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1. Introduction

Let "™ be the (n + 1)-dimensional Lorentzian spacetime endowed with its standard Lorentzian metric

n+1

(, >z—dz%+2dm?
j=2

and with the time orientation defined by 9/dz;. For a spacelike hypersurface in L"*1, the k-th mean
curvatures are geometric invariants which encode the geometry of the hypersurface.

Let us consider a smooth immersion ¢ : ¥ — L"*! of an n-dimensional manifold ¥ in L"*!, which is
spacelike (i.e., the induced metric via ¢ is Riemannian). Assume N is a unit normal vector field along ¢,
which we choose pointing to the future. The shape operator of ¥ relative to N, is defined by O’Neill [20,
Chap. 4] and de la Fuente et al. [11],

A(X)=—VxN,
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where X € T,%, p € 3, and V denotes the Levi-Civita connection of L"*! which is given by
VxN = (X(Np),- -+, X(Nny1)),

where N = (Ny,-++, Np11), contemplated as a map from ¥ to L™

The linear operator A of T3, p € 3, is self-adjoint with respect to the induced metric. Its eigenvalues
k1(p), k2(p), -+ , kn(p) are called the principal curvatures of the hypersurface. Consider the characteristic
polynomial of A,

n

det(tI — A) cht”’“ [Tt =0, (1.1)

=1

where we put ¢g = 1. It is not difficult to see that

n
1 = — E R,
=1

(1.2)
cp = (—1)* Z Kiy o Kipy, 2<k<mn.
1< <ig
The k-th mean curvature Sy of ¥ is defined as follows,
1
Sk = E Ck (13)
where CF = m For instance, when k = 1, we get S; = < = —Ltrace(A4), the usual mean curvature

of 3. Moreover, S is, up to a constant, the scalar curvature of ¥ and, when k = n, we recover the
Gauss—Kronecker curvature S, = (—1)" det(A) of . It is interesting to note that k-th mean curvatures are
in fact intrinsic geometric invariants of the hypersurfaces when k is even. Precisely, the parity of k plays an
important role in the treatment of the equations, as it will be shown in next sections.

The prescribed k-th mean curvature problem in L"*! consists in finding, for a given prescription func-
tion Hy, a spacelike hypersurface ¥ in "1 which satisfies

Sk(p) = Hi(p) forallpe 3. (1.4)

We will focus here the problem as follows. Consider a line v in L"*! and put IT the hyperplane through
p = 7(0) and orthogonal to v in L"*!. We will look for ¥ as a spacelike graph for a suitable function
v defined on II, ie., ¥ = {(v(z),z) : x € I} C R x R™. If the prescription function Hj, was assumed
rotationally symmetric with respect to v, then it would be natural to assume v also has the same symmetry,
i.e., v(xz) = v(r) where r = r(z) is the distance in II from x to v(0).

The differential operators My, 1 < k < n, associated to the k-curvature of rotationally symmetric graphs
in L™*!, can be written as follows,

p: {ve C*(RY): W' (0) =0, || <1} =R, (1.5)

: Tn_k k v’ ' n 00
My()(r) = | et CTEOE)in (0,00),
0 inr =20,

where ¢(s) := ﬁ Note that, in general, the differential operators M;, (2 < k < n) are not elliptic.

To investigate the existence of rotationally symmetric entire spacelike graph with prescribed k-th mean
curvature function Hj, in Minkowski spacetime IL."*!, it is enough to find the solutions of the equations
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My (v)(r) = Hi(v(r),r) reR, (1.7)

for a given prescription function Hy : R x RT — R.

From a physical perspective, the k-th mean curvatures have a relevant role in General Relativity. A space-
like hypersurface is a suitable subset of the spacetime where the initial value problems for the different field
equations are naturally stated.

In the Minkowski context, the pioneer works was given by Cheng and Yau [7], they proved the Bernstein’s
property for entire solutions of the maximal (i.e., zero mean curvature) hypersurface equation and, later,
Treibergs [22] classified the entire solutions of the constant mean curvature spacelike hypersurface equation.
An important universal existence result was proved by Bartnik and Simon [3], and Bartnik proved the
existence of prescribed mean curvature spacelike hypersurfaces under certain asymptotic assumptions [2].
More recently, there are more contributions (see for instance, [1]) and the interest is many times focused on
the existence of positive solutions, by using a combination of variational techniques, critical point theory,
sub—supersolutions and topological degree (see for instance [5,6,8-10,19] and the references therein). Bayard
proved the existence of prescribed scalar entire spacelike hypersurfaces in Minkowski spacetime [4], by using
other previous works on the Dirichlet problem and Gerhardt [14] obtained important results on the case of
more general ambient spacetimes. Finally, the Gauss—Kronecker curvature has been also quite well studied. In
Minkowski spacetime, we highlight the work of Li [16] on constant Gauss curvature and Delanoé [13], in which
the existence of entire spacelike hypersurfaces asymptotic to a lightcone with prescribed Gauss—Kronecker
curvature function is proved.

Up to the last decade, little attention has been paid to hypersurfaces with prescribed k-th mean curvature
when 3 < k < n, see [11,15].

Associated to equation (1.7), de la Fuente, Romero and Torres [11] used the polar coordinates to transfer
(1.7) into the following boundary value problem of ordinary differential equation

(r" =k ok (")) = ner T Hy (v(r), 1), r € (0, R),
W'l <1, r€(0,R), (1.8)
v (0) = 0= v(R),
and then, they applied Schauder fixed point theorem to get the existence and multiplicity results of

rotationally symmetric solutions. Their main results are selected in following two lemmas, see [11, Proposi-
tion 3.1-3.3] and their proofs for the detail.

Lemma A. Let k be odd. Then for every continuous function Hy : R x [0,R] — R, (1.8) has at least one
solution.

Lemma B. Let k& be even. Assume

/s"_lHk(v(s),s)ds >0 forallr€[0,R], andv e Ch, [v/] < 1. (1.9)
0

Then, problem (1.8) has at least two different solutions. Moreover, one of them is increasing and negative
in (0, R) and the other one is decreasing and positive in (0, R).

It is easy to see that Lemma A contains no any information about the sign of the solutions of (1.8), and
Lemma B provides no any Geometric interpretation about the occurrence of two solutions.

If H,(0,7) = 0 for r € [0, R], then u = 0 is a solution of (1.8). Of course the natural question is whether
or not (1.8) has positive solutions or negative solutions?
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It is the purpose of this paper to study the global structure of positive (or negative) solutions of the
following problem

(" kok (W) = A" Hy (v(r), ), 7€ (0,R),
'] <1, r € (0, R), (1.10)
v'(0) = 0 = v(R),

where A\ > 0 is a parameter, and ¢(s) := \/117 The main tools we used are the global bifurcation theorem,
see Zeidler [24, Corollary 15.12] and the property of the superior limit of a sequence of connected components
due to Ma and An [17, Lemma 2.4] and [18, Lemma 2.2].

Let RT = [0,00). Let C' be the Banach space of the real continuous functions in [0, R], with the
maximum norm || - ||¢, and C' the space of continuously differentiable functions with its usual norm
[[v|lcr = max{||v||c, ||v'||c}. For h € C, we write h > 0 if h(t) > 0 for t € [0, R] and it is positive in a set of
positive measure. For w € C1, we write w > 0 if w(r) > 0 for [0, R) and w'(R) < 0. And w < 0 if —w > 0.

The main results of this paper are the following

Theorem 1.1. Let k € N with 1 < k < n. Assume that

(A1) (=1)*Hi(t,r) = 0 for (t,r) € R x [0, R];
(A2) Hp(0,7) =0 forr € [0, R];
(A3) there exists a function (Hy)o € C with (Hy)o > 0, such that

lim (—1)ka(t, 7‘)

lim : = (Hp)o. (1.11)

Then the set

Rt xCt

Dt = {(\u): A >0, u=0,(\u) satisfies (1.10)}
contains a connected component & satisfying

(1) (A\u)€e&\{0} = u>0andd/(r) <0 in (0,R];
(2) £ joins (0,0) to infinity in the \-direction.

Remark 1.1. Tt is an immediate consequence that under the assumptions of Theorem 1.1, (1.8) has at least
one positive solution. However, Lemma A gives no any information about the sign of solutions.

Theorem 1.2. Let k € N be even and 1 < k <n. Assume that (A1)-(A3) hold. Then the set

Rt xC!

D™ :={(\u): A>0, u<0,(\u) satisfies (1.10)}
contains a connected component  satisfying

(1) (\u)ed\{0} = u<k0andd/(r)>0 in (0,R];
(2) ¢ joins (0,0) to infinity in the A-direction.

Remark 1.2. It is easy to see that u = 0 is a solution of (1.8). Let A = 1 in (1.10). Then Theorem 1.2
guarantees the existence of one positive solution and one negative solution for (1.8) besides the trivial
solution w = 0. In other words, we get three solutions for (1.8).
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Remark 1.3. Clearly, Lemma A and B gives no information on the interesting problem as to what happens
to the norms of positive solutions of (1.10) as A varies in (0, 00). However, the connected components in
Theorem 1.1 and 1.2 are very useful for computing the numerical solutions of (1.8) as they can be used to
guide the numerical work. For example, they can be used to estimate the u-interval in advance in applying
the finite difference method, and they together with the fact

W' ()] <1, 0<u(t) <R
can be used to restrict the range of initial values we need to consider in applying the shooting method.

The rest of the paper is arranged as follows. In Section 2, we rewrite (1.10) into an equivalent bifurcation
problem and we investigate the principal eigenvalue and its eigenfunction for the associated positive linear
operator via the well-known Krein—Rutman theorem. Section 3 is devoted to show our main results by using
the global bifurcation theorem and the property of the superior limit of a sequence of connected components.
Finally in Section 4, we prove the existence of entire spacelike graphs in Minkowski space with prescribed
higher mean curvature.

2. An equivalent operator equation

In this section, we shall rewrite (1.10) into an equivalent operator equation. Let us define

K: C'—Ch,

Let
Bri:={uecC": ||Jullw < R, ||t||oo < 1}.
Let us consider the Nemytskii operator associated to Hy,
Ng, : Bri CC' — C, Ng,(v)(r) = Hg(v(r),r). (2.1)
Obviously, Ny, is continuous and Ng, (Bg,1) is a bounded subset of C. Finally, we define the operator
A: BpicC' =Y, A=Ko(¢ HY* oS0 (ANy,), (2.2)

where (¢~1)/* : Rt — [0,1) with (¢=1)/*(s) = ¢~1(s/F). More explicitly, operator A can be written as

1/16}

R s
A(w)(r) = / ¢—1[(”§;—_12k / PN Hyo(r), r)dr) | ds. (2.3)

0

Note that A is well-defined thanks to condition (A1l). Note that A is a composition of continuous operators,
hence it is continuous. Moreover, from the compactness of K, A is a compact and continuous operator. Note
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that the image of the operator A is contained in C?[0, R], so the fixed points (solutions of the equation
(1.10)) will be of class C?[0, R].

A straightforward checking shows that if a function v € C! is a fixed point of the nonlinear compact
operator (2.2), then v is a solution of equation (1.10).

To apply global bifurcation theorem, we firstly find the Fréchet derivative of A.

For h € C1, it follows from ¢! € C'(R) and the fact

1 14
(yo + Ay)l/k - (yo)l/k = Eyd“ Ay + o(|Ay])
that

A(vo + h)(r) — A(vo)(r)

R s
/¢ 1 Sn . / ”*1AHk(UO(T)+h(T))dT)1/k}ds

_/qs_l[(n;:;—lk)ko/ﬁl_l A Hk(UQ(T))dT)l/k}ds

R
:/{er[(n( 1,3k/7” Y\ Hy(vo(T )—i—h(T))dT)l/k}

e [(”i;lgk /TH A Hk(vo(f))df)l/k} Vs
0

S

R s
-+ foy (M2 [ 3 i) ) (M [7 3 Gt + wryar)

0 0

(nfm D /T" LA Hy(vo(7))d T)l/k}}ds
0

R s s

— /{(¢1)I<(n£;1,3k /7'”71 A Hk(%(T))dT)l/k)%(ni;}zk /7'"71 A Hk(’Uo(T))dT)

T 0 0

-1

el

(2 o x it ) - (A2 2o
0 0

_/{(¢1)'((n£;}2k /ST“ A Hk(vo(f))df)l/k)%(%jwl A Hifon(rar)

T 0 0

n(—1)k |
[ (=1 /T"il A (Hk(UO(T) + h(7r)) — H(’Uo(T)))dT} }ds
0

%/{ = k)k ]T”‘l AHk(vo(f))dT)l/k)%(”i,fgk jT"—l A Hy(vo(7 ))czf)"1

0 0
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n(-1* /7’”71 A (Hp) (vo)h(r)dT}ds

S

R
AI(A,Uo)h(T) — /{(gﬁil)/(( o= /T"*I A Hk(UQ(T))dT)l/k)

0

0 0

Then A’(),0) is not well-defined since

lim —| |k = +o0.
e—0+ k

So, we consider a family of auxiliary problems

(r"=FeM (")) = X T [Hy (u(r), ) +
W' <1, r € (0, R),
v'(0) = 0 = v(R),

where m € N. It is easy to verify that (2.7),, is equivalent to the operator equation
v=An\v)(r),

where

TR L (G = B TR ST

m

Define 7,, : C* — C* by

T)\’UO

(—1)k )dT) 1/k‘)

m

\w
| H
T —

ol
o,
3
3
—
>
~—
55
=
o
=
+

S

wl»—*

0 0

Then

Tm(A?O)h(T) ::/{(QSil)/((s”n—k /7"*1 A (%)d,r)l/k)%(snn—k /7"71 A (%)d’f)%_l

T 0 0

n(-1)* /7’”_1 A (Hp)oh(r)dr }ds.

Snfk
0

%(n(;}]zk /Tn—l A Hk(vo(r))dr)%ﬂni;}gk /Tn—l X (Hy) (vo)h(7)d}ds.

.y /Tn_l A (Hk>/(vo>h(7')d7'}ds.

(2.5)

(2.10)

(2.11)
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Let
i Aol 1Bl n(—1)F |
1 n(—
By (X, 0)h(r) := / (o () (=) s / 71 (Hy)oh(r)dr }ds. (2.12)
r 0
Then
i 1, 1 i in(—1)F |
Bon(0,0)h(r) := / (o (0) (s 2y 2D / 7L (Hy)oh(r)dr }ds, (2.13)
T 0
Fon = B (0,0). (2.14)
Lemma 2.1. Let
R—r

P={ueC": 4 0)=u(R) =0, u(r) > |jullc forr €0, R]}.
Let h € C with h = 0. Then for given m € N,
Fmh € int P.

Proof. Let

From (A3), it follows
B(r) >0, Br)£0 re(0,R). (2.15)
This together with the fact that § is strictly increasing in (0, R) implies that
B'(s) >0, se(0,R).
Thus
(Fuh)"(r) = =8'(r) <0,

and accordingly, the function (fmh) (+) is concave down in (0, R). Combining this with (2.15) and using the
fact (]—'mﬂ(r))/ < 0in (0, R], it is easy to deduce that

R—r R—r
= | Fnbllc=

(Fmh)(r) = (Fmh)(0)

Now, it follows from Lemma 2.1 and the well-known Krein—-Rutman theorem Deimling [12, Theorem 19.2],
we obtain the following

Lemma 2.2. The operator F,, has a positive eigenvalue u[lf””] and the eigenspace corresponding to ,u[lfm]

is spanned by an eigenfunction wgfm] with ¢£fm] > 0. Moreover, the algebraic multiplicity of u[l}-m] as a

characteristic value of Fy, is 1.
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From F,, is strongly positive and

HBm(M[fM]’ 0) = Funllzier,crp =0 as m — oo,

it follows that BT,L(/,L[lfm],O) is strongly positive. By the similar argument to prove Lemma 2.2, we may

deduce the following

[Fm]
Lemma 2.3. The operator Bm(u[lfml,O) has a positive eigenvalue M[le(ul O 4nd the eigenspace corre-
spondi [Brn (u"™,0)] - o B 0L B (7 0))
ponding to [ is spanned by an eigenfunction 1y with ] > 0. Moreover,
[Fm]
the algebraic multiplicity of u[lg’"(ﬂl O 4s a characteristic value of Bm(u[l}-m},O)} is 1.
Lemma 2.4.
m—o0

Proof. It is an immediate consequence of (2.13), (2.14) and the fact

. 1,121
A () =D

Lemma 2.5.

[‘F"'L]
lim ,u[le(“l O = 1im u[l}-""]. (2.16)

m—0o0 m—0o0

Proof. Since (¢=1)”(0) = 0 and

[Fom] [Fom]

(67 (Bps) = 07y (0) = @O (s = 0) + ol [y = ol = |F), asm—roo  (217)

uniformly for A in any compact subinterval of (0, 00), it is easy to check that
1B (1 ),0) = Funllzorcn] = 0, as m — oo. (2.18)
From (2.18) and the well known Gelfand’s formula,

lim (B (15, 0)) = lim ||Bp (W5, 0))[1/m
m—r00 m—00

(2.19)
| Fl [V = Tim r(Fn),

lim
m—0o0

where r(T') is the spectrum radius of a linear completely continuous operator T. Obviously, (2.19) im-
plies (2.16). O

Now, we rewrite (2.8),,, into the form
= ubl3 u[ ] 0 + Em(p 2.20
v m( 1 ’ ))’U m( ’U)v ( . )

where

Em(pt,v) = A (1", 0) — B (p7),0))0 = o([[v]]c). (2.21)
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3. Proof of the main results

In this section, we shall prove Theorem 1.1 and 1.2.

Proof of Theorem 1.1. Let us divide the proof into three steps.
Step 1. Global structure of positive solutions for the approximation problem (2.7),,.
Recall that (2.7),,, is equivalent to the operator equation

v = B (000 + En(p,0), (3.1)
i [Fm] .1 1 :
where p = A%, By, (5 ™,0) : C' — C* is completely continuous, and
Em (i1, 0) = A (1", 0) = pBp (™), 0), (3.2)
Em(p,v) _
llolle—0 [[v]lc

Notice that we only decompose each nonlinear functions into its linear principal part adds a infinitesimal
of higher order (as ||v||c — 0) in the process to define the linear operator Bm(u[l}-m],()), so we may get the
limit in (3.2).

Applying the well-known global bifurcation theorem [24, Zeidle, Corollary 15.12] and using the stan-
dard method, it follows that for each m € N, there exists a connected component C™ which joint

[Fm]
(u:[le(Ml 70)]70)

Step 2. Finding a connected component in limsup C™.

m— o0
Using the fact

to infinity in p-direction.

sup{||ullcr : (A, u) € UFZ, CW} <max{R,1} < o0

and [17, Lemma 2.4] and [18, Lemma 2.2], it follows that the set limsup C!™ contains an unbounded
connected component C*:

(0,0) € C* C limsup C™

m—r o0

which joins (0,0) to infinity in p-direction.
Put

C® = {(\u)| A = u* and (u,u) € C*}.

Then C° joins (0,0) to infinity in A-direction.
Step 3. We show that

C°N{(0,00) x {0}} = 0. (3.3)
Assumption on the contrary that there exists a sequence {(n;,w;)} C C°, such that
= A>0, |jwjller =0 as j — oo. (3.4)

By the definition of lim sup CUJ, see Whyburn [23] and Ma [17,18], for each j € N, after taking a subsequence
if necessary, there exists (3;,u;) € CUl with
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1 1
1B =il < = luy —wyfler < = (3.5)
J J
Thus
Fm
uj = BB ("™, 0)u; + &85, uy) (3.6)
with
B _ oy EBw) w (3.7)
lusllo=0  [luslle  llwlle=0 w; e
which implies that
E:(Bs s
im ](ﬁj?uj) — O
lusllcr—0  |ugllcn
since
[lujllcr = 0 = |[uj]lc — 0.
Let v; := Huuﬁ Then (3.7) yields
E:(Bs s
; (B uy) v; = 0. (3.8)
[lujllc—0 U j

Let [B; (,u[lfj], 0)]* be the adjoint operator of B; (u[l]:j], 0). Then it follows from Deimling [12, Theorem 19.5]

that
Fj P B; [fj], *
1B, (7, 0)) gt = plBr 07 Oy (3.9)

for some strictly positive ¢* € P*, where P* is the dual cone of P.

It is easy to from the fact u,(r) > ||u,||cZ" that

v;(r) = R € [0, R]. (3.10)
Combining (3.6), (3.8), (3.9) and (3.10) and using the fact ¢ is strictly positive, it follows that

0 < {7, v5)
= B; (0%, By (), 0)05) + (07 M>

|Jugllc

| &(Bu)
= B;(5, B; (1™, 0)v;) + () ML> (3.11)

uj  |uglle

= BB ™0 5.0 + (07, )
J

L 1F) E:(B5,u;y)
B] ,0 * * )

= ;B O ey 4 (s J(ugl i)y,
)

)

(751
o . . . B;(us 0
However, this is impossible since lim;_, o N[1 i (70 _ )
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Therefore, (3.3) is valid.
Finally, (2.3) and (A1) yield

r

v'(r)=—¢* [( " /T”fl A Hk(’U(T),T)dT)l/k} <0 forre(0,R]. O
0

Proof of Theorem 1.2. To get the connected component of negative solutions of (1.10) in the case k is even,
we may consider

r
n

[p(v)]*(r) = o /7"71 A Hy(v(7), 7)dT, (3.12)

and accordingly,

P(v)(r) = [rnrik/ "1\ Hy(u(7) )dT]l/k
0
Define
i r 1/k
— o (S [N Hy(o(r), Tydr) | ds. (3.13)
/ ; / : )

By the same argument used in the proof of Theorem 1.1, with obvious changes, we may get a connected
component ( € D_ with

Rt xCt

D™ :={(Au): A >0, u<k0, (A u) satisfies (1.10)}
which satisfying

(1) (M u)e¢\{0} = u<0andu(r)>0in (0,R];
(2) ¢ joins (0,0) to infinity in the A-direction. O

4. Existence of entire spacelike graphs

In this section, we provide conditions to guarantee that every solution u, given by Theorem 1.1 and
Theorem 1.2, once R and A are fixed, can be continued until co as a solution of equations

My (w)(r) = AHg(u(r),r), reRT. (4.1)
We shall make the following assumptions:

(C1) (=1)*Hy(t,r) >0 for (t,r) € R x RT;
(C2) Hy(0,7) =0 for r € RT.

Theorem 4.1. Let H;, : L"t' — R, with k an odd positive integer, be a continuous function which is
rotationally symmetric with respect to an inertial observer v of L"1. Let R and X be two positive constants.
Assume that (C1), (C2) and (A8) hold. Then there exists at least an entire spacelike graph, rotationally
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symmetric respect to v, whose k-th mean curvature equals to AHy, and such that it intersects the hyperplane
orthogonal to v at v(0) in an (n — 1)-sphere with radius R centered at ~(0).

Theorem 4.2. Let Hy, : L™ — R, with k an even positive integer, be a continuous function which is
rotationally symmetric with respect to an inertial observer v of L"T1. Let R and X\ be two positive constants.
Assume that (C1), (C2) and (A3) hold. Then there exists at least two different entire spacelike graphs and
rotationally symmetric whose k-th mean curvature equals to N\Hy, and such that it intersects the hyperplane
orthogonal to v at ¥(0) in an (n — 1)-sphere with radius R centered in v(0). Moreover, the radial profile
curve of one of them is increasing and the other one is decreasing.

We need the following lemma.
Lemma 4.1. Let A\, p € (0,00) be fized. Assume that (\,u) is a solution of

(r R gF (")) = X" Hy (u(r),r), 7€ (0,p),
lW'| <1, r e (0,p), (4.2)
£/(0) =0 = up).

Then there exists a constant o € (0,1) such that
[W'(r)| <1—0, relo,p. (4.3)

Proof. (1.10) is equivalent to

r

[u(r)| = |¢_1 [(n<;}2k /T”_1 A H]g(u(7'>77')d7’> Uk} | for r € (0, p].

0

This together with the definition of ¢ and the fact

max{(n(_l)]c /TT"_l A Hk(u(T),T)dT)l/k cr€ (O,p]} < 00

yn—Fk
0

imply that there exists o € (0,1) such that (4.3) is valid. O

Proof of Theorem 4.1. Assume that k is odd. Let u be a solution of equation (4.1), and let [0,b) be the
maximal interval of definition of u. Suppose on the contrary that b < co. We can rewrite equation (4.1) as
a system of two ordinary differential equations of first order

o r) = 67 (2,
Z(r) = )\m’”lek(u(T),r)),

which we can abbreviate

where F : Rt x R x R — R2.

Please cite this article in press as: R. Ma, M. Xu, Positive rotationally symmetric solutions for a Dirichlet problem involving the
higher mean curvature operator in Minkowski space, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2017.11.049




Doctopic: Partial Differential Equations YIJMAA:21848

14 R. Ma, M. Xu / J. Math. Anal. Appl. sss (sees) ees—see

By the standard prolongability theorem of ordinary differential equations (see for instance [21, Sec-
tion 2.5]), we have that the graph {(r,u(r), z2(r)) : r € [R/2,b)} goes out of any compact subset of RT x RxR.
However, by Lemma 4.1, |u/(r)| < 1 — o for r € [0,b), then

lu(r)] < b(l—0), r€][0,b).

Therefore, the graph can not go out of the compact subset [R/2,b] x [=b(1 —0),b(1—0)] x [-b"*¢*(1 - o),
b k¢F(1 — o)] contained in the domain of F. This is a contradiction. Therefore, b = co. O

Proof of Theorem 4.2. Proof of Theorem 4.2 is similar to that of Theorem 4.1, so we omit it. O
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