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1. Introduction

The classical Hardy space, H?, of the complex unit disk, D = (C);, is the Hilbert space of all analytic
functions in the disk with square-summable Taylor series coefficients at the origin (equipped with the ¢2
inner product of these coefficients). The Hardy algebra, H*, is the unital Banach algebra of all uniformly
bounded analytic functions in D with the supremum norm, and this can be identified with the multiplier
algebra of H?, the algebra of all functions in D which multiply H? into itself. That is, if h € H> and
f € H? then h- f € H?. In this way any element h € H™, or multiplier, defines a bounded multiplication
operator My, : H?> — H?, My, f := hf, and the operator norm of M}, is equal to the supremum norm of h.
A multiplier h € H* is called inner if the multiplication operator M, is an isometry on H2. In particular
h(z) = z is an inner function, and the isometry S := M., the shift, plays a central role in operator theory
on Hardy spaces [18,26]. Beurling’s theorem, for example, identifies the closed shift-invariant subspaces of
H? as the ranges of inner functions - this is a celebrated and fundamental result in the classical theory
[6,13]. This result was further extended in a natural way by de Branges: the de Branges - Beurling theorem
identifies any shift-invariant space of power series boundedly contained in H? as the operator-range space
of a bounded multiplier [25].
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A canonical multi-variable extension of the Hardy space H? is then the full Fock space over C%, H?2.
The Fock space can be defined as the space of all power series in d non-commuting formal variables with
square-summable coefficients. That is, any f € HZ is a formal power series:

f:f(ﬁ) = Z faﬁaa

acFd

where 31, - - ,34 are d-non-commuting (NC) formal variables and F¢ is the set of all words in the d letters
{1,---,d} (including the empty word ) containing no letters). For example, if @ = 122112, then the NC
monomial 3* is 31333%32. In this multi-variable setting there are natural d-tuples of left and right NC' shifts.
That is for each of the NC variables 3, the left multiplication operator Ly := Msz is an isometry on H2,
and these have pairwise orthogonal ranges,

LiLj = 6,1,

so that the d-tuple L := (Lq, -+, Lg) : H?i ®C?— Hﬁ defines a row isometry, i.e. an isometry from several
copies of a Hilbert space into itself. We call this isometry the left free shift. There is an exact version of
the Wold decomposition in this multi-variable setting due to Popescu and the left free shift is the universal

(pure) row isometry [21]. Similarly, one can also define isometric right free shifts, R := MZE, and these

3k’
are in fact unitarily equivalent to the left free shifts under a self-adjoint transpose unitary, Us on H2. NC
H*® can then be defined as H3° := Alg(I,L)~"we®=* and this can be viewed as the left NC multiplier
algebra of H2. Similarly RP = Alg(I, R)~“***~* is the right NC multiplier algebra. Popescu [20,22] (and

later Davidson-Pitts [8]) have obtained an exact NC analogue of the Beurling theorem for H?2:

Theorem. NC' Beurling Theorem (Popescu/Davidson-Pitts) Any R-cyclic, R-invariant subspace of Hfl is the
range of a left inner (isometric) multiplier ©(L) € HY. Any R-invariant subspace of HZ is the direct sum
of R-invariant, R-cyclic subspaces.

In this paper we study operator-valued left multipliers between vector-valued NC Hardy spaces, H2 ® H
and H2®J. We will show that the set of all operator valued left multipliers, H ® £ (-, J) with range contained
in H2 ® J can be equipped with natural lattice operations A,V so that given any F' € HP @ £(F,J) and
G € HP ® £(G,d), both F'V G and F A G are operator-valued left multipliers with range contained in
H2 ® J. We further develop factorizations of F'A G in terms of F'V G and F @ G. The operator-valued left
multiplier F' A G, in particular, is defined via an operator-valued NC version of the de Branges-Beurling
theorem:

Theorem (NC' de Branges-Beurling Theorem (Theorem J.2)). A linear subspace # C H2® J is boundedly
b.c

contained in H2 ® J, is (R ® Ig)-invariant, and X := (R ® I3)|.4 is a row contraction if and only if there
is a bounded operator-valued left multiplier F € HY @ £ (7,3), so that # = Ran (F(L)) endowed with the
range norm. Moreover, |F(L)| = |le|, where e : # — H2 ® J is the bounded embedding.

A noncommutative de Branges-Beurling theorem in the contractive case (albeit without norm control)
was obtained by Ball and Bolotnikov in [4, Theorem 5.1] (see also [2,5]). We thank the referee for bringing
these papers to our attention.

As a consequence of the main results we obtain a modest generalization of a result of Davidson and
Pitts on right ideals in H$°. In Sections 5 and 6 we discuss lattice operations on kernels and multipliers.
The classical analog of these results is the greatest common divisor (ged) and least common multiple (lem)
of inner functions. We show that modulo a certain natural equivalence relation, the multipliers form a
bounded general lattice with operations of join and meet. The last section provides a different viewpoint



R.T.W. Martin, E. Shamovich / J. Math. Anal. Appl. 496 (2021) 124765 3

on this lattice. Namely, the final section describes these lattice operations in terms of the category of right
Hilbert modules over the free algebra.

2. Preliminaries: NC function theory and NC reproducing kernels

The Hardy space H? of the disk can be equivalently defined as the reproducing kernel Hilbert space
(RKHS) of the positive Szegd kernel, k: D x D — C:

1

Haw) = T

z,weD,

H?(D) = H(k). Here, recall that a RKHS, H, is any Hilbert space of functions on some set X (say, a
Hausdorff topological space) so that point evaluation at any « € X is a bounded linear functional. By the
Riesz Lemma there is then a point evaluation vector, or kernel at z, k, € 3 so that (k,, f) = f(z), for any
[ € H. The two-variable function k(z,y) := (kz, ky)sc is then a positive kernel function on X in the sense
that for any finite subset of X, the Gram matrix [k(x;,x;)] > 0 is positive semi-definite. One then writes
H = H(k), and the classical theory of reproducing kernels due to Aronszajn and Moore shows there is a
natural bijection between positive kernels on a given set X, and RKHS of functions on that set.

In this paper, the operator-range spaces of NC left or right multipliers can be viewed as non-
commutative reproducing kernel Hilbert spaces (NC-RKHS) of free non-commutative functions defined on
non-commutative sets. Our use of the theory of NC functions and NC-RKHS is mostly superficial, and so
we will provide a breviloquent introduction to these concepts and leave details to expert references.

Most NC-RKHS in this paper will be Hilbert spaces of NC functions defined in the NC open unit row-ball:

e
Bd = J;Ileriw BZ .— ((Cnxn ®Cl><d)1 )

That is, each level B¢ is the set of all strict row contractions on C", any Z € B% is a d-tuple Z = (Zy,- - , Z4)
of n x n matrices, Z, € C™*" so that Z : C* ® C? — C™ defines a strict contraction from d copies of C"
into one copy:

27% = 2177 + -+ ZaZs < I,.

In brief, a free NC' function on IB%I‘iI is any function f : Bi{l — [ C™*™ which respects the grading, joint
similarities and direct sums (it is easy to check any NC polynomial has these properties). Locally (level-wise)
bounded free NC functions in ]Bfi] are automatically analytic [16, Chapter 7]. Generally speaking, an NC
set, €, is any subset of the NC universe, C& := | |22, C"*" @ C'*? which is closed under direct sums. One
writes Q := || Q,, where ©,, := QN C"*" @ C'*?¢, An NC-RKHS on  is any Hilbert space, 3 of free NC
functions in € so that point evaluation at any Z € €),,, £z, is a bounded linear map from H into the Hilbert
space (C™*" tr,,). The Hilbert space adjoint of this linear map is the kernel map at Z,

KZ ZZKEZCTLX”%%,

and the completely positive non-commutative (CPNC) kernel of H is defined as follows: Given any Z €
Qp, W e Q,, K(Z,W)[]: C"™™ — C™ "™ is given by:

(y, K(Z,W)[vu*]z)cn == (Kz(yv"), Kw(zu™))s; y,v € C", z,uec C™,

(We will typically write K{Z,y,v} := Kz(yv*).) For any Z € Q,,, K(Z, Z)]-] is a completely positive map.
The theory of NC-RKHS is a faithful analogue of the classical RKHS theory and there is again a bijection
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between CPNC kernels and NC-RKHS of free NC functions on NC sets [3]. In particular the full Fock
space, H? can be identified with the NC Hardy space, the NC-RKHS of all free NC functions in Q = BdN
corresponding to the NC' Szegé kernel:

K(ZW) =Y Z°[|(W*)".

aclFd

As mentioned in the introduction, HY® := Alg(, L)~"OT can then be identified with the left multiplier
algebra of H2. Namely, given any h € H2 and H € H®, H - h € H2, and the linear multiplication operator,
H(L):= Mk :H? — H2, (H(L)h)(Z) = H(Z)h(Z) is bounded with operator norm equal to the supremum
norm of its symbol, H, over the NC unit ball [24, Theorem 3.1].

2.1. Row contractions and their row isometric dilations

Let X be a row contraction on a Hilbert space, J{. We say that a row isometry, X on H D His a row
isometric dilation of X, if compression to H is a unital homomorphism of Alg(I, X) onto Alg(I, X):

Py X“Py = X Pyg; aeFe.

Such a dilation, X , is called minimal if H is X -cyclic, i.e.

Given any row isometric dilation (X, %) of X, observe that if one defines

Fo = \/ X3, and Xp :=X\§C0®(Cd,

acFd

that (X, Ho) is a minimal row isometric dilation of X. Two row isometric dilations of X, (X, %), (X', H')
are said to be equivalent, if there is an onto isometry U : H — H’ so that Uh = h for all h € H C UA{,JA{’,
and

UX® = (X")U.

As proven in [21, Theorem 2.1], any row contraction, X on H has a minimal row isometric dilation (X, H)
which obeys the property that H is X-coinvariant, and,

X*ge = X*.

Moreover, any minimal row isometric dilation of X with these properties is unique up to the above notion
of equivalence.

Lemma 2.2. Let X be a row contraction on the Hilbert space H. Then any two minimal row isometric
dilations (X, H) and (X', H') of X are equivalent and H is co-invariant for any minimal row isometric
dilation of X.

This is easily established as in the proof of [26, Chapter 4, Theorem 4.1]. Namely, given any two minimal
isometric dilations, X, X of X, one verifies that the linear map U : H — H’ defined by



R.T.W. Martin, E. Shamovich / J. Math. Anal. Appl. 496 (2021) 124765 5

UX%h = (X")*h;  heH, aecF?

defines an onto isometry between the Hilbert spaces of the two minimal dilations.
A row contraction, T' = (T4, -+ ,Ty) : H® C? — H is said to be pure (or of class C. o) if:

lim > IT ]| =o0.

ler|=n
By [21, Proposition 2.3], T is pure if and only if its minimal row isometric dilation is unitarily equivalent
to copies of L, or equivalently to copies of R. Here, note that Ry and Lj are unitarily equivalent via the
idempotent transpose unitary on H?j:
U L1 = L1,
where if @« = 41 - - - iy, then af =i, -+ -i1. That is, R = U LU; for 1 <k < d.

3. Range containment of left multipliers

Theorem 3.1. (NC Douglas Factorization property [15, Theorem 5.5]) Let F(L) € H® ® Z(F,d) and
G(L) e HY ® Z(9,3) be left free multipliers so that Ran (F/(L)) € Ran (G(L)). There is a unique left free
multiplier H € HP(F,9) so that F = GH, Ker (H(L)) C Ker (F'(L)) and

IH(D? = it > 0] F(L)F(L)* < X2 G(L)G(L)"Y.
Observe that if G(L) is injective, then Ker (H(L)) = Ker (F(L)).

Proof. By the Douglas Factorization Lemma, [11], since Ran (F(L)) C Ran (G(L)), there is a unique H €
L(H2®F, H2®G), so that

and so that H is uniquely determined by the properties that
|H? = inf{\* > 0] F(L)F(L)* < A*G(L)G(L)"},

Ker (H) = Ker (F(L)), and Ran (H) C Ker (G(L))™". Note that Ker (G(L)) is closed and R ® Is-invariant.
Setting P := Péer(G)’ this is a R-co-invariant projection, and let T := PR ® Ig |Kcr(G)¢. This is a pure row
contraction with row isometric dilation R ® Ig. Similarly, let P’ be the R-coinvariant projection Pé-cr( P’
and 7" := P'R ® I5|y e,y - - Since F'(L) and G(L) intertwine right free shifts, observe that:

— F(L)Ry ® I,

and it follows that

T.H = PR, ® IgH
— HP'R, ® Iy
— HT].
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By commutant lifting [21], it follows that there is a H(L) € H3® ® L(F,9) with |H(L)|| = ||H||, so that
H(L)"|ger(gy~ = H*. In particular PH(L) = PH(L)P = PHP = HP, and

F(L) = G(L)H = G(L)PHP = G(L)H(L). O
4. A de Branges-Beurling theorem for Fock space
Consider F' € HF ® Z(F,J). Let .#*(F) C H3 @ J be the operator range space:
ME(F) = A(F(L) :=Ran(F(L);  |F(L)zllr = || Pra(rryluz-
That is the norm of .#*(F) is defined so that F(L) is a co-isometry from H2 ® F onto its range space, and
ME(F) < H2 ® J.

Here the notations C or C will denote bounded/contractive containment, respectively. The Hilbert space

b.c. c.c.

ME(F) is the NC-RKHS with the CPNC kernel:
KX(Z,W)[]:=F(2)K(ZW)[]® IsF(W)*,

and K (Z,W) is, as before, the NC Szegd kernel of the full Fock space H2. Observe that any left multiplier
range space, .Z " (F) is R ® I;— invariant.

Lemma 4.1. Given any F € HF ® £(F,7), let Xp := (R® Ig)| 4r(r). Then Xr is a row contraction, and

(Xp) F(L)x = F(L)(R* ® I5) Py )@

Proof. Clearly .#*(F) is R ® I3— invariant since
R I;F(L)r = F(L)(R® Iy)x € Ran (F(L)).
For any x in (H2 ® ) ® C¢,
|XpF(L) @ Lax|7 = (F(L)R® I)x|%

= ||Péer(F)(R ® IS")XH]IQﬂg@&"
= ||P§er(F)(R ® Ig)Péer(F) ® ]dX||I2HI3®:f (By R-invariance of Ker (F'))
S ||(R Y Ig)PIéer(F) ® IdXH]QHIZ(@iT
= ||Pléer(F) ® Idx”]%—]lz®3‘®(cd
=|F(L)® IdX”i/[L(F)(g(Cd'

This proves that Xp is a row contraction. The adjoint action of X is a straightforward calculation:

(F(L)y, XgF(L)x)r = (PKer(F)i%Ra ® Igz) e
= <Pléer(F) (Ra)* ® IffPIéer(F)y7 {IJ>H2
= (F(L)(R*)* @ Is Py, F(L)z)p. O
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Theorem 4.2. (NC' de Branges-Beurling) A linear subspace M C H2® J is boundedly contained in H2 ®J,

is (R® Iy)-invariant, and X := (R® Ig)|.4 is a row contmctwn zf and only if there is a bounded operator-
valued left multiplier F € HP @ £(F,d) so that # = M (F) and ||F(L)| = |lell, where e : 4 — HZ®]
is the bounded embedding.

This theorem is inspired by [9, Theorem 3].

Lemma 4.3. If .# C Hfl ® J is boundedly contained in vector-valued NC' Hardy space, R® Ij-invariant, and
X :=R®Iy| yeoca is a row contraction, then it is a pure row contraction.

Proof. Recall that a row contraction, T', on H is pure, or of class C. ¢, if lim,,— Z|a\:n I(T*)*h|| — 0, for
any fixed h € H. Equivalently,

lim [[(T%)R] =0,

n—oo

for any fixed h € H. Here we define:

(T = (T* QI @ L ) (T* @I & Iy_y) - T,

n terms

and (%) = T*. Observe that (7)™ is a contraction for any n € N. We could further identify each (7°*)"
with a contractive linear operator on H ® ¢?(N), e.g. if d = 2, and h = (hy, hg,---)T € H ® (2, then

T Ty
TiTihy
TiTihy
1) T [t
()" h = | 7rrep,
0

Under this identification (T*)[”] 270 if and only if T' is a pure row contraction.
Let e : .# — H? ® J be the bounded (and injective) embedding. Taking adjoints of the equation

eR* ® Ig|l.qx = R @ Ige,
yields
(X*)*e* =e*(R*)* @ Iy.
It follows that for any h € H3 ® ,

[(X*)Me*h||? = ||(e* ® Iy @ I,) (R* @ Iy)" A2
< [lellll(R* @ Ig)!" n)|* — 0,
since R ® Iy is pure. More generally, note that since e is injective, e* has dense range in .#. Hence, given

any g € .4, we can find a sequence (h;) C H2 ® J so that gi := e*hy — ¢ in the norm of .#. Given any
€ > 0, choose K € N so that k > K implies that ||gr — g|.# < €. Then,
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gl < JX) (g = grea)IIP + (X)) e ey |

<e? —0

This proves that

lim [|(X*)"g]* < €,

n—oo

for any € > 0 so that [|(X*)™g||? = 0, proving the claim. O

Proof of Theorem 4.2. First suppose that .# = .#%(F). Then any x € .# has the form = = F(L)f for
some f € H2® 7, and

lezllfzeq = IF(L) fllf2000

< E )P 1 P Iz
= IF D)7 [l]%-

As proven in Lemma 4.1, .#*(F) is R ® Iy-invariant and Xp = (R ® Ij)| 4z (r) is a row contraction.
Conversely suppose that .# C H2 ® J obeys the hypotheses of the theorem. Let X := R® J|.». By
b.c.

Lemma 4.3, X is pure, so that the minimal row isometric dilation, X, of X is unitarily equivalent to copies
of R, X ~R® Iy [21, Proposition 2.3]. Let M be the Hilbert space on which X acts. Let U : HZF — M
be the unitary so that UR ® I5(U* ® I;) = X, and define the bounded operator

F:=eP,U - H20F -H21],

where P 4 is the orthogonal projection of M onto M and e : M H?l ® g is the bounded embedding so
that ||F|| < |le]|. Then observe that

FR® Iy =eP X (U® 1)
=eR®Il.aPu(U @ I4)
=R® IgF.

By [8, Theorem 1.2], F = F(L) € H® ® Z(7,J). Observe that UKer (F(L))" = .#: If h € H2 ® F and
F(L)h =0, then

0= Fh =eP,4Uh,

which happens if and only if P ,Uh = 0 since e is injective. This proves that UKer (F(L)) C .#*. Conversely
if m, € #+ then

FU*mJ_ :eP//[UU*mJ_ 20,
so that
Ker (F(L)) = U*UKer (F(L)) C U*#+ C Ker (F(L)),

and the claim follows.
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Next, observe that # = .#L(F): Given any g € 4, let h := U*g € H2 ® F, and note that
(F(L)h)(Z) = (eP.aUU"g)(Z) = g(2),

for any Z € BY. This shows that .# C .#*(F). Conversely given any F(L)h € .#"(F), for h € H2 ® 9,
we can assume, without loss in generality that h = Péer( F)h so that g = Uh € .. Then, as above,

(F(L)h)(Z) = (eP.4Uh)(Z) = 9(Z),

so that .# = .#*(F) as vector spaces.
We claim that the norms of .# and .#*(F) are the same, so that .# = .#*(F) isometrically: Given any
g€ M= M"F),

9% = 1U*gllmz 07,
since U* is unitary, and
191202y = leP.aUU* 9|21 ()
= |E(L)U gl ge

1 * (12
= ||PKer(F)U g”HZ@?

— 10" gl = gl
Finally, by construction, for any z € Ker (F(L))L,

IF(L)2 )05 = leP.aUsl?

= [leUz]l?,
since UKer (F(L))" = .#. This proves that ||[F(L)|| = |le. ©

Corollary 4.4. If .# C H2 ® J satisfies the conditions of the NC de Branges-Beurling Theorem, then
b.c.
% = %L (F) fOT

F(L) :=eP 4T,

where e : M — H% @ J is the bounded embedding, P 4 M= M is orthogonal projection, M C M is the
Hilbert space of the minimal row isometric dilation Xp of Xp := (R® Iy)|.¢, and U : H2® F — A is the
unitary intertwining R ® Iy and Xp.

Remark 4.5. Further observe that F(L) = epP 4. Up, where Up : H3 @ F — MY (F) intertwines R @ Iy
with the minimal row isometric dilation of (Xp,.#*(F)) where UrKer (F(L))L = M*(F). Hence, if f €
Ker (F(L))" then Upf = F(L)f, and UpKer (F(L)) = .#4*(F) & .#4*(F).

Aside: complementary spaces

In [9], de Branges proves results using a ‘complementary viewpoint’ Namely, instead of working with
shift-invariant subspaces contractively-contained in H?, he studies shift co-invariant subspaces contractively
contained in H? which obey an ‘inequality for difference quotients’. Such subspaces are complementary to
shift-invariant subspaces in the following sense:
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Definition 4.6. ([10], [12, Section 16.9]) Given a Hilbert space H, and a Hilbert space, .#, contractively
contained in H, the complementary space to . is the Hilbert space # C H defined as the set of all h € H
so that

1715 = Sup (IIh+ml5e = llml%) < +oo.

Lemma 4.7. Suppose that M1, #s are contractively contained in a Hilbert space, H. Then M1 C My if and
only if their complementary spaces obey ¢ C J. o

Definition 4.8. A linear subspace # C H?(B%) which is contractively contained in the NC Hardy Space
and co-invariant for the right free shifts, is said to obey the inequality for (right) difference quotients if:

IR h|Spgca < I0I2e — RO)*; hest.

Lemma 4.9. Let .# C H2 be a Hilbert space contractively contained in the NC Hardy space. Then 4 is R-

invariant, and R| 4 is a row contraction, if and only if the complementary space # C H?2 is R-coinvariant

and obeys the inequality for NC' difference quotients.
Proof. Given such a .#, suppose h € 5. Then,
00 > ||hl5e = sup ([h+ml — [m]%)
me.H
> sup (||h + Rm|g — |[Rm]%,)
m

> sup ([[Allfz> — 2Re ((R"h, m)g2) + [ml|fz — [m%)
= sup (| R* g2 + [A(0)[* — 2Re ((R*h, m)m2) + |[ml|fp — m]|,)
sup (|[R*h +ml|f — [ml|% + [1(0)[?)

IR 1% + R (0)[.

This proves that J# is R-coinvariant and obeys the inequality for NC difference quotients. The converse is
similarly easy to verify. 0O

Right ideals

Davidson and Pitts in [7] proved that there is a lattice isomorphism between the lattice of weak operator
topology (WOT)-closed right ideals of H3® and the closed, R-invariant subspaces of HZ. The correspondence
is given by J + J - 1. The inverse map is o(#) = {G(L) € HF¥ | G(L) -1 € M}.

Given arow F(L): H3®J — H2, we define Jr to be the algebraic ideal generated by the entries of F/(L).
We will denote by Jp the norm closure of Jp, i.e., the norm closed right ideal generated by the entries of
F(L).

Proposition 4.10. Let F(L): H2®J — H2 and G(L): H2@X — H? be two rows. If Ran (F(L)) C Ran (G(L),
then Jr C Jg. Conversely, if Jr C Jg, then Ran (F(L)) = Ran (G(L)).

Proof. Since Ran (G(L)) C Ran(F(L)), by the Douglas factorization lemma, we have that F(L) =
G(L)B(L), for some operator-valued multiplier B(L). However, this implies that the entries of F(L) are
elements of Jg.



R.T.W. Martin, E. Shamovich / J. Math. Anal. Appl. 496 (2021) 124765 11

Conversely, let us write n = dim (J) and m = dim (X). If Jp C Jg, then, for every 1 < j < n, there exist
{A;; (L)}, C HP, all but finitely many of which are zero, such that

m

F;(L) = ZGi(L)Aij(L).

Since multiplying entries of F(L) by scalars won’t change either Jp or Ran (F(L)), we can multiply each
F;(L) by 2. This will lead to multiplication of the A;;(L) by the same factor. Thus, the operator matrix
(perhaps infinite) A(L) = [A;;(L)] defines a bounded operator from H2 ® J to H3 ® X. Furthermore,
F(L) = G(L)A(L) and we conclude that Ran (F(L)) C Ran (G(L)). O

Remark 4.11. Note that, if n = dim (J),m = dim (X) < oo, then Ran (F(L)) C Ran (G(L)) implies that
there exists an finite matrix A(L), such that F(L) = G(L)A(L). Therefore, Jp C Jg.

5. Lattice operations on CPNC kernels

The results of this section are inspired by [1,19]. One can define two lattice operations, V,A on NC
reproducing kernel Hilbert spaces on the same NC set as follows:

Definition 5.1. Let K, k be two CPNC kernels defined on the same NC set. H,.(K)V He(k), or Hpo(KVE),
is the NC-RKHS corresponding to the CPNC kernel:

(KN k)(Z,W) = K(Z,W) + k(Z,W).
The NC-RKHS H,,.(K) A Hpe(k) = Hpe (K A k) is then defined as
Hone(K A k) = Hpo(K) () He (),
with the norm:
- Wiene = 11+ % + 11 1I%-
Observe that H,.(K A k) embeds contractively in both H,.(K) and H,.(k).
Theorem 5.2. Define isometries Uy, Up : Hpe(K V E), Hpe (K AK) = Hpo(K) & Hope(k) by:

U\/(K\/k’)z =Kz;®kyz, and
Uh=h® —h.

Then
Hne(K) @ Hpe(k) = UyHpe(KVE) @UAH (K A E), and

1
(KAk)z = §UX(KZ D —k,)=Ux(Kz®0)=Ux(0® —kz).

Proof. The claims are easy to verify. In particular, it is clear that Ran (Uy) € Ran (Ux)". Conversely if
f @ g L Ran (Uy) then for all Z,

0=(Kz®Dkz, [fDg)
= f(Z) +9(Z).
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This proves that f(Z) = —g(Z) so that f & g = f ® —f € Ran (U,), and we conclude that Ran (U\/)L =
Ran (Up). To prove the identity for (K A k)z, observe that for any h € H,.(K A k),

hZ) = ((KNk)z)" h
1

=5 (Kz ® —kz)" (h® —h)

1 .
= 5 (Kz ® k)" Unh

1 %
= S WKz & k)" b

Furthermore,

1 1
K;00= i(Kz@kz)-‘r §(Kz@—kz)7
so that
1
P\(Kz©0) = §PA(KZ ® —kz),
and
1
UNKz®0)= §U;(KZ ®—kz)=(KAk)z. O

6. Lattice operations on NC left multipliers

Corollary 6.1. Given operator-valued left NC' multipliers, F(L) € H3® @ L(F,d) and G(L) € HP® ® £(9, ),
with the same coefficient range space, d, let M = M*(F) N #"(G). Then there is an operator-valued left
multiplier H(L) € HP ® £ (H,J) with dim(H) < dim(F) + dim(§) so that 4 = .#*(H),

Ran (H(L)) = Ran (F(L))(|Ran (G(L)),
and ||H(L)| < max{||F(L)|, G(L)[]}-

Proof. This is immediate by the definition of the NC-RKHS .#%(F) A .#*(G) and the NC de Branges-
Beurling theorem. 0O

Let F(L),G(L) be operator-valued left NC multipliers with the same coefficient range space, g, as in the
statement of the corollary above. Then we can define two new operator-valued left multipliers, F'V G and

F A G with the same coefficient range space, J as follows.

Definition 6.2. Given F, G, H as above, FVG := (F,G) € HP®.2(F8S5,J) and FAG := H € HP®.2 (3, J),
where #L(H) :== . #*(F) N #*(G) as above.

Corollary 6.3. Given F,G, FV G and F NG as above,
MEFYNV MG = " (FVG),
and

MEFYN HE(G) = (FAG).
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In particular,
MNFOG)=UM"(FVG)UNM"(FNG),

where the isometries Uy, Un are as defined in Theorem 5.2. Moreover, in this case, since FV G = (F,G),
Uy can be defined on the dense set

Ran ((F V G)(L)(F Vv G)(L)*) C .#*(FV G)
by:

X F(L)*
UV GLEF Y 6Ly = U (F G (7)) o
=Uy(F(L)F(L)*x 4+ G(L)G(L)"x)
= F(L)F(L)'z ® G(L)G(L)*z; zecH3®].
Proof. The only thing to prove is the final statement regarding the action of U, . Calculate: For any z €
HZ® 7,
IF(L)F(L)"z & G(L)G(L) 2| pge = |1F(L)F(L) |3 + |G(L)G(L) ||&
= | Py P 2B + [Py G (L) 2l 20

= |F(L) 2lfes + IG(L) g (Since Ran (A7) C Ker (4)™)

- <gEB:> ! H2®(F®S)

_|pL E(L)"
= || PRex((R,G)) (G(L)* x

2

2
(Same reason as above)

H2Q(FD9)
2

= |(F(L),G(L)) (G(L)*> v

This proves that Uy, is an isometry, and it agrees with the previous definition of U\, since the kernel maps
for .4 F(F) are:

M (FVG) .

Ky = F(L)F(L) Kz,

where K denotes the CPNC Szegd kernel for the NC Hardy space. Also note that for any bounded linear
map between Hilbert spaces, Ran (A*) is dense in Ker (A)". O

Remark 6.4. In particular, recall that

Hence

ER* ® Ig)G(L)*"x

(L)*R* ® Ix
(L)*R* @ Iz ) °

(4 3) (Bt - (e 21250
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so that Ran (Uy) is indeed X & X g-co-invariant.
Remark 6.5. If H = F' A G, observe that
U H(L)x = H(L)x @ —H(L)z,

so that

H
Ran(U/\) = .%L (H) 5
and that this subspace is X @ Xg-invariant. We could have instead defined

Uy (F(L), G(L)) (ZEB) 2= F(L)F(L)*z ® —G(L)G(L)"z,

and Uph := h & h. In this case we would still have that

ME(F @ G) =Ran (Uy) @ Ran (Uy),
and Ran (U,) = 4T (g)
The lattice of operator-valued left multipliers

Consider the set H® ® £(+,d) of all operator-valued left multipliers with range contained in H2 ® J. We
define an equivalence relation on H3® ® £(-,J) by:

F(L)~G(L) if F(L)=G(L)C(L),

for some invertible operator-valued left multiplier C(L) € H3® ® £(F,§), where F(L) € H® ® £(F,J), and
G(L) e HY ® £(9,7).

Theorem 6.6. The set Hy° @ L£(-,d)/ ~ is a bounded general lattice.

Proof. We need to check that the set of all operator-valued left multipliers with common coefficient range
space J modulo right multiplication by invertible operator-valued left multipliers satisfies the axioms of a
bounded general lattice.

First, the commutative laws clearly hold: Given any F, G with common coefficient range space J we have
FVvG=(FG)~(G,F)=GVF (via a constant unitary permutation multiplier) and FAG ~ G A F. The
associative laws are also straightforward: FV (GV H) = (F,GV H) = (F,G,H) = (F VvV G) V H. Similarly,
consider F' A (G A H). Then, as vector spaces,

MY (FAGANH)) = a"(F)(.4"(GNH)
=" (F) ("G (" (H)
=M (FANG)YNH).

Moreover, the norms are the same:
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1R Ennmy = IRIE + 12EAm
= [|ll% + IlIE + 1Al

= ”h”%F/\G)AH’

and the associative law for A follows. The absorption laws are less trivial: Consider F'A (F'V G). Again, as
vector spaces,

M"Y (FAN(FVG) = a"(F)( A" (F,G)
—.M(F)N (///L(F) U //{L(G))
= M"(F).
Now compare the norms:

1% < [IfE + 1F1Eve
—_—

TN

< 111 + 1£1% = 211117

since .#L(F) C .#%(F,G). By the Douglas factorization property, it follows that if T(L) :=

(F A (FV @G)) (L), that there is a contractive operator-valued left multiplier C(L), and a bounded operator-
valued left multiplier D(L) of norm at most v/2 so that

F(L) = T(L)C(L), and T(L) = F(L)D(L).

One can further check that C'(L) = D(L)~!, so that F' ~ FA(FVG). To see that C(L) = D(L)™!, consider
the factorization from Corollary 4.4: We have that

F(L) = epPrUp, and T(L)=erPrUr.

Here, ep : 4" (F) < H2®{ is the bounded embedding with |lex|| = |F(L)|, Ur : HZ®F — A" (F) is the
unitary intertwining R ® Iy with the minimal row isometric dilation, Xpof Xp:= R® IH|/ﬂL(F)7 and Pp :
ME(F) — ML (F) is orthogonal projection from the space of the minimal row isometric dilation, .4~ (F)
onto .#*(F). Since the norms of .#Z*(F) and .#*(T) are equivalent, we further have that the embedding
e: MF(F) — #"(T) is contractive and invertible and the inverse embedding e=! : .#L(T) — .#*(F)
has norm at most v/2. Observe that

eX® = X%, and e !X = X% !l
By commutant lifting there exist ‘lifted embeddings’
&M (F) = MET), & gory=e el = el

so that

Similarly let é_; be the lift of e~!, this has norm at most v/2. Consider C := UréUp, this intertwines the
right free shifts,
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CR®® Iy = R* ® I5C,
so that C = C(L) € HY ® L(J,7) is contractive. Further observe that

T(L)C(L) = eTPTUTU”:;“éUF

:eTPTéPF UF
_
= ere PFUF = F(L)
~—~

=ep

Similarly, setting D(L) := Ujé_1Ur we obtain that F(L)D(L) = T(L). Finally, we claim that é_; = &~!
so that C(L) = D(L)~!. Indeed we have that

AVF) =\] Xp. M (F),
and similarly for .#~(T). Hence, it suffices to check that for any f,g € .#~(F) we have that
(Xpg,e-18XRf) = (Xpg, X2f),
where say a = 7. Indeed, in this case

(Xpg,e_18Xaf) = (X})*g,e_18f)
N——

Hence T(L) = F(L)C(L) for an invertible left multiplier C'(L) = D(L)~!, and this verifies this absorption
law for the quotient set. Verification of the second absorption law F'V (F'A G) = F is similar and omitted.
Finally, this is a bounded general lattice since it has a ‘bottom element’, the zero multiplier on HZ@H which
is an identity for the join operation V, and it has a ‘top element’, the constant identity multiplier I]HIg ® Iy,
which is an identity for the meet operation A. O

Factorization of ' AN G

Let ep,ec be the bounded embeddings of .#%(F), #*(G), respectively, into H2 ® §J. Similarly, let
Xp = (R®Ij)| yr(ry, and Up : H2 @ F — A" (F), where

ME(F) =\ Xt (F),

is the Hilbert space of the minimal row-isometric dilation, X, of X, Pp : A" (F) — .4 *(F) is orthogonal
projection, and Up(R* ® I5) = X’%UF, so that F(L) = epPrUp, as in the proof of the NC de Branges-
Beurling theorem.
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Theorem 6.7. Given F,G as above, and H(L) = F(L) AN G(L) € HY ® L(H,J), there is a left inner
(L) HZoH — H2® (Fo9) with Ran (T'(L)) C Ker (F V G)(L)) so that:

<_f§(LL))) - (F (L) G?L)> (L. (6.1)

Corollary 6.8. If F',G are inner, then so is H=F ANG.

Proof of Theorem 6.7. Let .# = .#* (_h;[) First observe that .# = Ux.#*(H). Further observe that

Ran (P,), where Px =P, g\ is Xp ® Xe¢ = (R® I; ® C? _wL(Feo)-invariant, and that
(%) 0o

XF@XG|/”L( H ) :X( H ) :X
—-H

It follows that Xp & X is a row isometric dilation of

X = (R®13®(C2)|%L( H )

Indeed, for any o € F¢, since Py < Pr & Pg,

P\X§ ® XGPy = Pr(PrX3Pp ® PoX&Pc)Pa
= PA(X7 ® X&) Pa
= XaP/\?

and this proves that X & X is a row isometric dilation of X. Setting

M=\ (XpoXe).a" <_I§{> :

acFd

this is XF &) Xg—invariant, and

X=X H :XF@XG‘%,
(Z)

is the minimal row isometric dilation of X = X ( o ) In particular, it follows by [21, Theorem 2.1] (see also
—H

Subsection 2.1 and Lemma 2.2), that .#*% (_%) is X-coinvariant, and

ML

Since X is the minimal row isometric dilation of X ( H ) = X, we have, by the NC de Branges-Beurling
—-H
theorem that,

(_Ifq((LL))) =ep ® egPrUn,

where Uy : H2@ H — M is the unitary intertwining R ® Isc with X. This can be factored as follows: Since
PF b PG 2 P/\7
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(_I:;}(Lg)) = (epPr ® eqPg)P\Un

= (GFPFUF D egngG) U;; D U(*;UH U;_}P/\UH .
e —

=F(L)®G(L) =r =Q

In the above U : H2®F — .#"(F) is the unitary intertwining R® Iy with X . Observe that T' : HZ@H —
H2 @ (F @ §) is an isometry and that

TR @ Isc = (Up @ U)X Uy
= (Ur @ Us)(Xr ® X6)*Un
= R* ® Izagl’,

so that T' = T'(L) is an inner left multiplier. Further observe that,

(FO.GNTD) = (e & Do 0 1) (75 0y ) U @ Ve

epP, 0
= (Ipg2 ®137I]HI2®IH)( F()F erG>UH'

Since

U Hi@H — .4 =\ XpoXgu)y

(Zn)’

it follows that the above becomes:

(F(L),G(L))T(L) = (ep,ec) (Pr & Pg)Ug =0.

Ran () C.at ffq)

This proves that the range of the inner I'(L) is contained in the kernel of (F'V G)(L) = (F(L),G(L)). We
further claim that

<—}§1§5L))> = (F%L) G?L)) N(L)Q = (F(OL) G&)) I,

Indeed if h € H2 @ H belongs to Ker (fi{((LL))) then Ugh € A4 © #* (—h;[) (see Remark 4.5) and the

range space of (_}L) is the range of P, so that Qh = Uj; PAUgh = 0. Furthermore,

F(L)® G(L)T(L)h = (eFéD ¥ eﬁ%) Uph =0,

. 1
since Pr @® Pg.# © .# = 0. If on the other hand, h € Ker (fg) then Qh = h so that the claim holds. O
A special case: injective multipliers

In this section we assume that F' € H® @ £(F,J), and G € H® ® £(G, J) are injective left multipliers.
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Corollary 6.9. Given F € HY ® Z(F,3), M *(F) is such that X := R® I| 41 (py is a row isometry if and
only if Ker (F) is R ® Iy-reducing, and,

Ker(F(L)=H3®3F; FoF ={fcTF|1® fcKer(F(L))}.

Lemma 6.10. Suppose that .# is boundedly contained in H2 @ J, (R ® I3)-invariant, and X := (R ® I3)| .«
is a row contraction. Then X is a row isometry if and only if # = ML(F) for an injective F(L) €
HY @ Z(F,7).

Proof. We have that X := (R®Iy)|.« is a pure row isometry by Lemma 4.3. Recall, by the NC de Branges
- Beurling Theorem, that if

F(L) = ePJ/{U,

where U : H2 ® F — M is the unitary which intertwines R ® I with the minimal row isometric dilation,
X, of X, then .# = .#"(F). Since we assume that X is its own minimal row isometric dilation, it follows
that

F(L) =el,

which is injective since e is injective and U is unitary. Conversely, if F/(L) is injective, and X := (R® I3)|.x,
then for any f € H2 ® F @ C¢,

IX(F(L) @ 1)f|%, = |F(L)(R @ I5)f]|
= | PRer(r(z)) (R ® I’f)fH]%Ig@'f
= (R ® I)f|[f2 05

[ —
so that X is a row isometry. 0O

Proof of Corollary 6.9. Let .# = .#*(F). By the previous lemma we also have that .# = .#*(G) where
G(L) € HP ® £(G,J) is injective. Since the CPNC kernels of .#*(G) = .# = .#"(F) are the same, it
follows that

so that by Douglas Factorization and commutant lifting, there are contractive operator-valued multipliers,
C(L) e HP ® £(F,9), and D(L) € HP® ® £(9,F) so that F(L) = G(L)C(L) and G(L) = F(L)D(L). In
particular,
G(L)=G(L)C(L)D(L), and F(L)=F(L)D(L)C(L).
Since G(L) is injective,
C(L)D(L) = Inzgg.

and

PIJ(_er(F) = PIJ(_er(F)D(L)C(L)
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Note that Ker (C(L)) = Ker (F(L)) since G(L) is injective.
We claim that

D(L):IH3®D; D e L£(G,9),

where D is a fixed isometry. First, if D(L) was not an isometry, then since it is contractive, there would be
some g € H2 ® § so that ||[D(L)g| < ||g||- But then,

lgll = IC(L)D(L)gll < [CID)ID(L)gll < ICLgll,

which is not possible since C'(L) is contractive. Moreover, repeating this same argument for Z € ]Bf{] shows
that the operator-valued NC function D(Z) is an isometry in C"*" @ £(G,F) for any Z € B%. Since C(Z)
is a contractive left inverse of the isometry D(Z), it follows that C(Z) = D(Z)*. (This is a consequence of
a general fact: A contraction T is an extension of a partial isometry, V', in the sense that TV*V =V if and
only if T* is a contractive extension of V*, see [14, Lemma 2.3]. In our case, C(Z) is a contractive extension
of the co-isometry D(Z)* so that C'(Z)* must be a contractive extension of D(Z), which is an isometry and
hence has no non-trivial contractive extensions. That is, C(Z)* = D(Z), and C(L)* = D(L).)

Further note that D(Z) can be viewed as an operator-valued NC function, i.e. it is graded and preserves
direct sums and joint similarities, if one conjugates the point evaluations by certain unitary permutation
matrices [17, pp. 65-66], [23, p. 38]. However, by the difference-differential calculus for NC functions, this

D(Z V){(/)_(D(Z) AD(DZ(,VI;I//))[X])

_c (Z V?;) _ (0<Z> AO%Z(VVVV)MX])*

would imply that

= (AO(%V;[X]* o<3v>*> |

It follows that AD(Z,W)[X] = 0 for any Z, W, X, and it follows from Taylor-Taylor series expansions that
D(Z)=1,®D, D := D(0) € £(G,7) for Z € B is constant-valued [16, Chapter 7]. Moreover, by previous
calculation, D = D(0) € £(G,F) is an isometry.

Now we claim that Ker (F)l = Ran (I ® D). First consider h = (I ® D)y. Applying the same argument,
as above, we see that C(L)* = (I ® D)*. Since Ker (F) = Ker (C(L)), we immediately conclude that
Ker (F)" = Ran (I ® D). In conclusion,

Ker (F(L)) = H2 ® Ran (D),
and this completes the proof. 0O
Theorem 6.11. If F,G are injective, then so is H := F NG and
(—I%(LI)/)) = (FE)L) G?L)) L(L),
where
N(L):H:H - H20 (T@9),

is the inner with Ran (I'(L)) = Ker (F V G).
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Proof. If both F, G are injective, it follows that X := R® I3| 41 (r) and X¢ are row isometries. Moreover,
as before A = .#* (_Iil) = Ran (P,) is Xp @& Xg-invariant so that

X =Xr®Xe)u :X( H )7
_H

is a row isometry, and it follows that Xg = (R ® I3)| 4 (m) is also a row isometry. By Corollary 6.9 and
Lemma 6.10, there is an injective H' so that .#L(H) = .#*(H') and we can assume, without loss in
generality that H = H’ is injective.

By the NC de Branges-Beurling theorem, if Uy : H2 @ H — .#L <7H

H
R® Iy WithX:X( H ), then
—H

) is the unitary intertwining

H(L
=epUr ®eqUg (U; @UE)UH.

=F(L)eG(L) =I'(L)

As in the proof of Theorem 6.7, T'(L) : H2 ® H — H2 ® (F @ §) is inner. Moreover, as in the proof of
Theorem 6.7, I'(L) = Uy, ® UtUg. If f & g belongs to Ker ((F, G)), then

0= (F(L),G(L)) (g)

= (er,eq) <U0F LQG) <£> ’

and it follows that Urf @ Ugg € Ran (Ug), where Ran (Ug) = .#* (_h;,), since H is injective. It follows
that I' = T'(L) is onto Ker (FVG). O

7. Point of view: Hilbert modules

The goal of this section is to describe the operations A and V through the language of Hilbert modules
and category theory. The V we obtain here is slightly different, but only up-to factoring out the kernel, in
a sense. Let us call a pair (., (X1,...,Xq)) a pure right Hilbert C(z1,...,z4) module, if (X1,...,X,) is
a pure row contraction. Consider, the category Hilb of all pure right Hilbert C(z1,...,2z4) modules with
injective module maps as morphisms. To simplify notations, we will usually omit the tuple of operators and
speak simply of a pure Hilbert module ./ .

Let € = (Hilb | H2) be the slice category over the Fock space, on which the free algebra acts by the
right free shifts. Namely, the objects of € are pairs (#,e), where .# is a pure Hilbert module and e is
an embedding of .# into H? as a right-invariant subspace. The morphisms in C are f: (#,e) — (4’ €'),
where f: .# — .#’ is an injective module map, such that e = ¢’ o f.

There are two natural operations on C, the join and the meet. Given two pure Hilbert modules (., ;)
and .#5, e3), we consider first the direct sum .#; & .#> with the map e = (e1 e2 ) into H2. Observe that this
is a module map and Ran (¢) = Ran (e1) 4+ Ran (e2). However, this map is, in general, not injective, so we
have Ker (e) that is a submodule of .#1 @ .#5. Then we get an exact sequence of pure right Hilbert modules

0 —— Ker (¢) — M ® My — HZ .

Therefore, set
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(Mo, e) NV (Mo ex) = (MUN Mo, e1 V es) = (Ker (€)™ s €l Ker(e))-

Now note that since both e; and ey are injective, then a vector (&, ) is in Ker (e) if and only if e;& = —ean.
Hence we consider A4 = ey #1 N ea M. Again, by the injectivity of e; and ey, each defines an isometry
onto its range endowed with the range norm |le;&;l; = [|§;]l;- We endow .#” with the following norm, if
¢ = e1& = ean, then [[C]1%, = [I€]|3 + |n]|3. Note that ./ is closed with respect to this norm and the maps
fi(h) = € and fo(h) = n are injective and contractive module maps. Thus the map f: A — #1 ® 4> given
by f(h) = (fi(h), —f2(h))T is an isometric embedding onto Ker (). Hence we set (.#1,e1) A (Ma,e0) =
(Ker (e),e1P 4, ) = (Ker (e), —eaP. 4,) and we get a decomposition of .#; @ .#5 as an orthogonal direct sum
of M\ N\ Mo and M N Ms.

Proposition 7.1. The operation V and A endow C with coproducts and products, respectively.

Proof. Let v;: .#; — .#1 ® 4> be the natural embedding, for j = 1,2. Consider the maps €;: .#; —
M N Mo that are defined by ¢; = Péer(e)Lj. Then, for 0 # ¢ € ., we have 11(£) = (£,0)T and since e; is
injective, e(¢,0)7 = ;€ # 0. Thus, Pé‘cr(e)bl(ﬁ) # 0 and we have that

651(5) == ePI%er(e)Ll(g) = 615.

The same is true for j = 2. Thus, we get that ¢;: (%, e;) — (M1,e1) V (M2,e2) are morphisms in
C. Now, if (A, f) is another object in €, with maps 0;: (&, e;) — (A, f), then f0; = e; = erj. Set
O: My & My — N, 0= (6,6:). Thus, f6 = e and we obtain a map 6 = Olker(eyr from (A, e1) V (Mo, €2)
to (A, f). Moreover,

fej =e; = (61 \/eg)Ej = fgfj.

Since f is injective, we conclude that 6; = gaj. Now it remains to prove uniqueness. Let ¢: (#,e1) V
(Mo, e2) — (A, f) be another map, such that pe; = 6;. Then ge; = gaj. However, (e1 €2 is surjective and
thus ¢ = 6.

Now consider (#1,e1) N (Ma,e2). As we have seen, there are two (contractive) homomorphism

fi: (M, ex) N (Mayex) = (M, e5), j = 1,2. Now given (A, g) with two homomorphisms h;: (A7, g) —
T

(M, e5), j =1,2,set h = (fﬁz ) . Then, since g = e1h1 = ezha, we get that Ran (h) C Ker (e). Since

My AN M — 2 =Ker (e), to see that this is a morphism in €, we only need to compute

g = €1h1 = €1 = elP//llh.

To prove uniqueness, assume that x: .4 — Ker (e) is another map, such that g = e; P4, x. Since e1 P4, is
injective on Ker (e), we get that x =h. O

Lemma 7.2. If (A1, e1), (M2, e2) € C, then (M1, e1) = (M2, e2) if and only if Ran (e;) = Ran (ez).

Proof. Of course, if (#1,e1) = (M2, e2), then there exists an isomorphism f: .#1 — 5, such that eaf = €1
and thus Ran (e2) = Ran (ey).

Conversely, if Ran (e1) = Ran (e2) = 47, then f;: A — 4, j = 1,2, are contractive bijections. Hence
an isomorphism is given by fy ' fi. O

Therefore, we can construct a skeleton of the category, by simply considering the ranges of the embeddings.
By the noncommutative de Branges-Beurling theorem, for every (#,e) € C, there exists a Hilbert space
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J and a contractive row F(L) € H¥ @ B(d,C), such that e = F(L)(H2 ® J), where, the norm on .#
is || - || 7. The multiplier F' is of course non-unique, however, by Corollary 4.4, there is a natural choice for
such a multiplier, namely F(L) = eP ,U. We will call this multiplier the representative of (., e).

Lemma 7.3. If F(L) € HY ® B(J,C) and G(L) € HP ® B(X,C) are two representatives of (A ,e), then
there exists an invertible multiplier O(L) € H3® @ B(d,XK), such that G(L) = F(L)O(L).

Proof. Contained in the proof of the lattice theorem. O
Due to the lemma, we can make the following definition:

Definition 7.4. For (.#,e) we define dim (.#, e) = dim (), where F'(L) € HY ® B(J,C) is a representative
of (A ,e).

Conversely, given F(L): H3 ® J — H2, we can define .#p = Ker (F(L))*" and ep = F(L)|Ker(r)+- Then,
(Mp,er) € C.If A C H? is a closed right-invariant subspace, then .# is the image of an isometry F. Since
the right shifts restricted to .# form a row isometry, we have that a representative of (.#,e) is e itself.
Hence we make the following definition.

Definition 7.5. Let F(L): H2 ® J — H2. We say that F' is minimal, if F is a representative of (.#,er).

By Lemma 7.3, if F and G are minimal with the same range, then G = F'O, for some invertible operator-
valued multiplier O(L).

Definition 7.6. Let F(L): H2® J — H? and G(L): H2 ® X — H2, we set

o F AG is a representative of (Mg, ep) N (Mg, eq).
o FV @G is a representative of (Mp,ep)V (Mg, eq).

Remark 7.7. The lattice properties follow by standard arguments from Proposition 7.1. In particular, it is a
general fact of category theory that for three objects X,Y, Z in a category with products and co-products.

XxYUZ)=(XxY)U(X x 2).
Theorem 7.8. Let 8 be the collection of ranges of minimal multipliers. Then, 8 is a bounded general lattice.
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