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1. Introduction

Recently, Banerjee & Lewis [1] proved that
|VulP (y) < Cr™ / |[Vul? dx  for any y € QN B,.(x), (1.1)
QﬂBm«(I)

where x € 9 and € is a convex domain, for the weak solution of

div (|[Vu[P">Vu) =0 in QN By (z)
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with u = 0 on 02 N By, (z). In the subsection “Remark (A Few Open Problems)” of [1] they conjectured
that “It also would be interesting to look at the problem of obtaining higher integrability or BMO estimates
up to the boundary for equations/systems with non-homogeneous term in convex domains along the lines
of [10]”. Actually, Kinnunen and Zhou [9,10] obtained W14 (q > p) estimates for the weak solution of

div ((AVU Vu) 'z AVU) = div (|f["~2f) in Q (1.2)
with Ct“-boundary 9Q and VMO coefficients. Moreover, Colombo and Mingione [6] proved that

7 + a(2)[f|* € Ly,

loc

(@) = [Vul? + a(a) [Valt € LL,(%) for any 7> 1,
for
div (|Vu|”_2Vu + a(ac)|Vu|q_2Vu) = div (|f|”_2f + a(x)|f|q_2f)

and the general case. In this work we consider the following nonlinear elliptic boundary value problem of

Pim2f) i Q (1.3)

2
Zdw( (A;Vu - Vu) "z A, Vu) =Y div(f
=1

1=1

with the vanishing Dirichlet data
u=0 on 012, (1.4)

where 1 < p; < pa < oo,  is a bounded convex domain in R", f = (f!,---, f") € LP2(Q2), and A4; =
{a} () }rxn 18 @ symmetric matrix with discontinuous coefficients satisfying the uniform ellipticity condition;
namely,

ATUER < Ai()e-€ < Ale)? i=1,2 (1.5)

for all £ € R™, for almost every x € R™ and for some positive constant A; for i = 1, 2.
As usual, the solutions of (1.3)—(1.4) are taken in a weak sense. We now state the definition of weak
solutions.

Definition 1.1. A function u € V[/'Ol’p2 (Q) is a weak solution of (1.3) (1.4) if for any ¢ € Wy ?*(Q), we have

2
Z/ (A;Vu - Vu A Vu - V@dm—2/|f\pl_2f Vdz.
i=1

119

There have been a wide research activities [2-5,7-12] on the study on the local/global L? estimates of
the gradient for the Weak solution of (1.3) and the general case. Our approach is very much influenced by

H(z) =: |z|P* + |2|P2. (1.6)

The purpose of this paper is to obtain the global a priori Calderén—Zygmund estimates in a convex domain €2
for the weak solutions of (1.3)—(1.4). In particular, we shall prove that

H(f) e L"(Q) = H(Vu) € L"(Q) for any v>1
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for the weak solution of (1.3)(1.4) with the estimate

/ (H(Vu)] dz < C / (H(£])" da, (1.7)

Q

where C' is a constant independent from u and f.

Definition 1.2 (Small BMO condition). We say that the matrix A; with coefficients is (4, R;)-vanishing for
i=1,2if

sup sup ][ |Al(y) — EBT(I)My <9,
0<r<R; x€R™ Bo(z)

where

Now we are set to state the main result.

Theorem 1.3. Assume that 2 is a bounded convex domain in R™, A; is uniformly elliptic and (8, R;)-vanishing
fori=1,2, H(f) € LV(Q) for any v > 1 and u is the weak solution of (1.3)-(1.4). Then there exists a
small 6 = §(n, p1,pa, 7y, Ri, Re, A1, As) such that

H (Vu) € L"(Q)

with the estimate

/ [H (Va)]" da < C / (H (£)]” da,
Q

Q

where the constant C is independent of u and f.
2. Proof of Theorem 1.3
2.1. Preliminary tools

In this work we shall use the Hardy—Littlewood maximal function which controls the local behavior of a
function.

Definition 2.1. Let g be a locally integrable function. The Hardy—Littlewood maximal function Mg(x) is
defined as

Mg(x)=sgg ][ l9(y)|dy.
Br(m)

If ¢ is not defined outside 2, then

Mg(z) = M (g xa) (z).
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Lemma 2.2. (See [13].) Assume that g € LI(SY) for some ¢ > 1. Then we have

(1) Mgllzaa) < CligllLaca)-
C
(2) erQ:Mg(x)>M}‘§;/|g|dm
Q
(3) /‘9|qd$:(J/,uq_1|{xEQ: lg| > p} du.
Q 0

We will use the following modified Vitali covering lemma.

Lemma 2.3. Assume that E and F are measurable sets with E C F C §, and that there exists an e € (0,1/2™)
such that

|E| < €|Bl, (2.1)
and for all x € By and for all v € (0,1] with |E N B.(x)| > €| B-(z)],
B.(zx)NnQ C F. (2.2)
Then we have
|E| < Coe| Fl,
where the constant Cy depends only on n, ).
Proof. In view of (2.1) and the fact that e < 1/2", for a.e. x € F there exists a small r, € (0,1) such that
|EN B, (x)] =€|By,(z)] and |EN B.(z)| < €|B,(x)| for any r > r,. (2.3)

From the Vitali covering lemma there exists a disjoint {B,, (z;)};, for r; = r;, such that
Ec|JBs(z:) and [E[<5") |B,]. (2.4)

Then from (2.3) we find that
B0 Bay, ()] < | oy, (w:)] = 5" | Br, ()] (2.5)

Fix any x € Q and r € (0,1]. Since  is a bounded convex domain, we know that there exists a ball in Q.
Without loss of generality we assume that

B,, C QC B,, forsome rg,r > 0.
Then from the geometry knowledge we have
1 . To
|2 N B, (x)] > — arcsin — | B.(x)],
s T1

which implies that
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sup sup |B: ()] <7
o<r<izeq [N Br(z)| ~ arcsin 12

Finally, from (2.3)-(2.6) we conclude that
E| < Bs,. ()N E " B, (z)| <5 QN B, (x;)],
B < 32 B ) (V1 < 57 3 B )| €5 D100 B o)

which implies that

arcsmﬁ

since {B;, (z;)};2, is disjoint and QN By, (z;) C F' in view of (2.2). O
2.2. Final proof

We first prove the following boundary W7 estimates for the special case that v = 1. Actually, when
By C €, this result can be reduced to the local estimate.

Lemma 2.4. Assume that A; is uniformly elliptic for i = 1,2, H (f) € LY(Q) for any v > 1 and u is the
weak solution of (1.3)-(1.4). Then we have

/H(Vu)dx < C’/H(u) + H (f) dz, (2.7)

where . = QN B,., H(z) is defined in (1.6) and C only depends on n,pi,p2, A1, As.

Proof. We may as well select the test function ¢ = (P2u € W, *2(Q), where ¢ € Cg°(R") is a cut-off function
satisfying

0<(¢<1, |V¢|<C, (=1 in By and (=0 in R"/Bs.

Then by Definition 1.1, we have

2 2
3 / (A - V) #2470 . V(P uyde = / P2 . V(CPu)da

=1y i=1g,
and write the resulting expression as
L=L+1I3+ 14+ Is,

where

I, = /sz (A;Vu - Vu)P/?dz,

1= 192

Z / PaCP2 (A V- Vu)P=2/2 A,V - Vde,

= 192
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2
I; = Z /§p2|f|p7’_2f - Vudz,

i=1 o

2
I4 = Z /pQCp271U|f

=1 o

Pi=2f . V(dx.

Estimate of I. It follows from the uniformly elliptic condition (1.5) that
2
L > 1 Z/CPQ\VMpid:C _1 /CPQH(VU) dr for A = maX{A%1 A%z}.
T A4 - A 1o
=0, Qo

Estimate of Is. From the uniformly elliptic condition (1.5) and Young’s inequality with 7 we have

I < c/gpz—plgpl—1|vu\m—1|u\dx+C/CP2—1|Vu\P2—1|u|dx
QQ QQ

< T/gprmgmwmm +gp2|w|p2dx+0(7)/|u\m + ufde
Qz QQ

:T/§P2H(Vu)dx+0(7)/H(U) dz.

Q, Qs
Estimate of I3 and I4. Similarly to Is, we have

I < T/gsz(w) de + C(T)/H(f) da,

Q2

I, <C | H(f)+ H (u) de.
/

Combining all the estimates of I; (1 <14 < 4), we deduce that

l/CPQH(VU)dIE < QT/CPZH(VU)d1'+C(T)/H(f)+H(u)dl’.
Qo

A
Qz QZ

Selecting 7 = 1/(4A) and recalling the definition of ¢, we complete the proof. O

Let us introduce the following reference equation

pi—2

2 ~
; div <(A?Vv . Vv)

v=20 on 02 N Bpg,

Z?w) =0 inQg,

where A? is a constant matrix with ||(4;)q, — A?||ls small for i = 1,2.
Similarly to the proof of Theorem 1.1 in [1], we can obtain the following result.

(2.8)
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Lemma 2.5. Assume that Q) is a bounded convexr domain, x € 9Q and v is a weak solution of

div (\W\pﬁ Vo + Vol 2 Vv) =0 inQg, (2.9)
v=0>0 on 02 N Bpg.
Then we have
H(|Vu|)(y) <CR™™ / H(|Vv|)dz for any y € Qpr/a, (2.10)

Qg

where C' depends only on n,p1,po, ).

Proof. We only give the skeleton of the proof since the proof is similar to that of Theorem 1.1 in [1].
Similarly to (2.8) in [1] we consider the approximation problem

1/2-1 2/2—1
div <(e v |Vv|2)p Vot (e+ |W|2)p w) —0 inQn (2.11)

Differentiating (2.11) with respect to z; (k=1,2,...,n), we have

n

> (by(@)vaye,),, =0 in Qg, (2.12)
l,j=1
where
b i( |V |2)pi/2_2(( + Vo) b5 + (91 = 2)vm,va,)
1 € v € v 1 Pi — Ve vmj .
] gt J 1

N\ 1/2
Let h = (e + [V ) . Then we have

2
> min{p; — 1, 1}hP 3¢ < Z bij(2)&€5 < Zmax{pl — 1, 1}RP2¢)2. (2.13)
i=1 1,j=1 i=1
Let
Clj(l‘) — bij(x) _ bij(x)

p1/2—1 p2/2—1 5 pp1—2 hp2—2"
pr (e Vo)™ e (e Vo) pe

‘We observe that

- min{p; — 1,1}AP* =2 + min{py — 1,1}hP272
2_: Pt 2 p1hP1=2 4 pohpa=2 g
> min {p; — 1,1} €
B T p e

and
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n

> (@)

ij=1

max{p; — 1,1 hP*~2 4 max{py — 1,1} hP2—2
p1h?Pr=2 + pahp2—2

IN

€12

1
p—l(max {p1 — 1,1} + max{ps — 1,1})[¢|*.

IN

We define the differential operator

From (2.12) and (2.13) we conclude that
L(RP* 4+ hP?) = Z (blj(x)vzkvkaj)xl = Z b (2)Veya) Ve, > 0.
1j=1 1,j=1
The rest of the proof is totally similar to that of Theorem 1.1 in [1]. O

Remark 2.6. Similarly to the above lemma, we can prove (2.10) is still true for the weak solution of (2.8).

Lemma 2.7. For any € > 0, there exists a small 6 = 6(e) > 0 such that if u € W1P2(Q) is the weak solution
of (1.3)—(1.4) in a convex domain §2 with

][H(Vu)dx§1 and ][H(f)+|Aif/Tm4|dx§5 fori=12, (2.14)
Q4 Q4

then there exist constant matrizes Z? fori=1,2 with || A;q, —E?HOO < € and a corresponding weak solution v
of (2.8) in Q4 such that

][H (u—wv)dr <e. (2.15)

Qy

Moreover, there exists a constant Ny > 1 such that
H (Vv) < Ny for any x € Q3. (2.16)

Proof. We first set out to prove (2.15) by contradiction. If not, there exists eg > 0, {AF}22,, {45122,
{ur}2, and {fx}72, such that uy is a weak solution of the following problem

idiv ((Afvuk . vuk)“T’zAfvuk) = idiv (el 26,)  in Q4 (2.17)
=1 =1
and
ur, =0 on 00N By, (2.18)
with
][H(Vuk)d:c <1 and ][H(fk) + ’Af — Ak, |dx < % fori=1,2. (2.19)

Q4 Q4
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But we have

][H (ugp — vg) dx > €9 for some ey > 0 (2.20)

Qy

for any constant matrixes /NI? for i = 1,2 with ||4;q, — /T?HOO < ¢p and a corresponding weak solution v of
(2.8) in Q4. From (2.18) and (2.19) we observe that {u;}3°, is bounded in W'P2(€,). Consequently there
exists a subsequence, which we still denote by {uy}?2 ,, and ug € W'P2(£y) such that

up —ug  in WHP2(Qy) and  w, — ug  in LP2(Qy). (2.21)
As {A_fm}z';l is bounded in [*°, there exists a subsequence, which we denote by {A_f }, such that
|AF — A% e = 0 ask — oo (2.22)
for some constant coefficients matrix A? and i = 1,2. It follows from (2.19) and A; € L that
AP 5 AL in LmeT(Qy) for i=1,2. (2.23)
Next, we will show that ug is a weak solution of
2 —2
Z div ((A?Vuo : Vuo)pTA?Vuo) =0 in (2.24)
i=1

and
up=0 on 0NN By. (2.25)

The (2.25) is trivial from (2.18). Indeed, if ¢ € C§°(By), it follows from (2.17) and Definition 1.1 that

2 2
Z /(Ai—“Vuk . Vuk)&;_AfVuk -Vedr = Z/ |fi |12 - Vipda. (2.26)
=g, =g,

Using (2.19), (2.21), (2.22) and (2.23), and letting & — oo in (2.26), we have

2
Z /(A?Vuo : Vuo)&%A?Vuo -Vedr =0,

i:194

which implies (2.24). Taking v = ug and sending k — oo, we reach a contradiction to (2.20). Moreover, from
Lemma 2.4, the fact that u =0 on 0Q N By, (2.14) and (2.15) we conclude that

/ H(Vo)de

Q72

§C/H(v)dm§C/H(u—v)—i—H(u)d:E§C+C’/H(Vu)dm§C,
Qy Q4 Q4

which implies that the conclusion (2.16) is true by Lemma 2.5 and Remark 2.6. This completes our proof. O
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Corollary 2.8. Under the same assumptions on u,f, A;,v as those in Lemma 2.7. Then we have

][H (Vu —Vo)dz <e. (2.27)

Qo

Proof. From Lemma 2.7, for any 1 > 0 there exists a small § = d(n) such that

][H (u—wv)der <n and H (Vv) <Ny forany z € Q3. (2.28)

Let ¢ € C§°(R™) be a cut-off function satisfying
0<¢<1, |[V¢|<C, (=1 in By and (=0 in R"/Bs. (2.29)

We may choose the test function ¢ = (P*(u — v) € Wy?*() for u and v, and then by Definition 1.1,
a direct calculation shows the resulting expression as

I = I + I3+ Iy + I5,

where

I = Z/gw (AVu- V)" AVu — (AVo - Vo) 7 AVv]-V(u—v)da:,
= 194

2 -
Z/<p2 [ (A9 - Vo) kD Ay — (A, Vo - Vo) }'V(U_U) d,
=1

Zm/(”? Yu—v)(A;Vu - Vu) z AVu Vdz,

i=1 QO

14—Zp2/cp2 Lu —v)|f[P % - vgda:+z/<p2|f

i=1 Q4 i= 1Q

Pi2f .V (u — v)dz,

Iy = sz / ¢Pl( ) (A9Vw - w) onu Vde.

Estimate of I;. We divide it into three cases.

Case 1. ps > p; > 2. Using the elementary inequality

[(4g- "7 Ag = (An-m)"T An| (¢ —m) = Cle —nl”

for every £, € R", we have

P7

I >CZ/<P2 |Vu — Vo

1= 1Q4

Case 2. 1 < p; < p2 < 2. Using the elementary inequality
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Clp)r"7 [(Ag- €)% Ag — (An-m)"T An| - (¢ = m) + 70’ = Cl¢ —nl?

for every £, € R™ and every 7 € (0, 1], we have

P da. (2.30)

2 2
11+72/<P2 VolP'dz > C(r) > /gpz |Vu — Vo

=g =1,
Case 3. 1 < p; <2 < po. Similarly to Case 1 and Case 2, (2.30) is still true.

Estimate of I5. Using the elementary inequality
(a0 €)% 4% - (ag - "7 a¢] < €47 - A e

for every £ € R™, (1.5), (2.14), (2.28), (2.29) and Young’s inequality with 7, we have

2
L < cz/gm 149 — 4| Vo1 |V (u— )| dx

i:lQ4

2 L
< CZ/C“ ‘A?—Ai‘# |V (u—v)|dz

i:194

gvi/émlvmv)

i:194

Pide 4+ C(1)d + C(T)n.

Estimate of Is. From (1.5), (2.14), (2.28) and Young’s inequality with 7, we have

IgSCZ/W—UHVum_Ida:
=1,
2 2
§72/|Vupidx+C(T)Z/|u—vpid:r
=1, =1,
< Ct+C(1)n.

Estimate of I,. Using Young’s inequality with 7 and (2.28), we have

2 2
IL< CZ/|U—U| |f|m—1dm+z/gm\f|m—l IV (4 v)| da
i:1Q4 i:194

2 2 2
§CZ/|u—Upidx+TZ/Cp2 |V(u—v)pidx—%—C(T)Z/\f\pidac

i:194 i:194 i:194

2
<Chry [ V=)

12194

Pi d + C(1)8.

Estimate of Is. Using (2.28), (2.29) and Young’s inequality with 7, we have
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2
I5 < C’Z /|u —v|¢P2|Vo|Pi~tda

=1,
2 2 1/p: )

<0Y -t <cy | [u-vprar) <oy g <o
=la, =1\, i=1

Combining all the estimates of I; (1 <14 <5), and selecting 0 < 7 << 1 < 1 small enough, we obtain
2 2
Z/gw [Vu — Vol do < C6 + TZ/gm |VolP dz + O + Cn*/P2 < C6 + Cn'/P2 = ¢
=1, =1y,

by taking n and ¢ satisfying the last identity above. Finally, we can finish the proof of (2.27) by the above
inequality and (2.29). O

Lemma 2.9. There is a constant Ny > 1 so that for any € > 0, there exists a small § = §(e) with A; uniformly
elliptic and (9, R;)-vanishing for i = 1,2, and if u is the weak solution of (1.3)-(1.4) in the convexr domain
Q with

{zeQ : ME(Vu) <1}n{zeQ: MH(f]) <6} £ ¢, (2.31)
then
{z € : M(H(|[Vul)) > Ni}| <€[Bi].
Proof. From (2.31) there exists a point zo € Q such that
M (H (|Vul)) (zo) <1 and M (H (If])) (z0) <,

which implies that

1
| Br|

/H(|Vu|)dx§1 and o / H () dz < 6

QT(mo) QT(fg)

for any r > 0. Since Q4 C Q5(x0), we have

ﬁlmwuwxs (Z)wi GO (Z)

and

ﬁ/H(H‘de < (Z)na

Using Corollary 2.8, we find that for any n > 0, there exist a small §(n) and a corresponding weak solution v
of (2.8) in Q4 such that

/H(|Vu —Vou|)de <n and H (|Vv|) < Ny for any x € Q3. (2.32)

Qo
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Next, we shall claim that
{x e : M(H(|Vu])) > N1} c{x e : M(H(|Vu—Vu|)) > No} (2.33)
for N7 = max{2P2 Ny, 2"}. To prove this, suppose that
z1 €{z e M(H(|Vu—Vv|)) < No}.
Case 1: < 2. Then Q,.(z1) C Q3. From (2.32) we have
2

1 p2—1
T / H(|Vul) de <~ /H(|Vu—Vv|)+H(|Vv|)dx§2p2N0,

Qr(z1) Qr (1)

since (a + b)? < 2P~ 1(aP + bP) for p > 1 and a,b > 0.
Case 2: r > 2. Then zg € Q,(x1) C Qa,(x0). From (2.32) we have

H (|Vul|)dz < / H (|Vul|)dz < 2™.
57 [ (v < o (1)

Q. (z1) Q2 (z0)

Consequently, we have z1 € {x € Q1 : M (H (|Vu|)) < N1}, which implies that (2.33) is true. Finally, from
(2.32), (2.33) and Lemma 2.2 (2) we have

{z € Q1 : M(H(|Vul|)) > N1}

<NHz e : M(H(|Vu—Vu|)) > No}| < C/H(|Vu—VU|)dx <Cn=c¢,

931
by choosing 1 small enough satisfying the last inequality. Thus we complete the proof. O
The following results can follow from the above lemma and a scaling argument.
Corollary 2.10. Assume that u is the weak solution of (1.3)-(1.4) in the convex domain Q with A; uniformly

elliptic and (6, R;)-vanishing for i = 1,2. For any € > 0 and r € (0,1], there exists a small 6 = d(¢) such
that

(1) If {fx e Qo : M(H(|Vu|)) <1}n{z € Q, : M(H (|f])) <} # ¢, then
{z €@ M(H ([Vul)) > Ni}| < €|B|.
2) If [{z € Q: M (H (|Vu|)) > N1} N B,| > ¢|By|, then
Q. C{zeQ: M(H(|Vu])) >1}U{z e Q: M(H(f])) > d}.
Furthermore, we can obtain the following result.

Lemma 2.11. Assume that u is the weak solution of (1.3)-(1.4) in the convex domain Q with A; uniformly
elliptic and (0, R;)-vanishing for i = 1,2. If

{x € Q: M(H(|Vu|)) > N1}| < €|B1| for any e € (0,1/2"), (2.34)
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then for any A > 1 we have

{a € Q: M (H (|Vul) (z) > ANy}
< Coe({ € : M(H (|Vul)) (z) > M + {z € Q- M (H (f])) () > A6}]).

Proof. We prove this lemma by two steps.
Step 1. A = 1. We denote

E={zeQ: M(H(|Vul)) (x) > N}
and
F={zecQ: M(H(|Vu])) (z) >1}U{z e Q: M(H(f])) (x) > d}.
Then E C F C Q and |E| < €|By|. Furthermore, from Lemma 2.3 and Corollary 2.10 we find that
|E| < Coe|F],

which implies that the result is true for A = 1.
Step 2. A > 1. Then from (2.34) we find that

Hx ca: %M(H(Wu\)) > Nl}

=z € Q: M(H(Vul)) > AN1}| < [{z € Q: M (H (|Vu]) > N1}| < €|By].

H(Yu) H(f)
H (|£]) by are

Therefore, if we replace H (|Vul), , similarly to Step 1 we can complete the proof. O

Finally, we are set to prove the main result of this paper, Theorem 1.3.

Proof. Let

1/v

/(H (£]))" dx for some small 6 € (0,1). (2.35)
o)

Ao =

| =

Choosing the test function p = u € Wol’pz(ﬂ) for (1.3)—(1.4), from Young’s inequality with 7 we can prove
that

/ H(Vu)de < C / H (£) dx, (2.36)
Q Q
which implies that

/ H (V) do < c/ H(|f)dz < C6 < €| By| (2.37)
Q

in view of Holder’s inequality and (2.35), by taking § sufficiently small in order to get the last inequality.



L. Wang, F. Yao / J. Math. Anal. Appl. 439 (2016) 307-322 321

Furthermore, from Lemma 2.2 (2) and (2.37) we find that

1 1 1
Ha:eQ:—M(H(WuI)) >N1H < —/—H(|Vu\)dx<e|Bl|.
2o N ) o
Q

Therefore, if we replace H (|Vul), H (|f|) by %VO”D, %jl), similarly to Lemma 2.9 we deduce that

{ee 0 oamuva) > an |

1
< Cpe {x eN: )\—./\/l (H (|Vul)) (x) > A}'
0
1
+ Cpe {x eN: )\—M (H (|f])) (z) > /\5}’ for any A > 1. (2.38)
0
By (2.36) we may as well assume that v > 1. Moreover, recalling Lemma 2.2 and (2.38), for any v > 1 we
compute
1 Y
Ao
Q
1 0o 1
=N, {/—l—/} At {x eN: )\—./\/l (H (|Vul)) (z) > )\Nl}’d)\
0
0 1

1 00

< 7N17|Q|/A7_1d>\+Coeva/)\7_1
0 0

{x cQ: AiOM (H (V) () > )\H dx

oo

+0067Nf/)\7_1
0

gcz+cg,eﬂ/ (%M (H(|Vu|)))7dx+6’4ﬂ/()\i0./\/l (H(|f)))vd;z:

0

SCerC'geSZ/()\lM (H(|Vu|))>7dx+05ﬂ/()\10H(f|)>vd:r,

Ao

{x € L MH () (@) > A&H dx

0

where Co = Cy(n,Q,v,N1), C5 = C3(n,7y,N1) and Cs = Cs(n,7, €, N1). Then choosing a suitable € such
that Cse < 1, thereby determining 6§ with 0 < § < 1, from (2.35) we obtain

Q/ (o (quup))”@ <c

which implies that

by using the fact that H (|Vul) (r) < M (H (|Vul)) (z). Finally, from (2.35) we obtain
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/ (H (IVu]) dz < C / (H (If]))" de,
Q

Q

which finishes our proof. 0O
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