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This work contains a detailed study of a one parameter generalization of the 
2D-Hermite polynomials and a two parameter extension of Zernike’s disc poly-
nomials. We derive linear and bilinear generating functions, and explicit formulas 
for our generalizations and study integrals of products of some of these 2D orthogo-
nal polynomials. We also establish a combinatorial inequality involving elementary 
symmetric functions and solve the connection coefficient problem for our polyno-
mials.
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1. Introduction

The 2D-Hermite polynomials

Hm,n(z1, z2) =
m∧n∑
k=0

(
m

k

)(
n

k

)
(−1)kk!zm−k

1 zn−k
2 (1.1)

were introduced by Ito in [16] and have many applications to physical problems, see [2,4,22,25–27]. Math-
ematical properties of these polynomials have been developed in [7–9]. A multilinear generating function, 
of Kibble–Slepian type [17], is proved in [11]. The combinatorics of integrals of products of 2D-Hermite 
polynomials has been explored in [13] while the combinatorics of the 2D-Hermite polynomials, of their 
generating functions including the Kibble–Slepian type formula is in our forthcoming paper, [14], Ismail 
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and Zhang [15] gave two q-analogues of the 2D-Hermite polynomials. They studied these q-polynomials in 
great detail.

Ismail and Zhang [15] identified a general class of two variable polynomials whose measure is the product 
of the uniform measure on the circle times a radial measure. This class not only contains the 2D-Hermite 
polynomials and their q-analogues but it also contains the generalized Zernike (or disc) polynomials and 
their q-analogues. This will be formulated in Section 2. The generalized disc polynomials have been known 
for a long time, see [20,19,18]. More recent papers are [28] and [1]. They form a one parameter generalization 
of the original Zernike polynomials.

In Section 3 we study a one parameter extension of the 2D-Hermite polynomials. These polynomials 
appeared in [15] and are denoted by Z(β)

m,n(z1, z2). We record the definition, orthogonality relation, and the 
three term recurrence relations in Section 3. In Section 3 we also derive several differential properties of our 
polynomials. Section 4 contains a two parameter generalization of Zernike polynomials, so they contain one 
additional parameter. Several authors considered the sign regularity of integrals of products of orthogonal 
polynomials times certain functions. Some of the literature on this problem is in Askey’s classic [3], see also 
Chapter 9 of [10]. In Section 5 we analyze the positivity of the integrals

∞∫
0

N∏
j=1

L(α−nj)
nj

(−x)e−λxdx.

Our analysis leads to a curious rationale symmetric functions with nonnegative integral coefficients. This 
will be stated as Theorem 5.6.

2. General construction

The general construction given here for 2D-systems is due to Ismail and Zhang [15]. One starts with a 
system of orthogonal polynomials {φn(r; α)} satisfying the orthogonality relation

∞∫
0

φm(r;α)φn(r;α)rαdμ(r) = ζn(α)δm,n, α ≥ 0. (2.1)

It is assumed the μ does not depend on α. Let

φn(r;α) =
n∑

j=0
cj(n, α)rn−j , cj(n, α) ∈ R, (2.2)

and define polynomials

fn+α,n(z1, z2) =
n∑

j=0
cj(n, α)zn+α−j

1 zn−j
2 = zα1 φn(z1z2;α). (2.3)

Also define fn,m(z1, z2) = fm,n(z2, z1). Thus fm,n(z, z̄) = fn,m(z, ̄z).

Theorem 2.1. For m ≥ n the polynomials {fm,n(z, ̄z)} satisfy the orthogonality relation
∫
R2

fm,n(z, z̄)fs,t(z, z̄)
dθ

2πdμ
(
r2) = ζn(m− n)δm,sδn,t. (2.4)

We now come to the three term recurrence relations.
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Theorem 2.2. The polynomials {fm,n(z, ̄z)} satisfy the three term recurrence relations

z̄fm,n(z, z̄) = c0(n,m− n + 1)
c0(n + 1,m− n)fm+1,n+1(z, z̄)

− c0(n,m− n + 1)cn+1(n + 1,m− n)
c0(n + 1,m− n)cn(n,m− n) fm,n(z, z̄), m ≥ n. (2.5)

It is clear that (2.5) remains valid if z̄ is replaced by another complex variable.

Examples. Consider the case of the 2D-Hermite polynomials when

cj(n, α) = n!(n + α)!(−1)j

j!(n− j)!(n + α− j)! .

The recursion (2.5) leads to the three term recurrence relations

z1Hm,n(z1, z2) = nHm,n−1(z1, z2) + Hm+1,n(z1, z2),

z2Hm,n(z1, z2) = mHm−1,n(z1, z2) + Hm,n+1(z1, z2). (2.6)

Similarly the case

cj(n, α) = (q; q)n(q; q)n+α!(−1)j

(q; q)j !(q; q)n−j(q; q)n+α−j
q
(j
2
)

leads to the recurrence relations for a q-analogues of 2D-Hermite polynomials, see [15].

While writing this paper we realized that there is a second recurrence relation satisfied by general 
2D-systems, that was missed in [15].

Theorem 2.3. The polynomials {fm,n(z, ̄z)} satisfy the three term recurrence relations

zfm,n(z, z̄) − c0(n,m− n)
c0(n,m + 1 − n)fm+1,n(z, z̄) = um,nfm,n−1(z, z̄), (2.7)

where

um,n = c0(n,m + 1 − n)c1(n,m− n) − c0(n,m− n)c1(n,m + 1 − n)
c0(n− 1,m + 1 − n)c0(n,m + 1 − n) . (2.8)

Proof. Consider the vector space of all polynomials of the form 
∑n

j=0 a(m, n, j)zm−j
1 zn−j

2 with m ≥ n ≥ 0, 
and a(m, n, j) ∈ R. It is clear that {fm,n(z1, z2) : m ≥ n} is a basis for such space. For m ≥ n write

zfm,n(z, z̄) − c0(n,m− n)
c0(n,m + 1 − n)fm+1,n(z, z̄) =

∑
m≥k≥j≥0

b(j, k)fk,j(z, z̄).

The left-hand side of (2.7) contains only terms of the form zm+1−s(z̄)n−s. Hence m +1 −n = k−j. Therefore 
k > j and b(j, k) is a nonzero multiple of

∫
zfm,n(z, z̄)fk,j(z, z̄)

dθ

2πdμ
(
r2) =

∫
fm,n(z, z̄)z̄fk,j(z, z̄)

dθ

2πdμ
(
r2).
R2 R2
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The above integral vanishes if k < m. Therefore the left-hand side of (2.7) is a constant multiple of 
fm,n−1(z, ̄z). The constant is then evaluated by equating coefficients of the term zm(z̄)n−1. �

Let

rφn(r;α) = anφn+1(r;α) + cnφn(r;α) + bnφn−1(r;α) (2.9)

be the three term recurrence relation satisfied by the polynomials {φn(r; α)}. Making use of (2.2) and (2.3)
we conclude that the above recursion becomes

[zz̄ − cn]fm,n(z, z̄) = anfm+1,n+1(z, z̄) + bnfm−1,n−1(z, z̄). (2.10)

If we normalize the polynomials {φn(r; α)} by φn(0; α) = 1 then −cn = an + bn. This normalization makes

cn(n, α) = 1, an = c0(n, α)
c0(n + 1, α) , an + bn + cn = 0,

bn = −c1(n, α) + c0(n, α)
c0(n + 1, α)

[
c1(n + 1, α) − c0(n, α)

]
. (2.11)

Remark 2.4. In view of the defining equation (2.3) the question of finding the large m, n asymptotics of 
the bivariate polynomials fm,n is equivalent to finding the large m, n behavior of φn(r, m − n). It will 
be of interest to carry out this investigation at least for some special systems, including the Freud type 
polynomials orthogonal with respect to xα exp(−p(x)), where p is a polynomial with positive leading term.

In general
[
z1

∂

∂z1
− z2

∂

∂z2

]
fm,n(z1, z2) = (m− n)fm,n(z1, z2), m ≥ n, (2.12)

holds because the operator on the left-hand side of (2.12) is −i ∂
∂θ when z1 = z = reiθ and z2 = z̄.

We now discuss generating functions. Assume we know a generating function for the φn’s,

∞∑
n=0

φn(r;α)tn = F (r, t, α). (2.13)

We have

∞∑
m,n=0

fm,n(z1, z2)umvn =
∑
m≥n

+
∑
m≤n

−
∑
m=n

= S1(z1, z2, u, v) + S2(z1, z2, u, v) − S3(z1, z2, u, v)

=
∞∑

α=0

(
(z1u)α + (z2u)α

)
F (z1z2, uv, α) − F (z1z2, uv, 0),

because, see (2.3),

S1 =
∞∑

α,n=0
zα1 φn(z1z2;α)un+αvn =

∞∑
α=0

(z1u)αF (z1z2, uv, α), (2.14)

S2(z1, z2, u, v) = S1(z2, z1, v, u) and
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S3(z1, z2, u, v) =
∞∑

n=0
(uv)nφn(z1z2; 0) = F (z1z2, uv, 0). (2.15)

Similarly one can establish the exponential generating function

∑
m≥n≥0

umvn

(m− n)!fm,n(z1, z2) =
∞∑

α=0

(uz1)α

α! F (z1z2, uv, α). (2.16)

Note that Malodano [19] considered polynomials orthogonal with respect to spherically symmetric 
weights. This is essentially the class of polynomials in this section. He only considered the radial part, 
and did not record the orthogonality relation, nor did he study the recurrence relations or the structure 
relation.

3. The polynomials {Z(β)
m,n(z1, z2)}

Motivated by the class of general 2D-systems in Section 2 we define polynomials {Z(β)
m,n} by

Z(β)
m,n(z1, z2) = 1

n!

n∑
k=0

(
n

k

)
(β + 1)m

(β + 1)m−k
(−1)kzm−k

1 zn−k
2 , (3.1)

for m ≥ n, where β ≥ 0. When m ≤ n the polynomials are defined by

Z(β)
m,n(z1, z2) = Z(β)

n,m(z2, z1). (3.2)

These polynomials arise through the choice φn(r; α) = (−1)nL(α+β)
n (r), where L(a)

n (x) is a Laguerre 
polynomial, [5,10,21,23], defined by

L(a)
n (x) = (a + 1)n

n!

n∑
k=0

(
n

k

)
(−x)k

(a + 1)k
. (3.3)

When β = 0, from (1.1) and (3.1) it follows that

Hm,n(z1, z2) = (m ∧ n)!Z(0)
m,n(z1, z2). (3.4)

By (2.3) we have

Z(β)
m,n(z1, z2) = (−1)nzm−n

1 L(β+m−n)
n (z1z2) (m ≥ n). (3.5)

Therefore in the notation of Section 2, we have

ζn(α) = Γ (α + β + n + 1)
n! , cj(n, α) = (−1)j(α + β + 1)n

(n− j)!j!(α + β + 1)n−j
. (3.6)

Theorem 3.1. We have the orthogonality relation
∫
R2

Z(β)
m,n(z, z̄)Z(β)

s,t (z, z̄)r2β+1e−r2
drdθ = π

Γ (β + m + 1)
n! δm,sδn,t, (3.7)

for m ≥ n.
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This result follows from Theorem 2.1 and (3.6).
In view of (3.6) the recurrence relations (2.5) become

z1Z
(β)
m,n(z1, z2) = Z

(β)
m+1,n(z1, z2) + Z

(β)
m,n−1(z1, z2), m ≥ n

z2Z
(β)
m+1,n(z1, z2) = (n + 1)Z(β)

m+1,n+1(z1, z2) + (β + m + 1)Z(β)
m,n(z1, z2), m ≥ n. (3.8)

Theorem 3.2. The polynomials {Z(β)
m,n(z1, z2)} have the generating functions

∑
m≥n≥0

umvnZ(β)
m,n(z1, z2) = (1 + uv)−β−1 exp

(
uvz1z2

1 + uv

)
1 + uv

1 + uv − uz1
, (3.9)

∑
m,n≥0

umvnZ(β)
m,n(z1, z2) = (1 + uv)−β−1 exp

(
uvz1z2

1 + uv

)[
1 + uv

1 + uv − uz1
+ 1 + uv

1 + uv − vz2
− 1

]
, (3.10)

∑
m≥n≥0

umvn

(m− n)!Z
(β)
m,n(z1, z2) = (1 + uv)−β−1 exp

(
uvz1z2 + z1u

1 + uv

)
, (3.11)

and

∞∑
m,n=0

umvn

(|m− n|)!Z
(β)
m,n(z1, z2) = (1 + uv)−β−1 exp

(
uvz1z2

1 + uv

)[
exp

(
z1u

1 + uv

)
+ exp

(
z2v

1 + uv

)
− 1

]
.

(3.12)

Proof. We write the sum at the left-hand side of (3.10) as S1 + S2 − S3, where

S1 =
∑

m≥n≥0
, S2 =

∑
0≤m≤n

, S3 =
∑

m=n≥0
.

First of all, we note that S3 is essentially the generating functions of Laguerre polynomials:

S3 = (1 + uv)−β−1 exp
(
z1z2uv

1 + uv

)
. (3.13)

Writing m = n + k with k ≥ 0, by (3.8) we have

S1 =
∑

m≥n≥0
(−1)nzm−n

1 L(β+m−n)
n (z1z2)umvn

=
∑

k,n≥0

(z1u)k(uv)nL(β+k)
n (z1z2)(−1)n

=
∑
k≥0

(z1u)k(1 + uv)−β−k−1 exp
(
z1z2uv

1 + uv

)

= (1 + uv)−β−1 exp
(
z1z2uv

1 + uv

)
1

1 − z1u/(1 + uv) .

This proves (3.9). By symmetry we have

S2 = (1 + uv)−β−1 exp
(
z1z2uv

)
1

.
1 + uv 1 − z2v/(1 + uv)
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Combining the above three summations yields the first generating function (3.10). The derivation of (3.11)
is almost the same as (3.9). Formula (3.12) follows similarly from (3.13) and (3.11). �
Corollary 3.3. We have the connection relation

Z(β)
m,n(z1, z2) =

n∑
j=0

(β − γ)j
j! (−1)jZ(γ)

m−j,n−j(z1, z2) (m ≥ n). (3.14)

This follows from (3.9) by writing (1 + uv)−β+1 = (1 + uv)−β−γ(1 + uv)γ−1 and applying the binomial 
theorem to (1 + uv)β−γ . Two special cases γ = 0 and β = 0 of Corollary 3.3 are worth noting. For m ≥ n, 
they are

n!Z(β)
m,n(z1, z2) =

n∑
j=0

(
n

j

)
(β)j(−1)jHm−j,n−j(z1, z2), (3.15)

Hm,n(z1, z2) = n!
n∑

j=0

(−γ)j
j! (−1)jZ(γ)

m−j,n−j(z1, z2). (3.16)

Lemma 3.4 (Hille–Hardy). (See [21].) The Poisson kernel for Laguerre polynomials is essentially

∞∑
n=0

n!rn

(α + 1)n
L(α)
n (x)L(α)

n (y) = (1 − r)−α−1 exp
(
−r(x + y)/(1 − r)

)
0F1

(
−;α + 1;xyr/(1 − r)2

)
.

(3.17)

Theorem 3.5. The polynomials {Z(β)
m,n(z1, ̄z1)} have the bilinear generating function

∑
m,n≥0

(m ∧ n)!umvn

(β + |m− n| + 1)m∧n
Z(β)
m,n(z1, z̄1)Z(β)

m,n(z2, z̄2)

= (1 − uv)−β−1 exp
(
−uv(z1z̄1 + z2z̄2)

1 − uv

)

×
[∑

k≥0

(uz1z̄1)k + (vz2z̄2)k

(1 − uv)k 0F1

(
−

β + k + 1

∣∣∣∣ z1z̄1z2z̄2uv

(1 − uv)2

)
− 0F1

(
−

β + 1

∣∣∣∣ z1z̄1z2z̄2uv

(1 − uv)2

)]
.

(3.18)

Proof. We write the sum on the left-hand side as S1 + S2 − S3 where

S1 =
∑

m≥n≥0
, S2 =

∑
0≤m≤n

, S3 =
∑

m=n≥0
.

First by (3.5) and (3.17), we note that S3 is the Hille–Hardy formula of Laguerre polynomials:

S3 = (1 − uv)−β−1 exp
(
−uv(z1z̄1 + z2z̄2)

1 − uv

)
0F1

(
−

β + 1

∣∣∣∣ z1z̄1z2z̄2uv

(1 − uv)2

)
.

Writing m = n + k with k ≥ 0 we have
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S1 =
∑

m,n≥0

n!umvn

(β + m− n + 1)n
Z(β)
m,n(z1, z̄1)Z(β)

m,n(z2, z̄2)

=
∑

k,n≥0

n!(uv)n(uz1z2)k

(β + k + 1)n
L(β+k)
n (z1z̄1)L(β+k)

n (z2z̄2)

= (1 − uv)−β−1 exp
(
−uv(z1z̄1 + z2z̄2)

1 − uv

)

×
∑
k≥0

(uz1z2)k

(1 − uv)k 0F1

(
−

β + k + 1

∣∣∣∣ z1z̄1z2z̄2uv

(1 − uv)2

)
.

By (3.2) and symmetry we have

S2 = (1 − uv)−β−1 exp
(
−uv(z1z̄1 + z2z̄2)

1 − uv

)

×
∑
k≥0

(vz̄1z̄2)k

(1 − uv)k 0F1

(
−

β + k + 1

∣∣∣∣ z1z̄1z2z̄2uv

(1 − uv)2

)
.

Combining the above three summations yields the desired formula. �
Note that the generating function (3.18) remains valid if we replace z̄1 and z̄2 by two general complex 

variables z3 and z4.
It must be noted that the bilinear generating function (3.18) is not the Poisson kernel of the polynomials 

Z
(β)
m,n(z, ̄z) in view of the orthogonality relation (3.7). The Poisson kernel would be a constant multiple of

∞∑
m,n=0

(m ∧ n)!umvn

(β + 1)m∨n
Z(β)
m,n(z1, z̄1)Z(β)

m,n(z2, z̄2).

It follows from (3.1) that the polynomials Z(β)
m,n(z1, z2) satisfy the differential recurrence relations

z1
∂

∂z1
Z(β)
m,n(z1, z2) = (m− n)Z(β)

m,n(z1, z2) + z2Z
(β)
m,n−1(z1, z2), (3.19)

∂

∂z2
Z(β)
m,n(z1, z2) = Z

(β)
m,n−1(z1, z2), (3.20)

for m ≥ n. If we eliminate z2Z
(β)
m,n−1(z1, z2) we recover (2.12) for these polynomials.

Consider the integrals

I(m,n, s, t) :=
N∏
j=1

(−1)nj+sj

∫
R2

N∏
j=1

Z(β)
mj ,nj

(z, z̄)Z(β)
sj ,tj (z, z̄)

re−r2
drdθ√
π

. (3.21)

We shall assume that mj ≥ nj , tj ≥ sj for 1 ≤ j ≤ N . Our derivation of the generating function for 
I(m, n, s, t) uses the elementary integral evaluation for complex a, b with Re(a) > 0

∫
R

e−ax2+bxdx =
√

π

a
e−b2/4a. (3.22)
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Theorem 3.6. We have the exponential generating function

∑
mj≥nj≥0,tj≥sj≥0,1≤j≤N

I(m,n, s, t)
N∏
j=1

u
mj

j v
nj

j ξ
sj
j η

tj
j

(mj − nj)!(tj − sj)!

= 1√
C

N∏
j=1

(1 − ujvj)−β−1(1 − ξjηj)−β−1 exp
(
− 1
C

N∑
j,k=1
j �=k

uj

1 − ujvj

ηk
1 − ξkηk

)
, (3.23)

where

C = 1 +
N∑
j=1

{
ujvj

1 − ujvj
+ ξjηj

1 − ξjηj

}
. (3.24)

Proof. Using the generating function (3.11) and (3.2) we find that

∑
mj≥nj≥0,tj≥sj≥0,1≤j≤N

I(m,n, s, t)
N∏
j=1

u
mj

j v
nj

j ξ
sj
j η

tj
j

=
N∏
j=1

(1 − ujvj)−β−1(1 − ξjηj)−β−1

×
∫
R2

N∏
j=1

exp
[
−r2 −

N∑
j=1

{
r2ujvj

1 − ujvj
+ r2ξjηj

1 − ξjηj
+ (x + iy)uj

1 − ujvj
+ (x− iy)ηj

1 − ξjηj

}]
rdrdθ√

π
.

We now change variables from polar to Cartesian coordinates and use the integral evaluation (3.22) to 
obtain (3.23). �
4. The polynomials {M (β,γ)

m,n (z1, z2)}

In this section we consider the 2D version of Jacobi polynomials, see [21,10]. Let

φn(r, α) = P (α+γ,β)
n (1 − 2r), (4.1)

which satisfy the orthogonality relation (2.1) with dμ(r) = −(1 − r)βdr,

ζn(α) = Γ (α + γ + n + 1)Γ (β + n + 1)
n!Γ (α + β + γ + n + 1)(α + β + γ + 2n + 1) . (4.2)

Equivalently, we define the two variable polynomials

M (β,γ)
m,n (z, z̄) =

{
zm−nP

(γ+m−n,β)
n (1 − 2zz̄), m ≥ n,

z̄n−mP
(γ+n−m,β)
m (1 − 2zz̄), n ≥ m.

(4.3)

Therefore by (2.4) for m ≥ n we have
∫

|z|≤1

M (β,γ)
m,n (z, z̄)M (β,γ)

p,q (z, z̄)r2γ+1(1 − r2)βdr dθ2π = Γ (γ + n + 1)Γ (β + n + 1)
n!Γ (β + γ + n + 1)(β + γ + 2n + 1)δm,pδn.q.

(4.4)
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Theorem 4.1. The polynomials {M (β,γ)
m,n (z, ̄z)} have the generating functions

∞∑
m,n=0

M (β,γ)
m,n (z, z̄)umvn = 2β+γ

ρ
(1 + uv + ρ)−β(1 − uv + ρ)−γ

×
[

1
1 − 2zu/(1 + ρ− uv) + 1

1 − 2vz̄/(1 + ρ− uv) − 1
]
, (4.5)

and

∑
m≥n≥0

M (β,γ)
m,n (z, z̄) umvn

(m− n)! = 2β+γ

ρ
(1 + uv + ρ)−β(1 − uv + ρ)−γ exp

(
2zu

1 − uv + ρ

)
. (4.6)

Proof. We shall use the generating function

∞∑
n=0

P (α,β)
n (x)tn = 2α+βρ−1(1 + t + ρ)−β(1 − t + ρ)−α, (4.7)

where ρ = (1 − 2xt + t2)1/2, [10, (4.3.11)]. In this case ρ = (1 − 2uv(1 − 2r2) + u2v2)1/2 and by (2.13)
and (4.1)

F
(
r2, uv, α

)
= 2α+β+γρ−1(1 + uv + ρ)−β(1 − uv + ρ)−α−γ . (4.8)

This yields

S1 = 2β+γ

ρ
(1 + uv + ρ)−β(1 − uv + ρ)−γ 1

1 − 2zu/(1 + ρ− uv) . (4.9)

Using (2.16)–(2.13) we are led to the generating functions (4.5) and (4.6). �
We next verify that (3.10) is a limiting case of (4.5). It is clear that when m ≥ n then

lim
β→∞

M (β,γ)
m,n (z, z̄/β) = zm−nL(γ+m−n)

n (zz̄) = (−1)nZ(γ)
m,n(z, z̄).

If m ≤ n a similar analysis works with z replaced by z/β. In either case, as β → ∞, we have

ρ = (1 − uv)
[
1 + zz̄uv

β(1 − uv)2 + O
(
β−2)],

[1 + ρ + uv]/2 = 1 + zz̄uv

β(1 − uv) + O
(
β−2),

[1 + ρ− uv]/2 = (1 − uv)
[
1 + zz̄uv

β(1 − uv)2 + O
(
β−2)].

Therefore [(1 + ρ + uv)/2]β → exp(zz̄uv/(1 − uv)) and after v → −v we see that 
∑

m≥n≥0 in (4.5) tends to 
the corresponding sum in (3.10). The other two sums are similar. One can similarly prove that (4.6) tends 
to (3.11) if z̄ is replaced by z̄/β then let β → ∞. The proof uses the above large β expansions and will be 
omitted.

It must be noted that Myrick [20] considered the radial part of the polynomials {Mm,n(z, ̄z)}. However, 
he did not record the orthogonality relation, nor did he investigate recursions, or generating functions.
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5. Integrals of products of {L(α−n)
n (x)}

The generating function

∞∑
n=0

L(α−n)
n (x)tn = (1 + t)αe−xt, (5.1)

is well known [10, Theorem 4.3.2] and follows easily from the explicit formula (3.3). We take α < 0. It is 
known that the polynomials {L(α−n)

n (x)} are not orthogonal with respect to a positive measure. This section 
is devoted to the sign behavior of the integrals

I(n) :=
∞∫
0

N∏
j=1

L(α−nj)
nj

(−x)e−λxdx, (5.2)

where n = (n1, . . . , nN ) and λ > 0.

Theorem 5.1. The integrals defined by (5.2) have the generating function

∞∑
nj=0,1≤j≤N

I(n)
N∏
j=1

u
nj

j =
N∏
j=1

(1 + uj)α
[
λ−

N∑
j=1

uj

]−1

. (5.3)

Proof. Apply the generating function (5.1) to see that the left-hand side of (5.3) equals

N∏
j=1

(1 + uj)α
∞∫
0

exp
(
−λx + x

N∑
j=1

uj

)
dx =

N∏
j=1

(1 + uj)α
[
λ−

N∑
j=1

uj

]−1

. �

The simplest case is α = −1. Experiments with a symbolic algebra package convinced us that when 
0 < λ < 1 some of the coefficients in the expansion of the right-hand side of (5.3) are negative when 
α = −1. If λ > 1, then

1
1 − (u1 + · · · + uN ) = 1

1 − (u1 + · · · + uN )/λ

[
1 + (1 − 1/λ)(u1 + · · · + uN )

1 − (u1 + · · · + uN )

]
,

and we see that a positivity result for λ = 1 implies the corresponding positivity result for λ > 1. In the 
rest of this section we assume λ = 1.

Lemma 5.2. Let n = n1 + · · · + nN . Then, for 0 ≤ r ≤ N ,

(1 − u1) . . . (1 − ur)
1 − (u1 + · · · + uN ) =

∑
n1,...,nN≥0

1
n!

(
n

n1, . . . , nN

)( r∑
k=0

(−1)k(n− k)!ek(n1, . . . , nN )
)
un1

1 . . . unN

N ,

(5.4)

where ek denotes the k-th elementary symmetric function.

Proof. Note that for 1 ≤ r ≤ N we have

ur

1 − (u1 + · · · + uN ) =
∑ nr

n

(
n

n1, . . . , nN

)
un1

1 . . . unN

N ,

n1,...,nN≥0



300 M.E.H. Ismail, J. Zeng / J. Math. Anal. Appl. 424 (2015) 289–303
and more generally, for k distinct integers i1, . . . , ik in {1, . . . , N},

ui1ui2 . . . uik

1 − (u1 + · · · + uN ) =
∑

n1,...,nN≥0

ni1ni2 . . . nik

(n− k + 1)k

(
n

n1, . . . , nN

)
un1

1 . . . unN

N .

This yields immediately (5.4). �
Lemma 5.3. Let X = (x1, . . . , xN ) be a sequence of N real numbers such that xi ≥ 1 for i = 1, . . . , N . Then, 
for k = 0, 1, . . .,

(x1 + · · · + xN − 2k)e2k(X) − (2k + 1)e2k+1(X) ≥ 0. (5.5)

Moreover, the equality holds if and only if xi = 1 for i = 1, . . . , N .

Proof. Let ej(X−
j ) denote the elementary symmetric function of X \ {xj}. Then it is not hard to see that

(2k + 1)e2k+1(X) =
N∑
j=1

xj

∑
i1<···<i2k
j �=i1,...,i2k

xi1 · · ·xi2k

=
N∑
j=1

xj

(
e2k(X) − xje2k−1

(
X−

j

))

= (x1 + · · · + xN )e2k(X) −
N∑
j=1

x2
je2k−1

(
X−

j

)
.

Therefore,

(x1 + · · · + xN − 2k)e2k(X) − (2k + 1)e2k+1(X) =
N∑
j=1

x2
je2k−1

(
X−

j

)
− 2ke2k(X)

=
∑

i1<···<i2k

xi1 · · ·xi2k(xi1 + · · · + xi2k − 2k),

which is clearly a sum of nonnegative numbers and equal to zero if and only if xi = 1 for i = 1, . . . , N . �
Lemma 5.4. Let n := (n1, . . . , nN ) be a sequence of nonnegative integers and n = n1 + · · · + nN . Let 
ϕ : R[t] → R be the Laguerre linear functional such that ϕ(tk) = k! for k ≥ 0. Then

ϕ
(
tn−N (t− n1) . . . (t− nN )

)
=

N∑
k=0

(−1)k(n− k)!ek(n) ≥ 0. (5.6)

Proof. Let ak = (n − k)!ek(n) for k = 0, . . . , N and ak = 0 if k > N . Then

N∑
k=0

(−1)k(n− k)!ek(n) =
∑

0≤2k≤N

(a2k − a2k+1).

Now, by Theorem 5.3 each term

a2k − a2k+1 = (n− 2k − 1)!
(
(n− 2k)e2k(n) − e2k+1(n)

)
is positive. �
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Remark 5.5. When all ni are equal to 1, Eq. (5.6) reduces to

ϕ
(
(t− 1)n

)
=

n∑
k=0

(−1)k(n− k)!
(
n

k

)
,

which is the number of derangements of {1, . . . , n}. It would be interesting to give a combinatorial inter-
pretation of (5.6).

Theorem 5.6. For r = 1, . . . , N we have

(1 − u1) . . . (1 − ur)
1 − (u1 + · · · + uN ) ∈ N[u1, . . . , uN ]. (5.7)

Proof. This follows from Lemma 5.2, Lemma 5.3 and Lemma 5.4. �
Corollary 5.7. For any sequence of N nonnegative integers n1, . . . , nN , the integral

0∫
−∞

N∏
j=1

L(−1−nj)
nj

(y)eydy

is nonnegative.

Proof. This integral is the special α = −1 and λ = 1 case of (5.2). Applying (5.3) we obtain the following 
generating function

1∏N
j=1(1 − u2

j )

∏N
j=1(1 − uj)

1 − (u1 + · · · + un) .

The positivity follows then from Theorem 5.6. �
The polynomials {L(α−n)

n (−x)} have interesting properties. For α < 0 they seem to have only one 
real zero if n is odd and no real zeros if n is even. This property is shared with the Bessel polynomials 
[10, Section 4.10]. We also observed that the real zero increases with the degree.

The polynomials {L(α−n)
n (−x)} do not seem to satisfy a three term recurrence relation of polynomials 

orthogonal with respect to a positive or signed measure. Instead we found the recurrence relation for the 
monic polynomials p(α)

n (x) = n!L(−α−n)
n (−x)

xp(α)
n (x) = p

(α)
n+1(x) + αp(α)

n (x) − nαp
(α+1)
n−1 (x). (5.8)

Indeed, this is equivalent to the recurrence relation for Laguerre polynomials

(n + 1)L(α)
n+1(x) = (−x + α + n + 1)L(α+1)

n (x) − (α + n + 1)L(α+1)
n−1 (x), (5.9)

which follows then from two known recurrence relations for Laguerre polynomials [21, p. 203, (8), (10)].

Lemma 5.8. For nonnegative integer j ≤ n we have

L(−j)
n (x) = (−1)j (n− j)!

n! xjL
(j)
n−j(x).
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Proof. By definition (3.3)

L(−j)
n (x) = 1

n! lim
α→−j

n∑
k=0

(−n)k
k!

(α + 1)n
(α + 1)k

xk = 1
n! lim

α→−j

n−j∑
k=0

(−n)k+j

(k + j)!
(α + 1)n

(α + 1)k+j
xk+j

= 1
n! lim

α→−j

n−j∑
k=0

(−n)k+j

(k + j)!
(α + j + 1)n−j

(α + j + 1)k
xk+j

= (−1)j

j! xj
1F1(−n + j; j + 1;x) = (−1)j (n− j)!

n! xjL
(j)
n−j(x). �

Let n = (n1, . . . , nN ). It follows from Lemma 5.8 that

I(n, λ, j) :=
N∏

k=1

nk!
∞∫
0

xλe−x
N∏

k=1

(−1)nkL(−j)
nk

(x)dx

=
∞∫
0

xλ+(N−1)jxje−x
N∏

k=1

(−1)nk−j(nk − j)!L(j)
nk−j(x)dx.

Now, comparing with the following integral, see [12, Eq. (9.3)],

A(α)(n0,n) = (−1)
∑m

j=1 nj

∞∫
0

xn0
xαe−x

Γ (α + 1)

m∏
j=1

nj !L(α)
nj

(x)dx, (5.10)

we derive that

I(n, λ, j) = A(j)(λ + (N − 1)j, (n1 − j, . . . , nN − j)
)
. (5.11)

We can give a combinatorial interpretation of I(n, λ, j) when λ is a nonnegative integer. Let S0, . . . , SN

be N + 1 disjoint sets (boxes) such that the cardinality of S0 is λ + (N − 1)j and the cardinality of Sk is 
nk − j for k = 1, . . . , N . Let S∗(n, λ, j) denote the set of permutations of S0 ∪ · · · ∪ SN such that all the 
elements in box Sk should not stay in the original box after permutation for 1 ≤ k ≤ N and the objects in 
box S0 are not restricted.

Therefore, by [12, Theorem 9.3], we have the following combinatorial interpretation.

Theorem 5.9. Let λ and j be nonnegative integers. We have

I(n, λ, j) =
∑

π∈S∗(n,λ,j)

(j + 1)cyc(π), (5.12)

where cyc(π) is the number of cycles of the permutation π.

Note that there are different interpretations for I(n, λ, j) when λ = 0 and j = 1, see Gessel [6] and 
Taylor [24].
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