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1. Introduction

This paper is concerned with the quasilinear fully parabolic chemotaxis system with indirect signal
production and logistic source:

u =V - (D(u)Vu — S(u)Vo) + f(u), zeQ, t>0,

vy = Av — ayv + byw, e, t>0,

wy = Aw — asw + bau, e, t>0, (1.1)
oyu=90,v=30,w=0, r eI, t>0,

(u(z,0),v(z,0), w(z,0)) = (uo(x),vo(z), wo(z)), x €
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in a bounded and smooth domain 2 C R™ (n > 1), where a; and b; (i = 1,2) are positive constants, 9,
denotes the outer normal derivative on 9, and the initial data (ug,vo, wg) € C¥(Q) x [W1>*(Q)]? with
0 < w < 1 is nonnegative. The system (1.1) describes a biological process, known as chemotaxis, in which
cells (with density u) migrate towards higher concentrations of a chemical signal v. This kind of aggregation
of cells is reflected by the chemoattractive cross-diffusion term —V - (S(u)Vv) with the density-dependent
sensitivity function S(u). But unlike the classical Keller-Segel model [12]

{ut:Au—Xv.(uW)Jrf(U), z€Q, t>0, (1.2)

v = Av — v+ u, r€eEN, t>0

with x > 0 and f = 0, the signal production mechanism in (1.1) is indirect [6,8,26,27], that is, the chemoat-
tractant v is not produced by cells directly, but is governed by the quantity w arising from u. In addition,
the term V - (D(u)Vu) in (1.1) stands for the random self-diffusion of cells, and the inhomogeneity f(u)
represents the cell kinetic mechanism.

With regard to the chemotaxis model, the properties of solutions (e.g. the global existence or the finite-
time blow-up) depend on which of the cross-diffusion and the self-diffusion plays a dominated role in the
system. In (1.2) with f = 0, this can be characterized by the spatial dimension. More precisely, the solutions
are always globally bounded for n =1 [22]; when n = 2, a critical mass phenomenon occurs in the radially
symmetric setting, meaning that the solutions remain globally bounded if fQ ug < 8m/x [20] and there
exist smooth initial data with fQ ug > 8m/x such that the corresponding solutions blow up in finite time
[7,19]; whereas in higher-dimensional balls, the finite-time blow-up solutions are constructed with any small
mass [35]. Lately, a novel type of critical mass phenomenon for infinite-time blow-up of solutions has been
identified for a parabolic-elliptic-ODE system with indirect signal production [26]. This makes us be aware
that just the indirect signal production mechanism causes some unusual features of solutions concerning
the blow-up or global existence, and can even lead to a distinct competition between the self-diffusion and
the cross-diffusion. As expected, Fujie and Senba [6] proved for (1.1) with D = 1, S(s) = xs, f = 0 and
ai = b =1 (i = 1,2) that the solutions are globally bounded if n < 3, or [, ug < (87)?/x in the four-
dimensional and radially symmetric case, whence it is plausible to think that here n = 4 is a threshold for
distinguishing the blow-up or global existence of solutions. Furthermore, for the general quasilinear system
(1.1) without growth source, when D,S € C?%([0,00)) generalize the prototypes D(s) = (1 + s)~® and
S(s) = s(1+s)?~1 with o, 3 € R, the global boundedness of solutions was determined under the condition
a+ f <min{l + 2/n,4/n} [4]; whereas for the direct signal production system

{ up =V - (D(u)Vu — S(u)Vv) + f(u), z€Q, t>0, (1.3)

vy = Av — v+ u, reN, t>0

with D and S prescribed as above and f = 0, it was proved in [25,9] that the solutions are globally bounded
ifa+ B <2/n.

The indirect signal production mechanism can also give rise to different interactions of the cross-diffusion
and the logistic source. It is well-known that an appropriate logistic dampening can prevent blow-up of
solutions. Indeed, for f(s) = ps(1 —s) with g > 0, it was shown in [23] that the solutions of (1.2) are
globally bounded in dimension n = 2 regardless of the size of u. Furthermore, if n > 3 and € is convex,
Winkler [33] indicated the global boundedness of solutions for general f satisfying f(s) < b — ps? for all
s > 0 with b > 0 and g > 0 properly large. Also, Zheng [37] obtained the global boundedness of solutions
for f(s) = bs — us” with b > 0, u > 0 and r > 2. Different from these results, it was proved in [8] for the
indirect signal production chemotaxis system
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u=Au—V - (uVv) +pu(l —u), z€Q, t>0,
vy = Av — v+ w, re, t>0,
ewy + dw = wu, ze, t>0

that the solutions are always globally bounded in dimension n = 3 for arbitrary p > 0, and for (1.1) with
D =1 and S(s) = xs, equivalent to an attraction-repulsion model, it can be found from [29] that it is
possible to ensure the global boundedness of solutions even though the logistic exponent is smaller than
two. Now turn to the quasilinear problem with logistic source. For the quasilinear fully parabolic Keller-Segel
system (1.3), considerable efforts have been made to investigate the global boundedness of solutions due
to the inhibition of self-diffusion and logistic dampening to the cross-diffusion. See e.g. [3,37,38,30] and
references therein. Assume for simplicity that D(s) = (1+s)™%, S(s) = s(1+s)~! for s > 0 with o, 3 € R,
and f(s) = bs — pus” for s > 0 with b > 0, u > 0 and r > 1. Then the solutions of (1.3) are globally bounded
if

2r—n—2ﬁ}l}_mm{0r—ﬂ+(n+2—2ﬂ+

.a+5<1+mm{( , }Bz%ﬁmﬂﬂ (1.4)

nr n n+2
2 2 2 2 2
or>Z—j;4(2ﬁ+a+1)ZZ—i4(ﬁ+2+g—n+ ) and _n—2|— <r<n+2/[30], or
1
r>28+a—-1>p8+—andr>n+2[30], orr>p3+1[3,37], or (1.5)
n
o r = [+ 1 with ;1 > 0 large enough [37]. (1.6)

The aim of this paper is to extend the study for (1.3) to the indirect signal production system (1.1). Our
results on global boundedness of solutions, compared with those for (1.3), actually exhibit different inter-
actions between the self-diffusion and the cross-diffusion/between the logistic source and the cross-diffusion
(see Remark 1 (ii) below). And the existing methods for the direct signal production system don’t seem
to be applicable to (1.1). Therefore, the proof adopted in the present paper involves some new ideas and
techniques.

Main results. To precisely formulate the main results of this paper, we suppose that the diffusivity D €
C?([0,00)) and the density-dependent sensitivity S € C?([0,00)) with S(0) = 0 satisfy

D(s) > ag(s+1)"%, 0<8(s) <bo(s+1)" forall s>0, (1.7)

where ag,bg > 0 and «, 8 € R are constants. Also, the logistic source f : R — R is smooth and fulfills
f£(0) > 0 as well as

f(s) <b—pus" forall s >0 with some b >0, u>0andr>1. (1.8)

Under these hypotheses, we shall firstly assert the global boundedness of solutions when the cross-diffusion
is dominated by the self-diffusion and the logistic source, respectively.

Theorem 1. Let [ be given as in (1.8). If D and S satisfy (1.7) with

P ) 22
a+ﬁ<1+——mm{m )+ (n+ ”*}
n

1.9
n n+2 ( )

then for any nonnegative (ug, vo, wo) € C¥(Q) x [W1°(Q)]? with 0 < w < 1, the problem (1.1) possesses a
globally bounded and classical solution (u,v,w).
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Theorem 2. Assume that D and S fulfill (1.7). If (1.8) is valid for f with

r>5+mm{0”;m+f”+2_2m+}, (1.10)

n+4

then the solution (u,v,w) of (1.1), corresponding to the nonnegative initial data (ug,vo,wy) € C¥(Q) x
[Whoo(Q))? with 0 < w < 1, is global and remains bounded in time.

Remark 1. (i) The conditions (1.9) and (1.10) can be specifically described as

2
14— Whenn§2,0rn23andr2%,
4 2
a+p < — Whenn23and1§r§i, (1.11)
n n
2 2 2 2
-+ ! Whenn+ §r<n+
n n+2
and
2
B when n < 2, orn23andﬂzn; ,
—2 4
r > ﬁ-i—n when n > 3 and 8 < —, (1.12)
n n
1 2 4 2
M When—§6<n+ )
n+4 n 2

Recall that the solutions of the quasilinear system (1.1) without logistic source are globally bounded if
a+ 8 < min{l + 2/n,4/n} [4]. Also, it is clear that 2/n + 2r/(n +2) > 4/n when (n +2)/n < r <
(B+1)(n+2)/(n+4) < (n+2)/2. Therefore, due to the contribution of logistic kinetics, a larger range for
a+ f is allowed in (1.1) to ensure the global boundedness of solutions.

(ii) The restrictions of the self-diffusion and the logistic source in (1.1), in contrast to (1.3), are weakened
since (1.4) and (1.5) are stronger than (1.9) and (1.10), respectively. Indeed, the former is trivial, while the
latter (or equivalently, (1.5) = (1.12)) can be easily derived by just noticing that if

n+ 2 2 n+2 n+ 2
— 24+ — — d — < 2
r>n+4w+ +n 74)an 5 <r<n+2,
then f < n+ 2, and so
n+2 2 n+2
> — 24+ —— > .
" n+4(ﬁ+ +n nr) p

Secondly, we will see that if the logistic dampening balances the cross-diffusion with the coefficient p > 0
suitably large, then the solutions are globally bounded.

Theorem 3. Suppose that D and S satisfy (1.7), and that (1.8) holds for f with

-2 2—-2 4 2
r—ﬂ+min{(nn)+,(n+n+46)+} and ﬁ§ﬁ<n; . (1.13)

Then for any my > 0, there exists p. > 0, relying on my, by, a;,b; (1 =1,2), b, r, n and Q, such that for
any nonnegative (ug, vy, wp) € C¥(Q) x [WH*(Q)]? (0 < w < 1) fulfilling
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(a) lluollzr() < mw and |Jwollwr.~ Q) < My with r <2, or
(b) NuollLr o) < My and |Jwollwzr ) < my with r > 2, wy € W™ (Q) and d,wo|aq = 0,

the solution of (1.1) is globally bounded provided that 1 > ..

Remark 2. Note that 4/n < 8 < (n+2)/2 implies here r = (8 + 1)(n+2)/(n+4) € [(n+ 2)/n, (n + 2)/2)
with n > 3.

In the case that the self-diffusion and the logistic source both balance the cross-diffusion, viz.

2 -2 2—2
oz—|—ﬁ:1—|———min{(n )+’(n+ T)+} and
n n n—+2

7“Zﬁ—i-min{(n_nmﬁ_7 (Tl—i-sj:fﬁ)-s-}’

we find that with the additional restriction 8 = 4/n =1 (and so r = 3/2 and a = 0), the solutions of (1.1)
are globally bounded regardless of the size of parameter p > 0. This reads as follows.

Theorem 4. Let n = 4. Assume that D and S obey (1.7) with « = 0 and 5 = 1, and that f satisfies (1.8)
with r = 3/2. Then for any nonnegative initial data, (1.1) admits a globally bounded solution.

Attraction-repulsion problem. As a by-product of Theorems 1-4, we can further consider the following
quasilinear fully parabolic attraction-repulsion chemotaxis model [18,24]

iy =V - (D(@)Va) — xV - (aVz) + &V - (aVw) + f(a), z€Q, t>0,

2z = Az — pz +na, e t>0,

Wy = AW — 0w + v, z€eN, t>0, (1.14)
oyt =0,z =0,w =0, x €I, t>0,

(@(x,0), z(x,0), w(x,0)) = (o (x), 20(x), Wo(x)), z e

in the case that the repulsion cancels the attraction (i.e. xn = £v), where x, 1, &, v, p and ¢ are positive
constants. Indeed, define

oz, t) == xz(z,t) — Ew(x,t).
Then (@, 0, ) solves the system like (1.1)

i =V - (D@Va—aVo)+ f(a), ze€Q, t>0,
By = AT — pi 4 (8 — p)w, re t>0, (1.15)
Wy = AW — W + i, reN, t>0

since xn = £7.

A striking feature of the attraction-repulsion chemotaxis model is the positive effect of repulsion on
the global boundedness of solutions when the repulsion prevails over (i.e. £y — xn > 0) or cancels (viz.
&y — xn = 0) the attraction, and related research can be found in [10,11,15-17]. For instance, under the
case that f =0, for any initial data, the semilinear version of (1.14) (that is, D = 1) has a unique globally
bounded and classical solution if n =1 [11,17], or n = 2 and &y > xn [10,15,16], or n = 3 with &y = xn [15],
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and thus any blow-up is excluded with the help of repulsion even if n = 2 or 3. Moreover, when £y = xn,
there is a critical mass phenomenon in dimension n = 4 [6], as the one of the two-dimensional Keller-Segel
system (1.2) with f = 0. So far, few works genuinely concern the contribution of repulsion in the general
quasilinear system (1.14). In [4], assuming that &y = xn, f = 0 and D(s) > co(s + 1)M~! for all s > 0 with
¢o >0 and M € R, Ding and Wang established the boundedness for (1.14) under the subcritical condition
M > max{2 —4/n,1 — 2/n}. When the repulsion is absent from (1.14), it is known that the solutions are
globally bounded if M > 2 —2/n (cf. [25,9]). Accordingly, the result of [4] shows that the repulsion in (1.14)
actually benefits the boundedness of solutions with the restrictions to the random self-diffusion weakened.

The repulsion mechanism can also relax the growth restrictions of logistic type to ensure the global
boundedness of solutions. On this point, very recently, Wang et al. [29] proved, for the problem (1.14) with
D =1 and f satisfying (1.8), that when &y = x, the solution is globally bounded if

n+2 nvn2+6n+17—n%>—-3n+4
4 4

n<3, orr>ry:= min{ } with n > 2. (1.16)
Hence, owing to the effect of repulsion, the exponent r is allowed to take values less than 2 such that
the solution remains uniformly bounded in time. The similar discussions for the semilinear parabolic-elliptic
counterpart of (1.14) can be available [13]. Observe that in (1.16), r > r4 = 3/2 when n = 4. By analogy with
the boundedness results of (1.2) with logistic source, it can be expected for the semilinear version of (1.14)
that when the repulsion cancels the attraction and f fulfills (1.8) with » = 3/2, the solutions are always
globally bounded in dimension n = 4, just as the assertion given in the classical two-dimensional Keller-Segel
model (1.2) with logistic source bearing quadratic degradation. This conjecture has been confirmed in [14]
for the parabolic-elliptic problem. Unfortunately, for the fully parabolic system, it has to be left open there.

As the proof of Theorems 1-4 in Sections 3 and 4 will show, the results among them can easily be carried
over to (1.15) even if the coefficient £(d — p) in the second equation is nonpositive. Therefore, we immediately
obtain the following global boundedness of solutions for the quasilinear system (1.14) with logistic source.

Corollary 1. Let xn = &v, and assume that D and f are restricted as in (1.7) and (1.8), respectively. If

2 -2 2—2 —
a < — —min (n )+,(n+ )+ , orr>1+min M’ n 7
n n n+2 n n+4

then for any nonnegative (i, 2o, W) € C¥(Q) x [WH>(Q)]? with 0 < w < 1, the problem (1.14) possesses
a globally bounded and classical solution (@, z,w).

Remark 3. From this corollary, we get, for (1.14) with D = 1 and f satisfying (1.8), that when yn = &v,
the solutions are globally bounded if n < 3, or » > 2(n + 2)/(n + 4) and n > 4. This improves the result
obtained in [29].

Corollary 2. Under the conditions of Corollary 1, if

2
r= M with n > 4,
n+4
then for any m, > 0, there exists . = pe(ms,&,y,0,6,0,n,Q) > 0 such that for any nonnegative
(i, 20,Wg) € C¥(Q) x [WH(Q)]? (0 < w < 1) with ||ao]
lution of (1.14) is globally bounded provided that p > pu..

rr@) < ms and |[Wollwie(q) < My, the so-

Corollary 3. Under the conditions of Corollary 1, if « = 0 and r = 3/2 with n = 4, then for any nonnegative
initial data, (1.14) has a globally bounded solution.
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Remark 4. This corollary entails for the semilinear version of (1.14) (i.e. D = 1) that when xn = £y and f
fulfills (1.8) with = 3/2, the solutions are always globally bounded in dimension n = 4, and thereby solves
the open problem left in [14].

Ideas of proof for Theorems 1-4. In order to obtain the global boundedness of solutions to a chemotaxis
system, based upon the Moser-type iteration, it is sufficient to establish the LP-boundedness of the density
u for large p. An effective analysis used in the derivation for the LP-bound of u is tracking the time evolution
for the coupled energy of the density and the signal (cf. e.g. [25,33]). Unfortunately, such approach is limited
in the present problem (1.1). Alternatively, we estimate the integral fQ uP separately by constructing an
absorptive differential inequality for ¢ — [, u?. Roughly, testing the first equation in (1.1) with p(u+ 1)p—1
and integrating by parts, we get (Lemma 4.2)

d . p(p—l)bo/ _
_ P < _ p—a—2 2 A\ )00 p+B—1
g [t 07 < =plo = ao [ vre a4 PEZER [ s
Q Q Q
o) [y =2 [ et
Q Q

= —Igq+Ie-ag+ sy — I1-5—,

where the integral involving the cross-diffusive term has been integrated by parts twice with all deriva-
tives transferred onto v. Clearly, the ill-signed term I+ can be absorbed by —I-s_. As for I.4, it can
be properly controlled by —I,-4 when the self-diffusion prevails over the cross-diffusion (Lemma 4.3); by
—I_s— in the case that the logistic source suppresses or balances the cross-diffusion (Lemma 4.4 and Sub-
section 4.3); and by —I, 4 if the self-diffusion and the logistic dampening both balance the cross-diffusion
(Subsection 4.4). However, in these processes, an additional term related to the integral |, |Av[P" for some
p’ > 1 has occurred. To deal with it, the maximal Sobolev regularity for abstract differential equations
with nonzero initial data (Lemma 2.2) plays a crucial role. For the non-flux linear parabolic problem
(¢ = AC — al + g, we use the maximal Sobolev regularity to elaborately establish two kinds of spatio-
temporal integral estimates for the principal part (Proposition 2.2 (i) (iii)), and spatial integral estimates of
solutions (Proposition 2.2 (ii)). These preparations enable us on the one hand to show the L?-boundedness of
w with suitable ¢ > 1 (Lemma 3.3), and on the other hand to establish the proper integral relations between
Av and v (Lemmas 3.4 and 3.5). Accordingly, the appropriate differential inequalities for [,,(u + 1)?(-,t)
with the boundedness property (Lemmas 2.4 and 2.5) are obtained. We mention that the estimates in
Proposition 2.2 (iii) have already been used to investigate the global boundedness of solutions resulting
from the logistic dampening [3,36,37]. One of the novelty of our proof is that in considering the inhibition of
self-diffusion to the cross-diffusion, we have developed an effective estimate as in Proposition 2.2 (i) to serve
the current treatment. This method is universal, and is certainly applicable to the direct signal production
system. Also, Proposition 2.2 (i) guarantees the boundedness of ||Av(-, )| zs(q) on some temporal average
in dimension n = 4 (Lemma 3.5), a key for the proof of Theorem 4, which however cannot be achieved by a
test procedure. In addition, with regard to Proposition 2.2 (ii), it provides the integral estimates of w that
can reach the borderline case (Lemma 3.3 (ii)). This is essentially required by Theorem 3.

This paper is organized as follows. In Section 2, we provide some preliminary material, especially the
regularity properties of solutions for the Neumann problem on the linear parabolic equations in (1.1), which
are derived by the smoothing estimates of the Neumann heat semigroup and the maximal Sobolev regularity
with nonzero initial data belonging to some real interpolation spaces. Besides, as a potential preparation,
the boundedness features of solutions for some ordinary differential inequalities are also given in this section.
Indeed, Section 2 is the cornerstone of our work. And then some crucial estimates for the proof of main
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results, such as the L?-boundedness of w with some ¢ > 1 and the proper integral relations between Av and
u, are established in Section 3. Finally, in Section 4, we prove the main results of this paper (Theorems 1-4).

2. Preliminaries

In this section, we will resort the LP-L? estimates of the Neumann heat semigroup [32, Theorem 1.3] and
the maximal Sobolev regularity [2, Section 4 of Chapter I1I] to establish some a priori estimates of solutions
for the Neumann problem related to the latter two parabolic equations in (1.1).

Firstly, the following regularity properties of solutions (see e.g. [34, Lemma 2.4]) can be derived by a
straightforward application of the smoothing estimates for the Neumann heat semigroup. For clarifying the
dependence of the constants therein, we prove it in detail.

Proposition 2.1. Let a > 0, {5 € WH®(Q) and g € C°(Q x [0,T)) with T € (0,00]. Suppose that ¢ €
C?1(Q x (0, 7)) NCQ x [0,T)) solves

Ct:AC*UIC‘i’g; (:L‘,t)GQX(O,T),
8, =0, (z,t) € 902 x (0,T), (2.1)
((z,0) = Co(z), ze

(i) If (n/2)(1/p—1/q) <1 with 1 < p,q < oo, then there exists C > 0, relying on a, p, q, n and §2, such
that

1CC D ay < C( sup Nlg(,8) o) + ol <)) for each t € (0,T).

s€(0,t)

(if) Assume that (1/2) + (n/2)(1/p—1/q) <1 and 1 < p,q < co. Then
V¢ D) lage) < C( SEIOP) 19(8)lLr() + [IVollLoe (o))  for any t € (0,T)
se(0,t
with some C' = C(a,p,q,n,Q) > 0.

Proof. (i) First, we assume that ¢ > p. Invoking the variation-of-constants formula for ¢ yields

t

C(t) = B¢ () + / et=)(A=a) g §)ds for any t € (0,T). (2.2)
0

Therefore, it follows from [32, Lemma 1.3 (i)] and the maximum principle that
1<)l Lage)

t
< ||et(A7a)C0(')HLq(Q) + / lelt=) A=) (g(., 5) — () pac) + He(t*s)(Afa)g(S)||Lq(Q)d5
)

t
= "G (Ol zace) + /e*“(t”)lle(t’sm(g(wS) = 9())llzaey + e~ g (5) | ooy ds
0

1 —a
<124 [|e" A7 () e (o
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¢
_ncl_ 1 _ _ _ _
+/ [Cl(l +(t—s) 26 q))”g(vs) —9(8)llzre) + Hg(S)HLq(Q)]e a(t=5) g
0

1 _n¢l_1 11 _a(i—s)
< 104Gl + [ [201 (14 (6= )7 EGD) 410037 ] gl 8) g

0
—2(i-1) 117 g
< |Q|‘1||COHLOO(Q)+ Sup Hg( )||Lp(Q)/[201(1+8 5 (5 ) |Q|q p} ds
SE( ,t s
for all t € (0,T), where g(s) = ‘Q‘ fQ g(+,8), and Cy > 0 depends on ) only. Noticing that

[ 201+ 575670 o jgiH e esds < o
0

for (n/2)(1/p — 1/q) < 1, we arrive at the claimed estimate. When ¢ < p, the assertion results from the
Holder inequality and the LP-bound of (.

(ii) Likewise, we may assume that ¢ > p. Now with V applied to both sides of (2.2), we deduce by [32,
Lemma 1.3 (ii) and (iii)] that

IVC( ) lLa(o)

< Ve 2 G () | Lae) +/Hve(t_s)(A_a)g('»5)||Lq(ﬂ)
¢
< HvetACO(')HLq(Q) + /e_“(t_s)HVe(t_s)Ag(wS)||Lq(Q)d8
0
t
<9 IVE GOl ey + [ Ca1 (= 537567 )em 0 gl 5)ncayds
0

1l _mnel_ 1 —as
<CB‘Q|Q||VCO||L°°(Q)+ SUP lg(- s ||LP(Q)/C2 1—|—5 7205 fz))e ds

s€(0,¢

for all ¢ € (0,T) with C; = C;(2) > 0 (i = 2,3). Because of the convergence of the integral fooo Ca(1 +
—l-z(i-1

v )) ~%ds, the desired estimate is established. The proof is complete. 0O

As needed later, we next introduce two notations.

(1) For A > 0 and p € (1,00), we let Ay, denote the realization of —A+ A in LP(€2) under the homogeneous
Neumann boundary conditions, defined by

Aypp = —Ap+Ap for p € D(Ay,) = Wrt = {o e WP(Q) : 0,¢|on = 0}.

If no confusion is likely, we sometimes abbreviate Ay , to Aj.
(2) For p,q € (1,00), write

vq = (LP(Q), Wif’p)lq/q,q with the norm || - [/.4,
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where (-,-)1_1/4,q represents the real interpolation functor of exponent 1 — 1/¢ and parameter ¢ [2,
Example 2.4.1]. That is to say, L, 4 denotes the Banach space of the functions ¢ in LP(§2) + Wi,’p such
that

o0

1
Il = ([ 7K 0)ir) " <0

0
with
K(r,¢) == inf{{[p1|rr@) + Tlle2llwer@) : ¢ = o1+ @2} for 7> 0.
Clearly, the embedding W < L, , is valid by definition.
Some basic properties on the space L, , with p € (1, 00) are summed in the following lemma.
Lemma 2.1.

(i) It holds that

Ly, ~ W21=1/p)p(Q) for 1 <p<3,
Ly, < W2(1—1/p)7P(Q) for p =3, (2.3)
Ly~ {ue W2A=YPP(Q) : 9, ulpq =0}  for p> 3,

where W2A=1/P)P(Q) with p # 2 denotes the Sobolev-Slobodeckij space (see e.g. [1, Section 11]), and =~
indicates that the corresponding norms are equivalent.
(ii) Moreover, we have
Lyp = W3(Q) if2—(n+2)/p>8—n/pwith3>0and 1 <p<p< oo, (2.4)
and

WP(Q) < L,, forl<p<2. (2.5)

Proof. (i) The assertions for p # 2,3 come from [1, Theorem 13.3]. Due to [28, Theorem 1.18.10] and again
by [1, Theorem 13.3], we have

Lyo = (L2(Q),D(A1,2))1/2’2 ~ [L2(Q),D(A1,2)]1/2 ~ W2(Q)

with [+, -], /2 denoting the complex interpolation functor of exponent 1/2 [2, Example 2.4.2]. As for p = 3, it
can be readily checked with [1, Theorem 11.6] that

L33 = (Lg(Q)a W]%/B)Q/&B — (LS(Q)a W2’3(Q))2/3,3 =~ W4/3’3(Q)-
(ii) This is immediate from (2.3) and the Sobolev embedding theorem [1, Theorem 11.5]. O

Now we give the maximal Sobolev regularity for abstract differential equations with nonzero initial data.
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Lemma 2.2. (/2, Theorems 4.10.2 and 4.10.7, and Remark 4.10.9 (¢)]) Let p,q € (1,00) and A > 0. Then
for any g € LI((0,00); LP(2)) and every ¢ € L, 4, the initial value problem

{ u'(s) + Ayu(s) = g(s), s>0, (2.6)

u(0) = ¢

possesses a unique solution u € LI((0,00); WxP) N WH4((0, 00); LP(2)) satisfying

s€(0,00

e s (sl < / ()%, 0 ds + / [ (5)[14 s + / lANu()%, gy ds
0 0 0

< [ 1) ayds + el
0

for some positive constants ¢ and C depending on A, p, q, n and Q.

The foregoing preparations allow us to further establish integral estimates of solutions for the Neumann
problem related to the latter two parabolic equations in (1.1).

Proposition 2.2. Let a > 0 and 0 <ty < T < co. Assume that ( € C>1(Q x [to, T)) satisfies

Ct:AC7GC+ga (.’ﬂ,t)GQX(to,T),
8,¢ =0, (z,) € 99 x (to,T).

(i) For any p,q € (1,00), there exist positive constants C' and C, relying on a, p, q, n and 0, such that

S

0l < su [ Dl dr 1G], (2.7)

SE(to,t]
to+(s—1—to)4

for each t € (to,T), and

t
HAGC('vT)H%P(Q)dT

to+(t—1—to)+

< C( sw / g Py dr + 16 o)1) (2.8)

to+(s—1—to)+

forany t € (to,T).
(ii) Suppose that 2 — (n + 2)/p > —n/p with 1 < p < o0 and 1 < p < oco. Then there exists C =
C(a7pan7Qaf)) > 0 such that

S

1CCoOpqy < O sup / g€ Pyl + 1CC )11, )

seltod]
t0+(8717t0)+

for each t € (to,T).
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(iii) For any p,q € (1,00) and every a € [0, a), there exists C > 0, depending on a — a, p, q¢, n and ), such
that

t t

/equ”Aa—QC('aT)H%P(Q)d’r < C(/elq‘l—”g('aT)H%P(Q)dT + egthHC("to) q7

to to

)

for any t € (to,T).
Proof. Let tg <t; <ty <T and 0 < a < a. Set

BT (s 41y) i 0<s<ty—ty,
U(',S—t2+t1) if s>ty —1t

u(s) = u(s;ti, t2,a) := {

with v(z, s) = v(x, s; ts, a) solving

vs=Av—(a—a)v, €, s>0,
o,v =0, x €I, s>0,
v(z,0) = e¥2((x,ty), =€ Q.

Then for any p, q € (1,00), u € L((0,00); WaP) N Wh4((0, 00); LP(Q)) is the solution of (2.6) with
A=Xa):=a—ag,

and

e&(s+t1)g(.,s +1t1), 0<s<ty—1y,
g(s) = g(s;t1,ta,a) := 0

; 8§ >ty —t1,
o(x) = p(z:t1,a) == e ((z,1y).

(i) Given p,q € (1,00), we at first prove (2.7). In view of Lemma 2.2, there exists C; = C1(a,p, ¢, n, Q) such
that

la(t — to3 o, £, a/2) 3, < Ca / &7 to,t,0/2) [ 0y 07 + (5 t0,0/2) 2,

for all t € (t9,T'), which entails

t—to

fa <O [ e Tl 4 to) gy dr + e F G o)
0

P;Q)
t

<O [ H Mgl Ly + ICCto)l) for all £ € (ta.T)

to

1€C2)

with the integral on the right-hand side estimated as

t

[ # gt oy

to
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t—to
= [ e # gt = Dlpaydr
0
[t—to]—1 k41 t-to
= Z /e_TTHg('vt_T)Hqu(Q)dT+ / e_TTHQ("t_T)”qLP(Q)dT
k=0 k [t—to]
[t—to)—1 1k t-le ol
_ag
< Y e [ ltnlhgdrt [ oG
k=0 t—k—1 to
< (Ze‘%kﬂ) sup / lg(, PN e o dr
k=0 Se(to’t]t0+(s—1—to)+
1 S
:71)~ A9, oudr for all t € (to, T).
(1_e_aq/2+ setio / g€ Tz oydr - for all ¢ € (to, T)

to+(s—1—to)+

This proves (2.7) by choosing C := C1 (=27 + 1).
We proceed to verify (2.8). Again by Lemma 2.2, we can find Cy > 0, determined by a, p, ¢, n and Q,
satisfying

/ [Axoya(rito + (=1 —to)4, 1, O)HLP(Q)

oo

< 02(/ g (rsto+ (t =1 —t0)+. £, 0) ||, qydr + [l (50 + (¢ =1 = fo)+,0)||;,q)
0

for all t € (t9,T), from which we further derive that

t
R T
t0+(t717t0)+

t*[t(r#(t*l*to) ]

= [ At = 1)) [ i
0
t—[to+(t—1—to)+]
<o [ el ot 1=t gdr
0
It + = 1= )1, )
t
:CQ( / g Gy oy dr + (¢ (st + (£ = 1= t0)+ ) |17 ) (2.9)

to+(t—1—to)+

for all t € (to,T'). In addition, we have

1€ Cto + (t =1 =to)4)|I] = ICC- to)llfy if ¢ € (to, T) and ¢ < 1+ to, (2.10)
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or

16 to + (¢ =1 =to)1 )l

S

<o sw [ el + Il
sE(to,to+(t—l—t0)+]t e 1—t)
0 s—1—10)+
<o sw [ Iy I ) 211)
SE(to,t—1]

t0+(8717t0)+

if t € (tp,T) and t > 1 + ty due to (2.7). Therefore, one can easily see from (2.9)—(2.11) that (2.8) is valid
with €' := Cy(1 + O).

(ii) It is obviously true if 2 — (n+2)/p > —n/pand 1 < p < p < oo by (2.7) and (2.4). When
2—(n+2)/p>-n/pand 1 < p < p, since 2 — (n + 2)/p > —n/p, the assertion results from the Holder
inequality and the corresponding estimate for ||C(-,¢)|/% Lr()"

(iii) Applying Lemma 2.2 to u(-;tg, t,a), we obtain

/HA)\(Q)U(T;t07t7g)”%v(ﬂ)d7— < 03(/ ||g(7—;t07t7g)”%p(ﬂ)d7-+ ‘|<p(7t07Q)HZ,q>
0 0

for all t € (tg,T) with C3 > 0 relying on a — g, p, g, n and 2, whence

t—to

o UTHO| Ao (7 + to) oy dT

[}

t—to

<Ca(_ [ g1t 1) ydr + Gt
0

for all t € (to,T), as desired. O

Proposition 2.3. Assume that 2 — (n+2)/p > —n/p with 1 < p < 0o and 1 < p < oo. Then under the
conditions of Proposition 2.1, there exists C = C(a,p,n,Q,p) > 0 such that

S

| 18yt + 19Oy + Koy + 1)

(s—1)+

C',t pﬁ SC sSup
16 a0 (SE

(0,2]

forallt € (0,T) if 1 <p<2, or

S

IO p < C( 5w [ gt DEydr + 19
sE(O,t]( N
s=1)+

p
p,p

for each t € (0,T) if 2 < p < 0o and further (o € Ly .

Proof. Let us first treat the case 1 < p < 2. By Proposition 2.1 and the continuity of g, there exist
Cy = Ci(a,p,n,Q) > 0 and a small ¢, > 0 such that
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sup <, ) [wrei) < Ci( sup [lg(0)llLra) + Iollwr (o))
te(0,ty) te(0,ty)

< CL(L+ [19(0) |l Loy + ICollwroe @) (2.12)

For any t € (0,T), we take 0 < ¢t; < min{¢,¢.}, and then gain by Proposition 2.2 (ii) and (2.5) that

S

1CCoEay < o sup / g€ )%yt + 1 ), )

s€(t1,t]
t1+(8717t1)+

S

| 18 yr + oot )l o)

with Cy = Cs(a,p,n,Q,p) > 0and C5 = C3(p,n, Q) > 0. This along with (2.12) yields the claimed estimate.
Now, assume that 2 < p < oo and in addition that (o € L, ,. For any fixed 0 < 7" < T, let u €
LP((0,00); WaP) N WHP((0,00); LP(£2)) be the solution of (2.6) with

A () g('75)a OSS<T/7 d () C()
=a, g(s)= and  ¢(z) = (o(z).
0, s> 1T, ’
Note that 2 < p < oo. Therefore, u € L?((0,7"); H'(2)) with u’ € L2((0,T"); L*(Q2)) is a weak solution of
(2.1) in 2 x (0,7”), that is

7/(11/, V) =— 7,(Vu, Vv) —a 7/(11, v) + 7/(& v)
0 A J /

for all v € C§°((0,T"); HY(2)), and u(0) = (o, where the pairing (-,-) denotes the inner product in L?().
Define

a:=1at):=(t), te(0,1).

Then @ € L*°((0,7"); H*(€)) due to Proposition 2.1, and furthermore testing the first equation in (2.1) by
¢ gives ' € L2((0,77); L3(2)). Clearly, @ is also a weak solution of (2.1) in Q x (0,7”). By uniqueness,
i =ue LP((0,T); W) n Wh2((0,T"); LP(Q)), and hence ¢ € LP ([0,T); W) n WP ([0, T); LP(R))

for the arbitrariness of T”. Just because of this, we can follow the proof of (2.7) to get with some Cy =
Cy(a,p,n,Q) > 0 that

S

I, < s [ gt + )

s€(0,t
](8—1)+

for all t € (0,T), which together with (2.4) leads to the desired estimate. O

In the following, we need an extended version of the classical Gagliardo-Nirenberg inequality (see e.g.
[5,21,31]).

Lemma 2.3. Assume that g,r € (0,00] are such that

| ==

€ (0,1).

S =
+ 3=
3
N—=
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Then

[@llzag) < c(IVellze@llél g + 18llr@), ¥ éeWh2(Q)n L ()
with ¢ > 0 depending on n, r, v and ).

We end this section with two lemmas that assert the boundedness of solutions for some ordinary differ-
ential inequalities and play a key role in the proof of main results.

Lemma 2.4.

(i) Let0 <ty <T < o0 and0 < ¢ < r < 1. Suppose that nonnegative functionsy € C*((to, T))NC([to,T))
and h € C°([to,T)) satisfy

y'(t) + 1y (t) < coh(t) +c3, tE (to,T) (2.13)

with ¢; >0 (1 =1,2,3), and

h(r)dr < ca(YE(t) +1), te (to,T)

to+(t—1—t0)+

for some cq > 0 with Y (t) := sup, ., ., y(7), t € (to,T). Then y is bounded in (to,T).
(i) Let 0 < tg < T < o0 and 0 < £ < 1 < k. If nonnegative functions y € C((to, T)) N C%([to,T)) and
h e CO([to, T)) fulfill

y'(t) + c1y”(t) < coh(t) +c3, t € (to,T)

with ¢; >0 (1=1,2,3), and

t t

/eATh(T)dT < C4</€ATye(T)dT + 1), t € (to, T)

to to

for some cq, A > 0, then y is bounded in (to,T).

Proof. (i) Without loss of generality, we may assume that y > 0 on [tg, T"). Multiply (2.13) by el 1y ()ds
and integrate to get

t
y(t) — y(to) < / e I e O (eh(7) + cg)dr
to
t
< /efclyﬁfl(t)(t”)(@h(r) + c3)dr
to
t—to

= / e_clyvl(t)T(th(t —T)+ c3)dT
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[t—to]—1 k1
= > / e~ Y T O (eyh(t — 7) + ¢3)dr
k=0 %
t—to
+ YO (eoh(t — 7) 4 ¢3)d
[t—to]
[t—to]—1 t—k t=[t—to]
< Z e Dk / (cah(T) 4 c3)dr + / (coh(7) + c3)dr
k=0

t—k—1

IN

(Ze—clwfl(t)k i 1) . (6204(Yz ) + CS)
k=0

20204(Ye(t> + 1) + 203
<
- 1 —e—aY 71(t)

for all ¢t € (to,T), where we use the fact that 0 < x < 1, the assumption on h and the nondecreasing
monotonicity of Y. Consequently,

2e0e4(YH(t) +1) +2
V() < ylty) + 220D 2600y e 1o, 1),
1—e<aY (t)

whence
Ylfz(t)(l — efclyn_l(t)) < ylff(to) + 2¢9¢y (1 + yfz(to)) + 263@/74(150)

for all t € (to,T), which implies that Y (and thereby %) is bounded in (¢, T), as otherwise Y1*(¢)(1 —

e~Y" () is unbounded in (to,T) since

: 1—¢ —c1s"Th
i (1 — e —oo

forO0</l<r<I1.
(ii) Since x > 1, we have by the Young inequality that

Ay(t) < Clyﬁ(t> +c5, t€E (to,T)
with ¢5 := (Acl*l/'f")“/("_l)7 and thus
y'(t) + Ay(t) < eah(t) + ez +c5, te (to,T).

Multiplying this inequality by e, integrating and using the hypothesis on h result in

t
y(t) < ylto) + coe M /eATh(T)dT + (e3 + 05)1\_1

to
t

<y(to) + 620467“(/ ATyt (r)dr + 1) (c3+c5)A~!

to

y(to) + coca ATYYE(t) + cocy + (c3 + ¢c5)A™ for all t € (ty,T),
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where Y () := sup;, ., 4 ¥(7), t € (to,T). As in the proof of (i), one can readily deduce with 0 < £ < 1 that
Y is bounded in (t9,7"). O

Lemma 2.5. Let 0 < tg < T < oco. If nonnegative functions y € C*((to,T)) N C°([to,T)) and hi,hs €
C%([to, T)) satisfy

y'(t) < ha(t)y(t) + ha(t), te (to,T), (2.14)
and
t t t
/ y(T)dr < co, / hi(m)dr < ¢y, / ho(T)dr < ¢
t0+(t717t0)+ t0+(t717t0)+ t0+(t717t0)+

for all t € (to,T) with ¢; >0 (1=0,1,2), then

y < (max{y(to),co} + CQ)eC1 in (to,T).

Proof. For t € (to,T) with ¢t > 1 + to, since ftt_l y(7)dr < ¢p, the mean value theorem for integrals implies

"t
that y(¢) < ¢ for some ¢ € [t — 1,¢], and thus multiplying (2.14) by e~ Jig M1()s 3nq integrating over (t,t)
yield

t
y(t) < y(pelt MO +/hz(T)ef: e dr
t
t
S y(t)e.ftt—l hi(s)ds + / hg(T)G'U*I hl(s)dsdT

t—1

< (ep + c)e.
On the other hand, when ¢ € (t,T) and ¢t < 1+ tg, a similar integration shows

t

y(t) < y(to)eﬁ" Pa(s)ds 4 /hQ(T)ef: hai(s)ds g
o
t

< y(tg)eho M s ¢ /hQ(T)e‘[:U ha(s)ds

to

< (y(to) + c2)e .
All in all, the proof is complete. O

3. Local existence and crucial estimates

We begin with the local existence of classical solutions to (1.1) that can be asserted by following the
proof of [4, Lemma 3.1].
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Lemma 3.1. Let Q C R"™ be a bounded domain with smooth boundary. Assume that D, S € C?%(]0,00)) satisfy
D(s) > 0 for s >0 and S(0) = 0. Also, suppose that f € Wb>(R) complies with f(0) > 0. Then for any
nonnegative (ug, v, wo) € C¥(Q) x [WhH*(Q)]? with 0 < w < 1, there exist Tmax € (0,00] and a triplet
(u,v,w) of nonnegative functions from C°(Q x [0, Tiax)) N C>1(Q x (0, Tiax)) solving (1.1) classically in
Q x (0, Tyax)- Moreover, if Tyax < o0, then

limsup [[u(-, 1) | = (@) = 0. (3.1)

t — max

Henceforth, let (u, v, w) be the classical solution of (1.1) with the maximal existence time Tiax € (0, 00],
and write

) T
to 1= mln{l, H;X}.
Now we immediately have the following simple estimate.

Lemma 3.2. Assume that f fulfills (1.8). Then

/u(m,t)dac < max { /uo, (E)%|Q|} =:M; for allt € (0, Tmax), (3.2)
Q Q :
and
/ 1
/ /ur(:zc,s)da:ds < =0+ M) =: My for all t € (0, Tinax)- (3.3)
(t=1)4 Q g

Proof. Integrating Eq. (1.1); and using (1.8) give

%/u <bjQ| —,u/ur < |0 _M|Q‘1—T(/u>r for all ¢t € (0, Tyax),
Q Q Q

which implies (3.2) and (3.3) clearly. The proof is complete. O

Based upon (3.2) and (3.3), we can use Propositions 2.1-2.3 to show the L-boundedness of w with ¢ > 1
suitable.

Lemma 3.3. Let f satisfy (1.8).

(i) Then for any g € [1,n/(n —2)4)U[L,nr/(n+2—27);), w € L>®((0, Timax); L1()).
(ii) In particular, assume that 1 <r < 2 andn >3, or 2 < r < (n+ 2)/2 and additionally wy € WI%,’T.
Then there exists C' = C(ag,bs,r,n,9,q) >0 with ¢ = nr/(n+ 2 — 2r) such that

Jw( )l Lag) < C(Mg + [luol|zr @) + lwollwrey +1)  for all t € (0, Tinax)
ifl<r<2andn >3, or
1

||w('at)||L4(Q) < C(M2 + ||wOHW2=7'(Q)) for all t € (OvaaX)

if2<r<(n+2)/2 and wy € Wy'.
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Proof. (i) For ¢ € [1,n/(n — 2)4), this is a consequence of Proposition 2.1 (i) to w and (
) - + i

A 3.2). When ¢ €
[L,nr/(n+2—2r);) with 1 <r < co (equivalently, 2 — (n+2)/r > —n/q with 1 <r < oo and 1 < ¢ < c0)
in view of Proposition 2.2 (ii) for w and (3.3), we have with some C}

= C1(ag,r,m,Q,q) > 0 that

S

(- Dllzaqe) < €1

to+(s—1—to)+

swp [ bt Dy + )]
SE(to,t]

< sup [ et Dl dr + s w)l7,)
s€(0,t]
(s—1)+
< (bgMQ + ||1U(', to)”:’r) for each t € (t07Tmax)
Also, it is evident that w € L™ ((0,t9); L1(Q2)). So, assertion (i) follows

(ii) Suppose that 1 < r < 2 and n > 3, and thereby 1 < r < (n + 2)/2. A straightforward application of
Proposition 2.3 to w along with (3.3) shows

S

sup / by, I}
s€(0,t]

Lr@) a7 + [[b2uol| 7oy + [lwo 1,00 () + 1)
(s=1)+

< Cg(brMQ + b;HuO”ET(Q) + ||w0HTI;V1°°(Q) + 1) for all t € (0 Tmax)
with ¢ = nr/(n+2—2r) and C

(s )y < s (

Cy(az,r,n, 8, q) > 0, as claimed. Likewise, by Proposition 2.3, (3.3) and
the embedding W5" < L, ., we can prove the assertion for the case of 2 < r < (n+2)/2 and wg € Wy"

In the following lemma, with the norm ||w| g ((0,700);09 (2

O
oo ); y for ¢ > 1 involved, the proper integral
relations between Av and u have been established due to Proposition 2.2

Lemma 3.4. Assume that p,p € (1,00) and q € [1,00) satisfy

L1
Pl € (1,00) with ©:= 112 £ €(0,1).
¢ "np
(i) Then
t
1-7 pL
/ / [Ao(e.rPde)dr < LI o seco (L sp
to+(t—1—to) 4 ’
) + ol | (3.4

for all t € (to, Tmax) with C > 0 relying on a;,b; (i=1,2), p, p, q, n and
(ii) For any 0 < A < min{paq,plas}, there exists C > 0, determined by a;

q, n and ), such that

- A/ﬁ7 az — A/(ﬁZ), b].; b27 ﬁ7 D,

t t
T 7] p(1—7 T pr
/eA (/A”(x””pdx)‘hgC{”w||]£(°°<<L3,me>;m<m>(/eA s ) 0y
to Q

to

) Ml 0l

+et0w(-, to)]

(3.5)
fOT all t S (th Crmax)
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Proof. (i) In view of the elliptic regularity estimates [5, Section 19 of Part 1] and (2.8), one can find some
Cy = Ci(a1,p,n, Q) > 0 and Cy = Cs(ay,by,p,n, Q) > 0 such that

t t
/ (/|Av(m,7’)\ﬁdm‘>d7 <C / ||Aa1U('7T)H€ﬁ(Q)dT
to+(t—1—to)+ to+(t—1—to)+
< C2(s§8£’t] / ol 7)oy + o t0)[55)  (3.6)

to+(s—1—to) 1

for all ¢ € (to, Tmax). Furthermore, by means of the Gagliardo-Nirenberg inequality, and using the elliptic
regularity estimates along with (2.8) again, we derive

[ enlimirs [ (ol ot D) dar
t0+(8717t0)+ t0+(5717t0)+
(1-2 pL
<Pl @y [ 0D ey
t0+(5717t0)+
< (Cs)” ||w||poo((o Tnax);L9(2)) © Cy / [Aa,w(-,7)] %p(g)dT

to+(s—1—to)+

(1-7)
< (C3)P ||w||1£oo((0Tmax) ;La(Q))

S
<Co sw [ It + )l

SE(to,s]
to+(s—1—to)+

p(1-17)
< (Cs)P ||w||Loo((0Tmax) L(9))

x Cs( sup [ul,m)oq + ol to) 575
TE(to,t)
for all s € (to,t] with t € (to,Tmax), where C3 = Cs(n,p,q,7,9), Cy = Cy(az,p,n,Q,pi) and C5 =
Cs(ag, ba,p,n, 2, pi) are positive constants. Combining this with (3.6), we arrive at (3.4).
(ii) Let 0 < A < min{paq, pias}. Then A/p < a1 and A/(Pl) < ag. Tt follows from the elliptic regularity
estimates and Proposition 2.2 (iii) that

t t
/ /|AU v, 7)Pde)dr < 06/ AT A0 N ey 7
t() t()
t

< Cr(( [ Ml g dr + M o to)

to

25) (3.7)

for all t € (thTmax) with Cg = Cﬁ(al — A/ﬁ,ﬁ,n, Q) > 0and C; = C’7(a1 — A/ﬁ, by,p,n, Q) > 0. Using the
Gagliardo-Nirenberg inequality and again by the elliptic regularity estimates, we further have

()2 sy < (CollwrC 7)oy o) ey )
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_ 511 .
< (CS)p”wHp(oo((&Tmax);Lq(Q)) : CQHAanA/(z?Z)w('vT)‘ %}(Q)

for all 7 € (tg, Tmax) With Cs = Cs(p, ¢, 7, n,Q) > 0 and Cy = Co(az — A/ (pP), p, pi,n, ) > 0, which together
with Proposition 2.2 (iii) entails

t
r p 5 p(1—7
/ N (e, 7[5 @7 < OV 0l e vacen)
to

t
X C10</GATHU('77)|?JZ(Q)dT+eAton('vt0)‘§fﬁZ)

to
for all t € (to, Tmax) with C19 = Cio(az —A/(PP), b2, p, BT, n, ) > 0. Inserting this into (3.7) yields (3.5). O

By embedding in the 4-dimensional case, the boundedness of |[Av(:,%)[/16(q) in terms of some temporal
average can be inferred with the logistic source exponent r = 3/2.

Lemma 3.5. Suppose that n = 4, and [ satisfies (1.8) with r = 3/2. Then there exists C > 0, relying on
ai, by (i=1,2), Q, My, ||w(-,t0)ll3/2,3/2 and [[v(-,t0)ll6,3/2, such that

t
/ 10T Eoqydr < C for all t € (to, Thna).

tot+(t—1—to)+

Proof. Tt follows from (2.8) for w and (3.3) that

t s
3 3 3
Agw(- 1|2, dr < ( bou(-,7)||2s d ot )
[ el gz s [ el s Gl
to+(t—1—to) 4 to+(s—1—to)

S

3

< . 2 .

cl(sg(lgfﬂ( /) a1 o dr+ o)
s—1)4

< O (b3 Ma + [ to) |

E)
22

[MFSINIE

[SISINIS

g) for all € (to, Trax)

’2

with C; = Ci(as,Q) > 0, which together with the Sobolev embedding theorem and the elliptic regularity
estimates yields

t t
3 3
[l fuar<Ca [ lwenlE g dr
to+(t—1—to) 4 to+(t—1—tg) 4
t
3
<Ci [ Mol dr
t0+(t717t0)+
3 3
< 0104 (b; M; + Hw(.,to)ugg) —

for any ¢ € (tg, Tmax) with Cy = C2(Q) > 0 and C3 = C3(ag, ) > 0. Combining this with (2.8) for v, we
obtain with some C5 = Cs(ay,2) > 0 that
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t s
3 3 3
[ Mg < sw o [ e+ ot ol )
to+(t—1—to)4 s€(to, ]t0+(8—1—t0)+

3 3
< Cs(b{Ci+ o to)llg 5 ) for all € (fo, T,

and hence the elliptic regularity estimates warrant for a certain Cs = Cg(a1,Q2) > 0 that

t t

[ 1avenlgdr<c [ lAwel )l

t0+(t717t0)+ t0+(t717t0)+

3 3
< C5Co (b Ca+ ol to)ll 5 )

for all t € (tg, Tmax), as claimed. O

4. Proof of main results

This section is devoted to the proof of main results (Theorems 1-4), where a crucial ingredient is that
the bound of u(-,¢) in LP(Q)) with any p > 1 can be turned into the bound in L>°(Q).

Lemma 4.1. Let D and S obey (1.7), and assume that (1.8) holds for f. If u € L*°((0, Trax); LP(2)) for any
p>1, then u € L®(Q x (0,Tmax)), and hence the solution is global and remains bounded in time.

Proof. Since u € L*™((0, Tmax); LP(2)) for any p > 1, applying Propositions 2.1 (i) and (ii) to w and v,
respectively, yields Vv € L®((0, Tiax); (L2(2))™) with any ¢ > 1. So, we can further infer by [25, Lemma
A1) that u € L*°(Q2 % (0, Tinax))- This in conjunction with the extensibility criterion provided by Lemma 3.1
asserts the global boundedness of solutions. O

As a first step towards obtaining the LP-boundedness of u for any p > 1, let us establish a preparatory
differential inequality for the energy fﬂ(u + 1)? with p > 1 large by testing the first equation in (1.1).

Lemma 4.2. Suppose that D and S satisfy (1.7), and that f fulfills (1.8). Then

d 5 i S p(p — 1)b0/ 54 B_
_ P < _ _ p—a—2 2 P\ )0 p+B—1
o (u+1)? < —p(p—1)ag /(u+1) |Vul® 4+ i1 (u+1) |Av]
Q ) )
b p) f(wr 17 =2 [ e (4.1)
) Q

for all t € (0, Tyax) with p > max{1,1 — G}.

Proof. Let p > max{1,1 — 3}. Multiply the first equation in (1.1) by p(u + 1)P~! and integrate by parts
over () to get

d

& [+ 17 ==s6-1) [ D@+ 072

Q Q

1) / N / F(u)(u+ 1P
Q

Q
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for all t € (0, Tynax) with D(u) > ag(u+ 1)~% and

u

0<x(u)= /S(g)(g +1)P24c < #(u 4 1)PHA-1

0

due to (1.7). Also, it is easy to see that
p [ s 7 < [0
Q Q

<o+ [t )72 [y
Q Q

by means of (1.8) and the fundamental inequality (s + 1)" < 2"71(s" 4 1) for s > 0. All relations obtained
above immediately give (4.1). O

In Subsections 4.1 and 4.2, we consider the global boundedness of solutions with Theorems 1 and 2 proved
for the cases that the cross-diffusion is dominated by the self-diffusion and the logistic source, respectively.
And then we in Subsection 4.3 prove Theorem 3 that asserts the global boundedness of solutions for the
logistic source balancing the cross-diffusion with the coefficient p > 0 large. The last subsection is devoted
to the investigation for the logistic source and the self-diffusion both balancing the cross-diffusion, and we
prove with some additional restrictions that the solutions of (1.1) are globally bounded regardless of the
size of p > 0 as claimed in Theorem 4.

4.1. Self-diffusion dominating cross-diffusion. Proof of Theorem 1

This subsection is concerned with the global boundedness of solutions due to the inhibition of the self-
diffusion on the cross-diffusion. A key lemma is given as below.

Lemma 4.3. Assume that D and S satisfy (1.7), and that (1.8) is wvalid for f. Also, suppose that w €
L>((0, Timax); LY(Q)) for some q € [1,00). If

2 n
<1l4+-- ,
ath +n n + 2q

(4.2)

then u € L ((0, Tiax); LP () for any p > 1.

Proof. Clearly, it suffices to prove that there exists some p. > 1 such that u € L((0, Tiyax); LP(£2)) for all
p > p.. Take

n

Po = max {1 —q, (—

2—1)a,——a,

2 n

n q(%+%+1)(2+n—an—6n)}

It can be readily checked that

pn+ 2
1
p+a’2+n_an_ﬁn e( 700)7
3~ 307
_ — —+a
2 :L(p) = B_'_lp_l E(O,l),
2 n 2
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1 24n—an—pLBn -
S a7 iz (pn +2)i(p)
na=np) =ty T €01 and o m T € (1,00)
q n pta
for all p > pg. Now define for p > py that
k= Kk(p) = P _ pnt2-n and
' C (pta)ilp) npta-1)
~ n—+2
0= {(p) = (pr+2)ia(p) 1 = q(zﬂffomfﬁn) ! .
2+n—an—Ppn pta  (;+2)(p+a)-1
Since o+ <1+ % - #Qq, one can choose p§ > po large enough such that
L=1{(p) < k==rk(p)and L ={(p) <1 for all p> pg. (4.3)

Let p > p§. With (4.1) applied to p = p + «, we obtain

4 (u+ 1P < —(p+a)p+a-— l)ao/(u—|— 1)P=2|Vu?

dt
Q Q
(p + Oé)(p +a— l)bO /(u 4 1)P+a+5—1|AU|
p+a+p—-1
Q
L (pta)(bt ) / (ut 1P 2 (4 / (u 4 Dot
Q Q

for all t € (0, Tinax)- Clearly,

(p+ )b+ p)(s + P! =217 (p a)pu(s + Pt < ¢y

for s > 0 with C; = C1(p + «, b, i, ) > 0. Therefore,

dt
Q Q

9 [t 17 < —(p+a)(p+a—1ag / (u+ 1) 2|Vl

(p+a)p+a—1)b
p+a+p—1

/(u+ PretB=l Ay + 10| (4.4)
Q

for all t € (0, Tinax)- Since a + 8 < 1+ 2/n, we have by the Young inequality that

—1 n
(P;(jr)g?:g : )bo /(u+ 1PretA-1Ay| < 6/(u_|_ 1)Pta +c5/|Av|Wﬁﬁ" (4.5)
Q

Q

for arbitrary e > 0 with

np+2

_ ;LJ(FPJroHrBfl[; (p + a) (p +a— 1)[)0 2+n—pna—nﬁ

C. ‘= € n—na—n )
‘ pra+p—1

Moreover, it follows from the Gagliardo-Nirenberg inequality (Lemma 2.3) and (3.2) that
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2 » 2(17;?2)
/(u+ PP = [|(u+1)% 2(pnt2)
& L »n  (Q)
pn 2 2(17;/-*-2)
P pntz P ipnyz P n
< IV G+ DI I DEIZE? i+ Dz )
< Cg(/(U +1)P73|Vul? + 1) for all ¢ € (0, Tinax) (4.6)

Q

with Cy = C3(n,p, Q) > 0 and C5 = Cs(n,p, 2, My) > 0. Combining (4.4)—(4.6) and taking e = (p + a)(p +
a—1)ag/(2Cs5), we get

d -1
E (’LL + 1)p+a < - (p + Oé)(p;’a )a() /(u + 1)p72|vu‘2
Q Q
+Cy / |Av|zZai=mm + O for all t € (0, Tinax), (4.7)
Q
where
_ n(pt+at+p-1) np+2
Or = (p+a)(pt+a—1ag| 7= [(p+a)(p+a—1)b|*Hr-re—ns and
1T 2C5 p+a+p—1
-1
¢ = e taz o, ¢ g

Again by the Gagliardo-Nirenberg inequality and (3.2), we have

2(pto)

JICE e (R I et
L r» (Q)
Q
» » Y 2(pta)
<c(v NHB 131 DE| . v
< Co([V(u+1)2 |20l (u+ )2||L%(Q)+||(U+ )2||Lg(m
2
< Cr(IIV(u+1)8 [fagqy +1)  for all £ € (0, Tonax)

with Cs = Cs(p,p + a,n,Q) > 0 and C7 = C7(p,p + a,n, Q, My) > 0, whence

Cs(/(u . 1)p+a)n _ 2+ oz)(;l;;L a — 1)ag <||V(u +1)8 200 + 1)

Q

- o az o iy yp2vaf? +

2(p+a)(p+a—1)ag
p2

Q

for all t € (0, Tax) With

O = 2(p+a)(p+a—1)ag
7 p2(Cr)Fmax{2n-1 1}

This along with (4.7) results in

d
dt

(u+ 1P + 08(/(U T l)erDl)H <y / |Av|% 1+ Oy (4.8)
o) ) )
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for all ¢ € (0, Tax) with Cy = C5 +2(p + «)(p + a — 1)ag /p*.
As for the integral on the right-hand side of (4.8), it can be properly controlled by fQ uPT, Indeed, by
Lemma 3.4 and the hypothesis that w € L ((0, Tyax); L1(2)), we have

t pn+t2 _ (pn42)iy
(/|Av(x77)|mdx)d7§0m( sup |u(-,7 )Hzxaan e +1)

to+(t—1—to)y T€(to,t)
¢
=Clo<( sup /UPM('J)) +1) (4.9)
Te(tg,t)Q

for all t € (tg, Tmax) With some Cip > 0 relying on a,“bz (i = 1,2), %, p+a, q n, 9,

1wl oo (0, Tman)iLe(2)) s 10 (5 t0) [pta, (praye and |Jo(-, to)H nt2 _, and it also holds that

n an— ﬁw’2+n an— [in

t t

A __ pnt2 A NG L A Ly
e T( |Av(z, T)|7Fn-an—pn dx)dT < C’u( eu(-, T )||L$iaa£) 2 or P dr + 1)

to Q to
/ ¢
= C’11(/eAT(/up+°‘(m,T)da:) d7'+1) (4.10)
to Q

for all ¢t € (tg, Tmax) With

1 _

Ao _min{ (pn + 2)ay , (pn + 2)i1az }

2 24+n—an—p0n 24+n—an—Bn
and C1; > 0 related to a;,0; (i = 1,2), _2+np_n(;i-n2_6m P+, g n, Q [|[wl|Le0,T):Le9) to,
lw(-,t0)lp+a,(p+aye and [[v(, tO)” B B ==

We next assert that u € LOO((tO7 Tnax); LPT(2)). The proof is divided into two cases.

Case 1. If a > 2, then x < 1. Combining (4.8) with (4.9) and noticing that 0 < £ < & by (4.3), we know
from Lemma 2.4 (i that Jo(u+1)PF(- 1) is bounded in (to, Timax), and hence u € L ((to, Timax); LPT*(£2)).

Case 2. Assume that o < 2, and so £ > 1. According to (4.8) and (4.10), and since ¢ < 1 for (4.3),
Lemma 2.4 (ii) entails the boundedness of [, (u+ 1)PT(-,t) in (to, Tmax), as desired.

All in all, we gain that u € L ((to, Tmax); LPT*(Q)) for all p > pi. By the continuity of u on Q x [0, %],
we thus have u € L ((0, Tinax); LPT*(2)) for all p > p§, that is, u € L®((0, Timax); LP(Q)) for all p > p, =
pg + «. The proof is complete. O

Now, we can easily prove Theorem 1.

Proof of Theorem 1. Note that the condition (1.9) is equivalent to

n

n+2maX{ (n— 2+ (n+2nr2r) }7

2
a+p<1+——
n

which allows us to choose 1 < ¢ < max{n/(n —2)4,nr/(n+ 2 — 2r),} such that

n
n+2q

2
a+p<l+——
n
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By Lemma 3.3 (i), we know that w € L ((0, Tiax); L2(€2)) for ¢ taken above. Therefore, Lemma 4.3 entails
that v € L*((0, Thax); LP(R2)) for all p > 1. This results in the global boundedness of solutions due to
Lemma 4.1. The proof is complete. O

4.2. Logistic source suppressing cross-diffusion. Proof of Theorem 2

In this subsection, we consider the blow-up prevention by logistic kinetics. To this end, we seek appropriate
conditions on the logistic exponent r that warrant the LP-boundedness of u with p > 1 arbitrary.

Lemma 4.4. Assume that D and S satisfy (1.7), and that (1.8) is valid for f. Also, suppose that w €
Lo°((0, Tmax); LY(Q)) for some q € [1,00). If

n
4.11
T>ﬂ+n+2q ( )

then u € L>=((0, Trax); LP(Q)) for any p > 1.

Proof. We only need to prove that there exists p* > 1 such that for any p > p*, [Ju(:,t)||1r(q) is bounded
in ¢. A direct computation shows

1 B o
= i) = Ly PP (0,1) and _”?”(p) € (1,00)
atn T vrp r
when
p>pri=max{|Bl, 5 — 7+ B.q ( +1)(r =)}
Also, the condition r > 3+ n/(n + 2q) guarantees
0:=1{(p) = M <1 forall p>p;.
Let p > p;. By (4.1), we have
d 1)( )b
@ (u+1)p75+1_(p 5+ (p — B)bo 1Pl Av|
dt
Q Q
+-8+1) b+u/u—|—1 —21*“(p—ﬁ+1)u/(u+1)f’+’“*5
Q Q

for all t € (0, Tinax), Wwhere an application of the Young inequality leads to

(p — B)bo p P|Av
T/(qul) |Av|§2boﬂ/(u+1) |Av|

Q

< 2’“1#/(% Lprr=o +Cl/

Q Q

with C; = (Qbo) ’"* (2 r—1 ) — 57 and



516 W. Wang / J. Math. Anal. Appl. 477 (2019) 488-522

(b+p) /(u +1PP <27y /<u + 1P 4 Gy
Q Q

with Cy = (b+ ) =S (2_’"_1;1)_# ||. All these therefore yield

4 /(u +1)P AL < (p—B+1) (01 / |Av| 55 — 2’Tu/(u + 1Pt 4 cz),

dt
Q Q Q

and thereby

&|g‘

/u+1p ﬂ+1+A/(u+1)P+1—B
Q Q

<(p-B+1) cl/|Av| 5 [t o)
Q

=i (p— B+ 1)(h(t) + Cs) (4.12)

for all ¢t € (0, Tinax) with

1 _ _ 87
A= 5mm{(p - 55)‘“, (p+:_g)”a2,(p—/z’+ D27}

Moreover, we have from Lemma 3.4 (ii) that

/ Air ptr—B ‘ Ar (ptr= B)Lz
[ ([ 1t 75 dear < [t ;2 gy +1)
to Q

e ( j e;\7< Q/ (u+ 1)p+r—ﬁ(x,7')dx)zd7 + 1)

for all ¢t € (to,Tmax), where C3 > 0 depends on a;,b; (i = 1,2), A, pHB ,p+r1r—203,q n Q
1wl £oe (0, Tmax)iLa(22)) > tos (Wt )l pir g (par—pyz and ||v(~,t0)||pﬂggypt$g. Since £ < 1, this further implies

by the Young inequality that

¢
/eAT(/|Av(1:,T)\pKEB dx)dr
to Q

¢

2—7“—1 p
< e K /eAT ( /(u + )P =B, T)dac) dr + Cy / Adr + Cs
1
to Q to

27r71 p
< a /eAT ( /(u + )P =Bz, T)dz) dr + C4A™TeM 4 Cy
@ ¢ Q
0

o ]
for all ¢t € (to, Timax) with Cy = C3~° (2_“1;4/01)_1%5, whence
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t

/eATﬁ(T)dT < Cl(C4A_1eAt +C3) for all t € (to, Tmax)-

to
From this we obtain by integrating (4.12) that

/(’LL + 1)17—5+1(,7t) < /(u + 1)P—ﬂ+1(,7t0) + (p _ ﬁ 4 1)e—l~\t /GAT(iL(T) + CQ)dT
Q Q to

< /(u + )PP tg) + (p— B+ 1)(CLCA ™" + C1Cs + CoA™Y)
Q

for all ¢t € (tg, Tmax), and hence u € L>((to, Tmax); LPT172(Q)). By the continuity of u on Q x [0, ], we
have u € L= ((0, Tiax); LPT17#(Q)). So, it has proved u € L°((0, Tiax); LP(Q)) for all p > p* :=p; +1— 3,
as expected. O

Along with Lemma 3.3 (i), we give the proof of Theorem 2.

Proof of Theorem 2. Direct computations show that

(n+2—28),

r>p0+ p——

T Sr> 0+ ,

n+ (n+2—-2r)4

from which we can easily check that the condition (1.10) agrees with

n

n + 2 max { (nf2)+ ) (n+2nj2r)+ } .

r> 0+

This enables us to take 1 < ¢ < max{n/(n — 2)1,nr/(n + 2 — 2r);} such that

> .
" B+n+2q

For such ¢, w € L>®((0, Tax); L9(£2)) by Lemma 3.3 (i). Therefore, u € L>®((0, Tiax); LP(2)) for all p > 1
in view of Lemma 4.4, which together with Lemma 4.1 proves Theorem 2. 0O

4.8. Logistic source balancing cross-diffusion. Proof of Theorem 3

When the logistic source balances the cross-diffusion, as asserted in Theorem 3, the solutions of (1.1)
remain bounded in time if the coefficient p > 0 is properly large. Now we prove it.

Proof of Theorem 3. Note that the condition (1.13) entails » = (8+1)(n+2)/(n+4) € [(n+2)/n, (n+2)/2)
with n > 3. Given m, > 0, we know from Lemma 3.3 (ii) that for any nonnegative (ug,vo,wo) € C*(Q) x
(W ()] (0 < w < 1) satisfying

(a) [Juol

(b) lluo|lzr () < ms and |Jwo|lw2.r (o) < M. with r > 2 and wo € Wi,

L) < mu and [lwol[wre(q) < My with r <2, or

it holds that

lw(-,t)||Le) < M, forallt € (0, Thax), (4.13)
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where

nr

q:n—|—2—27"

and

Ly ({ (b|Q| + max {|Q|" ~rm (%)%\m})} ’ +2m, + 1) for case (a),

w =

L2<|:’u (b|Q| + max {m., (;)l

with the constants Lq, Lo > 0 depending only on as, bs, r, n, 2 and q.

)} : m) for case (b)

Fix
1—
ﬁ>n( 27“—&—ﬁ)+5_17
and set
1 r=pB
3= 71— q213+7'—[13
atw TR
Since r = (4 1)(n+2)/(n+4) and 4/n < 8 < (n + 2)/2, we have
R n(l—r+p) np—4 . n+2-—28 n
— —1= >0 d =r—pg= .
p=F> 2 nra 20 ad B=r-f=— e (0,070)
Now, invoking (4.1) with p=p — 8+ 1 yields
d X p — (- B)b X
_/(u+1)p—l3+1§ (b-B+ A)(p f) 0/(u+1)p\Av\
dt p
Q Q
+(B-p+1) b—l—u/u—i—l 1*Tu/(u+1)ﬁ“‘*ﬁ)
Q Q

< (- B+1)(b /(u+1)ﬁ\Av|

+ (b+ p) /u+1 l_ru/(u—i-l)ﬁ“_ﬂ)
Q

Q

for all ¢t € (0, Tynax)- Furthermore, by the same proof as in Lemma 4.4 with the Young inequality used, we
gain
d
1)P—B+1
pr (u+1)

Q

<~ 5+1)(v b (271 /|Av| Bzt - M/(u+1)1’+r Pra) ()

Q

for all £ € (0, Tmax) with Cy = (b+ p) =+ (27— 1)~ we have

/(u F1)PHTB > Q| s (/(u + 1)13“*5)” for all ¢ € (0, Tinax)
Q Q
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with

Combining this with (4.14) results in

d N &
o |t 1)P=AH 4 C1</(u + 1)p+17ﬁ>

Q Q
<=6+ @ (180"~ [y e
| ! / )
= (p— B+ 1)(h(t) + C1) (4.15)

for all t € (0, Tinax) With ¢1 = (p — 5+ 1)2*”’1,u|Q|_z’>l;iB. We proceed to estimate h(t). Lemma 3.4 (ii)
shows that there exists L3 > 0, related to a;,b; (i =1,2), (p+r—8)/(r —B), p+r — B, ¢, n and £, such

that
¢
Ar ptr—8
e < |Av(z, T)| 77 dx)dT
to Q

(ﬁ+r7ﬁ)l(317173) t A (ﬁ+r—§>zg
2 . =
: Lg{”w||L°°<<57Tmax);Lq(sz)>(/e s ) ot 47

to

At (p+:7 Bty At ﬁtigﬁ
+ewmumm+rﬁw7wg+eowummﬁwwﬂﬁ}

(ptr=p)G=rt5) r+6)
<L3{M / AT/u+ VPP (g, 7)dwdr

+eMojw (-, to)

. - ptr—p
IA’-‘rT—gJAH-T—ﬁ) + eAtO ||U( to) H p+TB[3 p+rﬁ[3 } (416)
for all t € (to, Tmax), Where

il g tr—Pla
A= gmin {75

and the second inequality is due to (4.13). By the expression of M,,, we can take p, > 0 large enough such
that when g > p.,

s(D+r —ﬁ)a2}7

ptr—8 (p+r— B)(l r+8)

b (27 )T 75 Ly M, <271y,

— )

and hence (4.16) turns into

pEr—p

t

L DT s
/eATh(T)dT <b, P (2 tp) T
to

T e
X L3y My e llw(-,to)ll; +7« Bptr—p T € ©llu(, tO)pr S8 ptr=p

r—B
= CQ
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for all t € (tg,Tmax), which together with (4.15) implies u € L™ ((to, Timax); LP7#11(Q)) thanks to
Lemma 2.4 (ii). So, u € L>®((0, Tiax); LP77+1(Q)) by the continuity of u on © x [0, #o].

Next, with p > p., we further assert the LP-boundedness of u for any p > 1, and thereby achieve the
L°°-boundedness of u. It is known from the choice of p that

L 2-p) 2
p—B+1 n(l—-r+p8) n’

which allows us to pick

n(l—r+p) . n
j > ————, or equivalently, r > 8 + ~
K 2(r—B) b Y b n+ 24
such that
1 1<2
p—B+1 ¢ n

Since u € L= ((0, Trax); LP~#11(Q)) under p1 > g, we have w € L% ((0, Tiax); L(2)) by Proposition 2.1 (i),
and furthermore u € L™ ((0, Tinax); LP(2)) for any p > 1 according to Lemma 4.4. The proof is complete. O

4.4. Self-diffusion and logistic source both balancing cross-diffusion. Proof of Theorem /

Finally, we focus on the proof of Theorem 4 concerning the global boundedness of solutions for the case
that the self-diffusion and the logistic source both balance the cross-diffusion.

Proof of Theorem 4. Since a =0, f =1 and r = 3/2, (4.1) with p = 3/2 takes the form

d 3 4 3 1 3
— 1)2 < —— )T)? + = 1)2|A
4 [+ DE < =Za [ 9+ DIF+ S0 [+ Dl
Q Q Q
3 1 3V2
+2(b+u)/(u+1)22/—,u (u+1)2 (4.17)
Q Q

for all t € (0, Tihax). By the Holder inequality, the Gagliardo-Nirenberg inequality in dimension n = 4 and
the Young inequality, we derive

1
5bO/(u+ 1) |A0|
Q

1 3
< Sholl+ D g o 1800 ooy

1 -
Fboll(w+ 1717 42 1AVl ze(@)
L 33 35 39
< §b001<||v(u F D5 72w+ 1) 2122 q) + I(u+1)3 Hm(n)) [Av|[Ls(0)

4 3 V2 1 3 3 3
< §a0\|V(u+ 1)s H%Z(Q) T 15 % 2(boC1) 2 [[(u+1)3 ||%2(Q)HAU||26(Q)

1 319 2 3 1
+ 3000w+ DT oy (1800 uey + 3)

for all ¢ € (0, Tinax) with C; = C1(2) > 0. Inserting it into (4.17), we gain
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d 3 3 s 1 3
pr /(u+1)2 2||A’UHL6(Q)/<U+1)2 + Ebocl /(u—|— 1)2

Q Q Q

g(bJr,u)/(qul) *BTﬂM (u+1)?

Q Q

Nl=

for all t € (0, Tipax), where Cy = (\/5/12)610_%(17001)% + (1/3)boC1. Because

3v2

—T,u(s—l—l)QﬁCg for s >0

[N

%b001(3+1)% (b+ p)(s+1)

le

with C's > 0 relying on by, b, u and Cq, we further have

(u+1)3 < 2|‘AU||%6(Q) /(u +1)2 + 05| for all £ € (0, Tax)-
Q Q

dt

Note that it follows from Lemma 3.2 that

/ /u+ %Z‘le‘dT< / / 1)2 (z, 7)dxdr

t0+t 1— to

o

< \/§(M2 +19))  for all t € (to, Tmax),

and Lemma 3.5 gives

t
/ lAv(-, T )||LG dr < Cy for all t € (to, Trax)

to+(t—1—to) 1

with Cy > 0 depending on a;,b; (i = 1,2), Q, My, [|w(-,t0)||3/2,3/2 and [[v(-,t0)|l¢,3/2. Thus we can know
by Lemma 2.5 that u € L% ((to, Tmax); L2 ( )) and s0 1 € L®((0, Tmax); L2 (). Moreover, applying
L4

3
2
Proposition 2.1 (i), we get w € L™ ((0, Tmax); LY(2)) with ¢ € [1,6). Fix ¢ € (2,6). Then

n
n—+ 2q

2
a+p<l4+——
n

with @ = 0, 8 = 1 and n = 4. By Lemma 4.3, u € L®((0, Tinax); LP(2)) for all p > 1. Hence invoking
Lemma 4.1 yields the global boundedness of solutions. 0O
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