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1. Introduction

Since the seminal paper of Yaari [27], there have been a number of papers about the optimal annuitization
and portfolio selection in the literature, see, for example, [9,22,24-26] and the references therein. Yaari [27]
first demonstrated that under some specific assumptions rational individuals with no bequest motives should
annuitize all their wealth at retirement. However, the volume of voluntary purchases by retirees is much
smaller than predicted by theoretical models, which is the so-called “annuity puzzle”.

Bequest motives play a central role in limiting the demand for annuities. Davidoff et al. [6] showed that
if annuities are priced fairly, then people annuitize all of their wealth except what they wish to bequeath.
Lockwood [21] argued that bequest motives are strong enough to reduce or eliminate purchases of available
annuities. There are other explanations for the annuity puzzle. Inkmann et al. [11] found that the annuity
market participation increases with financial wealth, life expectancy and education, while decreases with
other pension income and a possible bequest motive for surviving spouses. Benartzi et al. [2] exploited that
behavioral and institutional factors are important in explaining why there seems to be so little demand to
annuitize wealth at retirement. Wang and Young [25,26] proposed that if life annuities were commutable,
namely the individuals can surrender their early purchased life annuities, then retirees would purchase more
annuities.
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Milevsky and Young [22] claimed that, as a result of adverse selection, the annuity purchase is an ir-
reversible investment that creates an incentive to delay. Therefore, we consider a model which allows the
retirees to prearrange their annuitization using part of their wealth in the future, the amount is fixed as a
constant F. In view of significant medical spending, emergent events or bequest motives, full annuitization
may not be optimal for the individual. Hence, we suppose that there is a nonnegative constant d as the
lowest wealth level around the annuitization time 7, that is, X, > F 4 d, where X. is the wealth process of
the individual.

In this paper, we investigate the optimal investment, consumption strategies and the optimal annuiti-
zation time for a retired individual subject to a constant force of mortality. The individual can determine
a discretionary stopping time as the annuitization time, at that point, after paying a fixed cost for annu-
itization, the individual will receive a long-life annuity income. Moreover, we do not allow the individual
to borrow his or her future annuity income because this income is contingent on his or her being alive. In
contrast to the restrictive all-or-nothing arrangement, explored by [9,22,24], we assume that the individual
continues investing and consuming and changes his or her preference after annuitization. Finally, four types
of solutions are obtained depending on the free parameters of the problem. We find the optimal annuitiza-
tion region is a band form. In some special cases, the two annuitization thresholds coincide or degenerate
to +o0.

The problem of utility maximization with discretionary stopping was first studied by Karatzas and
Wang [16] via the martingale method. They introduced a family of stopping time problems to reduce
the original problem into an easy form. Farhi and Panageas [8] applied these techniques to explore an
optimal consumption and portfolio choice problem with flexible retirement option. See also [1,3-5,7,17,19,
20] for other extensions. In this paper, we use both the martingale method and the variational inequality
method to analyze an optimal consumption-portfolio selection problem with discretionary stopping. The
wealth process in our model is assumed discontinuous. Another mixed optimal stopping/control problem
has been studied by Jeanblanc et al. [12], in which the dynamic programming approach was employed and
risk-preference change was not allowed.

The rest of our paper is organized as follows. In Section 2, we present our model and formulate the
objective. An auxiliary value function U(z) is introduced to transform the problem into an easily solved
form. In Section 3, by using both the martingale method and the variational inequality method, we derive
the closed-form solution for the auxiliary problem. In Section 4, the original value function and optimal
strategies are provided by employing the same methods. Finally, we give numerical examples to illustrate
our results in Section 5. Some of the detailed proofs are deferred to Appendices A and B.

2. Model formulation
2.1. The financial and pension annuity markets

We consider an optimization problem for an individual from the retirement time till the stochastic death
time 74 > 0 in the financial and pension annuity markets. In the financial market, there are one risk-free
asset and one risky asset, whose prices evolve according to the following equations:

dR; =rRydt and dS; = pSydt + oSy dWy,

where p, o and r are positive constants. W; is a standard Brownian motion on a complete probability space
(2, F,P), and {F;} is the P-augmentation of the natural filtration generated by W;. Suppose the death time
T4 is an exponential random variable with parameter h defined on the probability space and is independent
of W;.

Let c¢; be the consumption rate process which is nonnegative, progressively measurable with respect to F;
satisfying fot csds < 0o a.s. for all £ > 0, and 7; be the amount invested in the risky asset at time ¢, which
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is JFi-progressively measurable satisfying fo n2ds < oo a.s. for all t > 0. We assume that the 1nd1v1dual
annuitizes a lump sum F at some discretionary stopping time 7, and after that receives a fixed rate a—o of

annuity income. Here, a2 is the market price of per dollar of annuity income purchased at time 7, which is

Td o0
1
-0 ._ —r(t—T) _ —rt —t _
—E dt ‘ - dt = —— 2.1
b [/e Td > T] /e e = (2.1)

T 0

given by

where ¥ > 0 is the constant objective hazard rate that is used to price annuities. Then the individual’s
controlled wealth process X*™¢ with Xy = x > 0 satisfies SDE:

X = (= r)me + X — e dt + om dW,  t <, 22)
and
dX7™° = [(p—r)me +rXP™ — o+ F(+ )] dt +omgdWy, >, (2:3)

with X777 = X#me — F
Define the market-price-of-risk, the discount process, the exponential martingale process, and the state-
price-density process, respectively, by

g

_ 1
= H T, Ct 2 eirt, Zy £ exp{—QWt - 592t}a and  H; = CtZt'

We also define an equivalent martingale measure as
PT(A) £ E[Z71.4],

for any fixed T' € [0,00) and any A € Fr. Then the Girsanov theorem implies that WtT £ W, + 6t, for
0 <t <T,is a standard Brownian motion under the new measure PT. There exists a unique probability
measure P on Foo that agrees with P on Fr, for any T € [0,00). Furthermore, Wt,O <t <oo,isa
Brownian motion under P (see Proposition 7.4 in Section 1.7 of Karatzas and Shreve [15]). So the wealth
process before time 7 can be rewritten as

GXPTO+ /Cscs ds =z + /Csaﬂ's dW,, t<r. (2.4)
0 0

We call a policy (7,{(m¢, ¢;), t < oo}) admissible if X;"™° > 0 and X*»™¢ > F +d, for all 0 < t < oo,
where d > 0 is a constant, denoting the lowest wealth level after paying a lump annuitization cost F'. Here
we don’t allow the individual to borrow the future annuity income, and we use A(z) to denote the class of
all admissible policies with initial wealth x.

For any triple (7, {(m,¢t), t < oo}) € A(x), the second term on the right-hand side of Eq. (2.4) is a
continuous P-local martingale bounded below and thus a super-martingale by Fatou’s lemma. Then the
optional sampling theorem and the Bayes rule lead to

E[HrvaﬂvC+/HsCs ds‘| <z, (2.5)
0

for every 7 € S, where S denotes the set of all F-stopping times.
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2.2. The objective

For an admissible policy (7, {(7¢, ¢t), t < 0o}), the individual’s expected utility function J(c, 7, 7;x) with
initial wealth z is given by

TATq Td

1—m1 1=
—5s Cs —5s Cs
e ds+/e dsli crn|, 2.6
/ 1—m Ty tr<mad (2:6)

J(e,mr2) =E

T

where ~y; is the individual’s coefficient of relative risk aversion before annuitization, and s is the individual’s
coefficient of relative risk aversion during the annuity assessment phase. We assume that 0 < 71 < 72 < 1.
The optimal results for the case 71 = 72 can be easily obtained by taking v; — 7-. Hence, we mainly focus
on 0 <7y, <7 < 1.6 >0 is the constant subjective discount rate.

Under the assumption of the distribution of the death time 74, the individual’s expected utility function
J(c,m 7;2) can be rewritten as

7 1-m 7 1=
J(e,m,m2) =K /eiﬁscs—ds—k/efﬂscs—ds , (2.7)
; 1-— Y1 1-— Y2

where 8 £ § + h.
The value function is given by

V()= sup J(c,mT;2). (2.8)
(e,m,m)EA(Z)

Define

_ 1
Kiér+ﬂ r+722027
Yi 27;

K2

1=1,2.

)

We make the following assumption that guarantees the finiteness of the value function (see, Karatzas et al.
[13, Corollary 14.2]).

Assumption 2.1. K; > 0,7 =1,2.

Definition 2.1. We denote by A;(xz) C A(x) the class of admissible controls such that

o0 17,)/2
E /eiﬁtth dt| = E[efﬁTU(Xf,F,C - F)1{7'<oo}]7
I =72
where U(+) is given by
o 01—72
U@)= sup E /e‘ﬁt—t dt (2.9)
emeda) |J 1=
with
dXy™ = [(u—r)m +r X7 — o] dt + om dW, + F(y +r)dt, t>0, (2.10)

and Ay (z) denotes the set of policies (¢, ) such that X;"™° > 0, for all ¢ > 0.
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According to Proposition 2.4 of Jeanblanc et al. [12], we have the following lemma.

Lemma 2.1. If (7,{(m,ct), t < oo}) € A(z) is an admissible policy and {(m,ci), T < t < o0} =
{(7T*(Xy), e (X)), T < t < oo} (here, (7*(X:),"(Xt)) are the corresponding optimal investment/con-
sumption strategies for U(x)), then (1,{(m, ¢r), t < o0}) € Ag(x). Additionally, for every x € [0, 00),

T

1* Y1
/ *ﬂflt_v dt+ e PTU(X2™ — F)1{; <00y |- (2.11)

V(z) = sup E
(7.{(m¢,ct), t<oo})EA; ()

3. The auxiliary problem

In this section we derive the value function U(z) and the corresponding optimal strategies through a
duality approach, which is closely related to He and Pagés [10].
With the help of notations defined in Section 2, the wealth process (2.10) can be rewritten as

t

¢ t
CtX;v’ﬂ—’c + /Cscs ds=x + /(w + T)FCS ds + /CSO_T(S dWS (31)
0 0

0

Then by Fatou’s lemma and the Bayes rule, for sufficiently large T', we obtain

T
ElHTX;’”’C—i—/HSchS] <z+E / s +r)Fds|,
0 0
and also
T T
E /Hscsdslgx—i—E / s(W+r)Fds|.
0 0

Let T — o0o. The monotone convergence theorem implies

El/Hscsds—/Hs(w—i—r)Fds
0 0

To guarantee the existence of an optimal portfolio process, the wealth process X;”™“ should have the

ft] |

<z (3.2)

form

1 T i
Xtm,ﬂ'-ﬁ: HE[/H;CSdS/H9(¢+T)FdS
t
t t

(See Theorem 9.4 in Section 3.9 of Karatzas and Shreve [15].)
Therefore, the nonnegative wealth constraint implies

E /Hscsds—/Hs(z/)—Fr)Fds ]-}] > 0. (3.3)
t t
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According to He and Pagés [10], the solutions for the following program (P) are the solutions for the
problem (2.9) with constraints (3.2) and (3.3). The program (P) is described as follows: minimizing the

maximum attainable utility below with any D € D,
o] 1—v
E / e—ﬂtg dt|,
() 1

Ui(z) = sup
(e,m)EA2 — 72
with constraint
E l/Hstcs ds — /Hst(w +7r)Fds| <z, (3.4)
0 0

}

where D, is a positive, decreasing process with Dy = 1, and we use D to denote the set of all such processes.

For a Lagrange multiplier A > 0, let us define a dual value function
o0 1772 o0 (o]

sup /HtDtCt dt — /HtDt(¢+T)th
0 0

JO\ Dse,m) 2 /e*ﬁfL dt| = \E
(c,m)EA2(x) A

1=
/e—ﬂt{az(Yt) + (¥ +7)FY;} dt] ,

{E

=E

0

where Y; £ X\e®*D,H,, Yy = A,

and the corresponding optimal consumption is
- _L
C; = (th) 2,

We can obtain U(x) from J (A, D; e, ) by Legendre transform inverse formula
{J()\,D;c, ) + )\x} = ;\I;fO{U(/\) + )\m},

U(z) = inf
{x>0, D>0}

where
r7 A e T .
U\ = J%I;fo J(\, D; e, ).

In order to obtain U()), we define
/e*ﬁS{ag(Ys) + (¥ +7)FY, }ds|,

¢(t,y) = inf EV=Y

D>0
t

dDy

e 5 _ryar—oaw, + 92t
D

Y,
It is easily checked that ¢ is strictly convex and decreasing in y, since a9 is strictly convex.

with
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Consider the partial differential operator

a 0 1 262
£=—+(3 r)a+20 e

then a solution to the following free boundary value problem will be a solution to the optimal problem (3.6).

Variational Inequality 3.1. Find a positive number 4§ > 0 that makes a zero wealth level, and a function
¢(-) € C?((0,00) x RT) satisfying

(1) Lo+ e az(y) + (¥ +7r)Fy}
(2) Lo+ e Pas(y) + (¥ +r)Fy} >
(3) 52=0,y>4,

(4) 52

1) 2 <0,0<y<y,

for all ¢t > 0.

Let A1, A2(A1 > A2) be the two roots of the quadratic equation
1 1
592/\2 + (,6’—7"— 562)/\—6= 0.

It is easy to check that A\; > 1 and A\s < mln(ﬂyfy2 p2=1 7171 1) The proposition below provides a solution for
Variational Inequality 3.1.

Proposition 3.1. Consider the function

1—

Ciy™ + iy w0 <y <y,

,U(y) = R 1—~v2 ('l,[}+’l’)F R R

CiiM + iy 2 + v y=Y,
with

. <(¢ + 1) FKyy2 (A — 1)>_72

y - > 07

(A =1y +1)
and
1 _ (g -1y
Cl = ——g - ’12 2 < O.

Y2 K2 (A — 1)
Then, ¢(t,y) = ePtu(y) is a solution to Variational Inequality 3.1.

Theorem 3.1. If the pair (4, ¢(t,y)) solves Variational Inequality 3.1, and Dy has a continuous sample path
such that 8¢(t’y dD; = 0, then ¢(t,y) coincides with ¢(t,y) of (3.6) and the optimal process D} is provided

by
. ]
i =minfr. it {57t -
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Proof. The proof is straightforward by applying Theorem 4 of He and Pagés [10]. O

From the results of Theorem 3.1 and Proposition 3.1, we can derive the value function U(z). Note that

1- +7r)F
Y2 22 + (¥ )

U = = A1 — =\ 2
T() = 6(0,0) = O\ + 27

A O< A<y

U(z) is obtained at A* > 0 such that U’(\) = —z.

Theorem 3.2. The value function U(z) is given by

V2 o2 (YP+r)
T

— F
U = X))+ XN, >0, (3.8)

and \* is the solution to the following algebraic equation

-1 L()\*)_% n (Y +r)F

Cia (V) e .

— (3.9)

Remark 3.1. It is easy to check the one-to-one correspondence between A* € (0,9) and z € (0,00) in (3.9)
using the fact that U(\) is strictly convex.

Now we derive the optimal strategies. Let ¥;* be the solution of SDE (3.7) with an initial value Y = A*
and D; = Dy. We obtain the optimal wealth process X; by substituting Y;* for A* into (3.9) as follows:

M-t L(Yt*)i% (@ +T)F'

X7 =—Cih(Y)) e .

Theorem 3.3. The optimal strategies (¢*,7*) are provided by

and

0 _ 1 _a
;= > Ciai(\ — 1)(3@*)>\1 ! + Ko (Yt*) P

Since ¢ makes the zero wealth level, we observe that as the wealth process goes to zero, the individ-
ual does not invest in the risky asset, instead, she reduces her consumption to a rate lower than her
annuity income in order to accumulate wealth. This can also be seen from the numerical illustrations in
Section 5.

4. The main result

In this section we solve the original optimal problem V' (z) using the similar method proposed in Section 3,
since there is no annuity income before time 7, we need not consider the borrowing constraints.

For any fixed stopping time 7 € S, let I (x) be the class of consumption-portfolio plan (¢, ) such that
(c,m,7) € Ay ().
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For a Lagrange multiplier v > 0, we define a dual value function

T

~ 1-m
Ji(vie,m, )2 sup E /67[% Ct dt +e” ﬁTU(X”“rC—
(e,m)EIl(z) 1- 7

= El/eﬁtﬂl (zy)dt + e PT(U(22) — ZLF) |,

0

—vE [/ Hyeydt + Hy (X5™° — F) + H, F

A
where ZV 2 vePtH,, ZV = v,

and

U(z) & sup {U(Xf”r’c—F) —z(Xf”T’C—F)}.
Xl p>q

From the derivation of Section 3, we know

U(Xzme — F) = (1 — M) (V)™M +
with
x,T,C x\A1—1
XT’ ’ 7F:*01)\1(YT) + —
By direct calculation, we get

U'(X5™ — F) =Y.

T

So in order to obtain the maximization, we should have

v zZr, if0<Z <y
Ty, ifzv >,
where §j satisfies the equation
1 1 F
*Cl/\lﬂA171 + —ij «,12 _ M =d,
K2 T

A~

and it is easy to verify that §j < g.
Hence,

77 v -2 (err)F v . v
U(Z:):{Cl(ZT) +K(1 72)(2 ) 72 4 ZT? lfO<ZT<y

F)

U(d) — Zvd, if Z¥ > i,

913
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and the corresponding optimal strategies are given by

_L
c=(zr) . (4.1)
and
v A1 —1 1 (v *,% _ ¥ : v .
X* — _Cl)\l(Z-,—) +K2<ZT) 2 TF, 1f0<ZT <, (42)
F+d it Z¥ > 4.
Therefore, we obtain
J(vie,m, ) = E{/e—ﬁt : jl (27) R dt e PT [U(d) — ZZ(F + d)]1(zv>g)
) 71
+ehT (cl (2 + 2 (z) 4 ?FZ”>1<O<Zv<»-> :
’ Ka(l—72) 7 o7 Y
with
dzy Zt”{(ﬂ —r)dt — Gth}. (4.3)

Now we define

V(v) 2 sup Ji(vie,m,7), v >0,
TES

then the next proposition gives the value function V().

Proposition 4.1. If 17(1/) exists and is differentiable for v > 0, then

V(z) = inf [V(V) + vz

v>0

holds for every x € (0,00).
Proof. See Theorem 8.5 and Corollary 8.7 of Karatzas and Wang [16]. O

Hence, we first calculate the value of XN/(V) This is a standard optimal stopping problem and can be
solved by HJB variational inequality method, see Qksendal and Sulem [23]. However, the terminal function
here is a piecewise function, which will be a little more complex to deal with. For mathematical simplicity,
throughout the remainder of the paper we assume d is 0, and consequently § is equal to g. For the general
case, the value function and optimal strategies can be derived similarly.

Consider the partial differential operator

£16(2) 2 (6~ )2/ (=) + 38°270" () — 6 (2).

Then Propositions 4.2-4.5 provide the value of the dual function ‘7(1/), the proofs are deferred to
Appendix B.
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< U(0), then
_1-m
71
1 ’)’1)2 ’
1—vo
V2 T
1—72) 7 +3
1—71
71
1 ’)’1) ’

Proposition 4.2." If z < § < %, and %
CO,ZAl + —K (
#(z) = Gz + K (
U(0) — zF,
OQZ 2+ Kl(
satisfies:
(1) L1+ 111712 S =0,0<2<2z, 2> 2o,
2) Lip+ 22 <0, z2<2< 2,
( 1-m
(3) 6(2) = 12 + gy +
(4) ¢(2) =U(0) — 2F, § < z < Za,
A
(5) ¢(2) > C12M + = Wz)z_T +LFz0<2<2,
(6) ¢(z) > U(0) — zF, z > Z,.

Moreover V(v) =

Remark 4.1. Under the assumption of Proposition 4.2, we can derive Cy > 0, see Lemma B.4.

Proposition 4.3.° If 7 > ¢, and % < U(0), then
Coz™ + 7271;171
2 K1(1-m)
6(=) = { U(0) - =F,
~ 1=
CQZAQ + Kl(i’ln—'yl)z 1
satisfies:
(1) Lig+ 22" 1 =0,0<2<5, 2> 5,
1—~
(2) £1¢+ 11}71 ZiTl < 0; 21 < z < 22;
(3) ¢(2) =U(0) — 2F, z; < z < Zo,
1—n;
(4) #(z) > Cyz™M + ﬁziﬁ + %Fz, 0<z<9,
(5) ¢(z) >U0) —2zF, § < 2 < Z1, 2> Zo.

Moreover V(1) =

Proposition 4.4. If (1) z < §, Cyp > 0 and

then

T, =if{t>0]z<

T, =inf{t>0] % < Z/ < %}

1-v1

é(v), and the optimal stopping time is provided by

70 <)

W o

I\

AV AN/ ANV

N

w
NN

I\

0<2z< 2z,

21<Z

z > Zo,

d(v), and the optimal stopping time is provided by

m > U(0), or (2)

z

<9,

< 22)

1 The values of z, Z2, Cp, and 52 are presented in Proposition B.1 and Proposition B.2.
2 The values of Z;, Cy are presented in Proposition B.2.

AR

I\
N

Fl=m
Kt (1-m)

915

< U(0), and Z2 < 9,
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O()Z)\l—f-m_'“, 0<Z<5,
-
$(z) = Crz™M + K2(1 s e +LFz <2<, (44)
717w1 o
ng 2 4 K1(1 LA z >,
satisfies:
-
(1) Lo+ 22" =0,0<2<Z 2>,
-
(2) Lip+ 2z 7 <0, 2<2 <7,
1—v
() d(z) = C12™ + gty + ¥Fz 2<2 <0
s
(4) ¢(z)>Clzkl+ﬁsz+sz 0<z<z yg<z<y,
(5) ¢(2) > U(0) — 2F, z > 4,

where § is the largest solution of the following equation on z € (Z,9):

_ A—Dyo+1 _1 (Ao—Dy+1 _ 1 P
Ao — A M-l (— - A —1)—F = 4.
(A2 = A\)Cq2 + K- 72 K-~ T4 (A2 )7, 0, (4.5)
and
~ . o (o=Dyo+1 Y1 L_Qo=Dy+l qh
Cy=Cpy—e 4 12 R | S o LRy s 0.
2=y Ka(1— )" K1)’ r Y

Moreover f/(u) = ¢(v), and the optimal stopping time is provided by
m, =inf{t > 0]z <2} <y}

Proposition 4.5. If (1) z > 7, % >U(0), or (2) 2< g, Cp <0, and %
~ _1-
and V(I/) = ﬁ RESEN

> U(0), then 1, = o0,

V (z) is obtained at v* > 0 such that V’(v) = —z. Thus, we get the main results of our paper.
Theorem 4.1. The value function V(x) is given by:

1. If 2 < § < %, and 52—~ < U(0), then

K1 (1-m)
11—y
CO(V*) + Kl(l ’Yl)(y*)i .Yll + V*xa T > IE,
1—7.
V(z) = )" + s (V)™ " 4+ Yy v, F<a<a, (4.6)
~ 1
02(’/*) 'FW(V*YTﬁ + v, 0<z<F,

with

_ _ 1 1 _ 1 1 9
= —CohzM 1+ — L= —Ci\zN T 4 —z2 % — ZF
z 0A1Z Klz K 1MZ ng 2 e

and v* satisfies the following algebraic equations
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A A1—1 1, -2 _
—CoM ()T A () = w > (4.7)
1
Ar—1 1 -1 g _
—C1 )\ (1/*) + —(1/*) 2 - —F=g F<2x<7x, (4.8)
K2 r
and
Ao—1 1, -2
—Cod (V) + — (V") "=z, 0<az<F (4.9)
K
2. If z> 4, and S U(0), then

K1 (1=71)
1—v
Co(v))™ + K1(1 71)(1/*)_71 + vz, x> F,
V(z) =< U(0), x = F, (4.10)

-7

Ca(v*)™ + maog W) v, 0<z <F,

and v* satisfies the following algebraic equations

N P
~OoM ()T () T =, a2 (4.11)
1
and
~ D g
—CoXa (V%) —l—?(u ) =z, 0<z<F (4.12)
1
_ ~ _ ~ 1— - ~
3. If (1) z< g, Cop >0 and Wﬂvl) > U(0), or (2) 2< 9, KYFTTM) < U(0), and Z2 < §, then
_1=m " _
CO(V*) + K1(1 ’Yl)(y*) o+, T >,
_1-7o . _
V() =14 Ci(w")™ + K2(1 W)+ %FV* +v*zr, I<z<7, (4.13)
~ 1= o
Co(v)™ + K1(1 "oy W) e, 0<z<i,
with
. A\ vAo— 1 _ . 1 L
i=—Codoy™ ' + Y= —Cia g+ Y 7T yF
and v* satisfies the following algebraic equations
A Ai—1 1, -2 _
—Co (V) +— () =2, x>f, (4.14)
Ky
1 _ 1
o) e L) Yr o, i<e<a (4.15)
K2 T
and
Aa—1 1, -2
—CaXa (V) +F(V) m=z 0<zr<2 (4.16)
1

4. If (1) z =2 9, K”FTMWI) >U(0), or (2) 2< 9, Cy <0, and % > U(0), then V(x) = Kﬁ%
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Proof. For case 1, it is easy to check the one-to-one correspondence between v* € (0,4] U (Z2,00) and
x € [F,00) U (0, F) using the fact that V(v) is strictly convex on (0, §] U (22, 00). By similar arguments, we

obtain the results in cases 2, 3 and 4. O

Now we derive the optimal strategies. Let Z; be the solution of SDE (4.3) with an initial value Z§ = v*.
We obtain the optimal wealth process X} by substituting Z;° for v* into (4.7), (4.9), (4.11), (4.12), (4.14)

and (4.16) as follows:

1. If 2 < § < %, and &2 < U(0),

Kt (1-m)

* s\ A1—1 1 *\ — o * =

X{ = _CO)\I(Zt) +E(Zt) n, Xy 2z,

and
- 1
X;=—Codo (20" + (@) o< X <E
_ N Fl-=m
2. If 2> 9, and K (1) < U(O),

* * A1—1 1 * 5 *

Xt = CQ)\l(Zt) +F(Zt) L, Xt > F,

1

and

X7 =—Coro(Z7) ' + i(zt*)‘%, 0< X} <F.
1

3.1 (1) z< 9, Co>0and£>U(0),or (2) z < 9, £<U(O),and22<gj,

Kt (1—y1) & K7 (1—71)

X =—-Coli(Zf
and

. 1
X;=—Coro(Z7) ' + Ve

1
(Zt*) no 0< X; <&
Theorem 4.2. The optimal strategies (¢*,7*,7*) are provided by:

1. If z < § < 29, and B U(0), then

I

Kt (1-m)
oo [ @ <<
Vi) e, dift>Tr,
and
—-L * * oy
2lCoM M = 1)(Z)M T+ g (Z5) ], if0<t<Tr, Xp >,
_ 1 . %
T =9 2O M = D)YON T g (Y) ] it >
~ -1 g * *
21Coha(Me = 1)(Z1) 7+ - (Z7) ), if0<t< T, 0< X7 <F,

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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with
™ =inf{t> 0| F < X; <z},

and

Ar—1 1 Y4

1
Xp == ()" = () 7 - F, t>71"
2
CIfz>79, and h < U(0), then
e @ o<t
CloTE, s
and
_ 1 . % %
GO = 1)(Z) T+ g5 (Z) ], fO<t<TY, XP 2 F,
_ 1 . "
T =9 SO MO = D)YON T g (V)T ], it > T
[Coha(Ne — 1)(Z7) ™+ £ (Z0) 51, #O0<tE<TT, 0<X; <F,
with
™ =if{t>0| X} =F},
and
T IR
X7 =—Con () () - R s
2

CIf(1)z2<9, Co>0 and h > U(0), or (2) Z <7, h < U(0), and % < §, then

P R R T B
t (Y7) =, ift >

and
-1 3 * * =
ZlCoMmM = 1)(Z))M T+ g (Z) ], fO<t<TY, X[ 2T,
_ 1 . "
T =9 SO MO = YO T g (V)T ], ift > T
2[Coda(Ne = 1)(Z7) 2+ (1) 51), O0<E<TT, 0< X; <7,
with
™ =inf{t>0| &< X/ <z},
and
11
X; == (V) = (1) - PXTp s
2 r
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Case A Case 2 ,
buy an annuity buy an annuity
F F T

Fig. 1. Case 1: If z < g < Z2, and D U(0), then it is optimal to buy an annuity when the wealth level lies between F'

KT (1=71)
and Z. Case 2: If Z > ¢, and ?% < U(0), then it is optimal to buy an annuity when the wealth level reaches F.
1
Case3 l Case 4 ,
T
buy an annuity
z T never buy an annuity
F
Fl-m Fl-m

Fig. 2. Case 3: If (1) z < ¢, Co > 0 and A=)
! 1

buy an annuity when the wealth level lies between & and z. Case 4: If (1) z > g, % > U((0),or (2) 2< 9, Co <0, and
! 1

> U(0), or (2) z < g, ra—) < U(0), and 25 < 9, then it is optimal to

Fl-m

B > U(0), then it is optimal never to buy an annuity.
1 -N

4. If (1) z = g, KFi > U(0), or (2) 2 < g, Co <0, and B U(0), then 7 = oo,

: TH(1—m) ) ) KT (1-m)
¢ =(Z5) m, m = gﬁ(Zf)fW, and X = KLI(Z;*YW, which is obviously the classical Merton
solution.

Proof. The optimal strategies are derived by applying Itd’s formula to the wealth process and combining
the results of Theorem 3.3. O

Remark 4.2. 1. From case 1 and case 2 in Theorem 4.1, we see that, due to the borrowing constraints the value
function is not differentiable at the wealth level F: for case 1 lim4p V'(z—) = %2 and lim, p V'(2+) = §;
for case 2 limy+p V'(2—) = Z2 and lim, p V' (2+) = 2.

2. In case 3 of Theorem 4.1, the threshold & is greater than the fixed annuity amount F, because
CiayMm—1 — %yiﬁ is increasing with y for y < g.

3. Theorem 4.2 shows that the optimal strategies can be divided into four categories according to the
free parameters, see Figs. 1 and 2.

5. Numerical examples

In this section, we provide numerical examples to illustrate the analytical results of Section 4. We focus
our attention on the effects of the fixed annuitization cost F', the risk aversion -y, the investment volatility
o and the mortality rate 1) on the optimal strategies.

Figs. 3-6 show the graphical results of the optimal strategies in Theorem 4.2. The dash dot line denotes
the classical Merton solution. We observe that when the wealth possessed by the agent is less than 1000
initially, she consumes less and takes risk more before the wealth reaches the level 1000, because she has an
incentive to reach the level and annuitize in order to obtain a lifelong annuity income. Figs. 3 and 4 illustrate
the optimal consumption and investment strategies with y; = 0.8 and 2 = 0.9. In this case, the optimal
annuitization time is 7% = inf{¢ > 0, 1000 < X; < 5217.3}. Fig. 3 represents the optimal consumption
process, which is discontinuous at the annuitization thresholds 1000 and 5217.3. At the wealth level 1000,
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900 : — ; ;
800 | / 1
700 - 1
600 - .
500 - .

400 - 1

Optimal consumption
\

300

200

100 -

0 3 . . . Lt . .
0 1000 2000 3000 4000 5000 6000 7000 8000
Wealth level

Fig. 3. The optimal consumption rate with 73 = 0.8, v2 = 0.9 (8 = 0.06, » = 0.04, p = 0.08, 0 = 0.21, v; = 0.8, y2 = 0.9, F' = 1000
and ¢ = 0.05).

Optimal investment
T

051

5 i I I I I - I I
0 1000 2000 3000 4000 5000 6000 7000 8000
Wealth level

Fig. 4. The optimal investment with v; = 0.8, 2 = 0.9 (8 = 0.06, 7 = 0.04, u = 0.08, 0 = 0.21, v; = 0.8, v2 = 0.9, F = 1000 and
¥ = 0.05).

the agent purchases the annuity immediately then the wealth decreases to zero. The corresponding optimal
investment after the annuitization is zero as we see in Fig. 4. While, the corresponding optimal consumption
after annuitization is still positive as shown in Fig. 3, since the agent will obtain a continuous annuity income
after the annuitization. In Figs. 5 and 6, we assume ; = 0.7 and 72 = 0.8. In this case it is optimal to
annuitize at the wealth level 1000.

In Table 1, for various fixed annuitization cost F' and the mortality rate ¥, we give the optimal annuitiza-
tion region in which the individual will annuitize immediately. Notice that the optimal annuitization region
diminishes for a given level of annuitization cost as the individual’s expected future lifetime decreases from
33.3 years to 16.7 years. Also, for a given level of mortality rate, the optimal annuitization region becomes
smaller as the annuitization cost increases. For the case F' = 30000, the individual will never annuitize,
since the annuitization cost is too high for her to afford.
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Optimal consumption
\

40+ - : |

~

0 ‘ ‘ ‘ ‘ i ‘ ‘ ‘
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Wealth level

Fig. 5. The optimal consumption rate with vy = 0.7, 2 = 0.8 (8 = 0.06, r = 0.04, p = 0.08, 0 = 0.21, v; = 0.7, 72 = 0.8, F = 1000
and ¢ = 0.05).

3000 :
2500} ]
2000} } ]
1500

1000

Optimal investment

500

-500

200 400 600 800 1000 1200 1400 1600 1800
Wealth level

Fig. 6. The optimal investment with v; = 0.7, y2 = 0.8 (8 = 0.06, » = 0.04, u = 0.08, o = 0.21, v; = 0.7, v2 = 0.8, F' = 1000 and
¥ = 0.05).

In Table 2, we investigate the impacts of the investment volatility ¢ and the risk aversion v on the
annuitization. In Table 2(a), we fix the risk aversion during annuity assessment phase 2 = 0.9 and observe
that as the investment volatility o increases from 0.15 to 0.35, the optimal annuitization region enlarges.
This can be seen obviously when v; = 0.7 and v; = 0.8. At the same time, as the risk aversion before
annuitization goes up, the optimal annuitization region also becomes larger. The economic intuition for
these results is quite clear. As the relative risk of investing in the high-return alternative increases or the
individual feels more risk averse, it becomes more appealing to annuitize one’s wealth. In Table 2(b), we
fix the risk aversion v; = 0.55 and change the value of the investment volatility o from 0.15 to 0.35 as well
as that of the risk aversion 7 from 0.55 to 0.90. We find that the higher the investment volatility o is, the
larger the optimal annuitization region becomes as considered in case (a). However, for a fixed volatility
rate, as the risk aversion 79 increases from 0.55 to 0.70, the optimal annuitization region diminishes; as the
risk aversion 7 approaches 0.90, the optimal annuitization region seems to be larger. Hence there is no
explicit monotonic relationship between the optimal annuitization region and the risk aversion ~s.
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Table 1
How do the fixed cost F' and the mortality rate ¢ affect annuitization?
Cost F The optimal annuitization region
¢ = 0.03 ¢ = 0.04 ¢ = 0.05 ¥ = 0.06
1000 (1000, 5427.4) (1000, 5320.8) (1000, 5217.3) (1000, 5116.6)
2000 (2000, 5442.7) (2000, 5279.5) (2000, 5123.3) (2000, 4973.7)
5000 (5000, 6431.3) (5000, 6233.2) (5000, 6052.4) (5000, 5888.2)
10000 (10000, 10066.4) (10000, 10015.7) 10000 10000
15000 15000 15000 15000 15000
30000 0 (] 0 ]

Other parameters § = 0.06, »r = 0.04, p = 0.08, 0 = 0.21, 73 = 0.8, y2 = 0.9.

Table 2
How do the investment volatility o and the risk aversion « affect annuitization?

(a) Fix v2 = 0.9, and consider the changes of v; and o

Volatility o The optimal annuitization region

v1 = 0.5 v1 = 0.6 v1 =0.7 ~v1 = 0.8 v1 =0.9
0.15 0 0 1000 (1000, 3163.3) (1000, +o0)
0.20 0 1000 (1000, 1020.1) (1000, 4937.6) (1000, +o00)
0.25 0 1000 (1000, 1066.1) (1000, 6140.4) (1000, +o0)
0.30 1000 1000 (1000, 1104.3) (1000, 6968.6) (1000, +o0)
0.35 1000 1000 (1000, 1133.0) (1000, 7560.3) (1000, +o0)
(b) Fix v1 = 0.55, and consider the changes of v and o
Volatility o The optimal annuitization region

v2 = 0.55 v2 = 0.60 v2 = 0.65 2 = 0.70 2 = 0.90
0.15 (1069.3, +00) ] 0 0 0
0.20 (1000, 400) (1000, 1007.7) 0 0 0
0.25 (1000, +00) (1000, 1037.7) 0 1] 1000
0.30 (1000, +o0) (1000, 1060.9) 1000 0 1000
0.35 (1000, 4+00) (1000, 1077.6) 1000 0 1000

Other parameters 8 = 0.06, » = 0.04, p = 0.08, F = 1000, ) = 0.05.
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Appendix A. Supplementary proofs for Section 3

Proof of Proposition 3.1. First, we consider the partial differential equation (PDE) (1) of Variational In-
equality 3.1:

99

o9 1 9%¢ 1w
at+(6 )y—¢+—92y2—¢+eﬁt(iy 2 +(1/)+r)Fy>:0, for 0 <y < 4,

dy 2 oy? L—
with a boundary condition g—i(t, 9)=0.

If we guess a trial solution of the form ¢(t,y) = e~P*v(y), then the PDE can be rewritten as an ordinary
differential equation (ODE):

92 20" (y) + (B = )y’ (y) — Buly) + 11—2721/_1_ + @ +r)Fy=0, for0<y<j.

1—
The general solution of the above ODE is Ay + Aoy™? + K2(1 vz)y_ T + (erT)Fy where A; and A,
are arbitrary constants. Since the value function is well defined and finite, we guess v(y) has the following
form:
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_ 1= . ~

» CiyM + iy o Wil 0 <y <y,
v y = R A71772 F ~ R
CigM + i 7+ WDl y>g

By the boundary conditions:

23

5y (1) =0

we obtain the values of Cj and g.
Next we will check the condition (2) of Variational Inequality 3.1. We have for y > g,

Lo+ e PH{as(y) + (¥ +r)Fy} = —ﬁe_ﬁt{Clg)Al + 7[(2(1727 72);()*1;;2 M CARIL tT)FQ}

1—
+ e_Bt{iy_Tm + (¥ + T)Fy},
I=12

with

1= +r)F _lx
6eBt{C’1ﬁ)‘1 + LQ 7 + (1/14)@} + eﬁt{ 2 i TS + (¥ + r)Fg]} =0.
Ko(1—2) r L=

Therefore, it only needs to prove

I —

.
y~ e+ (P 4r)Fy > SMEEN
1=

L=

We define a function:

fly) = 1127211‘ =+ (P +7)Fy.

Then f’(y) > 0,for y > § is equivalent to y > ((¢» + 7)F)~72. We claim that § > ((¢p + r)F) 72, which can
be proved by direct calculation and the definition of A\; and Ks. Hence (A.1) is proved, and consequently
the condition (2) of Variational Inequality 3.1 holds.

In order to verify the condition (4) of Variational Inequality 3.1, we only need to consider the following
inequality:

1 a1
Cidyh ™ = gy e <0, 0<y <4, (A.2)

which becomes an equality at y = 3.
Define a function:

. 1 1 +7r)F
g(y) & Cray™ T - Y " + WnF :

We can verify that ¢'(y) > 0, for 0 < y < ¢, is equivalent to
YN S CO KA (0 — 1) =N T 0<y <,

which is obvious, since 1 — \; — %2 < 0. This proves (A.2) and also the condition (4) holds. O
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Proof of Theorem 3.3. It is straightforward to see that the optimal consumption process can be written as
o= (V)
In order to find the optimal portfolio process, we apply Itd’s formula to X} and obtain

B 1
dXy = — [Cl)\l()‘l - 1)(Yt*)/\l 2+ Koo

—1_1
(Yt*) V2 :|dYt*

1 -3 14+ —L-2 2
- 5lenon - pon -2 - R )
_ 1 _L F
= fr'|:_Cl)\1 (}/;*))\1 1 + ?(}/t*) Yo __ u] dt+ (w +7")th
2

—tlr—p 1—7 4 7‘}
+ (Y} 72{ + 0 — —|dt
(%) Kyyo  2Ko7s K>

1, A(A — 1)62
+ M0 (Yt*)A ' {50\1 — 1) +7rA — %] dt

2 _ ¥\ A1—1 1 * *%
+0 [ml(xl L L ]dt

- 1 -2]dD;
" {_CW(M — ()N - prs 7) ] DZ‘t

1— 1 K\ — =
+ 9{01/\1()\1 N0 A It jroes (Y7) ] AW,
= T{C1)\1(y;*)>\11 + Ki(yt*)*% _ M] dt + (¢ +r)Fdt — (Yt*)*% gt
2

1
Koy

+ 9[01A1(A1 D10 /A0 Kt (Yt*)wlz] AW,

2 _ s\ A1—1 1 * _%
+6 |:Cl/\1(/\1 1)(}2 ) + Kavs (}/t ) ] dt

- 1
A1—1 +

_1
Koo (Yt) A

=rXdt—c;dt+ (p+r)Fdt+6 [Cl)\l()\l - 1)(Yy)

2 o K\ A1—1 1 * *%
+6 [01/\10\1 1)(Yy) T Ko (¥7) ]dt-

Here, in deriving the third equality we use the definition of K3, A; and the fact that giyf dD; = 0.
Comparing the drift term and the volatility term of the optimal wealth process dX; with Eq. (2.10), we
obtain the optimal portfolio 7} as follows:

0

g

~%
Ty =

1— 1 * -1

Appendix B. Supplementary proofs for Section 4

In this appendix, we first prove two lemmas for an auxiliary optimal stopping problem, which will be
useful for analyzing the value of V(v).
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T

G(z) 5supEzl/e‘“ N (z) 5 dt+ e P (U(0) - 2,F) |,
TES 1- gt

with dZ; = Z{(B —r)dt — 0 dW;}, Zy = z, and E*[] = E[- | Zp = z2].
Lemma B.1. For the above optimal stopping problem, 7* = oo is equivalent to % > U(0).
1

Proof. When 7* = oo, we have

>U(0)— zF, Vz>0. (B.1)

o0
Bt
e
/ 1—71 t)
0

By direct calculation, we see E=[ [ e~ T2 (Z0)” e
Define

_1-m
o,

] - K1(’1H—’Y1)Z

A gi! -1im
w(z) = ————2z 1 +zF.
(2) Ki(1—m)
Hence (B.1) is equivalent to w(z) > U(0) for ¥z > 0. On the other hand, we observe that lim, ,o w(z ) =
1
lim, o w(z) = 00, and w'(z) = —KLZ_W + F, so w(z) gets its minimum value BTN gt = (K 4 F)=

KT (1—71)
Therefore, w(z) > U(0) for Vz > 0 if and only if Kﬁ—ﬁ%) > U(0).
Conversely, when % > U(0), w(z) = U(0) for Vz > 0, ie., G(z) 2 ﬁz_l;zl >U(0) — zF
1

PN 1w
for Vz > 0. Moreover, G(z) Lz~ 1 =0. Hence 7 = oo is optimal. O

Lemma B.2. If % < U(0), then BU(0) > (Tf)lmn .

Proof. First, we denote S 2 {z € (0,00) | G(2) = U(0) — zF'}, the stopping region of the optimal stopping
1
problem. According to Oksendal and Sulem [23], we know {L£1(U(0) — zF) <0} DS By
careful calculation, £1(U(0) — 2F) + 72" S = —BU(0) +rzF + 4 2~ %" For the sake of simplicity,
1

1— ’Yl
;=" Then we obtain lim, o w1(z) = lim, 0o wi(2) = 00, and w(z) =

P a2 = (rF)~7. Hence, when (GRS BU(0),

define wy(z) =

_ 1 . . .
rF — 2771, so wl( ) gets its minimum value

1-7 1-m
S = 0; when (TF < BU(0), there exists two different points 2/, 25, such that, S C {2] < z < 24 }; when
(Tf—,y = pU(0 ) S () or S contains only one single point, which is also equivalent to 7* = oo. Moreover,
from assumption # < U(0), the optimal stopping time must be finite. Hence U (0) > (Tf) =

In order to obtain ‘7(V) we introduce two variational inequalities and derive their corresponding solutions.

Variational Inequality B.1. Find a positive number 0 < z < ¢ and a function ¢(-) € C*(R*) N C?(RT\{z})
satisfying

(1) L1+ 12 71 Z_%:0,0<Z<5,
(2) £1¢+111 <0, 2< 2 <),
(3)
(4)

0(z) = CraM + tye » + $Fz 2<2<0,

1
()>ClZ>\1+m - 722+%FZ,0<Z<2.
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The above free boundary value problem can be solved by applying the principle of smooth fit, i.e., the
C!-condition.

Proposition B.1. Assume that z is the unique solution of the following algebraic equation:

M =—Dm+1 o (M —Dyp+l 1 9
— T = —F (A —1). B.2
Ki(1—m) Ka(1—7,) P (B2
If 0 < z < 4, and the function
QS(Z) B C()Z)\l + ﬁz_;—lﬂ, 0<z<z,
= .
CreM + sy % + LFz, <2<,
with
1 _(A1-1)yp+1 VF 1 _ Qg =1y 41
Co=Cy— —2 g ——z M z g . B.3
0 ! )\1K2Z ’ + T)\lz + AlKlz ' ( )

Then, ¢(z) is a solution to Variational Inequality B.1.

Proof. First, we consider the differential equation (DE) (1) of Variational Inequality B.1:

%0%%”@) + (B —r)z¢'(2) = Bo(2) + 5 ”17 2 =0, for0<z<7,
- nNn

1—v2

with a boundary condition ¢(z) = Cy2** + ﬁii 2+ %FZ.

-
The general solution of the above DE is Ajz* + Apz?*2 + Kllyil_mzf%, where A; and As are two
arbitrary constants. Since the value function is well defined and finite, we guess ¢(z) has the following form:

A1 Y1 - >

o(2) = Coz™t + ™maooZ o 0<z<z,
- _ 1= _ R
CyzM +ﬁz 72 —|—%Fz, z< 2z <9

By the boundary condition and the C'-condition, we have:

z i 5= A Y2 __1l-7 ’(/} B
CotM+ ———7 T =C17M 4+ —"——7 2 +-FZ
0 Kl(l—’}/1> ! Kg(l—’}/g) T
and
1 1 1 1
C’O)\l«?\l_1 — EE . C1)\12>‘1_1 — EE 73 + %F,

from which we obtain the values of Cy and Z.
Next we will prove Eq. (B.2) has a unique solution Zz. Define:
/\1—1)’)/1+1 _1 ()\1—1)’}/2—"-1 _1
H(z é(—z M- St B.4
) Ki(1—m) Ka(1—172) (B4
and

Y172

<(()‘1 - 1)’71 + 1)’}/2K2(1 — ’72)) Y271
(M = Dye + ) K (1 =) 7

lI>

<0

with 0 < v <72 < 1.
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It is seen that

— Z 72

lim H = lim z~ en
( ) K1(1—71) K2(1—72)

z—0 z—0

—1 1 A —1 1 2=
((Al )+ (A —1)y2 + ):oo,

and

A ()\1 — 1)’71 +1 71 ’vz (/\1 — 1)’}/2 + 1>
hm H 4 hm Z 72 — % —_ =0.
Z—00 ( ) Z—00 ( Kl(l *"}/1) 1(2(1 *"}/2)

Moreover,

H/(Z) — _()\1 B 1)’71 + 12—%—1 + ()\1 B 1)72 + 12—%—17

7 K1(1—m) Y2 Ka(1 —72)

and H'(z) > 0 for z > zp, H'(z) < 0 for 0 < z < zp, and H(z9) = 2, e 2(21)7(1’\(1171;1) 1) < (. Hence
H(z) = %F(/\l — 1) has a unique solution Z.

To check the condition (2) of Variational Inequality B.1, we see for z < z < g,

Y1 _1-m Y1 _1-m Y2 e )
Lip(2z) + zm = z m —————z v —yYFz=2z(h(z) —YF),
) L=m L—m L= (h(z) )
where h(z) £ ﬁ"fﬁ — 11"’72 zf%, and h'(z) = — 1 17 Ty ﬁzf%*l. It is easily found h/(2) < 0,
for 0 < z < z1, W (2) > 0, for z > zl, with 21 £ (1= — )72 =y Moreover, we observe that lim, o h(z) = oo,

lim, ,o0 h(2) = 0, and h(z1) = 2, D F=2 < 0. Thus h(z) = ¢F has a unique solution which we denote
by Z. If we can prove z > Z, then h(z) < z/;F holds for z < z < §.
In the following we will prove z > 2. First we know that H(z) is decreasing for 0 < z < z < 2, 80 to

prove z > Z is equivalent to prove

HE) > HE) = P00 1), (B.5)

Substituting h(Z) = ¥ F, we have

(A =Dy + 127% _ (M =Dy + 127% > A —1 ( M -k 21>
Ki(1—m) Ko (1 —12) r

ie.,

rOomFl-m) = mKia =D o rQuret 1 —7) —eKa( 1) (B.6)
Ki(1—-m) Ko (1 —12)

By the definition of K7 and A1, we get

rdm +1—7) KM —1) = =M\ —1) +7A1 — 1271 (A — 1)6?
19 m—1 2
== 1) - 1
300 —1) = T O - 10
1
= —0\ — DMy +1—m). (B.7)

27
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Similarly,
1
r(Aye +1—=72) —7k(A — 1) = ng()q —D(My2 +1—72). (B.8)
2

Substituting (B.7) and (B.8) into (B.6), we derive the inequality:

- (A1 = D)y1 + 1) Kay2(1 — 72) —

If we denote the right hand side of (B.9) by za, we have

-1 Kov3((\ — 1 1
h(zs) = 2z, 1 ( mo 273 (A1 — )m +1) ) (B.10)
-y ml—m)EK((A—1Dr+1)
We claim
Kova (A1 — 1)1 + 1)
>1, for0< < < 1. B.11
Kimi((M = 1)y +1) e (B
Then Eq. (B.10) can be calculated as
-2
h M2 <0
(22) < 2, T <0,

which implies that zZ < z5.
In order to prove (B.11), let us define

(o) & SO 5267
xr) = .
4 1—o2+ Mz

By direct calculation and the definition of A1, we have ¢'(x) > 0. Hence ¢(71) < ¢(72), i.e.,

Kim Koy
M =Dm+1 (A =D+l

since K; =1+ ? + 721'7}192, and this proves (B.11).
Now we will check the condition (4), which is equivalent to:

A A gh! —Ln A 72 e P -
m(z) = CozMt 4+ ————2 Mm —(Ci2M——+———2 2 ——Fz>0, 0<2z<2
( ) ’ Kl(l_’yl) ! KQ(]_—’}/Q) r
the above inequality becomes an equality when z = Z.
We observe that
1 1 1 1
EE 711 > Eg 712, (B12)

which needs to check that

< <ﬁ> o (B.13)
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Denoting the right hand side of (B.13) by 23, we find

_ o M=)
Hzs) =2 " T = =)

< 0.

Therefore, (B.13) is valid.
Now we have

m'(z) = CohzM ™t — — 27 — Oz 4 — 27 — gF
1 2 T
A1—1 A1—1
1 __ 1 1 __ 1 z VF (2
() (G )
_ 1 2—71

The second equality holds by substituting Eq. (B
last inequality holds by (B.12), 0 < 2
Inequality B.1. 0O

.3), the third inequality follows by 0 < £ < 1, and the
< 1 and Ay > 1. This proves the condition (4) of Variational

Variational Inequality B.2. Find two positive numbers 0 < Z; < Z» < oo and a function ¢(-) € CH(R*) N
C?(R*\{Z1, 22 }) satisfying

(1) Lig+ 12z T =0,0<2< 5, 2> 5,
(2) Lip+ 22 0 <0, <2<,

(3) ¢(2) =U(0) — 2F, Z; < z < Zo,

(4) ¢(2) >U0)—2F,0< 2< 21, 2> 2o

Fl-=m

Proposition B.2. If iy < U(0), then we can find 1, Zo such that 0 < z; < (K1 F)™" < Z3 < 00 and

_l-m ~
CQZAl-i-m no, 0<z2<2,
(b(Z) = U(O) — ZF 21 <z< 22,
_17w1 -
ng2+K(1 ¢ N, 2>
where
1 _ g =Dy +1 F
Cy=——% £ — M >0,
2T NEK ! YR
and
- 1 _Qe—-1)m+1 Ia
Co=——+% (R )
SPYY PRt o 2

Then, ¢(z) is a solution to Variational Inequality B.2.
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Proof. First, we consider the differential equation (DE) (1) of Variational Inequality B.2:

rYl Zﬁl;% :O
I—m

L02220/(2) + (8 - 1)20/(2) - Bo(2) +

Similarly as in Proposition B.1, we guess ¢(z) has the following form:

11—~
A e s ~
B Cyz 1+K1(1_71)z no, 0<z< 2z,
(;5(2) - 1—7p

~ Ao Y1 - s
Cyz™? + 71(1(17,”)2 o, 2> 2.

By the boundary conditions and the C'-condition, we obtain the values of Cs, C, and the equations satisfied
by Z; and Z5 as follows:

M-y +1 - .
(;(1(1)_71%)21 U (A = DEF = \MU(0), (B.14)

and

Ao — 1Dy +1_ -2 .
%,@ T4 (g — 1)E5F = \U(0). (B.15)
1 - nNn

Now we find the values of Z; and Z3. Define

()\1 — 1)’}/1 + 1Z_ 1—7

A
g1(z) = 4+ (A —1)zF.
It is easily seen lim, o0 ¢1(2) = lim,,001(2) = oo and ¢{(z) = —%27% + (A — 1)F. Hence
. .. * K F(A\— _ * 1= A1 —
g1(2) gets its minimum at z* = (W) M oand gp(2*) = Kﬁ(livl)(((1)\191’;1”:1)71()\1 —1). From
. 1- - 1 1 : *
the assumption KI’FTT%) < U(0) and the fact that (()Elhi)l’;v—fl)% < /\1)‘71, we obtain ¢1(2*) < A U(0).

Therefore, the equation g;(z) = A U(0) has two roots. We claim Z; is the smaller one, i.e., Z; < z*. Simple
algebraic calculation yields g; ((K1F)~") < A U(0), hence, z; < (K1 F)~ 7, so Cy > 0.
Similarly, define

(Ao —Dm+1 _1om

A
z) = o4 Ay — 1)z F.
g2( ) Kl(lf’Yl) ( 2 )
Since (A2 — 1)y +1 < 0, limzﬁolgg(z) = lim, 00 g2(2) = —o0, ga2(z) gets its maxim}un at 2** =
K11 F(Aa—1)y_ ok -7 Az—1)y1+1 . -
(W) M and go(2**) = KfFl(l—yl)(( &2_)17)1; )7 (Ay — 1). From the assumption m < U(0)
and the fact that (%)A’l < ﬁ, we obtain go(2**) > AU(0). Therefore, the equation go(z) =

A2U(0) has two roots. We claim Zs is the larger one, i.e., Z > z**. Moreover, we find g2 ((K1F)~7) > A U(0),
hence, zZy > (K1 F)~", s0 Cs > 0.
To check the condition (2) of Variational Inequality B.2, we see for Z; < z < Za,

Lig(z) + — 5 = reF 4+ —L 5~ BU(0) = wi(2) — AU(0),
1—’}/1 1—’}/1

11—

where wi(2) = rzF + 22 .
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Fl=7

i < U(0), then the equation wy(z) = BU(0) has two

different roots, 21 and zj. So, in order to prove Variational Inequality B.2(2), we only need to prove z; > 2}

From the proof of Lemma B.2, we know if

and Zy < 24, which are equivalent to wq(21) < BU(0) and wy(Z2) < SU(0). First, we prove
wl(,%l) < 6U(0) (BIG)

Substituting Eq. (B.14) into the above inequality yields

(T_M)21F+( 7 BAL=Dm +ﬁ>2l—lnﬂ <o. (B.17)

A\ 1—m MK (1—m71)

With the definition of A; and K7, we derive

B 1)

1
= 0%\ —1
)\1 2 (>\1 )’

and

v B =Im+B P -Dn+1)

1—m MK (1—m) 2y Ky

KimFQAi—-1)
(M —1)m+1
the selection of Z;. Hence, (B.16), and Z; > z{. The proof for Z3 < 2} is similar, so we omit it.

Next we check the condition (4) for 0 < z < Z;, which is equivalent to

Substituting the above results into (B.17), we obtain Z; < ( )~", which is obviously valid from

Y1 _ =Dy 41

Oyt — b = _U0) M 2N E >0,
Ki(1—m) ©
_a-Hm+1
with Cy = U(0)3; ™ — 217 M F — ﬁél "t . Therefore, we only need to prove hj(z) is increasing
_ (g -Dagd
for 0 < z < 2, where hy(z) £ U(0)z™* — 21" M F — Wl_%)z S By direct calculation, we have

R NS vy _ A —Dmn+1 _im
hy(z) =2 ( MU@0) + (M —1)zF + K- z .

From the definition of Z; we know that k] (z) > 0, for 0 < z < Z;. For z > Z», the condition (4) of Variational
Inequality B.2 can be verified by using the same method. O

-
Remark B.1. From the derivation in Section 3, we find U(0) = %y_ 2" . Moreover by careful

computation, we get
0 -0 = 5(#) - LF0u - 1) (B.18)

Hence if z < g, i.e., H(§) — %F()\l —1) <0, then, g1 () — MU(0) < 0, which implies Z; < §. If Z > ¢, then

1 11—
%1\(?3) );21(](0) > 0. In addition, from H(§) — £F (A — 1) > 0, we obtain §~ 71 > ( 12(41'11’5)1((&(1)‘711)21(%;1) >
1—1 171

M —Dm+1 >

i.e., § < z*. Therefore, we have § < Z;.

In order to prove Proposition 4.2, we first prove a lemma.

1=,

Lemma B.3. E[supy,...e P?(Z})” 7 | < oo, i = 1,2 and Elsupy.,coo € P1ZY] < 0o, with Z} =
vexp{(B —r)t — OW, — 367t}
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1—n 1—v
Proof. First, we define V; £ (—r — M + 12%1 02\t + = = L0W, then e P(ZY)” 1 =v " 1 e¥t. Denote

Y oo = SUPgcscno ¥z- From Chapter 3 of (18], Yo is exponentially distributed with parameter 45(0), where
®(q) = sup{6 > 0: ¥(8) = ¢} and E[e?"?] = e¥* In our case, () = (—r — ﬁ'y 4l 92)5—|— (1 Vl) 6252,

271
TJFB’Y;T 127“711 02 : —pt v =n
Hence, #(0) = —;—=3 > 1, since K7 > 0. Therefore, E[supg,., ¢ " (Z} ) ol =v" 0 E[e Vool <
2«{?

oo. For other cases, the proof is similar, hence we omit it. 0O

Proof of Proposition 4.2. From Proposition B.1 and Proposition B.2, it is easy to check that ¢(z) satisfies
the above conditions. Here, in the following we only verify that V (v) = ¢(v).

First, we know that ¢(-) € CY(R*) N C?(R* \ {2, 22}). V7 € S, define 7 & 7 A R, R is a fixed constant.
By applying the generalized It6 rule (see [14, Problem 3.7.3]) to e #7r¢(ZY ), we have

e g2 ) = ¢(v) + / e PLig(Zy) dt - / e Pzy ¢ (Z)) AW
0 0

Taking expectations and noting the above conditions (1)—(6), we obtain

TR

/e*ﬁf N ()

o 2E| [

+E [eﬁm (U(0) = Z7, F)L(zv_>y)

1—

—BTR v\ M Y2 v 7772 % v N
te R(Cl(ZTR) +K2(1—’}/2) (ZTR) 2+ TFZTR 1(0<Z'¥R<y) :

Since E[supg,coo € PH(ZY)” %.] < 00, i = 1,2 and E[supycoo € P ZY] < o0 (see Lemma B.3), by the
monotone convergence theorem and the dominated convergence theorem, taking R — oo, we have

T

-
¢(v) > E / *ﬂfl_ (zy)~ S +E{eﬁT(U(O)ZT”F)1(Z¢>@)
2 71
stz 4 — 2 () Y E2 Vg e |
e ( 1( T) +K2(1—’72)( T) + po O )T 0<2<0)

Since 7 is arbitrary, ¢(v) = V().
Moreover, if we apply the above arguments to 7 = 7,,, by the definition of 7,,, we see

TR

/e*ﬁt Nz a

b(v) = E —
0

Ele 7 0(27,)].

Taking R — co, we obtain

¢(V):E / *Btl_ (ZV) 1;:1 dt +]E[€7BTV¢(Z:V)]
0 !
=B / _’Btl 5 (z)” " ar —l—]E{e_ﬂT”(U(O)—ZT”VF)l(Z,T, )
— ’
0
vt oz r 2 () Ye ) A
o Ko(l =)t ™ y O |02, <) |

Hence, we conclude ¢(v) = V(v) and 7, is optimal. O
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Proof of Proposition 4.3. From Proposition B.2, we see that ¢(z) satisfies the above conditions (1), (2), (3),
and (5). In the following we verify the correctness of the condition (4). From Remark B.1, we know Z; > ¢,

-
50 ¢(z) = Caz™t + ﬁzi 71V1, for 0 < z < §. Therefore to prove the condition (4) is equivalent to

1=v1)
prove
O™ + . Cr12™ + 2 + ng for0<z<9g (B.19)
Ki(1—m) K>(1 =) r- 7 =
Define
A 71 _Qa=Dytt Y2 _Qu-Dyett h gy
2)=2Cy—C{ 4+ —————2 1 [ — Yo Ry nJ¥ 1
fi(z) = Co— G4 i) %) :

Then (B.19) is valid if and only if f1(2) > 0, 0 < z < §. From the proof of Proposition B.2; we have
f1(9) > 0. Moreover,

_ )\1—1)’71—1-1 _ 1 (/\1—1)’}/24—1 _ 1
’z:zkl(—(—z N4 —— 2 4+ F(A—1)| <0,
fl( ) K](lf"}/l) K2(17,}/2) r ( 1 )

for 0 < z < § < z, by the definition of z. Hence, (B.19) is proved. The verification for V(V) = ¢(v) is similar
to Proposition 4.2, so here we omit it. O

Proof of Proposition 4.4. Taking the similar method as in Proposition B.2, we can easily guess ¢(z) has
the form of (4.4). Then by the boundary conditions and the C'-condition, we obtain the values of Cy, C
(which is the same as in Proposition B.1) and the equation satisfied by .

Next, we prove Eq. (4.5) do has a solution on z € (Z,§). Define

()\2—1)’)/14—1 _% ()\2—1)72+1 _ 1

2N —MN)OpM 2 D 2 R (M1
PE = e A Ki(l—m) Ko(l—) =)

and

_ M =Dm+l o =Dyt -2 ¥

zZ) = z ——=F(\ —1)+p(z
p( ) K1(1_71> Kg(l—’h) r ( 1 ) p( )
—e—a)|osnre 2 e 3 Y

(A2 V|G K3(1 —12) Ki(1-m) r

= (/\2 — /\1)005)‘1_1 < O,

since Cj is positive in both cases (for case (2) see Lemma B.4).

For the case (1 El;ﬂ > U(0), which is equivalent to U(0) — zF —
Kt (1=71)

71
5 _1-m
m,z o <0, Vz > 0, we
obtain

oM =D+l (M =Dyp+l a1 9 .
ML AT Ry A 2T — TR\ -1
p(g) > K- ) T i) VT (A —1) +p(3)
Y P SO N m P
— (Mg — A 1[0 SSRGS S TR
(A2 —A1)7 Wt A=) K= e
11—y
== Al[UO—AF—i’Yl ;| =0,
( 2 1)3/ () Y K1(1—’Y1)y

the inequality holds by the assumption that z < g.
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For the case (2) B U(0), z22 < g, we get

KM (1=m)
p(9) = A2 = A)j ! [U(O) — ﬁg—% v+ TFA}
B %2(1_(11—)_%731@_% + %y“ +2R0g - 1)
)t 4+ 21T 1)51# +7)F (A;(z—(f)ji;; L
L e = =

=0.

Here, we derive the first equality by substituting the value of U(0), the third inequality by the fact that
Zo < ¢, and the last equality by the values of U(0) and .

Hence, Eq. (4.5) has a solution on z € (Z,§), we denote ¢ is the largest one. Moreover, we claim that
52 > 0, because

. M=Dm+1.. 12 M—=—Dyp+l. 1 @ .
0= Wz Imt -4 W et % Yprn —1)+
p(¥) Ki(l—m) 7 Ky(1— ) ¥ )
— o) O T e 2y - Ly Bp
( 2 1) 1Y K2(1_’Y2)y K1(1—’Y1)

if 62 < 0, then there is a contradiction.
From Proposition B.1, we see conditions (1)—(3) are valid, we only need to verify the conditions (4)
and (5). Next, we prove the condition (4) (for the case 0 < z < Z, see the proof of Proposition B.1), i.e.,

Y2 _1=v2

( . "
2)>CizM 4+ — 27 4 —Fz, fory<z<49, B.20
d(z) > C Kol — ) . ] g (B.20)

the inequality becomes an equality at z = ¢. Moreover, (B.20) can be simplified as

—~ _ Y2 _ Qa=1)ya+1 Y1 _Qo-Dv+1 ’(/) 1—x
Cy>CizM g 12 Bl - 5 F 2
2 1% +K2(1—’y2)z 2 Kl(l—’h)z 1 +7" z ,
i.e.,
. Y2 v Qa=Do+1 Y1 Qo= +1 ’(/) 1)\
Cl/y)\l e 1 Y 72 - 7 Y e + = Fy
Ko(1—12) Ki(1—m) r
- 72 —Qa=Dypti 71 _Qo=bmtt ap gy
> CpaM TN v - il —F 2, B.21
1 +K2(1*’Y2)Z ’ K1(1*’Y1)Z ' + r ¥ ( )

by substituting the value of Cs.
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Let us denote the right hand side of (B.21) by ¢1(z), then

- S, e =Dm+1 0 (A -+l 1 Y
(2) = 2722 (A — A Cz)‘l 1—|—(2—z = 22 v — (A —1)F
ql( ) ( 1 2) 1 Kl(l — ’Yl) K2(1 — 72) ( 2 )’I"

= —p(z)z77.

We see p(z) > 0 on z € (3, 9] from the selection of §. Hence, ¢1(z) is decreasing on z € (¢, 9], and (B.21) is
proved.
In the following we will check the condition (5). For case (1), it is easy to verify the correctness since

% > U(0) and Cs > 0. For case (2), we need to verify

~ Y1 C1-
Coz™? + ———2" "1 >U(0) — 2F, B.22
2 Ki(1-m) (0) (B.22)
which is valid when z = g.
Define
~ Ag=D)yy+1
z) £ C JrLz_ B —U(0)z7*2 4 21722 F,
a2(z) = Oy K0 =) (0)
and

(Ao —Dm+1 _1om
—_— 1 — (A —1)Fz|.
Ki(1=m) (e =1)

a3(2) = 2727 AU (0) —

Since Zy < ¢, we have g4(z) > 0, Vz > ¢ and ¢2(2) > ¢2(§) > 0. Hence (B.22) is verified. The verification
for V(v) = ¢(v) is similar to Proposition 4.2, so here we omit it. O

Proof of Proposition 4.5. When 7 = oo, we have

oo
_ _1-m Y1 1—7
2)=E pt m Z nodt| = z T,
4(2) / 2 z) e
_1m
and L1¢(z) + 12—z 1 =0.
. 8 . . Fl-m
According to Lemma B.1, we see if el > U(0), then
8! -l N
i ,Yl)z > U(0)—2zF, for§<z<oo. (B.23)
(1 —
Next, we prove
5 >012A1+¢2_%+ﬂ}72 for0<z<yg (B.24)
Ki(1—m) - K3(1—2) ro h
It is equivalent to prove
Y2 _Qu=Dya+1 1 _Qu=Dy+1 P 1\ .
(20, +—=2— 2 72 _—z 1 + ZFz 7 L0, forO0<z<7y,
=G Ky(1=72) Ki(1=m) r Y

1—vo

which is satisfied at z = ¢, since C1 9§ + ﬁzf 72

+LFy=U(0) - §F.
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Moreover,

’ =\ ()\1—1)’)/1-1—1 _% ()\1—1>’}/2+1 _%_% . )
He) = < Ki(1—m) : K3(1 —12) ¢ TF(AI )

If 0 < z < Z, then I'(z) > 0; if z > Z, then I'(2) < 0, so I(z) gets its maximum at z = Z. Therefore, if § < Z,
then I(z) < I(§) <0, for 0 < z < ¢; if Z < ¢, and Cy < 0, which implies that {(Z) < 0, then we also have
1(z) <0 for 0 < z < §. Hence, the optimal stopping time is 7,, = oo and the proof is completed. O

AL U(0), then Cy > 0.

Lemma B.4. If 2 < 4, and CeaE=n
1

1—7v1
m < U(O), we see
w(z) = U(0) has two roots, denoted by 27, z5, respectively, where w(z) is defined in Lemma B.1. From
Remark B.1 and the assumption, we get z; < § < Z3. We claim Z; > 2{, and Z < 23. Because they
are equivalent to w(z;) < U(0), i = 1,2, which can be easily verified by the definition of Z;, Z2 and the

1-v

fact that 0 < 2z; < (K1 F)™" < Z3 < oo. Hence, we obtain U(0) — gF > ﬁgj‘T, ie., C19™M +

Proof. (1) We first consider the case when § < Z;. Under the assumption

*’Yl

1
mgf% + %ng > mgjf . Moreover, from the proof of Proposition 4.5, we have I'(z) < 0,
when z > z, so I(2) > I(§) > 0. Therefore, Cy > 0.

(2) For § > Zo, if we assume Cy < 0, then following the proof of Proposition 4.5, we see

1 1=
st 2" ,y;{l >Clz>\1+iz_ ’Y; —|—,(/)FZ fOI‘0<Z @

Ki(1-m) Ka(1—72)

_ 1=

Next, by using the notations in Section 3, we have [7(2) =CizM + m 2+ (w-H)Fz 0<z<4,

which is decreasing and convex in z. So we get U(z) > U(§) = U(0), i.e.,

1—n:
Ci2M +¢27 52 +%FZ>U<O)—ZF, 0<z<4.
r

Ka(1—12)

On the other hand, combining the assumption % < U(0), (K1 F)™" < Z3 < ¢, and the fact
1

T ) .
ﬁy 71 > U(0) — §F, we obtain

71 _1=-m ~
—2z m >U(0)—2zF, z>79.
Ki(1—m) © !
1 . . . . Fl-m
Therefore, ¥z > 0, ﬁz 71 > U(0) — zF, which contradicts with the assumption that R

U(0). Hence Cp > 0. O
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