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1. Introduction

The 2D-Hermite polynomials

Honon (21, 22) = mf (7]’;) <Z> (—1)Fklm—h ek (1.1)

k=0

were introduced by Ito in [16] and have many applications to physical problems, see [2,4,22,25-27]. Math-
ematical properties of these polynomials have been developed in [7-9]. A multilinear generating function,
of Kibble-Slepian type [17], is proved in [11]. The combinatorics of integrals of products of 2D-Hermite
polynomials has been explored in [13] while the combinatorics of the 2D-Hermite polynomials, of their
generating functions including the Kibble—Slepian type formula is in our forthcoming paper, [14], Ismail
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and Zhang [15] gave two g-analogues of the 2D-Hermite polynomials. They studied these g-polynomials in
great detail.

Ismail and Zhang [15] identified a general class of two variable polynomials whose measure is the product
of the uniform measure on the circle times a radial measure. This class not only contains the 2D-Hermite
polynomials and their g-analogues but it also contains the generalized Zernike (or disc) polynomials and
their g-analogues. This will be formulated in Section 2. The generalized disc polynomials have been known
for a long time, see [20,19,18]. More recent papers are [28] and [1]. They form a one parameter generalization
of the original Zernike polynomials.

In Section 3 we study a one parameter extension of the 2D-Hermite polynomials. These polynomials
appeared in [15] and are denoted by Zﬁnﬂ, )n(zl7 z9). We record the definition, orthogonality relation, and the
three term recurrence relations in Section 3. In Section 3 we also derive several differential properties of our
polynomials. Section 4 contains a two parameter generalization of Zernike polynomials, so they contain one
additional parameter. Several authors considered the sign regularity of integrals of products of orthogonal
polynomials times certain functions. Some of the literature on this problem is in Askey’s classic [3], see also
Chapter 9 of [10]. In Section 5 we analyze the positivity of the integrals

N
/H L,(gf_”j)(—x)e_)‘mdx.
o i=1

Jj=

Our analysis leads to a curious rationale symmetric functions with nonnegative integral coefficients. This
will be stated as Theorem 5.6.

2. General construction

The general construction given here for 2D-systems is due to Ismail and Zhang [15]. One starts with a
system of orthogonal polynomials {¢, (r;«)} satisfying the orthogonality relation

/fbm(r; @) (r; )r®dp(r) = Co(a)dmm, a=0. (2.1)
0

It is assumed the p does not depend on a. Let

n
On(r;a) = ch (n,a)r"™ 7, c¢;(n,a) € R, (2.2)
j=0
and define polynomials
frtan(z1,22) = ch (n,0) 2] T 72070 = 20, (21205 Q). (2.3)
j=0

Also define fy, m(21,22) = fmn(22,21). Thus finn(2,2) = fom(z, 2).
Theorem 2.1. For m > n the polynomials { fm.n(2,2)} satisfy the orthogonality relation

/7
/fmﬁn(zv Z)fs,t(zv 5)3_71_6111'(712) = Cn(m - n)ém,sén,b (24)
R2

We now come to the three term recurrence relations.
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Theorem 2.2. The polynomials { fm n(z,2)} satisfy the three term recurrence relations

co(n,m—n+1)

Zfmn(z,2) = Jfmiint1(z, 2)

co(n+1,m—n)
con,m—n+ Depr1(n+1,m—n)
co(n+1,m —n)e,(n,m —n)

fm,n(zag)a m>n. (2.5)

It is clear that (2.5) remains valid if Z is replaced by another complex variable.

Examples. Consider the case of the 2D-Hermite polynomials when

nl(n + a)l(—1)7
31— n+a =5

cj(n,a) =
The recursion (2.5) leads to the three term recurrence relations

Zle,n(zlv 22) - nHm,n—l(Zh ZZ) + Hm+l,n(zlv 22),

2oHpm n(21,22) = MHpm—1n(21, 22) + Himon1 (21, 22). (2.6)
Similarly the case

(@ Dn (@ Dnral (=17 )

G (n,a) = (¢ 0);NG Dn—i (G Dnta—j

leads to the recurrence relations for a g-analogues of 2D-Hermite polynomials, see [15].

While writing this paper we realized that there is a second recurrence relation satisfied by general
2D-systems, that was missed in [15].

Theorem 2.3. The polynomials {fmn(z,2)} satisfy the three term recurrence relations

me,n(za 2) - %fmﬂ—lm(z'az) = ummfm,n—l(za 2)7 (27)

where

" _co(n,m+1—n)ci(n,m—n) —co(n,m —n)ci(n,m+1—n) (2.8)
e co(n—1,m+1—n)co(n,m+1—n) ’ ’

Proof. Consider the vector space of all polynomials of the form 7" a(m, n, )27 7 257 with m > n >0,
and a(m,n,j) € R. It is clear that {f, (21, 22) : m > n} is a basis for such space. For m > n write

Fon(25) co(n,m —n)

j Fran(2,2) = > bR (2 2)-

coln,m+1—n
o(n,m + m>k>j>0

The left-hand side of (2.7) contains only terms of the form z™+17%(z)"~%. Hence m+1—n = k—j. Therefore
k > j and b(j, k) is a nonzero multiple of

[ 22T G g dis(r?) = [ e, DZFis 2 r?)
Rz

R2
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The above integral vanishes if k& < m. Therefore the left-hand side of (2.7) is a constant multiple of
fm.n-1(2,%). The constant is then evaluated by equating coefficients of the term 2™ (z)"~!. O

Let

T(lﬁn(r; Oz) = a7L¢n+1(T§ a) + CnOn (7“; 04) + bn(z’n—l(“ O‘) (2~9)

be the three term recurrence relation satisfied by the polynomials {¢, (r; «)}. Making use of (2.2) and (2.3)
we conclude that the above recursion becomes

[Zi - Cn]fm,n(za 2) = anfm+1,n+1(27 2) + bnfmfl,nfl(zy 2)~ (210)

If we normalize the polynomials {¢,(r; &)} by ¢,(0; ) =1 then —c¢,, = a,, + b,,. This normalization makes

CO(n7a)
n\Tl = 17 n — ’ n bn n — 07
cn(n, @) a co(n + 1.0) an + b, +c
Co(n,Oé)
bn = _Cl(n,a) —|— m [cl(n + 1706) — CO(’I’L,O&)]. (211)

Remark 2.4. In view of the defining equation (2.3) the question of finding the large m, n asymptotics of
the bivariate polynomials f,, is equivalent to finding the large m, n behavior of ¢, (r,m — n). It will
be of interest to carry out this investigation at least for some special systems, including the Freud type
polynomials orthogonal with respect to z® exp(—p(z)), where p is a polynomial with positive leading term.

In general

[ 0 0

,2’18—21 — 228—2'2] fmn(21,22) = (M —n) frn(21,22), m > n, (2.12)

holds because the operator on the left-hand side of (2.12) is fi% when z; = z = re’? and 2z, = Z.
We now discuss generating functions. Assume we know a generating function for the ¢,,’s,

Z¢n r;a)t" = F(rt,a). (2.13)

‘We have

> funlerzatet = 34 Y - P

m,n=0 m>n  m<n

= S1(21,22,u,v) + Sa(21, 22,u,v) — S3(21, 22, u, v)

= Z((zlu)a + (22u)®) F (2122, w0, ) — F (2122, uv, 0),

because, see (2.3),

o0 o0
Sy = Z 22 (21205 @)u" T " Z 21u)*F (2122, w0, @), (2.14)
a,n=0 a=0

Sa (21, 22, u,v) = S1(22,21,v,u) and
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o0

S3(z1, 22, u,v) = Z(uv)”qbn(zlzg; 0) = F(z122,uv,0). (2.15)
n=0

Similarly one can establish the exponential generating function

uz1)®

M8

2 (muin)! Jmn(z1,22) = F(z122,u0, ). (2.16)

a!
m>n>0 «

0

Note that Malodano [19] considered polynomials orthogonal with respect to spherically symmetric
weights. This is essentially the class of polynomials in this section. He only considered the radial part,
and did not record the orthogonality relation, nor did he study the recurrence relations or the structure
relation.

3. The polynomials {fo,)n (z1,22)}

Motivated by the class of general 2D-systems in Section 2 we define polynomials {Zr(,f )n} by

Z(ﬂ) 21,22 'Z< >ﬁT)k( 1)]621” kzg k, (3.1)

for m > n, where 8 > 0. When m < n the polynomials are defined by
fo’%l(zhzz) = Z,(fgl(zg, 21). (3.2)

These polynomials arise through the choice ¢, (r;a) = (—1)”L£La+ﬁ)(r), where Lgf)(x) is a Laguerre
polynomial, [5,10,21,23], defined by

1) () = &t U 3 (n)((_ix)k (3.3)

n! P k a+1)k

When 8 =0, from (1.1) and (3.1) it follows that

Hpn(21,22) = (m An)1Z), (21, 22). (3.4)
By (2.3) we have
Z(B) ) (21,22) = (— 1)",2;”7"L£f+m_")(z122) (m > n). (3.5)

Therefore in the notation of Section 2, we have

I'a+B8+n+1) (=) (a+ B+ 1),

_ . = ) 3.6
nle) n! ) = T A Des (36)
Theorem 3.1. We have the orthogonality relation
— B, = r 1
/ (B) ) (2, z)Zgﬁ) (z,é)r2'8+le_r2drd9 = ﬂ%ém,sémt, (3.7)

R2

form >n.
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This result follows from Theorem 2.1 and (3.6).
In view of (3.6) the recurrence relations (2.5) become

le(ﬂ) (21,22) = foh n(21,22) + Zr(nﬁ)n 1(21,22), m=>n

220 (1, 2) = (n+ 1)ZE) (21, 2) + (B m+ )20 (21, 20), m > (3.8)
+ +1,n+

Theorem 3.2. The polynomials {Zy(f)n (21,22)} have the generating functions

1
Z umv"Z(B) (z1,22) = (1 +uv) P exp UvE1E2 +uy ) (3.9)
1+wuv /14 uv—uz;
m>n>0
UVZ1 29 1+ uv 1+ uv
m nz(ﬁ 1 -1 3.10
an;OU Y (21, 22) = (14 u0) ™ eXp(l—i—uv){l—&—uv—uzl+1+uv—v22 ]’ (310)
umo" UVZ122 + 21U
=7 7B — -B-1 Dele2 T A1t
S o) = (1 ) e (M), (3.11)
m>n>0
and
> umy™ UVZ1Z 21U 29U
7P 1 -1 1= ! —1].
m;:() (lm—=mn|)!™™ n(z1,72) = (L uw) " exp 1rw ) |“P\ 11w +exp 1+ wv
(3.12)
Proof. We write the sum at the left-hand side of (3.10) as S1 + S — S3, where
Si= D . S= ) S= )
m>n>0 0<m<n m=n>0
First of all, we note that S3 is essentially the generating functions of Laguerre polynomials:
_AR_ Z122Uv
S = (1 A-1 : 3.13
= () exp 22220 (313)

Writing m = n + k with k£ > 0, by (3.8) we have

S = Z (—1)"2{”7”Lgﬁ+m_")(zlzg)umz)"

m>n>0

= 3 () )" L (z2) (1)

k,n>0
= Z(z1u)k(1 + uv)—ﬂ—k—1 exp(@)
k20 14 uvw

1
=(1+ uv)_ﬁ_l exp<2122uv)

1+uwv )1 —2z1u/(1+uv)

This proves (3.9). By symmetry we have

1
So = (1+uv)~ P71 exp(zlzﬂw)

T+uv ) 1— 290/(1 +uv)’
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Combining the above three summations yields the first generating function (3.10). The derivation of (3.11)
is almost the same as (3.9). Formula (3.12) follows similarly from (3.13) and (3.11). O

Corollary 3.3. We have the connection relation

(21, 22 :Z 6 ry JZ() (21,22) (m>n). (3.14)

m—j,n—j
Jj=

This follows from (3.9) by writing (1 + uv) T = (1 + uv)™#~7(1 4+ uv)?~! and applying the binomial
theorem to (1 + uv)?~7. Two special cases vy = 0 and 3 = 0 of Corollary 3.3 are worth noting. For m > n,

they are
n'Z('B (z1,22) = (n) JHm Jin—j(21, 22), (3.15)
—o \J
7=0
Hpon(21,22) = ! (_7)( 1725 (21, 2). (3.16)

Lemma 3.4 (Hille-Hardy). (See [21].) The Poisson kernel for Laguerre polynomials is essentially

oo

nlr™ o
Z mL;a)(x)Lgla) (y) =1 —r)y"@! exp(—r(z+y)/(1—=7))oFi(—;a+ Lazyr/(1 - r)z).
n=0 n
(3.17)
Theorem 3.5. The polynomials {Z,(y’?)n (21,21)} have the bilinear generating function
Z (m A njluv" Z8) (21,21)2D) (29, %)
)
1—wv
(uzlzl)k + ('UZQEQ)k - 21212222U0 — 2121 2222U0
<> ol T~ | —ofh 5 )|
= (1 —wv) B+k+1| (1—uw) B+1| (1—uv)
(3.18)

Proof. We write the sum on the left-hand side as S7 + So — S3 where

Si= Y. Sa= > . S= >

m>n>0 0<m<n m=n>0

First by (3.5) and (3.17), we note that Sz is the Hille-Hardy formula of Laguerre polynomials:

_B_ Z1 + 2222)
Sz = (1 —uw) P! _wian t2%)) o
3= ( uv) eXP( 1 —wo (a1 ﬂJrl

2121222211/[)
(1 —uw)?

Writing m = n + k with £ > 0 we have
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nlu™v
1= ZB) (21525 (29,
1 mzn;o (5 +m—-—n-+ 1)n m,n(zh 21) m,n(z27 22)

n!(uv)™ (uzq29)* _ =
=Y WLglmk)(zlzl)w%)(@@)
k,n>0 "

=(1- uv)_ﬂ_l exp _—uv(2121 + 22%)
1—uv

(uz129)" —
XZ (1—w )koFl(ﬂ+k+1

k>0

2151222211,1)
(1 —uv)?

By (3.2) and symmetry we have

5= 1yt a2 230

1—uv

(’122122)]6 —
> (1—uv)k0F1<ﬂ+k+1

k>0

2’1212’252’[1,1}
(1 —uv)?

Combining the above three summations yields the desired formula. O

Note that the generating function (3.18) remains valid if we replace z; and Zzs by two general complex
variables z3 and z4.

It must be noted that the bilinear generating function (3.18) is not the Poisson kernel of the polynomials
I, (5) n(z, Z) in view of the orthogonality relation (3.7). The Poisson kernel would be a constant multiple of

o0

m A n)lumo™ =
> W%mzmgzﬁﬁ;(@,@),
mvn

m,n=0

It follows from (3.1) that the polynomials ZT(,?, )n(zl, z9) satisfy the differential recurrence relations

7]
2167Z1(f,)n(z1, 29) = (m — n)Z,(f,)n(zl7 z9) + ZQZﬁ,ﬁ)n_l(zl, 29), (3.19)

1

7]
G 2z ) = 2,0, (a1, 22), (3.20)

22

for m > n. If we eliminate ZQZ(’B) (21, 22) we recover (2.12) for these polynomials.
Consider the integrals

N

2
s re” " drdf
I(m,n,s, t) H it 7/HZmJ,n, 227 (=, z)T. (3.21)

= szl

We shall assume that m; > n;,t; > s; for 1 < j < N. Our derivation of the generating function for
I(m,n,s,t) uses the elementary integral evaluation for complex a, b with Re(a) > 0

/eﬂmabzdm = \/gebz/M. (3.22)
a

R
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Theorem 3.6. We have the exponential generating function

m] ”J 5‘31

N t
Z mnstj_lill (t—JsJ)'

m;2n;>0,t;2s;20,1<j<N

N N
=\%H(l—Ujvj)_ﬂ_l(l—Sjﬁj)_ﬁ_lexp<—% > . v >, (3.23)
j=1

jk=1 u;v; 1 — Epm
i#k

where

—1 Y5Y% il } 3.94
+Z{1_“J”ﬁ 1—=¢;m; ( )

Proof. Using the generating function (3.11) and (3.2) we find that
N

Y sy J[ue

m;>n;>0,t;>5;2>0,1<j<N j=1

N
= [0 = wjo) P71 (1 = &my) 7
j=1

N N 2 2 ) '
. o +zy)”w (33 — @y)n' rdrdf
y o rEU V4 €N, (z J 2 .
/Ilexpl > 1 —ujv; - 1—¢;n; " L —ujv; i 1 =&m v

R J=1 j=1

We now change variables from polar to Cartesian coordinates and use the integral evaluation (3.22) to
obtain (3.23). O

4. The polynomials {MT(fZ’T'Z) (z1,22)}
In this section we consider the 2D version of Jacobi polynomials, see [21,10]. Let
Gn(r,a) = PP (1 —2r), (4.1)
which satisfy the orthogonality relation (2.1) with du(r) = —(1 — r)?dr,

'a+~y+n+1)I'(B+n+1)

= . 4.2
) = et Bty tnt DatBrqytont ) (42)
Equivalently, we define the two variable polynomials
m—n p(ytm-n,B) > >
M(ﬂ/)’) 2,z) = {Z Py (1 - 222)7 m=zn, 4.3
mi (22) 2"_WP7(,7+"7m’ﬁ)(1 —22Z), n>m. (43)

Therefore by (2.4) for m > n we have

B do I'+n+1)I'(B+n+1)
M(B ) M(ﬁ ) 27+1 “
(2,2) (2 2)r (1- ) d27r nC(B+y+n+1)(B+y+2n+1) ™

On.q-

|z|<1
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Theorem 4.1. The polynomials {My(fﬁ)(z, z)} have the generating functions

) 2B+
> MU A = (L uv+ ) (vt )
m,n=0
1 1
X -1 4.5
1—22u/(1—|—p—uv)+1—2v2/(1+p—uv) }’ (45)
and
o umyn 25+’Y B - 2zu
MP (2, z) (i~ (1+uww+p)~ (1 —ww +p) 7exp(m)- (4.6)
m>n>0
Proof. We shall use the generating function
Z PT(La,ﬁ)(x)tn — 2a+ﬁp71(1 Tt p)iﬁ(l —t4+ p)*o" (47)
n=0

where p = (1 — 2t + t2)1/2, [10, (4.3.11)]. In this case p = (1 — 2uv(1 — 2r?) 4+ w?v?)'/2 and by (2.13)
and (4.1)

F(r?uw,a) = 22T p 1 (1 + wv + p) P (1 —wv + p) 7. (4.8)

This yields

28+

1
S1 = P (1+uw+p)PA—uv+p) ™

1—2zu/(1+p—uv)’

Using (2.16)—(2.13) we are led to the generating functions (4.5) and (4.6). O
We next verify that (3.10) is a limiting case of (4.5). It is clear that when m > n then

lim MP(2,2/8) = 2™ "L+ (22) = (=1)" 2, (2, 2).

B—ro0

If m < n a similar analysis works with z replaced by z/5. In either case, as  — oo, we have

p:(l—uv)|:1+m+o(ﬁ_ )]7
[1+p+uv]/2:1+m+0(ﬂ‘2),
[1+p—u’l)]/2=(1—uv)|:1+m+0(ﬂ_ ):|

Therefore [(1+ p+uv)/2]® — exp(zzuv/(1 — uv)) and after v — —v we see that > o~ in (4.5) tends to
the corresponding sum in (3.10). The other two sums are similar. One can similarly prove that (4.6) tends
to (3.11) if Z is replaced by z/8 then let 8 — oco. The proof uses the above large § expansions and will be
omitted.

It must be noted that Myrick [20] considered the radial part of the polynomials {M,, »(z,z)}. However,
he did not record the orthogonality relation, nor did he investigate recursions, or generating functions.
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5. Integrals of products of {L{*~™)(z)}

The generating function

oo
S LTI (@)t = (1+ )%™, (5.1)
n=0

is well known [10, Theorem 4.3.2] and follows easily from the explicit formula (3.3). We take a < 0. It is
known that the polynomials {Lﬁ{*‘”) (z)} are not orthogonal with respect to a positive measure. This section
is devoted to the sign behavior of the integrals

0N
:/H L) (—a)e ™ da, (5.2)
0 J=1

where n = (nq1,...,ny) and A > 0.
Theorem 5.1. The integrals defined by (5.2) have the generating function
oo N N N -1
S Im) [Juy =]+ ) [A—Zuj] : (5.3)
n;=0,1<j<N j=1 j=1
Proof. Apply the generating function (5.1) to see that the left-hand side of (5.3) equals
N o0 N N -1
H(l+uj)o‘/exp<)\x+x2uj>dx—]:[(l+uj [ ZUJ] . |
Jj=1 0 J=1 J=1

The simplest case is a = —1. Experiments with a symbolic algebra package convinced us that when
0 < A < 1 some of the coefficients in the expansion of the right-hand side of (5.3) are negative when
a=—1.If A\ > 1, then

1 1

(I=1/N(ur+---+un)
1—(ui 4 +uy) 1—(u1+---+uz\r)/>\[1Jr 1—(ui+---+un) }’

and we see that a positivity result for A = 1 implies the corresponding positivity result for A > 1. In the
rest of this section we assume A = 1.

Lemma 5.2. Let n =n1 +---+ny. Then, for 0 <r < N,

(1—U1)(1—UT)_ 1 n - ni ny
T Tan) Z E(nl,...,m\)(k (—1)k(n—k)!ek(nh...,n]\/))ul Couny,

ni,...,nN >0 =0

(5.4)
where ey, denotes the k-th elementary symmetric function.

Proof. Note that for 1 <r < N we have

Uy Ty n n n
= E — uptouy,
1—(up+--+un) n \ni,...,nN

ni,...,nn>0
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and more generally, for k distinct integers iy,...,4 in {1,..., N},
Uiy Ugy + - - Uy, N My -+« - Ny, n n1 nn
= E 42k ult . uy .
—(U1+"'+UN) (n_k+1)k<n15"'7nN> ! N

ni,...,nN>0

This yields immediately (5.4). O

Lemma 5.3. Let X = (z1,...,2n) be a sequence of N real numbers such that x; > 1 fori=1,...,N. Then,
fork=0,1,...,

(@14 +an — 2k)ea(X) — (2k + 1)ezp41(X) = 0. (5.5)
Moreover, the equality holds if and only if x; =1 fori=1,...,N.

Proof. Let e;(X;) denote the elementary symmetric function of X \ {z;}. Then it is not hard to see that

(2](1 + 1 62k+1 Z Zj Z Tiy " Ty

21<"'<’izk
JF41, 02k
N
Z j(ear(X) — zje-1(X5))
j=1
= (214 +an)ew(X Zax fear—1 (
Therefore,
(1‘1 + - +xN— Qk‘)egk( ) (Qk + 1 62k+1 Zx ok 1 o) = legk(X)
= Z Ty "'xizk(‘ril ++x12k 72]{)’
1< <oy,
which is clearly a sum of nonnegative numbers and equal to zero if and only if x; =1fori=1,...,N. O
Lemma 5.4. Let n := (ny,...,ny) be a sequence of nonnegative integers and n = ny + - - + ny. Let

¢ : R[t] = R be the Laguerre linear functional such that p(t*) = k! for k > 0. Then

N

@(t”fN(t —ny)...(t—ny)) = Z(—l)k(n —k)lex(n) > 0. (5.6)
k=0
Proof. Let ar = (n — k)lex(n) for k=0,...,N and a, =0 if £ > N. Then
N
D (-1 Klex(n) = > (agk — agki1).
k=0 0<2k<N

Now, by Theorem 5.3 each term

a2k — A2k4+1 = (TL — 2k — 1)'((’11 — Qk)egk(n) — €2k+1 (n))

is positive. O
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Remark 5.5. When all n; are equal to 1, Eq. (5.6) reduces to

which is the number of derangements of {1,...,n}. It would be interesting to give a combinatorial inter-
pretation of (5.6).

Theorem 5.6. For r =1,..., N we have

1=-up)...(1—u.)

1_(U1+"'+UN) GN[ul,...,uN]. (57)

Proof. This follows from Lemma 5.2, Lemma 5.3 and Lemma 5.4. 0O

Corollary 5.7. For any sequence of N monnegative integers ny,...,ny, the integral

0 N
/HL( 1=ny) y)eddy
oo J=1

s nonnegative.

Proof. This integral is the special @ = —1 and A = 1 case of (5.2). Applying (5.3) we obtain the following
generating function

1 H;V—1(1 — uy)

[ (1 —u2) 1= (o)

The positivity follows then from Theorem 5.6. O

The polynomials {LS{*‘”)(—x)} have interesting properties. For a« < 0 they seem to have only one
real zero if n is odd and no real zeros if n is even. This property is shared with the Bessel polynomials
[10, Section 4.10]. We also observed that the real zero increases with the degree.

The polynomials {L;O“")(fz)} do not seem to satisfy a three term recurrence relation of polynomials

orthogonal with respect to a positive or signed measure. Instead we found the recurrence relation for the

monic polynomials i (x) = n!ng_a_n)(—ﬂf)

(@) = P () + ap( (@) —napl T (). (5.8)
Indeed, this is equivalent to the recurrence relation for Laguerre polynomials
(n+ 1LY (2) = (2 +a+n+)LE (@) — (@ +n+ LT (@), (5.9)
which follows then from two known recurrence relations for Laguerre polynomials [21, p. 203, (8), (10)].
Lemma 5.8. For nonnegative integer 3 < n we have

2@ = (p ) )
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Proof. By definition (3.3)

. 1 " (= 1, 1 "‘j , 1), .
Lgl_])(ac) =— lim Z (=) LH_ ) zF = = lim Z (ks (a+1) okt
nta——j— El (o + 1) n! a——j = (k4 j)! (a—|—1)k+j
— — lim = (7 )k+j (Oz +.7 + 1)n—j karj
nlas=jl= (k+j)! (a+j+ 1k
—1)7 .
- jl) o1 Fi(=n+j;j + Liz) = (-1)! (nn L L) @), o
Let n = (ng,...,ny). It follows from Lemma 5.8 that
N o0 N
I(n,\,7) H / H 1) L J) (z)dz
k=1 k=1
= /:z:)‘Jr(N*l)J:cJe*I H(fl)”’“ﬂ (ng — j)'Lfle) j(@)dz.
F k=1
Now, comparing with the following integral, see [12, Eq. (9.3)],
(a) [ o " (@) (5
a n; @
A (ng,n) = =1 /:E T+l Hn]'L x, (5.10)
0
we derive that
I(n, A, §) = AV (A+ (N = 1), (m = ...,y — ). (5.11)
We can give a combinatorial interpretation of I(n, A, j) when X is a nonnegative integer. Let Sy, ..., Sn

be N + 1 disjoint sets (boxes) such that the cardinality of Sy is A + (N — 1);j and the cardinality of Sy is
ng —j for k=1,...,N. Let &*(n, )\, j) denote the set of permutations of Sy U ---U Sy such that all the
elements in box S should not stay in the original box after permutation for 1 < k < N and the objects in
box Sy are not restricted.

Therefore, by [12, Theorem 9.3], we have the following combinatorial interpretation.

Theorem 5.9. Let \ and j be nonnegative integers. We have

I\ j)= > (G+1¥, (5.12)

T€S*(n,\,j)

where cyc(m) is the number of cycles of the permutation 7.

Note that there are different interpretations for I(n, A,j) when A = 0 and j = 1, see Gessel [6] and
Taylor [24].
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