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1. Introduction

In this article we study the initial behavior of solutions to the Yang—Mills heat equation over a region M
in R3. Denote by K a compact connected Lie group with Lie algebra €. A € valued 1-form over M may be
written as

3

A= Aj(z)dat, (1.1)

Jj=1

with coefficients A;(z) € €. The curvature of A is the £ valued 2-form given by B = dA + A A A. The
Yang—Mills heat equation is the weakly parabolic equation for a time dependent £ valued 1-form A(t) over
M given by

%A(m,t) = —dy»B(z,1), (1.2)
wherein d* = d* + [the interior product by ad A(t)], and B(z,t) is the curvature of A(t) at x. We will
always take K to be a subgroup of the orthogonal, respectively unitary, group of a finite dimensional real,
respectively complex, inner product space V.

The Yang—Mills heat equation is only weakly parabolic since the second order derivative terms on the
right side of (1.2) are —d*dA, which are missing ‘half’ of the Laplacian on 1-forms —A = d*d 4 dd*. In [1]
we proved the existence and uniqueness of solutions to this equation for initial data Ag in Hy(M). In [6] the
existence and uniqueness was proven for initial data in H; /o(M). The Sobolev index 1/2 is the critical index
for the Yang-Mills heat equation in spatial dimension three. We will be concerned with solutions to (1.2)
for which the initial value Ao is in Hy/5(M). In this case the curvature B(t) can be expected to blow up
in the L?(M) sense as t | 0 since, informally, B(t) can be expected to converge to its initial value By only
in the sense of the negative Sobolev space H_;,5(M). Higher derivatives of A(t) can be expected to blow
up more quickly as ¢ | 0. Our study is motivated by a desire to understand the nature of the singularities
of gauge covariant derivatives of a solution to the Yang—Mills heat equation as time decreases to zero. In
this article we will study the L?(M) behavior of various gauge covariant derivatives of A(t) as ¢ | 0. The
values p = 2 and p = 6 (and a fortiori all p in between) are of sole interest in this paper because only first
order Sobolev inequalities can be effectively used in our energy methods. Concerning higher values of p see
Remark 6.14. A priori estimates of first, second and third order spatial covariant derivatives have already
been used in our previous work [1,2,6] to prove existence and uniqueness of solutions to (1.2).

A function g : M — K induces a gauge transformation of a time dependent connection form on M by
the definition

A9(z,t) = g(z) Tt Az, t)g(x) + g(x) " dg(). (1.3)

If A(-,-) is a solution to the Yang—Mills heat equation (1.2) then so is A9(-,-), at least if ¢ satisfies some mild
regularity conditions. It is already clear from this that the Yang—Mills heat equation does not smooth all
initial data, for if A(x,t) is a solution with initial value Ag(x) then A9(x,t) is the solution with initial value
A$(x), and consequently, even if A(z,t) is very smooth, the solution A9(z,t) needs to be no smoother than
g 1dg. Our goal is to show that solutions to (1.2) are infinitely differentiable in a gauge covariant sense for
t > 0, even for rough initial data, and to determine the nature of the singularities of the derivatives as t | 0.
For the class of initial data that we are interested in, namely Ag € Hy/o(M), the formula (1.3) suggests
that the corresponding class of allowed gauge functions should include functions g € Hg/o(M). A precise
definition of this class, which makes it into a complete topological group, will be given in Section 2. With
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these initial data, which are in fact an invariant class under these gauge transformations, it can be seen
easily from (1.3) that a solution need not be even once continuously differentiable in the ordinary sense.
There are in fact solutions that are not in the Sobolev space W1 (M) for any ¢ > 0. We are going to address
this by computing only gauge covariant derivatives. The LP(M) norm of such a derivative is fully gauge
invariant and therefore descends to a function on the quotient space C = {connection forms}/Gauge group,
which is a space of connections over M as well as a version of the configuration space for the classical
Yang—Mills field theory. We will establish bounds on these gauge invariant norms by functions of the action
of the solution A(-), which are also fully gauge invariant and which therefore also descend to functions
on C. We obtain thereby bounds on the covariant derivatives given by inequalities between functions on the
quotient space C itself. It will be shown in [7] that the space C has a natural Riemannian metric on it which
makes it into a complete Riemannian manifold. Our main results can be interpreted as analysis over this
manifold. Remark 2.11 makes this a little more precise.

The technical problem of computing high order derivatives of non-differentiable functions will be carried
out by gauge transforming a solution to a smooth function, which can be done for a short time, [6], and
then gauge transforming the derivative back.

For our choice of the region M C R? we will take either M = R3 or take M to be the closure of a
bounded open convex subset of R? with smooth boundary. Undoubtedly our methods will apply to other
regions also with minor modification as well as to other manifolds. For example, they can be applied to
compact three manifolds without boundary, and compact three manifolds with convex boundary. But we
are going to focus just on regions in R3, which we believe to be adequate for our anticipated applications
to quantum field theory. In case M # R® we must impose boundary conditions on A(t) for ¢ > 0. The two
natural boundary conditions that we will use are the Neumann-like boundary conditions (absolute boundary
conditions in the sense of Ray and Singer [12]) or the Dirichlet-like boundary conditions (relative boundary
conditions). For our anticipated applications to quantum field theory we will also ultimately need to use
Marini boundary conditions, introduced in [8-11], which set the normal component of the curvature to zero
on the boundary. Results for Marini boundary conditions will be deduced elsewhere from our results for
Neumann-like boundary conditions.

2. Statement of results
2.1. Notation

Throughout this paper M will denote either R? or the closure of a bounded open set in R? with smooth
boundary. In the latter case we will always assume that M is convex in the sense that the second fundamental
form of OM is everywhere non-negative.

We consider a product bundle over M, M x V — M, where V is a finite dimensional real or complex
vector space with an inner product. Let K be a compact connected subgroup of the orthogonal, respectively
unitary, group in End ). We denote by £ the Lie algebra of K, which can be identified with a real subspace
of End V.

Let (-,-) be an Ad K invariant inner product on E with associated norm €] for € € €. For ¢ valued p-forms
w and ¢ the L? pairing is given by (w, ) = [, (w 7)) arged Vol with induced L? norm ||wl|3 = (w,w).
We define the W7 norm of w by

Il = [ [Velbsanard Vol +[wlf, 2.)
M

where Vw is constructed from the weak derivatives. Define Wi = W1 (M) = {w : ||w|lw, ) < co}. This is
the Sobolev space of order one, without boundary conditions.
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If u = le\zr urdr! and v = Z|J|:P vydx’ are End V valued forms then their wedge product, u A v =
>1. urvyde’ Adx? is another End V valued form. When the appropriate action of u on v is via ad u then
we will write [uAv] = Y7, ;[ur,vslde’ Ade”. This will be the case, for example, when u is an End V valued
connection form or its time derivative. If v and v take their values in £ then so does [u A v].

The interior product, [uiv], of an element v € AP ® € with an element v € APT" ® ¢ is defined, for r > 0,
by

(w, [uwv])arge = ([u Aw], V) pr+rge  forall we A" @ ¢ (2.2)

If u and v are both in A* ® € then (2.2) gives

3 [uw] =—[u-v] = —Z[uj,vj]

J

in an orthonormal frame for A'. In particular [uu] = 0. Moreover, if w € A2 ® € then [w_w] = 0.
In this paper we will be concerned with a €-valued 1-form A as in (1.1). For w € Wi (M; A? ® £) define
daw = dw + [A Aw]. Then djw = d*w + [A_w]. The curvature of A can be represented as

B=dA+ (1/2)[ANAA]. (2.3)
2.2. Strong solutions and boundary conditions

We take the following definition of strong and almost strong solution from [6].

Definition 2.1. Let 0 < T < oo. A strong solution to the Yang-Mills heat equation over [0,7) x M is a
continuous function

A() 2 [0,T) — L*(M; A' @ 8)
such that
a) A(t) € Wy for all t € (0,T) and A(-) : (0,T) — W is continuous,
b) B(t) == dA(t) + %[A(t) AA(8)] € Wi for each ¢ € (0,T),
c) the strong L*(M) derivative A’(t) = dA(t)/dt exists on (0,T),and
A'(:): (0,T) — L*(M) is continuous,
d) A'(t) = =}y B(t) for each t € (0,T).

A solution A(+) that satisfies all of the above conditions except for a) will be called an almost strong solution.
In this case the spatial exterior derivative dA(t), which appears in the definition of the curvature, must be
interpreted in the weak sense.

Definition 2.2. If M # R? then we will impose boundary conditions on the solutions. For a strong solution
to the Yang-Mills heat equation we will consider two types of boundary conditions:

Neumann boundary conditions:

i) A(t)norm =0 for ¢ > 0 and (2.4)
it) B(t)norm =0 fort > 0.

—~
[\
(]

s
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Dirichlet boundary conditions:

i) A(t)tan =0 fort >0 and (2.6)
i) B(t)tgn =0 fort>0. (2.7)

In [1] we also considered Marini boundary conditions, which only require B(t)orm = 0. Solutions satisfy-
ing these boundary conditions will be derived in a later work from solutions satisfying Neumann boundary
conditions. The regularity theorems of the present paper will carry over to these. We will not consider them
in this paper.

Notation 2.3. The Sobolev spaces for ¢ valued 1-forms associated to the preceding boundary conditions are
most easily described in terms of the related Laplacian.
If M = R? define

—A =d*d+ dd*, (2.8)

where d denotes the closed version of the exterior derivative operator with C°(R3, A! @ €) as a core.

3 . .
02 since M is the closure

If M # R? then the Neumann and Dirichlet Laplacians are again given by > =1 0;

of an open subset of R? but subject to the following boundary conditions.

Wnorm =0 and  (dw)norm = 0 Neumann conditions

wian =0 and (d*w)gy =0 Dirichlet conditions.
Alternatively, the Neumann, respectively Dirichlet, Laplacian can be defined by (2.8), wherein d is taken
to be the maximal, respectively minimal, exterior derivative operator over M. See [1] for further discussion
of these domains. In all three cases the Laplacian is a nonnegative, self-adjoint operator on the appropriate

domain.
For 0 < a < 1 we define the Sobolev spaces

H, = Domain of (—A)¥? on L?(M;A' @)
with norm

lwll s, = [I(1— A)Q/QWHLQ(M;NQZ)E)- (2.9)

In this paper we will only be concerned with the cases a = 1/2 and a = 1. But it may be interesting to note

that for each number a € [0, 1] the two Sobolev spaces H,, corresponding to Dirichlet or Neumann boundary

conditions, are distinct when 1/2 < a <1 and are identical if 0 < a < 1/2, by Fujiwara’s theorem [4].
With the preceding definition of a Sobolev space, we have the following embedding property

lwlla, < capllwlm, whenever 0 < a <b.
The constant ¢, is independent of M.
Definition 2.4 (The gauge group Gs/>). A measurable function g : M — K C End V is a bounded function
into the linear space End V and consequently its weak derivatives are well defined. Following [6] we will

write g € W1(M; K) if ||g — Iv|l2 < oo and the derivatives 8;g € L?*(M; End V). The 1-form g~'dg :=
Z?Zl g~ 1(8;9)dx? is then an a.e. defined € valued 1-form. The Sobolev norm ||g~'dg| g, is defined as in
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(2.9). For an element g € W1 (M; K) the restriction g|0M is well defined almost everywhere on OM by a
Sobolev trace theorem. The three versions of G35 that we will need are given in the following definitions.

Gy o(R?) = {g € Wi(R% K) : g~ 'dg € Hy jp(R¥ A @ {’)}.
If M # R3 define
Gaya(M) = {g e Wi(M;K): g~ dg € Hyjo(M; A ®f)},

Ga)o (M) = {g € Wi(M;K) : g~ "dg € Hyjo(M;A' ©¢), g = Iy on 6M}~

It should be understood that the two spaces denoted Hy,o(M; Al @ £) are those determined by Neumann,
respectively Dirichlet, boundary conditions. It was proved in [6, Theorem 5.3] that all three versions of G /o
are complete topological groups in the metric dist(g,h) = ||g~tdg — h_lthHU2 + g = Rl 2(a;End v)-

Definition 2.5. A solution A(-) to the Yang—Mills heat equation is said to have finite action if

t

o) = (1/2) [ 572 B(s) [ ds < o (2.10)
0

for some ¢t > 0. If A(-) has finite action then, actually, p(t) < oo for all > 0 because || B(s)||3 is nonincreasing.
See e.g. Lemma 5.3.

It was shown in [6] that a solution to the Yang-Mills heat equation with initial value Ag € H; /o will have
finite action whenever ||Ao| m, , is sufficiently small. We summarize some of the results needed from [6] in
the following theorem.

Theorem 2.6. ([6, Theorem 2.11]) Assume that Ay € Hyo(M;A* ® €). Then there exists an almost strong
solution A(t) to the Yang—Mills heat equation over [0,00) with initial value Ag.

If || Aollm, ,, is sufficiently small then there exists a gauge function go € Gz/o such that the connection
A(t)% is a strong solution over [0,00) with initial value AL". It is also smooth over (0,T) x M for some
T < 0o. The solutions A(t) and A(t)%° have the following properties in this case:

1. Both A(t) and A(t)% are continuous functions on [0,00) into Hyo(M;A' @ £).

2. The curvatures of A(t) and A(t)% satisfy (2.5) in the Neumann case and (2.7) in the Dirichlet case
for allt > 0. The gauge reqularized solution A(t)% satisfies in addition (2.4) in the Neumann case and
(2.6) in the Dirichlet case for allt > 0.

3. Both A(t) and A(t)% have finite action.

Remark 2.7. It is also proved in [6] that strong solutions with finite action are unique when M = R? and,
if M # R3, unique under the boundary conditions (2.5) in case of Neumann boundary conditions or (2.6)
in case of Dirichlet boundary conditions. The smoothness of A% (¢) on (0,7") x M may hold for the same
fixed gg for T = oo, but this is still an open question.

2.3. The main theorem

We are going to establish bounds on various gauge covariant derivatives of a solution to the Yang—Mills
heat equation in terms of the action functional p(t), defined in (2.10). The class of solutions of interest are
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those for which the initial value Ag has small H;/, norm. But [|Aoll#, ,, is not a gauge invariant function
of Ag. In the next theorem we will show that the gauge invariant functionals of derivatives of A(-) that are
of interest to us are controlled by the gauge invariant functional p. The inequalities that implement this
descend therefore to inequalities on the quotient space {initial data space}/Gs/2, thereby yielding analysis
on the quotient space itself. See Remark 2.11 for further discussion.

By a standard dominating function we will mean a function C' : [0,00) — [0,00) of the form C(t)

1l

C(t, p(t)), where C : [0,00)% — [0, 00) is continuous and non-decreasing in each variable, C'(0,0) = 0 and
is independent of the solution A(-).
Our main result is the following.

Theorem 2.8. Assume that Ag € Hyo(M; A' @¢). Suppose that A(-) is a strong solution to (1.2) over [0, c0)
with initial value Ao and having finite action. If || Aollm,,, s sufficiently small then there exist T > 0 and
standard dominating functions Cp; for j=1,...,4 andn =1,2,..., such that, for 0 <t < T, the following
estimates hold.

PUHAO @3+ [ 20 BO (s)]Bds < Can(t) (Ax)

(=D BV @3+ [ 82| AM (5)§ ds < Cal(1) (Bn)

2rr | B @)|2 + [ 20 A (5)|2 ds < Coa(t) (Cn)

2 AM @))2 1 [ 2 BO (s)[2ds < Coa1). (Dn)

/
/
/
/

Moreover (C,,) holds for n = 0.

Notation 2.9. The gauge invariant version of the Sobolev 1-norm (2.1) is defined by

3
ERGIFTEDY / 0,0 A (1) 2dz + A @)1, n>1,

=1y
3
n At n n
IBO I = 3 [ 10} B (@)Fdz + BV, 0o
jle

where
oty = Ojw~+adAj(t)w

J

for a ¢ valued p-form w.

Corollary 2.10. Under the hypotheses of Theorem 2.8 there exist T > 0 and standard dominating functions
Crj for j =5,6 andn =1,2,... such that, for 0 <t < T, the following estimates hold.

t
t(Qn—%)HB(n—l)@)H?{fx + /52n—%||A(n)<s)||fHIA ds < Cps(t) (&n)
0
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t
t2n+% HA(n) (t)H%{f‘ + / s2n+% HB(n)(s)H%’{4 ds < Crg(t). (Fn)
0

Theorem 2.8 and Corollary 2.10 will be proven in Section 6.

Remark 2.11 (Analysis over quotient space). Denote by ) the set of almost strong solutions of the Yang—Mills
heat equation over M with initial value in H; 5 and having finite action. The group Gz, acts on ) through
its action on A(0) for each A € Y. For simplicity of statement let us assume that uniqueness of solutions
holds in this class. All of the functionals appearing on both sides of the inequalities in Theorem 2.8 and
Corollary 2.10 descend to functions of the initial values on the quotient space C = )/Gsz/5. The theorem
and its corollary can and should be interpreted as regularity properties of functions on the quotient space.
It will be shown in [7] that C is a complete metric space in a natural metric.

3. The lower order terms

Our strategy consists in computing the gauge covariant exterior derivatives and coderivatives of all the
nth order time derivatives A™ (t) and B (t) and expressing them in terms of lower order time derivatives.
This will be done in the next subsection. These identities, in turn, will give rise to integral identities, which
will be used in Sections 5 and 6 to establish initial behavior bounds by induction on n.

3.1. Pointwise identities

In this section we assume that A(¢) is a time dependent £ valued connection form over M, which is in
C*((0,T) x M) and solves the Yang-Mills heat equation (1.2). B(t) denotes the curvature of A(t). We
will derive some identities by applying d4 and d% to various € valued forms. In case M # R3 one needs to
specify boundary conditions on a p-form w in order for it to belong to the domain of d4 or d*. These are
analogous to the Dirichlet and Neumann boundary conditions for the domain of d and d* discussed in [3].
We recall from Section 3 of [1] that for the Dirichlet boundary conditions, (D), d4 is the minimal operator.
It imposes nontrivial boundary conditions on the forms in its domain. d% is maximal in this case. On the
other hand, for the Neumann boundary conditions, (N), d4 is maximal and the domain of d% imposes
nontrivial boundary conditions on its elements.

The next proposition expresses spatial derivatives of solutions in terms of time derivatives.

Proposition 3.1. Let A(t) be a smooth solution to the Yang—Mills heat equation over (0,T), satisfying either
(2.5) or (2.6) if M # R3. Then there exist non-negative constants Cni, Cni, ¢ni, Cni, that depend only on n
and i, such that, for alln > 1 and 0 < t < T, the following identities hold.

danA™ (t) = B™(t) — P,(t), where (3.1)
Po(t) = ni cni[AD () A AP (1)),
dyyB" Y = —A<";(_t1) —Qn(t), where (3.2)
Qn(t) = ni Enil AV (£) BT IO (1)].
im1

j‘(t)A(") (t) = —R,(t), where (3.3)

n—2

Ru(t) =Y enil AD(£)0A (1)),

=1



N. Charalambous, L. Gross / J. Math. Anal. Appl. 451 (2017) 873-905 881

Moreover, for all n > 0 there holds

dA(t)B(") (t) = Sn(t), where So(t) =0, Si(t) =[B(t) A A'(t)] and (3.4)
Su(t) = [B(t) A AP ()] + Z b [(BO (1) — Py(1)) A AP (2)]
for n>2.

The functions P,(t), Qn(t), R, (t) are polynomials in the time derivatives of A and B of order at most n—1
in A and at most n — 2 in B. Empty sums are to be interpreted as zero. In particular,

Pi(t) = Q1(t) = Ri(t) = Ra(t) =0

In the above identities da is the exterior derivative with domain matching the boundary conditions and d
is its adjoint.

The next lemma carries out the inductive computation, ignoring domain issues for the operators d4
and d%. These issues, which are relevant if M # R3, will be addressed in the succeeding lemmas.

Lemma 3.2. The identities (3.1)—(3.4) hold, ignoring boundary conditions.
Proof. We will prove the identities (3.1)—(3.3) by induction on n. Recall the identity
daA = B’ (3.5)

proved in [1, Section 5], which is (3.1) for n = 1, since P;(t) = 0. Let k > 1. Assume that the identity (3.1)
holds for n = k and differentiate both sides with respect to ¢ to find (d4a A®)) = B*+1) — P/ Therefore

k—1
dAA(k+1) _ B(k-‘rl) _ [AI A A(k)} _ chz([A(l) A A(k—i)])/
i=1
k—1
— pl+1) _ [A" A A(k)} _ chi([A(i) A A(k+1—i)} + [A(i+1) A A(k—i)])_
i=1

Thus (3.1) holds with ¢(g41)1 = 14 cx1 and ¢(41); = Cri—1) + cki for 2 <4 < k. Notice that [AD A AU)) =
[AU) A AD] for any i, j. The coefficients c,; are the ones obtained from the inductive process above. This
proves (3.1).

To prove (3.2) observe that for n = 1 this is the Yang—Mills heat equation since Q1 (t) = 0. For n = 2, the
identity d% B' = —A” — [A’4B], proved in [1, Section 5| gives (3.2) with 621 = 1. Assume that (3.2) holds for

n =k > 2 and differentiate both sides with respect to ¢ to obtain d* B®*) + [A’,B*~V] = —AKk+D _ Q! .
Therefore
k—1
dZB(k) _ 7A(k+1) - [A/JB(krfl)] . c li([A(i)JB(kflfi)])/
i=1
k—1
_ _A(k-‘rl) _ [AIJB(k 1) Z () B(k—i)] + [A(i-ﬁ-l)_‘B(k—l—i)]).

This is (3.2) with n = k + 1 and coefficients given by €411 = 1 + 1 and C(py1); = Cri + Cri—1) for
2<i<k.
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For the proof of (3.3) we observe that
dyA' = —d%dB =0
by the Bianchi identity. Differentiating both sides with respect to ¢ we get
0= (d4A") =dyA" + [A LA = dy A"
since [wiw] = 0 for any 1-form w. Differentiating once again with respect to ¢ we obtain
dy A"+ [A'LAT] = 0.

This proves (3.3) for n = 1 and n = 2 because Ry = Ry = 0. Let & > 2 and assume that (3.3) holds for
n = k. Differentiate both sides with respect to t we get

k—2
d*AA(k+1) + [A/_IA(k)] + Zékz([A(z)JA(k—&-l—z)] + [A(H_DJA(k_l)} ) —0.
=1

This is (3.3) with n =k + 1.
Finally we will derive (3.4) by applying da to both sides of (3.1) rather than proceeding by induction.
For n = 0 the identity (3.4) is just the Bianchi identity. For n > 1 we find

n—1
dAB™ = d d A™ + chidA( [AD A A(=D)] ). (3.6)

i=1

By the Bianchi identity we have dadaA™ = [B A AM™)]. Moreover, daw A 7] = [daw An] — [w A dan] for
1-forms w, n and [u A v] = —[v A u] whenever u is a ¢ valued 1-form and v is a ¢ valued 2-form. Therefore
(3.6) gives

n—1

dsaB™ = [BAAM] 4+ cni{ [daA® AN AP 4 [dg APTD A AW
=1
n—1

= [B A A(n)] + Z(Cm + Cn(n—i)) [dAA(i) N A(n_i)].
i=1

Using (3.1) to substitute for the term d4A®) we arrive at (3.4) with é,; = cn; + Cn(n—i)- O

Although we applied the exterior derivative operator and its adjoint to smooth forms in the preceding
lemma, we need to verify that the boundary conditions satisfied by these forms match with the domains of
these operators when M # R3. To this end we recall here some properties of these domains, established in
Section 3 of [1].

Lemma 3.3. ([1, Lemma 3.4]) Suppose that w € Wi (M; AP @ £) and A € L>°(M). Then

(D) w € Dom(da) if and only if wien =0
(N) w € Dom(d%y) if and only if wporm = 0.

Moreover we proved the following:
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Lemma 3.4. ([1, Proposition 3.5]) Assume that w is a € valued form and that A € Wy N L. Denote the
curvature of A by B, as in (2.3).

If [B Aw] € L? then
(N) w € Dom(dys) implies w € Dom((da)?) and d3w = [B A w]

and (D) w € Dom(da) implies w € Dom((da)?) and d4w = [B A w].
If [Baw] € L? then

(D) w € Dom(d%) implies w € Dom((d%)?) and (d%)*w = [Bw]
and (N) w € Dom(d%) implies w € Dom((D%)?) and (d%)*w = [Bw].
For the remainder of this section we will assume that A(t) € C>°((0,7) x M : A*®¢¥) is a smooth solution

to the Yang-Mills heat equation which satisfies (1.2) and one of the boundary conditions (2.5) or (2.6) if
M # R3.

Lemma 3.5. Let A(t) be a smooth solution to the Yang—Mills heat equation over (0,T), satisfying either (2.5)

or (2.6). Denote by A™(t), B (t) the nth order time derivatives of A and B respectively. If A(-) satisfies
(2.6) then for allm >0 and 0 <t < T

A ()an =0 and A™(t) € Dom(ds).

(3.7)
B™ ()1an =0 and B™(t) € Dom(d,).
If A(t) satisfies (2.5), then for alln>1 and 0 <t <T
B™ ()porm =0 and B™(t) € Dom(d%).
(3.8)

A () orm =0 and A™(t) € Dom(dY,).

Proof. We begin with the Dirichlet case. By (2.6) we have A(t)tqn = 0 for all ¢ € (0,T"). We may differentiate
A(t)¢an With respect to t on the boundary to get A ()4, = 0 for all n > 0. Therefore, A" (t) belongs to
the domain of the minimal operator d4 in this case by Lemma 3.3. By Corollary 3.7 in [1], A(t)¢n = 0 also
implies that B(t)san = 0. As a result, B (t)sq, = 0 for all n > 0 and B (t) therefore also belongs to the
domain of dy4.

Similarly, in the Neumann case, since B(t)norm = 0 for all t € (0,T), it follows that B (),0rm = 0 for
all t € (0,7) and therefore B(™(t) belongs to the domain of the minimal operator d* by Lemma 3.3. By
Lemma 3.4, B(t)norm = 0 implies that d% B(t) also belongs to the domain of d¥. Since d* B(t) = A'(t), we
can apply Lemma 3.4 to find A'(t)porm = 0 for all t € (0,T) as well. As a result, A™ (t),5mm = 0 for all
n > 1 and therefore A(™(t) also belongs to the domain of d*%. O

Lemma 3.6. In case M # R? the operators da and d* act only on elements in their domains in the identities
(3.1)—(3.4).

Proof. The proof is similar to the proof of Lemma 5.1 in [1]. For the Dirichlet case, (3.7) implies that for all
n>1andt € (0,7), A™(t) belongs to the domain of the minimal operator d4. This justifies the use of d4
n (3.1). Similarly (3.7) shows that B(™)(t) is in the domain of d4, which justifies its use in (3.4). Since d*
is the maximal operator, B and A both belong to its domain. This justifies its use in (3.2) and (3.3).
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For the Neumann case (3.8) of Lemma 3.5 shows that B (t) and A (t) belong to the domain of the
minimal operator d% for all n > 1 and ¢ € (0,T). Therefore the application of d% in (3.2) and (3.3) is
justified. The application of d4 in (3.1) and (3.4) is also justified, since it is the maximal operator in this
case. 0O

Proof of Proposition 3.1. For the case M # R? the identities (3.1)—(3.3) are justified by the proof of
Lemma 3.2 and Lemma 3.6. For (3.4) it suffices to justify the application of d4 to both sides of (3.1)
under both sets of boundary conditions. In the case of Dirichlet boundary conditions observe that, for all
n > 1, B™(t) € Dom(da(t)), by Lemma 3.5, as is dA(t)A(") (t) by Lemmas 3.5 and 3.4. Moreover, since
all AD(t)0n = A" ()44, = 0 and [A(i)(t) A A("_i)(t)]t,m = 0, the application of d4 to each term on the
right side of (3.1) is justified. The Neumann case is trivial because d4 is the maximal operator.

For M = R3 the identities are justified since we are considering smooth solutions to the Yang-Mills heat
equation. Boundary conditions are not an issue. 0O

3.2. Integral identities

We will use the pointwise identities of the previous subsection to prove integral identities for smooth
solutions to the Yang-Mills heat equation.

Lemma 3.7. Let A(t) be a smooth solution to the Yang—Mills heat equation over (0,T), satisfying either (2.5)
or (2.6) if M # R3. Then, for any integer n > 0,

d n n * n n
SIBWDIE+ ATV @3 = —dAB™ (D13 + Qe (113 + 2(Pasa (£), B™ (1)) (3.9)

and, for any integer n > 1,

d n n n n
EHA( N3+ 1B @15 = = daA™ @3 + [ Pa(®)lI3 — 2(Qn1 (1), AT (1)). (3.10)
da represents the exterior derivative with domain matching the boundary conditions and d¥ is its adjoint.

Proof. By identity (3.1)
(d/adt)||B™|; = 2(B"+Y, BM)
= 2(d A" 4 Py B™)

= Q(A(n+1)? d*AB(n)) + 2(P7L+17 B(n))v

where we observe that the integration by parts is justified for both boundary conditions. The first term on
the right side may be written in two different ways using (3.2)

(A B = —(d3B™, 3y B™) — (Qni1, d3 B™)
and also = —(AMTD AC+D)y _ (4D ).
Adding the two we obtain
240 i BM) = — APV S — ||d3 B3 = (Quyr, AT 4+ d5 BM™)

= —[[ATHVZ — ld5B™ 3 + | Qua 13,

where for the last equality we have applied (3.2) once more. (3.9) follows.
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The second identity is proved in a similar manner. Using (3.2)

(d/dt)||A™]|3 = 2(A0D, AM)
— (@3B0, AM) - 9(Q s, A)
= 72(3(’”‘)7 dAA(n)) - 2(Qn+1a A(n))7

noting that the integration by parts is again justified for both boundary conditions. We rewrite the first
term in two different ways using (3.1)

(B™,dsA™) = (daA™, dyA™)) + (P, ,daA™)
— (B("),B(")) — (P, ,B(”)).

Adding the two we obtain

2BM,daA™) = B3 + [ daA™ |3 + (P, daA™ — B™)
= IB®E + daA™ 3 — [|1Pal3

by applying once again (3.1) for the last equality. (3.10) follows. O
4. Differential inequalities
4.1. Gaffney—Friedrichs—Sobolev inequalities in three dimensions

In our estimates, the embedding of W; into L will be critical. Define the gauge invariant version of the
W1 norm on M by

ol ary = IV 4@l Z2ar) + 0122 ary
for any ¢ valued p-form w on M.

On a compact three-dimensional manifold M with smooth boundary, as well as on R3, the Sobolev
embedding theorem implies that for any w € Wy (M)

ol < (2/2)( [ lgradio P+ ]
M

for some constant x that depends on the geometry of M, but not on A (see, for example, [5, Theorem 7.26]).
It holds also for M = R3. In view of Kato’s inequality,

[laradial P < V43,
M

it follows that
wl|2 < (”2/2)||°‘JH12/V{‘(M) for w and A € Wy (M). (4.1)

We recall the following gauge invariant Gaffney—Friedrichs inequality:
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Theorem 4.1. ([1, Theorem 2.17]) Suppose that M is a compact three-dimensional Riemannian manifold
with smooth boundary or that M = R® and that A is a € valued 1-form in W1 (M) with curvature B such
that | Bl|2 < co. Then there exist constants Ay and «y that depend only on the geometry of M and not on A,
such that, for

A(B) = Au +71Bll3, (4.2)
there holds
1/2)w iy ary < ldawll3 + ldawll3 + A(B)lwl3 (4.3)
for any € valued p-form w in W1 (M) satisfying either
Wian =0 or  wWporm =0

if M # R3. Here dy is the covariant exterior derivative with domain matching the boundary condition on
w and d s its adjoint.

We recall from [1] that v = (1/4)(3k?)3c¢* where ¢ = sup{|lad z|le_¢ : |z|e < 1} is a constant that
measures the non-commutativity of K and which is zero if K is commutative. The constant « is the Sobolev
constant from (4.1). The constant Aps is given by

where W is the Weitzenbock tensor on p-forms and 6 is a constant determined by the lower bound of the
second fundamental form on OM. If M is convex then we can take # = 0 and if M = R3 or is a convex
subset of R then we can take Ap; = 1. Thus in this paper we take Ay = 1.

Corollary 4.2 (Gaffney—Friedrichs—Sobolev inequality). Suppose that M = R3 or M is the closure of a
bounded convex open subset of R3 with smooth boundary. Let A € W1(M) and suppose that | Bl < co. If
w s a p-form in Wi (M) N Dom(da) N Dom(d?) then

lwlf§ < w*(lldawll3 + lldaw]3 + Allw3) (4.4)

with A = M(B) = 1+~ B||4.
Note: If M # R? and w € W1(M) then the domain restrictions are equivalent to Wian = 0 0O Whorm = 0.

Proof. Combine (4.3) and (4.1). O

In the following lemma lower order time derivatives are singled out in what is otherwise the standard
GaffneyFriedrichs-Sobolev inequality. We will use the notation H{' instead of W because the argument
of these norms always satisfies the relevant boundary conditions when M # R3. Moreover agreement of time
between the argument and A will also be understood. Thus || A (t)||§11A = |[VAO A (@) ||3 + | AT (1)]3 as
in Notation 2.9. These Sobolev norms are gauge invariant.

Lemma 4.3 (GFS). Let A(t) be a smooth solution to the Yang—Mills heat equation as in Proposition 5.1.
Taking v as the constant defined after Theorem 4.1, define

A(t) = 1+9B@)ll3. (4.5)
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Then for any n > 1 we have
R2AM@)F < (1/2) A @)1
< [Ra (D)3 + |[daA™ ()15 + A A™ (#)]3 (4.6)
<R ()5 + 21 Pa(®)][3 + 2 B ()15 + MDA (1)]5- (4.7)
For any n > 0 we have
£2BM@)E < (1/2)I1B™ ()34
< 1Sa ()13 + 1daB™ @15 + A0 B™ (t)]I3 (4.8)

< 1Su O3+ 21Qus1 (DI + 2 ATV O3 + A B™ ()13 (4.9)

Proof. Lemma 3.5 shows that for either boundary value problem, A(™(t) satisfies the correct boundary
condition that allows us to apply the Gaffney—Friedrichs inequality (4.3). Using also the Sobolev inequality
(4.1) we find

R2IAM @ < @/2)1A™ O
< NdaA® (@)]5 + a3 A ()13 + A0 AT @©)]5. (4.10)

(4.6) now follows from the identity (3.3). The identity (3.1) shows that ||[d4aA™|2 = |B™ — P,||3 <
2| P12 + 2| B™)||2, which proves (4.7).
Similarly, the Sobolev inequality (4.1) and Gaffney—Friedrichs inequality (4.3) show that

r2IBMIE < (1/2)1 B (674

< daB™3 + |3 B™ |3 + A1) B3, (4.11)

which yields (4.8) in view of the identity (3.4). Moreover, in accordance with (3.2) we have ||d* B3 =
[ACHTD £ Q1113 < 2|Qnail3 + 2| ATHD |2, from which (4.9) follows. O

Remark 4.4. The Gaffney—Friedrichs—Sobolev inequalities take a very simple form in case n = 0 or 1. Thus

we have
2B®IE < 1A®5 +ADIB®)]3, (4.12)
T2AT O < 1B @3 + A A (013 and (4.13)
2B @5 < B AA D] 3+ [daB ()15 + A(0)IB'(®)]3- (4.14)

The first of these follows from (4.11) with n = 0 because d4B = 0 by the Bianchi identity and d%,B = —A’
by the Yang-Mills heat equation. The second follows directly from (4.10) because d4 A’ = B’ and d% A’ = 0.
The third follows from (4.8) because Sy (t) = [B(t) A A'(t)].

4.2. Differential inequalities
For the remainder of this section we let A(t) be a smooth solution to the Yang-Mills heat equation as

in Lemma 3.7 and define A\(¢) as in (4.5). We will be using the Gaffney—Friedrichs-Sobolev inequalities to
estimate the right side of the integral identities of Lemma 3.7.
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Lemma 4.5 (Estimate of (3.10) for n > 1). For each integer n > 1 there are a constant ¢, depending only
on n, the manifold M and the vector bundle V such that

d

AP A2 + IB™ )12 < (A#) + en|BOE)IA™ @12 + (| P ()2
dtll Oz + 1B (@®)3 ( (t) [ ()Ilz)ll Oz + 1P ()3 (4.15)
+ 262|Qn i1 (DG /5 + 1R2 (D)3

where Qny1(t) is defined in (4.16).
Note: All time derivatives of A or B that occur in Po(t), Qny1(t) and R, (t) are of order less than n.

Proof. We need to bound the right hand side of the integral equality (3.10). We will derive a bound for the
last term in (3.10) which will include a term that cancels with the term —||d4 A (t)|3. Define

n—1
Quia(t) = Zﬁ(n_,_l)i[A(i)(t)_nB("_i) (t)], for n>2 and (4.16)
i=1

Q2(t) = 0.

Then (3.2), with n replaced by n+ 1, shows that Q,11 = Qn+1 +E(n+1)n[A(")_nB]. The only time derivatives
AW in Q, .1 are of order less than n.

For non-negative functions f and g Holder’s inequality gives || f2gll1 = || £2/2f*2gllx < || £3/?||4l| 1?4 x
lgllz = LF113/?11£ 15" g2 Therefore, for any € > 0 we have

1729l < 11320715 2 gl
< B/OE Y + (1/a) (el 115 gll2)*
= (3/)e 3| 12 + 1/ £ 131193 (4.17)

Let ¢}, = 2¢C(n41)n- Then
2(Qus1, A™)| = 2| (@ui1, A®) + ey (AT 1B, A)|
< {201Qusllossl A6 b + { il A™2IBI 1 }
< {2621Quinli s + (17252 A2}
+{ GBI A + (2 92 2 a3,
wherein we used (4.17) with f = |A™) (¢)] and g = |B(t)].

Choose € such that (3% e 4/3K2) = 1/2. The two ||A™)||2 terms add to £~ 2||A(™)||2. Using the Gaffney—
Friedrichs—Sobolev inequality (4.6), we find

2(Qni1, )| < 262 Quillds + cal BISIA™IE + (172 A)2)
< 262 QullEs + cal BIRIAT 3 + (I1Ral3 + 444" I3+ A0) A3,

where ¢, = (c/,/4)e* = (1/4)(3/2)3k5(c,,)*. Insert this bound into (3.10), canceling the terms ||d4A"™|3, to
find
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d n n
AW @[3+ 1B @13
< 1Pa(®)13 + 2621 Qus1I§/5 + call BlI2 I A™ 13 + (IIRnllg + A(lf)HA(")H%)
which is (4.15). D

Lemma 4.6 (Estimate of (3.9) for n > 0). For each integer n > 0 there holds

d n n n
ZIBWDIE + ATV @3 < ABIBD O3 + 1Qnea (DIE + K2 Pasa(B)§5 + [Sa (B3 (4.18)

Note: All time derivatives of B that occur in Qn(t) are of order less than n. All time derivatives of A in
the right side are of order less than n + 1.

Proof. We need to bound the right hand side of (3.9). We have

2/(Prs1, B™)| < 2[| Paalless1B™ |6
< &2 Pagallgys + 21 B™E

< K2 Pasallgss + 11Sall3 + 12 BUE + A@)IB™ 3
by virtue of (4.8). Therefore
—[|d5B™ |3+ 2|(Pas1, B™)| < K[| Pasillgs + 1all3 + A0 IB™ 3
This proves (4.18). O

Remark 4.7. In case n = 0 the inequality (4.18) gives

d

ZIBOIE+ 1A @Z < ABIBO)]3 (4.19)
since @, = Py = Sy = 0 by Proposition 3.1. But the identity (3.9) shows that <-||B(t)[|3 + 2||A’(¢)||3 = 0.
There is a loss of information, therefore, in (4.18), which we allow in order to get a simple inequality for all

n > 0.

Under the assumption of finite action we will be able to use the preceding differential equalities to obtain
integral estimates in our main result, Theorem 2.8. Proposition 4.9 below will be critical in this transition.

Notation 4.8. For a smooth solution A(-) on (0,T) to the Yang-Mills heat equation (1.2) that has finite
action let ¢, be the constant appearing in (4.15) and define

V()= [ Mo)do = t+~ [ ||B(o)||sdoc and (4.20)

/ /

nlt) = t+ (v + cn) / 1B(0)|do. (4.21)
0

Lemma 5.6 will show that fot | B(0)||4do < oo when A(-) has finite action. It follows from this that ¢ (¢) and
¥ (t) are bounded, differentiable and nondecreasing functions on the interval (0,7"). Then, for 0 < s < ¢
the functions
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,(/Jt7$ = '(/)(t) - ’(/)(S) and w;&{g = wn(t) - ¢n(3)
are non-negative.

Proposition 4.9.

2 (e @AW ) R) + e OB ()3 < e X (s), n > 1 (4.22)
and
L ONBOE)E) + e DA ($)E < VOV (5), 020, (4.23)
where
Xa(t) = [PaI + 2621Qu1 ()35 + 1ROl . 0 =1 and (4:24)
Ya(t) = [ Quar (O3 + K2 Pasa ()5 + 12 ()3, n> 0. (4:25)

Note that Yo(t) = X1(t) = 0 by virtue of Proposition 5.1 and the definition (4.16) of Q.

Proof. Since ¢/(s) = A(s) and ¢/,(s) = A(s) + ¢, || B(s)[3, the inequality (4.15) can be written as
d
A GIE = vr()[A™ ()5 + 1BM (5)]5 < X ().

This is equivalent to (4.22), as one can see by differentiating the product and then multiplying by e¥(*).
The inequality (4.23) follows from (4.18) similarly. O

5. Initial behavior
5.1. Initial behavior from differential inequalities

From the differential inequalities (4.22) and (4.23) we are going to derive initial behavior bounds in the
form of integral estimates with the help of the following elementary lemma.

Lemma 5.1 (Initial behavior from differential inequalities). Suppose that f, g, h are nonnegative continuous
functions on (0,t] and that f is differentiable. Suppose also that

(d/ds)f(s)+g(s) <h(s), 0<s<t. (5.1)
Let —1 < b < oo and assume that
¢
/sbf(s)ds < 00. (5.2)
0
Then
HHr@) + [ sUHg(s)ds < [ sUHIh(s)ds + (14b) [ s"f(s)ds. (5.3)
[ /

If equality holds in (5.1) then equality holds in (5.3).
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Proof. Assumption (5.1) implies that
(d/ds) (8(1“’)]”(8)) + s g(s) < sUT(s) + (14 b)sTH f(s)

for all 0 < s < ¢. The result follows after integrating both sides over the interval (0,¢] if one knows that
limy o t0+%) f(t) = 0. See [6, Lemma 4.8] for a proof without this assumption. O

Corollary 5.2. Define X, (t) and Y, (t) by (4.24) and (4.25) respectively. The inequalities

t
203 A2 1 / s21=3|| B (s)| 3ds (54)
0

t t
1
< {(2n— 5)/82"_%||A(”)(3)H§d8+/82”_%Xn(s)ds}ew“(t), n>1
0 0

B BO@+ [ 52 AT ()3 ds (55)

< {(2n+ %)

/
/

t
82"_%|\B(")(5)H§d8+/52"+%Yn(s)d5}ew(t), n>0
0

hold whenever their right sides are finite, for ¥ (t), ¥, (t) as in (4.20) and (4.21) respectively.

Proof. Starting with the differential inequality (4.22), we can apply Lemma 5.1 with f(s) =
e~ A (s)]13, g(s) = e )| BM(s)||2, h(s) = e ¥ X, (s) and b = 2n — 3. Upon multiplying
the resulting inequality (5.3) by e¥»®) we find

t

n—1 n ts op—1 n
2 A2 4 / eV | B () |2ds (5.6)
0
t t
1 t,s t,s 1
<n-y) [ HAD @ Bds+ [ i s)ds, nz 1
0 0

Since 1 < ¥’ < e¥»(®) the inequality (5.6) continues to hold if we drop the factor e’ from the integrand
on the left and replace it in the integrands on the right by e¥~(*). This yields (5.4).

The same method shows that (5.5) follows from (4.23) if, in Lemma 5.1, one chooses f(s) =
e VOBM(s)[I3, g(s) = e ATV (5)]3, h(s) = eV, (s) and b=2n— 5. O

The remainder of the paper will be devoted to proving that the right hand sides of the inequalities (5.4)
and (5.5) are finite. This will be done by induction on n. But the induction hypothesis will include two
other inequalities besides these two.

5.2. Initial behavior of the curvature and A’

We review a few well known a priori bounds for solutions of the Yang—Mills heat equation in the presence
of finite action.
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Lemma 5.3. Let A(t) be a smooth solution to the Yang—Mills heat equation over (0,T) x M, satisfying either
(2.5) or (2.6) if M # R3. Then ||B(t)||2 is nonincreasing on (0,T). Moreover, if || Boll2 < 0o then

1B(#)ll2 < || Boll2 (5.7)
for0<t<T.

Proof. Identity (3.9) for n = 0 gives (d/dt)||B(t)||3 = —2||A’(¢)||3 < 0 since P; = Q1 = 0. Therefore || B(t)||3
is non-increasing. (5.7) follows from the continuity of | B(t)||2 at ¢ = 0 in this finite energy case. O

Remark 5.4. If A(-) has finite action then p(t), defined in (2.10), is finite for small ¢ and therefore for
all ¢, since the integrand is decreasing by Lemma 5.3. Further, if A(-) is a solution with finite energy, i.e.
IBoll2 < oo, then (5.7) shows that A has finite action.

Proposition 5.5. Let A(t) be a smooth solution to the Yang—Mills heat equation over (0,T) x M, satisfying
either (2.5) or (2.6) if M # R3. If A(-) has finite action then

t
B3 + 2/81/2\\A’(5)||§d5 = p(t), (5-8)
0

for any t € [0,T). In particular (C,,) holds for n = 0.

Proof. For n = 0 identity (3.9) becomes (d/ds)||B(s)||3 + 2|[A’(s)||3 = 0. We can apply Lemma 5.1, taking
f(s) =||B(s)||2, g(s) = 2||A'(s)||2, h(s) = 0 and b = —1/2. Then (5.3) asserts that

t

t
RIBOIE+ 2 [ SPIA IR ds = (/2) [ 5 2B) s,
0 0

which is (5.8), in view of the definition (2.10) of p(¢). The hypothesis (5.2) is satisfied by the assumption of
finite action. This proves that (C,,) holds for n = 0. We can take Co3(t) = p(t). O

Lemma 5.6. Let A(t) be a smooth solution to the Yang—Mills heat equation over (0,T) x M, satisfying either
(2.5) or (2.6) if M #R3. If A(:) has finite action then

tB®2 < p(t)*  and (5.9)

t
[1Bids < 200077 (5.10)

0

Moreover, for 0 <t <T there holds

tA() <t +7p(t)? (5.11)
V() <t +2vyp(t)? and (5.12)
Un(t) < t+2(y +cp) p(t)? (5.13)

where \(t) is defined in (4.5) and ¥(t) and ¥, (t) are defined in (4.20) and (4.21) respectively. In particular
these three functions are non-decreasing and are bounded by standard dominating functions.
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Proof. Identity (5.8) implies that s'/2||B(s)||2 < p(s) < p(t) for all s < t since p(t) is nondecreasing. In
particular (5.9) holds. Further,

J1B@tds = [ (s21B)18) (s /21B()B) ds
0 0

t

<ptt) [ 5 IBG) I ds = 200
0

proving (5.10). The inequalities (5.11)—(5.13) now follow from their definitions and from (5.9) and (5.10). O
6. Proof of the main theorem

Remark 6.1 (Strategy). We will first prove the theorem under the technical assumption that A(t) is a smooth
solution to the Yang-Mills equation over (0,7) x M. The proof will proceed by induction on n. We have
already shown that (C,,) holds for n = 0 in Proposition 5.5. We will show that all four inequalities (.A,,),
(B,.), (Cn), (D,,) in Theorem 2.8 hold for n = 1. We will then show that if ¥ > 2 and all four inequalities hold
for 1 < n < k then all four inequalities hold for n = k. We will then remove the hypothesis of smoothness.

6.1. Proof form =1
Proposition 6.2 (Proof of Ay ). Let A(t) be a smooth solution to the Yang—Mills heat equation over (0,T)x M,
satisfying either (2.5) or (2.6). If A(-) has finite action for 0 <t < T then

t
BRA0)]3 + / 2| B(s)3ds < O (2) (6.1)
0

for some standard dominating function C11. In particular Ay holds.

Proof. Since X (t) = 0 the inequality (5.4) with n = 1 shows that

t t
3 3
BRI+ [IB ) s < 5 [ SR Fds < T o)
0 0

wherein we have used (5.8) in the last inequality. The bound (5.13) shows that the right hand side is bounded
by a standard dominating function. O

We see here that the integrability of ¢1/2||A’(¢)||3 in time implies the boundedness of #3/2|| A’(t)||3 when
A(+) is a solution to the Yang—Mills heat equation. This reflects a frequently occurring theme.
For the remainder of this section we will assume that A(t) satisfies the assumptions of Proposition 6.2.

Corollary 6.3 (Proof of By). There exists a standard dominating function Cyo such that
t
CLIBOIE+ [ $214/0)3ds < Cralt) (6:2)
0

forall0 <t <T.
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Proof. From the two GFS inequalities (4.12) and (4.13) we find

t
2(EPIBOIR + [ 2 G)Fds)
0

< {82 1@ + N IBOIEY + [ {21513 + (X654 (5) [ s
0

< (PRI + [ SPIBGE) + 0 (2B + [ 572140 ds)

0 0
< Cu(t) + tA() p(t)

wherein we have used (6.1), (5.8) and the nondecreasing property of tA(t). The bound (5.11) shows that
tA(t)p(t) is bounded by a standard dominating function. 0O

To prove C; we need the following integral estimate.

Lemma 6.4. Define Y1(t) as in (4.25) with n = 1. There is a standard dominating function Cia such that

/ 512y, (s)ds < Cha (1) (6.3)
0

forall0<t<T.

Proof. The definitions in Proposition 3.1 give Q2(t) = ¢21[A’(¢) 1B (¢)] and Pa(t) = ca1[A’(t) A A'(t)]. Hence,
by the definition (4.25) we have

Yi(t) = Q)13 + &2 P2(B)II5 /5 + 15103
= |11 [A"()2B(B)] |13 + K> [lear [A"(8) A A" ()] 1G5 + I [B(E) A A'(1)] 113
<& [AOB®| I+l [A@®)P1F)5 (6.4)

for some constant ¢ that only depends on the manifold and the bundle. By Hélder’s inequality
HA"(B) 3 < A IENIBG)E < A () IENB()l2lB(s)lle-
Hence
SPIHA () 1B 113 < (s*2[14°()13) (s B(s)ll2) (s> *11B(s)ls)
< $*2(|A(9)[1§ Vp(t) Cra(t)

by (5.8) and (6.2). Therefore

[SPNAGBEE ds < Volt) Crald / S2A ()} ds

0
< Vp(t) (Craft 012 (6.5)

by (6.2), giving an upper bound by a standard dominating function.
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For the second term in (6.4) we also apply Holder’s inequality twice to obtain

A ()35 < 1A S)IEINA ()11 < | A'(s)ll6]1A"(5)]211A" ()13

Hence,

SPA (PN s5 < (5™ 1A (s)ll6) (57414 (5)12) (s> A (5)]3)
< (%) A (s)ll6) (57414 (5)2) Cra (1)

by (6.1). Therefore

t t
[N @RI s < Cu) [ 1A 0) (414)]2) ds
0 0

‘ 1/2 ‘ 1/2

scmw./ﬁwww%m /wwm@@@

0 0

< Cui(t) VCia(t) p(t)
by (5.8), (6.2) and Holder’s inequality for the time integral. O
We are now ready to prove Cj.

Corollary 6.5 (Proof of C1). There is a standard dominating function C13 such that

t
/2| B (t)[13 + /85/2||A”(8)H3d8 < Cu3(t) (6.6)
0

forall0<t<T.

Proof. From (5.5) with n = 1 we get

RIB O + [ s*21A"(s)]13ds

o —

t

§{g/ s%/2|| B'( )H%ds—k/sE’/QYl(s)ds}ew(t)
0
5
< {5 Cri(t) + Cralt )}ew(t)

by (6.1) and (6.3). This is bounded by a standard dominating function in view of (5.12). O

Corollary 6.6 (Proof of D1). There is a standard dominating function C14 such that

t
ﬁﬂwwﬁ+/§%3@%wsam> (6.7)
0

forall0 <t <T.
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Proof. Multiply the GFS inequality (4.13) by t°/2 to find

RO A @G < OB @I + ) (1A 013

< 013(t) =+ t>\(t) C11(t)

by (6.6) and (6.1). This is bounded by a standard dominating function in view of (5.11).
For the second term in (6.7) observe that the identity (3.2) reduces, for n = 2, to the identity d* B’ =
—A" — ¢91[A'1B]. Replace d* B’ by this in the GFS inequality (4.14) to find

R2IB' @O < 1B AATIZ + 21 A" (013 + 283, || [ASB] |15 + A® B' ()13

It follows that for some constant ¢ that only depends on the manifold and the bundle,

[P IB @ lRds < [ SR{1A 1 + 114 OB + X6 IB ()] ] s
0 0

t

< e{ Cualt)+ Gty + 0) [ 713 (5) I35}

0

< E{ Cis(t) + Cua(t) + t)\(t)CH(t)}
by (6.6), (6.5), and (6.1). This is bounded by a standard dominating function in view of (5.11). O
This completes the proof of Theorem 2.8 for n =1 when A(t) is smooth.
6.2. Bounds on lower order terms

The induction mechanism in the next section will give us information about the initial behavior of the
time derivatives of A and B. We will use this information with the help of the following bounds.

Lemma 6.7 (Bounds on lower order terms). For alln > 1 there exist constants d, , independent of M and
A such that

n—1

1Pa(OI3 < dnac® D IAD 02| AD @) sl A )] (6.8)

=1

n—1
1P2()l[/5 < dn2c® > IIAD @) l6AD 012 AT (2)]13 (6.9)
=1

n—1

1Qn ()3 < dnac® Y [ADDGIBT @) 2) B™ 2 (#)ls (6.10)
i=1
n—2

1Qn(ON35 < dnac® Y 1AV @)1 AD D)6 B2 (1)113 (6.11)

=1

n—2
IR (8)]I5 < dnsc® Y IAD @)l AP @) |6 A2 (1)1 (6.12)

i=1
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n

180 ()13 < dus (32 ITAD @) A B0 13 + Z 1TAD () A PaslB] 1)

i=1

Note: It will be clear from the proof that dp 2 = dp1 and dp 4 < dy 3.

Proof. The Lemma is a simple application of Hélder’s inequality. From (3.1) we have

n—1
[FAGIHE Zcm YAACTI D3 < dny Y [[[AD (1) A AT (0)]]13
=1
<d, 1622 AP @NZ1AT O3
< dna® Z AP @) [l A @) ls AT (0)]]5-

This proves (6.8). For the second estimate we have
n—1 ) )
1P (D135 = 11D enil AV () A AT (@)]I[5 5
i=1

n—1
<dpa Yy [[[AD(6) A AP D] /5

n—1
< dnoc® Y [ AD O[4I (1))
=1
n—1
< dp o Y AD @6 AD (02 A (1)]5-
i=1
Similarly, from (3.2)
n—1 n—1 ]
1Qn(®I3 = I D eni AV ()BT 15 < dna Y AV (0)2B™ =2 (@)] |3
i=1 i=1
<d, 3CQZ||A“ WEIBO 2 (0))13
1=1
<dn3CQZ”A(Z WEIBS D@2 B2 (1) 6.
=1

This proves (6.10). From the definition (4.16) we find, for n > 3

n—2
QO35 = 11 Y 2mil AV (1) sBU (@) 135

i=1

<dn4ZII J(6)BUTI D)5

n—2

< dnad® Yy AV DOIZIB @)1

i=1

897

(6.13)
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<dn4CQZHA =AY 0)e| B2 (0)113

proving (6.11).
From (3.3) we have

IR ($)3 = Hzcm (AW () 2A"D (0] 113 <dn5ZII (£)s A" ()] 113

<dy 5CQZ||A(’ 2 AP sl A D @)1F,

proving (6.12).
Finally, from (3.4) we have

1S2 ()13 = | [B(£) A A™ (8)] + i éni [(BU(t) = Py(1)) N AT ()] 113

< d, o {I[B®&) A A ()] 13 + Z | TAD @) A (BU=(t) = Pa-s(t)] 13}
n ) ] n—1 ]

< dus (D2 ITAD A BEI 3+ ST 1AD A P 1)),
i=1 i=1

proving (6.13). O
6.3. Proof of the induction step

In Section 6.1 we proved the four inequalities of Theorem 2.8 for n = 1. In this subsection we will assume
that k > 2 and that the four inequalities (A,,), (B,), (Cy), (D,) of Theorem 2.8 hold for 1 < n < k. We will
prove that they then also hold for n = k. For this purpose, we will need to show that the integrals involving
X, and Y, in the inequalities (5.4) and (5.5) are finite under this induction hypothesis. As in Section 6.1,
we will initially assume that A(t) is smooth over (0,7) x M.

Lemma 6.8. If in Theorem 2.8 the inequalities (A,), (B,.), (C,), (D)) hold for 1 <n < k then

t

/SQkféXk(s)ds < Cp(t)  and (6.14)
0

sup %13 X, (8) < Cra(t) (6.15)
o<t<T

for some standard dominating function Cj;.

Proof. For the proof of (6.14) it suffices to show that

/ 2k-1 (IIP/c( )5+ 262 Qi1 (51135 + HRk(S)H%)ds < Cha(t) (6.16)
0
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by virtue of the definition (4.24) for Xj. In view of the inequalities (6.8), (6.12) with n = k and (6.11) with
n =k + 1, we need only show that

t
[ HAY AV (1A (6 + |BF(5)13)ds < (e
0

for 1 < ¢ <k —1 and for some standard dominating functions ém. But for 1 < i < k — 1, the inductive
hypotheses A; and D; of Theorem 2.8 hold. Hence

A (5)]l2 AV ()6 {14 (6)IE +1BEO(s)]3}
= (s 7| AD(s)[|2) (573 AD(5)]|o)
. {52(16—1‘)—* |AF=D(5)]12 + s2k=D—z || B—D) (3)||§}

< VO VCu®) {27073 ACTI ()} + 27073 | B0 () 3]

The factor in braces is integrable over (0,t) by the inductive hypotheses By_; and Ag_; of Theorem 2.8,
since k — ¢ < k. This proves (6.14).
For the proof of (6.15) multiply the last line of (6.17) by s and set s =t to find

(6.17)

B AD @) 1AODlls {IA%O @I + 1BEO @113}
< VCa () V() {200 A0 (0)2 4+ 2001 B0 1))3}
< VCit () VCia(t) {Crie—iyalt) + Crminz ()}

where we have used the inductive hypothesis Dy_; of Theorem 2.8 for the first summand in braces, and the
inductive hypothesis Ci_; of Theorem 2.8, for the second term. These hold because k — i < k. Using the
inequalities (6.8), (6.11) and (6.12) as before, we conclude that

2 (PO + 26211 Quaa (D15 + IRR(O]F) < Cra (1), (6.18)
This completes the proof of Lemma 6.8. O

Proposition 6.9 (Ay holds). Let A(t) be a smooth solution to the Yang—Mills heat equation over (0,T) x M
with finite action and satisfying either (2.5) or (2.6) when M # R3. Assume that (A,.), (B,), (C.), (D,)
hold for 1 <n < k. Then there exists a standard dominating function Cy1 such that Ay holds.

Proof. Take n =k in (5.4) to find

t
23 A0 ¢ / 53| B®)(5)[2ds
0

t

t
1 _s3 -1
< {(Qk_i)/ 2k ”A(k ( )||§d8+/ 2k Xk( )ds}ewk(t)
0

0

< {2k = 3) Clrpl0) + Cua (1) eV
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where we have used the inductive hypothesis Cx_1 to bound the first term on the right, and Lemma 6.8 to
bound the second term. Using (5.13) it follows that there is a standard dominating function Cf; for which
Ay holds. O

Proposition 6.10 (Bj holds). Let A(t) be as in Proposition 6.9. If in Theorem 2.8, (A,), (B,), (Cy), (Dy)
hold for n < k then By holds for some standard dominating function Chs.

Proof. From (4.9) with n replaced by k& — 1 we find
2 IBED@F < 1Se-13 + 21Qxl3 + 211AM5 + A BEV 3. (6.19)
To prove boundedness of the first term in By it suffices therefore to show that
3 (115113 + 20Qul3 + 21 AW 3 + ADIBEVIB) < Cia(t) (6.20)
Concerning the second term in (6.20), observe that, for 1 < i < k, there holds
2 AD ) FIBE 0 (1) o[l BRI 1) 6
= (P AD@R) (B @) ) (BRI @)

< Ci4(t)\/c(k—1—i)3(t) Cle—i)2(t),

where we have used the inductive assumption D; with ¢ < k in the first factor, the inductive assumption
Cr_1—; with k — 1 — i < k in the second factor, and the inductive assumption Bj_; with &k —i < k in the
third factor. It follows from (6.10) that 25~ 2 ||Qx(¢)||2 is bounded on (0,T).

By (6.13) the first sum in | Sx_1(t)||3 has similar bounds as the terms in ||Qx(t)||3 since || [A®) A
Br=1=9] 2 < 2||A@ 2| BF=1=9|5||B*~1=D||s, just as in the proof of (6.10). Therefore we need only
address the terms of the form || [A® (t) A P,_1_;(t)] || in (6.13) for 1 <i < k — 2. Replace n by k—1—4 in
the definition (3.1) to find

k—i—2
Pe_1_i(s) = Z C(kflfi)j[A(j)(S) /\A(k—l—i—j)(s)]

j=1
In view of (6.13) it suffices to show that

2R3 [ [AD (1) A [AD () A AR1=17D) (1)]] 12

is bounded on (0,T) for 1 <i<k—2and 1 <j<k—i—2 But

R JAD (1)]|AD) (1) | A (1) B
< (B A0 @) (AP @) (#2222t Ak o))
< Cia(t) Cja(t) Clr—1-i—j)a(t)

by the induction hypothesis (D,,) for various values of n < k, since i, < k—2and k—1—i—j <k—3.
This gives us the boundedness of the first term in (6.20).

For the third term in (6.20), we use the inequality Ay of Theorem 2.8, which has already been proven in
Proposition 6.9, to find

1263 AP 1)]3 < Cra(2).
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Finally,
IO IBED @ = (@) (S BN @)3),

which is a product of a bounded function, in accordance with (5.11) and another bounded function, in
accordance with the induction hypothesis C;_1. Their product is bounded by a standard dominating function
by the usual argument.

We now turn our attention to the integral term of By. We need to prove that

t
/sz’f—%|\A<’f)<s)||§ds < Cro(t) (6.21)
0

for some standard dominating function Cjz. By the inequality (4.7) it suffices to find Cha such that

t
[ (AGIAM )+ 21BD G + [1Ru(6) + 2P )ds < Cra)
0

Now

t t

/ EE0(5) | AW (5) [3ds = / (sA() 534G (9)]3ds

0 0
< tA(t) Cir—1)3(t)

by the inductive hypothesis Cj,_;. Moreover fg s2k=3 || B®) (s)||2ds < Cii(t) by Ay, whose validity has been
proven in Proposition 6.9. The remaining integrals are finite by (6.16). This proves By holds. O

Lemma 6.11. If in Theorem 2.8 the inequalities (A,,), (B,.), (C.), (D)) hold for 1 <n < k then
t
/S2k+%Yk(8)d8 S ék3(t)
0

for some standard dominating function Cys with Y;, defined by (4.25).

Proof. In view of the definition (4.25) of Y3 we need to show that there is a standard dominating function
C3 such that

t

/52k+§ (|\Qk+1(8)||§ + ;-g2||Pk+1(s)||§/5 + ||Sk(s)||§)ds < Chal(t). (6.22)
0

By the bounds (6.10), (6.9), (6.13) it suffices to show that each of the following integrals is bounded by a
standard dominating function.

A FIBE D 6) [ BE ()lleds, 1< i<k (629

S AD (5)]6 AD (5) 2| AR (s) [3ds, 1< <k (6.24)

o\ﬁ_ O\#
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t
/ S [AO(s) A B (s)|3ds, 1 <i<h (6.25)
0

t

/82k+%” [AD(s) A Py_i(s)] |I2ds, 1<i<k. (6.26)

0

For (6.23) observe that
s A (5) (12 B0 () ]| 2| BED (s) |6
= (23| AD (5)[|2) ("7 T BRI (s) [lo) (sF7H 5| BED(5) 6)

< (s AD () ) /Clumis(t) Cmivn(t)

by the inductive hypothesis Cr_; of Theorem 2.8, since k — i < k, and by Bk_;11, because k —i+1 < k
for i+ = 1,...,k. The integrability of the first factor is also assured by B;, which holds for ¢ < k by
Proposition 6.10. Therefore the integral in (6.23) is finite for 1 <i < k.
The integral in (6.24) can be estimated as follows.
SPEER|AD () 6| AD (5) |2 AT (s)]13
i—1 i—3 i —2i43 —i
= (s 1AV (9)]l6) (s T AV (s)[|2) (72 F2 | AFHID () 3)
zf— % i—32
< (s 114D (5)6) (s T [1AD (5)12) Cligrn (¢)
by Ag_;+1, which holds for ¢ = 1,..., k by the hypotheses of this lemma and Proposition 6.9. Therefore, by
Holder’s inequality for the time integral, we have

t
/SQH%||A(i)(8)IIGIIA(“(8)||2||A(’““’“(8)||§d8
0
1 1
t 2 t 2

/ 24 AO(5)]2 ds / P A ()Bds | Clominin(®)

0 0

IN

<4/ Ciz(t) Criz1y3(t) Clr—ivr)1(t)

wherein the first integral is dominated by B; of Theorem 2.8, which is valid for all ¢ < k by the hypotheses
of this lemma and Proposition 6.10, and the second integral is dominated in accordance with C;_1, which is
valid for i < k because i — 1 < k. Hence the integral in (6.24) is bounded by a standard dominating function.
The integral in (6.25) can be treated exactly as the integral in (6.23), since our use of Holder’s inequality
in deriving (6.10) applies equally well here.
To estimate the integral in (6.26) replace n by k — ¢ in the definition (3.1) to find

k—i—1

P_i(s) = Z C(k—1)j [A9) (s) A AR ()]

j=1

From this we see that it suffices to show that

/52k+% | [AD (s) A [AD) (s) A AE=1=9) ()] ]| 2ds < Cis(t)
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for some standard dominating function Cs for 1 < i < k and 1 < j < k—i— 1. But, by Hélder’s inequality,

s+ |40 ()] |AD) (s)] | AR (s)] |2
< (SHADER) (271140 ()[2) (2224 | A=) (o))

< (P HAD()) Cia(O)Ck-i-palt)

by D; and Dj_;_;, both of which hold in accordance with the hypotheses of this lemma, since both subscripts
are strictly less than k. The integrability of the first factor follows from B;, which holds because i < k.
This completes the proof of Lemma 6.11. O

Proposition 6.12 (Cj, holds). Let A(t) be as in Proposition 6.9. If in Theorem 2.8, (A,), (By), (Cyn), (Dy)
hold for 1 <n < k then Cy holds.
Proof. Setting n = k in (5.5), we see that it suffices to show that

t

t
1 1 1
{(2k+ 5)/s%*a”B(’c)(s)ugdH/s%ﬁyk(s)ds}ew(t) < Cis(t)
0 0

for some standard dominating function Cjs. By Lemma 6.11 the second integral is bounded by Cis(t).
The first integral is also bounded by a standard bounding function since A holds, as was proven in
Proposition 6.9. This proves that Cj holds in view of (5.12). O

Proposition 6.13 (D holds). Let A(t) be as in Proposition 6.9. If (A,,), (B,), (C.), (D)) hold for 1 <n < k
then Dy, holds.

Proof. From (4.7) and (4.9) we find

t
_ 1 -
R AD ()2 4 572 / SPEBY (s) 5ds
0

< 3 (A IAD @3+ 21BS @13 + | Re(®) 3+ 21 Pe(0)]13) (6.27)
N /52k+§ (MBS ()3 + 20 A% ()3 + [154(5)]3 + 201 Qa1 (5)113) ds (6.28)
0

In order to prove Dy, we need to show that this sum is bounded by a standard bounding function. Concerning
the line (6.27), the identity

FEAOIAP @1 = (A0) (A OI).

together with (5.11) and the already established bound Ay show this term is bounded by a standard
dominating function. Moreover,

12545 BR) (113 < Cis(t)

by Ck, which has already been proven in Proposition 6.12. Further, t25%= (|| Ry ()]|2 + 2| Pe(t)||3) is suitably
dominated, as has been shown in (6.18). Thus the line (6.27) is bounded by a standard dominating function.
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With respect to the line (6.28) observe that

t

[ ansBO s = [ (s360) (2B 6)12) s

< EA(t) Cra(t)

by Ay, which has been proved in Proposition 6.9. Furthermore

t
[ HIAR 5 s < Calt)
0

by C, which has been proved in Proposition 6.12. Thus in view of (6.28) we need only show that

t
/szk+% (||5k(s)||§ + 2||Qk+1(8)\|§)ds < Cha(t)
0

for some standard dominating function Cy4. But this has already been shown in (6.22). This concludes the
proof of Proposition 6.13. 0O

Proof of Theorem 2.8. All of the inequalities (A,,)—(D,,) have been established by induction under the
assumption that the solution A(-) has finite action and under the technical assumption that the solution is
smooth. The first assumption is necessary because the bounds are given in terms of the action p(¢). The
second assumption is needed to justify the computations. Here the additional hypothesis that ||Ao||m, , is
small enters because it ensures, as in Theorem 2.6, that there is a gauge function go € G3,2 which transforms
the solution to a smooth solution. Having such a gauge function enables the following argument. Let A(-)
denote the finite action solution specified in Theorem 2.8 and let A(t) = A(t)% = g5 A(t)go + g5 'dgo
be the smooth solution obtained, as in Theorem 2.6 and satisfying either (2.5) or (2.6) when M # R3.
Since go is time independent we have (d/dt)™A(t) = g5 ' A (t)go for n > 1 (but not for n = 0). Similarly,
(d/dt)"B(t) = g5 'B™ go for n > 0. Hence ||(d/dt)"A(t) ||z = AT (¢)||2 and [|(d/dt)" B(t)l|lz = [ B (t)]]2-
Moreover 8f(t)(g_1wg) = g_l(af(t)w)g for any € valued p-form w on M. Taking e.g. w = A (t), this
shows that 97" (d/dt)" A(t)]|2 = ;A ()]l2 and in particular ||(d/de)" A()]|, a0 = A (2)

(In Notation 2.9 we have suppressed ¢ in the subscripts.) In this way all of the quantities estimated in

[PPRICE

Theorem 2.8 and Corollary 2.10 can be estimated instead for the same gauge invariant functionals of the
smooth solution A() Since all of the dominating functions C,,; are also gauge invariant, the inequalities
of Theorem 2.8 and Corollary 2.10, having been established for A apply equally to A. This completes the
proof of Theorem 2.8. 0O

Proof of Corollary 2.10. In the proofs of the inequalities (5,,) and (D,,) of Theorem 2.8 we used the
bounds (4.6), (4.7), (4.8) and (4.9) to bound the L® norms of A (t) and B (t). But the same right
hand sides also bound the H{* norms of these quantities. Thus if in (6.19) one replaces x~2||B*~1(#)||2 by
(1/2)||B(k_1)(t)||ili4 and one replaces in (6.21) [|[A®)(s)||2 by (f<a2/2)|\A(k)(s)||§{
sition 6.10 proves that the inequality (&,) of Corollary 2.10 holds for n = k. Similarly, one needs only

4 then the proof of Propo-
1

replace the L% norms on the left hand side of (6.27) plus (6.28) by H{' norms to find correct inequalities
which yield the inequality (F,,) of Corollary 2.10 with n = k, via the proof of Proposition 6.13. No further
induction is needed because the L? and L% bounds needed in these two proofs have already been proven in
Theorem 2.8. O
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Remark 6.14 (Pointwise bounds). In [2] we derived pointwise bounds on A’(t,z) and B(¢,z) by a Neumann
domination technique in the case A(0) was in Hy(M). In that instance we took M to be a compact three
manifold with convex boundary. Pointwise bounds for B(¢,z) were derived in [6] in the case A(0) is in
Hi5(M) and M is either all of R? or is a bounded convex set in R* with smooth boundary. It seems likely
that these techniques could yield pointwise bounds on all of the derivatives A" (t, ) and B (t, z) with
the help of the results in this paper if M = R3. We have not pursued this. But if M # R3 then some steps in
the Neumann domination technique break down because of boundary value problems for derivatives of B.
For example if one wishes to obtain pointwise bounds on B’(¢,z) when the solution A(-) satisfies Dirichlet
boundary conditions then the technique requires that (d*% B')¢an, = 0. But this boundary condition need not
hold when the solution A(-) merely satisfies Dirichlet boundary conditions. Moreover failure to obtain the
behavior of || B’(t)|| L (a) as t | 0 leads, in turn, to failure to obtain pointwise bounds on A”, even though
the required boundary conditions hold for A”.
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