in such a way that
for any fixed Tp (0 < Tp < T) with Toe < k; such that

Weo(To) < 2kse, (4.42)
we have

Substituting (4.42) into the right-hand side of (4.41) (in which we take T = Ty), and noting (4.21)-(4.22) and (4.24), it is
easy to see that, when 8§ > 0 is suitably small, we have

Wao (To) < 2c20(1 + 2k2k7)e.

Hence, if ks > 6cy9 and I<§I<7 = 1, then we have (4.43), provided that 6 is suitably small. Therefore (4.23) is proved.
Finally, we observe that when 8 > 0 is suitably small, by (4.22) we have

1
Use(T) < kst) < -5

This implies the validity of hypothesis (4.4). The proof of Lemma 4.3 is finished. O

Proof of Theorem 1.1. By (4.22)-(4.23), we know that for small & > 0 there exists ¢ > 0 suitably small such that the
generalized Riemann problem (1.1) and (1.6) admits a unique piecewise C'! solution u = u(t, x) containing shocks, contact
discontinuities and rarefaction waves on the strip [0, T] x R, where T satisfies (4.24). Therefore, the lifespan T (¢) of the
piecewise C! solution satisfies

’Tv(e) > K38_1,

where K3 (= k) is a positive constant independent of ¢. Moreover, by Lemma 4.3, when the piecewise C'solutionu = u(t, x)
blows up in a finite time, u = u(t, x) itself must be bounded on the domain [0, T(¢)) x R. Hence, the first-order derivative
uy of u = u(t, x) should tend to be unbounded as t ' T(¢g). The proof of Theorem 1.1 is finished. O

Remark 4.1. In this paper, the author considered the below bound of the life span of the classical piecewise C! solution.
However, how to search the above bound of the life span is a more important and more interesting problem, this problem
is worth studying in the future.

5. Applications

In this section, two concrete examples are given to show some applications of our main results, they are both the one-
dimensional compressible Euler equations in Eulerian coordinates and the system of traffic flow on a road network using
the Aw-Rascle model. Here, we only give the latter for which our work is of importance, for the basic model on the former
we refer the reader to Chen and Frid [5] and the references therein. The system of traffic flow on a road network using the
Aw-Rascle model reads (cf. [1]):

dc(p(v +p(p)) + d(pv(v +p(p))) =0,

where p > 0 and v are, respectively, the density and the velocity of the cars at point x and time t,y = pv + pp(p) is the
momentum, the “pressure” p = p(p) is a suitably smooth function of p and satisfies

{8“0 + 3 (pv) =0, (5.1)

p'(p) >0 and p’(p) >0, Vo >O0.
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Set

u=(2):

Then, we rewrite system (5.1) as
u +Aw)u, =0,

where the Jacobian matrix is

v o
Au) = .
® (0 v- pp/(p))
It is known that (5.1) is strictly hyperbolic for p > 0, the first characteristic field is genuinely nonlinear, while the second

characteristic field is linearly degenerate. Therefore, Theorem 1.1 is obviously applicable to the system of traffic flow on a
road network using the Aw-Rascle model.
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