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1. Introduction

The Cahn-Hilliard system,

Ou = Aw, w = —-Au+ f(u), (1.1)
ot
plays an essential role in materials science as it describes important qualitative features of two-phase systems
related with phase separation processes. This can be observed, e.g., when a binary alloy is cooled down
sufficiently. One then observes a partial nucleation (i.e., the apparition of nucleides in the material) or
a total nucleation, the so-called spinodal decomposition: the material quickly becomes inhomogeneous,
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forming a fine-grained structure in which each of the two components appears more or less alternatively.
In a second stage, which is called coarsening, occurs at a slower time scale and is less understood, these
microstructures coarsen. We refer the reader to, e.g., [4,5,28,31-33,43] and [44] for more details. Here, u is
the order parameter (it corresponds to a (rescaled) density of atoms) and w is the chemical potential.
Furthermore, f is the derivative of a double-well potential.

This system, endowed with Neumann boundary conditions for both v and w (meaning that the interface
is orthogonal to the boundary and that there is no mass flux at the boundary) or with periodic boundary
conditions, has been extensively studied and one now has a rather complete picture as far as the existence,
uniqueness and regularity of solutions and the asymptotic behavior of the solutions are concerned. We refer
the reader to the review paper [8] and the references therein.

Recently, dynamic boundary conditions, which take into account the interactions with the walls in con-
fined systems, were proposed in [14-17,21] and [27]; these boundary conditions also yield a dynamic contact
angle with the walls. The Cahn—Hilliard equation, together with such boundary conditions, was studied in,
e.g., [11,17,19-21,38,40,49] and [57]; see also [9,10,41] and [42] for the numerical analysis and simulations.

We consider in this paper the higher-order Cahn—Hilliard system

5= Aw, w= P(=A)u+ f(u), (1.2)

where P(s) = Zle a;st, ap >0, k> 2.

Such higher-order equations follow from higher-order (anisotropic) phase-field models recently proposed
by G. Caginalp and E. Esenturk in [3] in the context of phase-field systems. Assuming isotropy and a
constant temperature, one finds (1.2). Furthermore, (1.2) was studied in [7], with Dirichlet—Navier boundary
conditions.

These models also contain sixth-order Cahn-Hilliard models. We can note that there is currently a strong
interest in the study of sixth-order Cahn—Hilliard equations. These equations arise in situations such as
strong anisotropy effects being taken into account in phase separation processes (see [53]), atomistic models
of crystal growth (see [1,2,13] and [18]), the description of growing crystalline surfaces with small slopes
which undergo faceting (see [50]), oil-water-surfactant mixtures (see [22] and [23]) and mixtures of polymer
molecules (see [12]). We refer the reader to [6,24-26,29,30,34-37,45-48,54,55] and [56] for the mathematical
and numerical analysis of such models. In particular, dynamic boundary conditions for several sixth-order
Cahn-Hilliard equations were proposed in [37].

Our aim in this paper is to propose dynamic boundary conditions for the more general higher-order
model (1.2). To do so, we follow the approach proposed in [21], i.e., we start with the total (in the bulk and
on the boundary) mass conservation

%(/udm—k/udE):O, (1.3)

Q T

/uda::O,
t
Q

as in the previous approaches. Here, € is the domain occupied by the system (we assume that it is a bounded

instead of the sole bulk mass conservation

&“&

and regular domain of RV, N =2 or 3) and I = 9. We further assume that f is regular enough.
Following [21], a first dynamic boundary condition, which is compatible with the mass conservation (1.3),
reads
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ou ow
— =nArw — — r >0 1.4
ot STV T G, on = (14)

where Ar denotes the Laplace—Beltrami operator (n = 0 corresponds to the case where there is no diffusion
on the boundary). Indeed, integrating (formally) the first of (1.2) over 2, we obtain

d ow
Q r

hence the result, owing to (1.4).
Next, we rewrite (1.2) in the form

0
8_,;1] = Awkv

wy = —Awg_1 + f(u),
wy—1 = —Awg_2 + aju,

= 7A’wk_3 + asu,

wy = —Aw; + ag_ou,

w1 = —arAu + ap_qu.

Following again [21], we can then consider the following dynamic boundary conditions:

Owp—
wy, = —0Arwg_1 + —— 4+ g(u) on T,
ov
Owp—
w1 = —0Arwy_y + —— + ayu on T,
Wi —
Wg_o = —0Apwg_3 + 8]:/ 3 + asu on I,
ow
we = —oArwy + S ag_ou on I,
ov
u
w1 = —apoAru + — + ag—ju on I
ov

where o > 0 (again, when o = 0, there is no diffusion on the boundary) and g is regular enough.
We now set

and

Ay
A P )= > 0.
<<P|F) ((—KAFQO—F %)F) P e

We thus have, in view of (1.4) and the above,
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oU
- AW
ot e

f(u) )
W :AO-W — + ’
F ot (g(u)|r
Wi_1 = AWi_2 + a1 U,
Wi—2 = AsWi—3 + aaU,

Wo = AsWi + ap—2U,
Wl = AUU+ak—1Ua

so that

W), = P(A,)U + <g]€§;‘)r> .

Setting W = < w ), we are thus lead to the study of the boundary value problem

w|r
ouU
o = AW, (1.5)
W = P(A,)U + (g{gﬁJ . (1.6)

Remark 1.1. The Cahn-Hilliard system (1.2) follows from the bulk (Ginzburg-Landau type) free energy
k .
Yo = /(Z ail(—2)2ul* + F(u)) dz,
o i=1

where we keep the operator (—A)% formal when i is odd and F' = f. We then introduce the surface free
energy

k

¥r = [ bl-Ar)tuP + Gz
b=l
where G’ = g. We define the total free energy as the sum
U =Vq+ Ur.
Equations (1.5)—(1.6) are then related to ¥ in the sense that

Y
W=—,
ou
where % denotes a variational derivative with respect to u (see [21]), in the particular case

bi:CT(Zl', Zzl, ey, k.

Of course, it is also important to consider general b;’s. In that case, however, the corresponding higher-order
Cahn—Hilliard system can no longer be rewritten in the compact form (1.5)—(1.6) and is more difficult to
study; this will be considered elsewhere.
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Our aim in this paper is to study the higher-order model (1.5)—(1.6). In particular, we obtain the existence
and uniqueness of solutions, as well as the existence of the global attractor.

We will focus here on the case , o > 0 only (actually, for simplicity, we will take n = o = 1), i.e., we
assume diffusion on the walls. The case n = 0 and/or o = 0 will be studied elsewhere.

i

Notation. Throughout the paper, the same letters ¢, ¢/, ¢ and ¢’ denote (generally positive) constants

which may vary from line to line. Similarly, the same letter @) denotes (positive) monotone increasing and
continuous functions which may vary from line to line.

2. Setting of the problem

We first introduce the following spaces.

1) H = L*(Q), Hr = L*(T"), H = H x Hr. Here, H and Hr are endowed with their usual scalar products
and associated norms, denoted by ((-,-)), || - ||, ((+,;))r and || - ||, and H is endowed with its usual scalar
product and associated norm, denoted by ((-,-))y and || - ||3. More generally, || - || x denotes the norm on
the Banach space X.

2) V=H(Q),Vr=H'T),V= {(;’Z) € V xVr, ¢|r = ¢} which we again endow with their usual scalar

products and associated norms.

3) We set, for ¢ = (5) € H x Hr,

1
= o 20 [0
Q r

We then set

and
V=VNH.

In particular, the inclusions ¥ € H C V' are dense, continuous and compact.
We have the

Lemma 2.1. The norm || - H% = IV |I>+ |Vr - ||? is equivalent to the usual H () x H'(T)-norm on V.
Here, V denotes the surface gradient.

Proof. It suffices to prove that there exists a positive constant ¢ such that

el + lelelBnry < el vo= (£ ) €9,

For the sake of simplicity, we omit the symbol |r in what follows.

Suppose not. Then, for any n € N, there exists ¢, = <ZZ”> € V\{0} such that

1
2 2 2
[nlly, < E(H@n”m(n) + lenllz @)
Please cite this article in press as: R.M. Mininni et al., Higher-order Cahn—Hilliard equations with dynamic boundary
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We set

o _ (00 _ o
n—\0, ) 2 2 i
(”‘Pn”lp(g) + ||Q0nHH1(F))2

so that
||9n||§11(9) + ||9n||§11(r) =1, (2.1)
CNEEES (22)
It then follows from (2.2) that
Vl, — 0in L*(Q) and V6, — 0in L*(T). (2.3)

Furthermore, it follows from (2.1) and the compact embeddings H'(Q) C L?(2) and H*(Q) C L?(T") that,
up to a subsequence which we do not relabel,

0, — 6 in L*(Q) and L*(T) (2.4)

and

O:/Gnd:r+/0nd2)ﬁ/9dx+/9d2, (2.5)
Q T

r Q

for some © = <z

). Next, it follows from (2.4) that

0, — 0 in D'(Q),
so that
Vb, — V0 in D'(Q),
whence, in view of (2.3),
0 = ¢ (constant).

We finally deduce from (2.5) that ¢ = 0, so that ® = 0, hence a contradiction, since, passing to the limit
n (2.1), there holds

16117 ) + 10170 0y = 1.
This finishes the proof. O

Next, we introduce the bilinear form

() 0-()

a:VxV =R, (¢,0)— (Ve, V) + ((Vre, Vro)r,

Please cite this article in press as: R.M. Mininni et al., Higher-order Cahn-Hilliard equations with dynamic boundary
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It follows from Lemma 2.1 that a is symmetric, continuous and coercive in V. This allows us to define
the linear operator

AV =)
by
<A¢7 ®>V’,V = CL(QS, @)7 (rbv @ S V

The operator A is a strictly positive, selfadjoint and unbounded linear operator. Furthermore, we can define
the domain of A in H, D(A) = {¢ € YV, 32 € H, ((5,0))y = a(¢,0), VO € V} Note that A is an
isomorphism from V onto V' and from D(A) onto H. Finally, noting that A~' can be considered as a
selfadjoint and compact operator in H, we can define the powers A®, together with their domains D(A%),
s € R (being understood that D(A°) = #), and A%, s > 0, can be extended as an isomorphism from # onto
D(A~?) and, more generally, from D(A®') onto D(A°1~?), s; € R. We refer the interested reader to, e.g.,
[51] for more details. In particular, there holds

Proposition 2.2. For k € N, D(AF) = VN (H?*(Q) x H?*(T)) and the norm ||A* - ||3; is equivalent to the
usual H?* () x H**(I')-one on D(A¥).

Proof. We proceed by induction.

First case: k = 1. Let ¢ = (i) €V be the solution to

a(¢,0) = ((F,0))n, VO €V, (2.6)

where F = ({%) € M. Then, it is easy to see that

a(¢,0) = ((F,0))n, VO V. (2.7)
Let us first assume that ¢ € H2(Q) x H%(T). Then, integrating by parts, we have

- [avde s [(-aret G205 = ((h0) + (at)r. v (§) € H@) x HAD),

Q r

Taking 6 € D(Q), this yields that
—Ap = f1in D'(Q), L*(Q) and a.e. (2.8)

There thus remains

[-aro+ 50048 = (120, VO & HD),
T

which yields that

0 :
—Are + 8—('0 = fo in L*(T) and a.e. (2.9)
1%
Please cite this article in press as: R.M. Mininni et al., Higher-order Cahn—Hilliard equations with dynamic boundary
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We thus deduce that VN (H?(Q) x H*(I')) € D(A) and, if ¢ = (g) belongs to this space, then

—A(,O
A= (—Aw+ 3—“") '

Let now ¢ € V and F € H be such that (2.6) and, thus, (2.7) are satisfied. Then, taking © = 0

O I
6 € D(Q), in (2.7), we can see that (2.8) still holds. Furthermore, since ¢ € H'(Q2) and Ay € L?(Q), the
trace g can be defined in H~ ( ) and a generalized form of Green’s formula is valid for every § € H(Q)
(see [52]; see also [51], Chapter II, Example 2.5), yielding

—((Ap,0)) = _<$’9>H_%(F),H%(F) +((Vp,V0)), VO € Hl(Q>7

whence, in view of (2.7) and (2.8),

(=5 — f2,0) s + ((Vre, Vrd))r =0, V0 € HY(Q), 6 € HY(T). (2.10)

o H™3(D),H? (D)

Actually, (2.10) also holds for any 6 € H'(T') (take § € H2(£2) and note that Q is regular enough) and we
see that

D
(- Arso+——f2, ) pr—1(ry, iy =0, V0 € HY(T),

so that (2.9) is again valid, in a weak form.
Next, it follows from Lemma 2.1 and the beginning of the proof of [38], Lemma A.1, that, if ¢ = (g) €
D(A),
el + et e < Aol

Rewriting then our elliptic problem in the form

0
~Ap=fi, ~Arp+ 3+ o= fate, (2.11)

it follows from [38], Lemma A.1, that

lellzr ) + lelize @) < elllAl, + 1I4l5) < ¢l Agl,,

which completes the proof in the case k = 1.

Second case: k > 2. We assume that
9]l prce— (@) x 2 -0 (ry < el A I, Vo € D(AMH). (2.12)
Let ¢ belong to D(AF). Noting that A*¢ = F, F € #, is equivalent to
AFTAg = F, Ag € D(AFTY),

we deduce from (2.12) that

Please cite this article in press as: R.M. Mininni et al., Higher-order Cahn-Hilliard equations with dynamic boundary
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| A || gr20e—1) () x r2s—1 1) < €l| A¥ @3¢ (2.13)

On the other hand, it follows from the elliptic regularity result given in [38], Corollary A.1 (once more
applied to the slightly modified elliptic system (2.11)), and (2.12)—(2.13) that

1812 oy a2y < 1A 21y s oy F 16123061y e ()
< (| A3, + 1451613,

whence

D1l er2x (@) x E2% (1) < | A% |1,
noting that D(AF) is continuously embedded into D(A*~1). This finishes the proof. O

Noting that, by definition, D(A2) = V and proceeding in a similar way (writing, in particular, that
Abts = AkF=3 A, k > 1), we can also prove the

Proposition 2.3. For k € N U {0}, D(A’H%) = VN (H*1Q) x H*TY(T)) and the norm ||Ak+% Nl is
equivalent to the usual H2*1(Q) x HZ*1(T)-one on D(AFF2).

We finally note that D(A~2) =V’ and, since the norm ||A2 - || is equivalent to the V-one, it follows
that the norm || - ||_1 = |A~2 - || is equivalent to the usual V'-one.

Remark 2.4. We can note that the bilinear form a can also be defined on V x V; in that case however, it
is still continuous, but not coercive. This allows us to also consider the operator A as an operator from V
onto V.

We now consider the following initial and boundary value problem:

ou

= AWV, (2.14)
W =PAU+FU)in V', (2.15)
Ult=0 = Ub, (2.16)
where U = <Z>, W = (g) and F(U) = (f(u)) Furthermore,
g(u)

k
P(s) = Zaisi, ap >0, k> 2.
i=1

As far as the functions f and g are concerned, we assume that

f, g€ C*(R), (2.17)

f'>=co, ¢ > —c1, 0, &1 20, (2.18)

f(8)(s —=m) > coF(s) —cz(m) > —cq(m), ca >0, c3, ¢4 >0, s, meR, (2.19)
g(s)(s = m) > e5G(s) — cg(m) > —cz(m), ¢5 >0, cg, ¢c7 >0, s, m € R, (2.20)

where F(s) = [ f(§)d¢, G(s) = [ g(€) d€ and the constants cs, c4, cg and ¢7 depend continuously on m;

Please cite this article in press as: R.M. Mininni et al., Higher-order Cahn—Hilliard equations with dynamic boundary
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F(s) > cgst — co, G(s) > c108* — 11, ¢s, 10 >0, ¢g, c11 >0, s €R. (2.21)

Remark 2.5. In particular, the above assumptions are satisfied by the usual cubic bulk nonlinear term
f(s) = s3 — s. However, it was proposed in [14,15] and [16] that g be affine, g(s) = as + b, a > 0.
Unfortunately, such surface “nonlinear” terms do not satisfy (2.21), which is essential to have coercivity in
the proof of existence given below (see (3.16)—(3.18)), and cannot be considered in general. However, when
a; >0,i=1,--- k—1 (recall that ar > 0), the coercivity is straightforward and (2.21) is no longer needed,
so that the affine surface terms can be considered.

Setting, whenever it makes sense,

so that (@) = 0, we can rewrite (2.14) in the following equivalent form

At 88[1{ = WiV, (2.22)

noting that <3—U> = 0. Furthermore, it follows from (2.15) that
(W) = (F(U)). (2.23)
We finally note that A¢ = A¢ (see Remark 2.4).

3. A priori estimates

The estimates derived in this section are formal. They can however easily be justified within, e.g.,
a Galerkin scheme.
We multiply (2.14) by W, scalarly in #, and have

ou

(G W)+ W13, = 0. (3.1)
We then multiply (2.15) by aU to obtain

(W = (P, T+ (F0), S (3.2

We note that

k P —
(P, D)) = 3 2 ol TI (33)
and
((]-‘(U), Vo = % / F(u)de + / G(u) d5). (3.4)
Q T

It then follows from (3.2)—(3.4) that

Please cite this article in press as: R.M. Mininni et al., Higher-order Cahn-Hilliard equations with dynamic boundary
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oU 1d &

((E’W))H = §E(Zai“A%U”%“+2/F(U) dx—l—Q/G(u)dE).

Q T

We finally deduce from (3.1) and (3.5) that

k

d i

ﬁ( E ail|A2T|3, +2/F(u) d:c+2/G(u) dx) +2||W||$, =0.
=1 Q r

We further note that it follows from the interpolation inequality

. i 1— &
9l & () x (1) < C(Z)H(bHEm(Q)X[{m(r)||¢||7—L ",
pe H*"(Q) xH™I), ie{l, --- , m—1}, meN, m>2,

and Propositions 2.2 and 2.3 that

k

Ak 77 77 i 77
EHUsz(Q)xHWF) — TIN5 < Y aill A2T13, < Tk iy -

i=1

Next, we multiply (2.22) by U to find

We then multiply (2.15) by U and have

k
(WD) =Y ail| AU, + (F(U),0))n-
i=1
It follows from (3.9)—(3.10) that
d . - -
U121 +2 Y aillA2U|3 + 2((F(U), U))w = 0.
i=1

We assume from now on that
[(Uo)| < M, M >0 given.
Therefore,
KU ())| < M, Vt > 0.

We thus deduce from (2.19)—(2.20) and (3.13) that

(FO), T > c(/ Flu) dz —|—/G(u) %) — ¢y e >0, dyy > 0.
Q

r

For simplicity, we omit the dependence of the constants on M in what follows.

YJMAA:21011
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(3.5)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

conditions, J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2016.12.071
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Summing (3.6) and (3.11), we deduce from (3.14) a differential inequality of the form
dE;

at +c(Fy + HWH%) < C/, c>0, (3.15)
where
k .
By = U7+ ) _ailA2T|5 + 2/F(u) dz + 2/G(u) ds. (3.16)
=1 Q r
Furthermore, it follows from (2.21) and (3.8) that
Ey > C(”U”%—I’“(Q)XH"(F) + /F(U) dx + /G(U) %) + U Lagayxpary — <1015 — ",
Q r
so that
E, > c(||U||§{k(Q)XHk(F) + /F(u) dx + /G(u) av) -, (3.17)
Q r
noting that
1013 < elUll7ayxpaqr) + e Ve > 0. (3.18)
Moreover,
By < c(|Ul e 0w mery + /F(U) dr + /G(U) dx) +¢. (3.19)
Q r
In particular, it follows from (3.13), (3.15), (3.17), (3.19) and Gronwall’s lemma that
1T @ ek g2y 1y (3.20)
< e (|UnlBys germecry + [ Fluo)do+ [ Gluo)dZ) + ', ¢ >0, t20,
Q r
and
T eu
JUG R+ 1w ds (.21
@
S ceic,t(HUOH%Ik(Q)XH’“(F) + /F(UO) dx + /G(UO) dE) + C//a C/ > 07 t Z 07
Q r
r > 0 given, where Uy = (Zg) Note indeed that it follows from (2.14) that
ou
— =1 = [|[W]|y- 3.22
1% o = Wl (322)
We now rewrite (2.14)—(2.15) in the equivalent form
_, 00 = vy
A W—FP(A)U—}—]—'(U)—(]—'(U)}=01nV. (3.23)
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We multiply (3.23) by A*U, scalarly in H, and have, owing to the interpolation inequality (3.7),

d, -1 —
TN TP + el Ul )z oy < U1+ 1@ + llg(w)I7)- (3.24)

Recalling that k > 2, it follows from the continuous embeddings H*(Q) c C(Q) and H*(") c C(T") and the
continuity of f and g that

U153, + 1f @)? + Ng@IE < QUIU N mx @ aa () (3.25)
whence, owing to (3.20),
U5+ [1f @)I* + lg(@)[E < e QUIUol k() xarv(ry) + ¢ ¢ >0, >0, (3.26)
and (3.24) and (3.26) yield
d. o1 _ .
EHA = U+ CHUH%[%(Q)XH%(F) <e tQ(HUoHHk(Q)ka(r)) +cd,e>0,t>0. (3.27)

Summing (3.15) and (3.27), we obtain a differential inequality of the form

% + (B2 + II%—(ZII% HIWI) < e QU @) rvry) + €75 ¢ >0, £ >0, (3.28)
where
Ey=FEi+ A2 T)? (3.29)
satisfies
(1T @y x +/F(u) d:v—i—/G(u) d¥) —c < B (3.30)
Q r

SC”(||U||?{k(mxm(r)+/F(U) d$+/G( )dE) + ", ¢> 0.
0 iy

In a next step, we differentiate (3.23) with respect to time to find

a2 p iy many. Y ). %[t]

/
_ 31
ot ot ot ot )=0inV, (3.31)

where

, oU [ f(u)Ze
PO 5 = (d(m%)

31) by 2 90 | scalarly in 7, and have, owing to (2.18) and the interpolation inequality (3.7)
ou
d_> = )7

d oU
||_||2 tc || a1 ”H’C(Q)XH’C(F <c || H?-u c>0. (3.32)

We multiply (3.
(also recall that (

Noting that
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_;GU 10U
19715, = (a4 07 a1 2y,

we see that

oU
|| ||H < ||EH_1”EHH1(Q)XH1(F) (3.33)
and (3.32)—(3.33) yield
d oU ou , oU
|| ||2 +ell % 5 ”H’C(Q)XH"(F) c || || 1, ¢>0. (3.34)

We thus deduce from (3.21), (3.34) and the uniform Gronwall’s lemma (see, e.g., [51], Chapter III,
Lemma 1.1) that

oU .
Ha(t)”zl S (& tQ(”UO”Hk(Q)ka(F)) + CI, c> 0, t 2 r, (335)

r > 0 given.
We finally rewrite (3.23) as an elliptic system, for ¢ > 0 fixed,

P(A)U = h(t) in V', (3.36)
where h(t) = —A_la—g(t) — F(U(t)) satisfies, owing to (3.26) and (3.35),

||h(t)H7.[ S 6_CtQ(HU0HHk(Q)XHk(F)) + C/, c> 0, t Z r, (337)

r > 0 given. Multiplying (3.36) by A*U, scalarly in H, we obtain, owing to (3.13), (3.20), (3.37) and the
interpolation inequality (3.7),

U ()| 200y x 2y < €~ QUIUo N iy ware(ry) + ¢ ¢ >0, t >, (3.38)
r > 0 given.

Remark 3.1. If we further assume that Uy € H2*1(Q) x H?**1(T'), then 2Z(0) € H and

oUu
”E(O)”_l < QUUol| graw+1(0) x m2r+1(1))- (3.39)

In that case, it follows from (3.34) and Gronwall’s lemma that

17012, < QU sess @ymsssry). £ € [0,1], (3.40)
which, combined with (3.38) (for » = 1), yields
1U 0] g2x ) xr2x 0y < €™ QUIUo | v+ () x k1 (ry) + ¢/ ¢ >0, £ >0, (3.41)
4. The dissipative semigroup

We first give the definition of a weak solution to (2.14)—(2.16).
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Definition 4.1. We assume that Uy € V'. A weak solution to (2.14)—(2.16) is a pair (U, W) such that, for
any given T' > 0,

U € C([0,T}; (Uo) + V') N L0, T; H*(Q) x HH(T)),
W e L*0,T;V),
U(0) = U
and

d

(AT, 0)w = (W, ), Vo€V,

(W,0)x =D ai((A2T, A20))y + (F(U),0))n, ¥O € VN (H*(Q) x HH(T)),
i=1
in the sense of distributions, with

U=U+ (Uo),
(W) =(F()).

Here, it is understood that (Up) = m(UO, Dy y.
We have the

Theorem 4.2. (i) We assume that Uy € H*(Q) x H*(T') and |(Up)| < M, M > 0 given. Then, (2.14)-(2.16)
possesses a unique weak solution (U, W) such that, for any T > 0,

U e LR H(Q) x H*T)) N L*(0,T; H*(Q) x H**(T))

and

oU .
—— e L*0,T:; V).
o € 0,75V)

(ii) If we further assume that Uy € H*1(Q) x H*TY(T), then, for any T > 0,
U e L®RT; H1H(Q) x HFY(T))

and

ou .
-7 € L>®(0,T;V') N LA(RT; HY(Q) x H*(I)).
Proof. The proofs of existence and regularity in (i) and (ii) follow from the a priori estimates derived in
the previous section and, e.g., a standard Galerkin scheme. In particular, we can consider a Galerkin basis
based on the spectrum of the operator A (see, e.g., [51]).

Let then (Uy, W1) and (U, W3) be two weak solutions to (2.14)—(2.15) such that

(U1(0)) = (U=2(0)).

We set U = Uy — Uz and W = W — W5 and have, noting that (U(0)) = 0,
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G (A0.6) = (W 6)) V6 €V, (1)
k . . [ .
(W, 0))u =Y ai((A2U, A20))y + (F(U), )3, YO € VN (H*(Q) x HN(T)), (4.2)
=1
(W) = (F(Ur) = F(Ua)). (4.3)

Taking ¢ = U in (4.1), we obtain

1d s
37 U2 =~ (W, U))n. (4.4)
Taking then ©® = U in (4.2), we find
k .
(W, U)w =Y _ail|A2U3, + (F(U1) = F(Us), U))- (4.5)
i=1

Noting that

(F(U) = F(U2).U)n = ((f (w) = fluz).w) + ((g(wn) = gluz),u))r,
it follows from (2.18), (3.7) and (4.5) that
. a k
(W0 = S IA= U, —cllUI,
a k k
> SIAUR, — e U | A2 Ul
> U fx gy aecry — € NUNZ 1, € >0,

which, combined with (4.4), yields

d
FIUIZL < ellU]2s. (4.6)
Gronwall’s lemma finally gives
lur () = ua(t)l|-1 < e*[|ur(0) — uz(0)]| 1, t >0, (4.7)

whence the uniqueness, as well as the continuous dependence with respect to the initial data in the
V' -norm. O

It follows from Theorem 4.2 that we can define the family of solving operators
S(t): @y — Pas, Ug—= U(2), t >0,
where
¢y = {0 € H*(Q) x H*(T), (©) = M},
M € R given. This family of solving operators forms a semigroup, i.e., S(0) =TI and S(t+7) = S(t) o S(7),

0]
Vt, 7 > 0, which is continuous with respect to the V'-topology (more precisely, one writes S(t) = M + S(t),
where S(t) : Uy — U(t), t > 0, is continuous with respect to the V'-topology).
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Remark 4.3. It follows from (4.7) that we can extend S(t) (by continuity and in a unique way) to M + V.
Tt follows from (3.20) that we have the

Theorem 4.4. The semigroup S(t) is dissipative in Py, in the sense that it possesses a bounded absorbing
set By C @y (i.e., VB C §py bounded, Ity = to(B) such that t > to implies S(t)B C By).

Remark 4.5. (i) The dissipativity is a first step in view of the study of the (temporal) asymptotic be-
havior of the associated dynamical system. In particular, an important issue is to prove the existence of
finite-dimensional attractors: such objects describe all possible dynamics of the system; furthermore, the
finite-dimensionality means, very roughly speaking, that, even though the initial phase space ®j; has infinite
dimension, the reduced dynamics can be described by a finite number of parameters (we refer the interested
reader to, e.g., [39] and [51] for discussions on this subject).

(ii) Actually, it follows from (3.38) that we have a bounded absorbing set B; which is compact in ® and
bounded in H%*(Q) x H?¥(T'). This yields the existence of the global attractor Ay which is compact in @,
bounded in H?*(Q) x H?*(Q) and attracts the bounded sets of ®y; in the topology of V' (see [39] and [51]
for more details).

(iii) We recall that the global attractor Ay is the smallest (for the inclusion) compact set of the phase space
which is invariant by the flow (i.e., S(¢)Ay = Ay, Vit > 0) and attracts all bounded sets of initial data as
time goes to infinity; it thus appears as a suitable object in view of the study of the asymptotic behavior of
the system. We refer the reader to, e.g., [39] and [51] for more details and discussions on this.

(iv) We can also prove, based on standard arguments (see, e.g., [39] and [51]) that Ay has finite dimension,
in the sense of covering dimensions such as the Hausdorff and the fractal dimensions.
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