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1. Introduction

For f € L*(R™),n > 1 and a > 0 we set
fo) = [e s e v, &
RTL
and
Sif@) = (n) " [ dg, w0
Rn

We introduce Sobolev spaces H; = Hy(R™) by setting

/
Hy ={f € 7" [|flla, <oo},s €R,
where
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1/2

" = / (14 [€2)°1F(6) 2 de

n

/]

and . = .(R™) denotes the Schwartz class.
In the case n = 2,a = 2 Du, Guth and Li [2] proved that

%iné Sif(x) = f(x) almost everywhere,
—

if s> % and f € Hy(R?).

In the case n > 3 Du and Zhang [3] proved that the above convergence holds also for s > n/(2(n + 1)) and
f € Hy(R™).

We let the sequence {t,,}7° have the properties that

1>ty >ty >tz >--->0and lim ¢, =0. (2)
m—roo
We shall study the problem of deciding for which sequences {¢,,}5° and functions f one has

lim S, f(z) = f(x) almost everywhere. (3)

m— oo

For r > 0 we say that {t,,}3° € 1" if > t7 < oo, and that {t,,}° € I" if #{m;t,, > b} <b~" for b > 0.
1

In Sjolin and Stromberg [4] we proved that if @ > 0,n > 1,0 < s < a/2, and {t,,}$° € " for some
r < 2s/(a — 2s), then (3) holds if f € Hs(R™).
In the case n = 1 Dimou and Seeger [1] have proved that if @ > 0,a # 1,0 < s < a/4 and {t,;,}5° € ">,
where r = 2s/(a — 4s), then (3) holds if f € H,(R). They also proved that here r cannot be replaced by 7
if vy >r.
In Section 3 of this paper we shall improve the result from [4] mentioned above in the case n > 2. We
shall prove that (3) holds for f € Hys(R™) if a > 0,a # 1,n > 2,0 < s < a/2, and {t,,}3° € "> where
r = 2s/(a — 2s). In the proof of this result we shall use the following theorem.

Theorem 1. Assume a > 0,n > 1,\ > 1, and let the interval J C [0,1]. Assume also that f € L?*(R™) and
supp f € B(0; \) = {¢€ € R™; |¢] < A}. Then one has

I sup [Seflllz < (L+CLI2X2)1f o

Let the ball B be a subset of R™ and let the interval J C [0,1]. Set E = B x J. In Section 2 we shall also
study maximal functions of the type

Spf(@)= sup |Sif(z+y)|, z€R” feS(R").
(y,t)EE

In Section 4 we study relations between maximal estimates in one variable and maximal estimates in
dimension n > 2.

In Section 5 finally we give a counter-example which shows that in the case n > 2,0 < s < a/4,r =
2s/(a —48), {tm}5° € 1", (tn, — tnt1)5° decreasing, there is no estimate

[[sup | S, flll2 < [1f 11,
m

for all radial functions f € . (R™).
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We write A < B if there is a positive constant C' such that A < CB, and we write A ~ B if A < B and
B < A.

2. Maximal estimates

The following theorem was proved in Sjolin and Stromberg [4]. We shall here give a new proof which is
simpler than the proof in [4].

Theorem A (Sjolin-Stromberg). Assume a > 0,n > 1,\ > 1, and J interval in R. Assume also that f €
L2(R™) and supp f C B(0; ).
Then one has
[sup [Seflll2 < (1 + CLTIA)[| f]]2-
teJ
Proof. We can write

Sif(x) = ¢ / o6 GIEI” f(e) de

and J = [to, to + r] where r = |J|.
We have

Gl _ A 4 gitolél”

where A = ¢itlél” — ¢itolél” Tt follows that

t
A= i\f|“/ei|$|as ds,
to

and
t
S.f(z) = / / il f(¢) de ds + o / e aitolél” P(e) de
R" to R»
ZSl(l‘,t)—‘rSg(l‘,t).
Hence
t
1) (2. 1)] < / / eETife e IEl f(e) de| ds
to n
and
to+r
sup|Sy (z,1)| < / / ofEwileleei®IEl” f(€) de| d.
teJ
to n

Using Minkovski’s inequality and Plancherel’s theorem we obtain
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1/2 to+r X
( [swisic. t)Zdz) < [ 1grf©lds
teJ o
1/2
< e / FORI] < meli
B(0;\)

Also

1/2 1/2
( / sup|52<x,t>2dx) - ( / |sz<x,to>|2dx) — /1l
teJ

and we obtain
I ilel? [Seflllz < (14 CrA®)|fll2,

which proves the theorem. O

In the following theorems let J denote an interval. In the one-dimensional case Dimou and Seeger obtained
the following result.

Theorem B (Dimou-Seeger). Assume a > 0,a # 1,n=1,\> 1, and J C [0,1]. Assume also that f € L*(R)

and supp f C {&;N/2 < |€] < A}
Then one has

Isup[Sefllle S (14 114X/ [
teJ
We have the following result.

Theorem 1. Assume a > 0,n > 1,\ > 1, and let the interval J C [0,1]. Assume also that f € L*(R™) and
supp f € B(0; A) = {¢€ € R™; |€] < A}. Then one has

Hsup\stf|||z (14 ClTM2X72) || £

Proof. First we study the case |J|\* < 1. Then (1 + C|J|\?)) < (1 + C|J||*/2)X%/2). Applying Theorem A
we get

| Sup [Seflll2 < (14 CLIXD) flla < (1+ CLII2A2)| £l

It remains to study the case |J|A* > 1.
Cover J with intervals J;,s = 1,2,..., N, of length A~*. We may take N < |J|A* + 1. Using Theorem A we
obtain

N N
| igl}lstflﬂg <> | sup ISelfI3 <D0 (L 1L IFIE S NIFIE < (ITIA* + D) 11£113
i=1 i =1

and the inequality in the theorem follows. O

We have the following extension of Theorem B.



P. Sjolin, J.-O. Strémberg / J. Math. Anal. Appl. 504 (2021) 125353 5

Theorem 2. Assume a > 0,a # 1,A > 1 and J C [0,1]. Assume also that f € L*(R) with supp fc B(0, ).
Then one has

Isup[Sufllle S C (|71 +1) |1 ]2
teJ
Proof. First we study the case [J|A* < 1. From Theorem A we obtain

[sup St fllla < 1112
teJ

which proves the theorem in this case.
We then consider the case |J|A* > 1, i.e. A > |J|~1/9,

k . ,
We choose k such that 27F =1\ < |J|71/@ < 27k )\ and then write f = > f;+g wheresupp f; C {£;2777I\ <
7=0

€] < 279X} for j =0,1,...,k, and supp § C B(0;27F71)).
From Theorem A we conclude that

“i?} [Segllla < L+ 1I1T170) lgllz < 112,

and it follows from Theorem B that

Isup [ fylla S (L-+ 11742792434 ) | £l S 14250304 £,

since |J|279¢\* > 1. Hence we have

k
> Isup[Sefillla S 1IN £ 12,
=0 teJ

and the theorem follows from the above estimates. O

The method of Dimou and Seeger to prove Theorem B can be extended to all dimensions n an gives the
following result.

Lemma 1. Assume n > 1,a > 0 and X\ > 1. Let the interval J C [0,1], let f € L2(R™) with supp f c{r2<
1€l < A}

Then one has

[sup|Sufllle < C (|71"/4X"/4 4 1) | fllswhen a # 1,
teJ

and

Isup|Sefilla < € (171D D L1 |l when a = 1.
teJ

We shall then study a more general problem. Let E denote a bounded set in R**!. For f € .%(R") we
introduce the maximal function

Spf(x)= sup [Sif(z+y)|, zeR™
(y,t)EE

The method used to prove Lemma 1 can also be used to prove the following result.
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Lemma 2. Assume a > 0,n > 1 and A > 1. Let the interval J C [0,1]. Let B be a ball in R™ with radius r,
let E=BxJ={(x,t);x € B,tcJ} and let f € L*(R™) with supp f C {\/2 < €] < A}
Then one has

1S5 A1l < € (|21AN/ 77220 /24 1) |[f 2 when o # 1,
and
IS5f13 < C (|J|("“)/4>\("“)/4 /22y 1) I]l2 when a = 1.
We observe that Lemma 1 is a special case of Lemma 2 by taking B = B(0, ¢) with € > 0 small enough.

Proof of Lemma 2. We let x denote a smooth non-negative function on R supported on [1/3,4/3] and
identically 1 on [1/2,1]. We also use the same notation for the radial function on x R™ with x (&) = x(|¢]).
We set

Sufat) = [ @S fON /N ds e R e R
Rn
We introduce measurable functions ¢ : R® — J and b : R® — B and then have
Suf@ 4 ) tla)) = [ D fe)y(€/) de
R‘n,

=y =€/A) = [T (g iy
Rn

= A"TA(f(A)(x)
where
Tyg(o) = [ HHD DN () (6) .
We have ||f(A)|la = eA™™/2|| f||l2 and TyT} has kernel
Ky(z,y) = /eiP\(I*erb(w)*b(y))'€+/\“(t(w)*t(y))léla]X(g)Q d¢

Rn

We will majorize the kernel K by a convolution kernel Gy, that is |K(z,y)| < G(z — y). One then has the
L?-operator norm |37 < [|Gl|s-
First we have the trivial estimate

[Kx(z,y)| S 1

holds for all  and y. We shall use this estimate when Az — y| < Cy + 2Ad where d = 2r.
For M|z —y| > Cy + 2Ad we have

d d
|xy(1 )|xy|d<|xy+b<x>b(y>|<|xy|+d|a:y|(1+ )
|z —y| |z —y]

and



P. Sjolin, J.-O. Strémberg / J. Math. Anal. Appl. 504 (2021) 125353

(1/2)|z —y| < |z —y+b(z) - by)| < (3/2)]z —yl.
Introducing polar coordinates we have

o

Ky (z,y) :/eika(t(fﬂ)—t(y))r“x(ry / AT (@—y+b(z) ~b(y))-€ do(¢) | v dr.
0 n—1

We observe that inner integral is §(A|z — y + b(x) — b(y)|r). According to Stein ([6], p. 347) one has

5(€) = el 2 Jn-22(1€])-

We take Cy large so that
Jn—2)/2(r) Zao—rl/2 +ai 372 +o 4+ @N7TN+1/2 +

e € €
b0m+blm+—|—bNm+R(T) fOI‘TZCO,

where |R(r)| < rN+3/2 for r > Cy (see [6] p. 338).
From this we get

- N ) iXz—y+b(z)—b(y)|r
Kaa.g) = [ o200y (“O : o
0 (Al =y + b(a) = bly)|r) 5>
) efik\wnyrb(w)*b(y)V R ()\| b( ) b( )| )> d
. _ + rT—y+olr)— r T
Y=y 4 ba) b)) ¥rEE ' y

where Ry(r) = r="/2R(r). It follows from (4) that

1 1

R1(>\|$—y| —b( ) b( ) ) ()\|x—y+b( ) b(y)‘)N+n/2+1/2 < ()\lx_y|/2)N+n/2+1/2'

The remainder term contributes with a remainder part of the kernel
K rem(2,y) S (Alw —y|) "N /212,

Set ®x(r) = A"({(x) = t(y))r* + Ale —y + b(z) = b(y)|r
The main term in ((5)) gives the following contribution to K (z — y):

- a0 i@ (7) 2 n—1,1_n

K = . rEx 272 dr.

A,O(%y) (/\\x —y+ b(a:) _ b(y)|)n/271/2 /e X(T) r r T
0

We consider two cases:

Case 1: |z —y| >> A7 Ht(z) — t(y)| gives U} > Az — y| and integrations by parts gives | K o(z,y)| <

(Mz —y|)~ for any large N.
Case 2: |z —y| S A Yt(z) — t(y)|. In this case we have

X =2 (@) — t(y)) ala — 1)r=?,

and in the case a # 1 van der Corput gives
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1 _n _
Koz, y)| S A2 t(@) — )72 Mz — )2 F < (Ao —y) 2.
In Case 2a with @ = 1 we have the trivial estimate estimate
Koz, 9)] S Az =y 772,

and the other terms in (5) can be estimated in the same way.
We note that Case 2 is contained in the set |z —y| < A*71|J|.

The other terms in (2) can be estimated in the same way.

To summarize the estimates we see that |Ky(x,y)| S Ga(z — y) where
when a # 1:

GA(T) = X{|z|<Cor—1424} (T) + X{\x\le})\_N|$|_N + X{|x\gcxa71|J|})\_n/2|$|_"/27

and when a = 1:

Ga(7) = X{ju<cor-1424} (Z) + X(azr-13 A N |2 ™ + X(u<op AL/ 2 2|72,

In the case when a # 1 we have
Gl S A +d)™ + A"+ / A2z T2 g,
lz|<CAa=1]J]
and the above integral is majorized by

oA~
)\—n/2 / ,rn/2—1 dr S /\—n/2)\(a—1)n/2‘J|n/2 _ )\%(a—2)|J|n/2.

o

Hence
Gy S AT +d" + Az g/

in the case a # 1. In the case a = 1 we get

HG”l S A" 4"+ )\(lfn)/Q 7ﬁ1/2+n/2 dr S/ A 44+ )\(lfn)/2|(]‘(n+1)/2'

o\%

In the case a # 1 we obtain

IToTE| S A"+ d™ + A2 gn/2)
and

(Tl S A2 4 /2 4 AE(e=2)| g7 /4,

From this we get
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1S3 (@ +b(z), t(2)) |2 < NITALFA)]Ilz < X ITA - 1F O]z
5 A" ()\7"/2 +dn/2 + /\%(a72)‘J|n/4) )\7“/2”]"”2

_ (1 +dn/2)\n/2 +)\na/4|J|n/4> ”fH?
Finally in the case a = 1 we obtain

ITATX]| S A" +d" + )\(1*"/)2|J|(n+1)/2,
HT)\H SJ /\—n/2 +drb/2 _~_)\(1—TL)/4|J|(77,+1)/4’

and

1Sxf (@ + b(x), tx))[l2 < A ITAF A2 < AT - £ 12
S A" ()\—n/2 +dn/2 + )\(1_”)/4)|J‘(n+1)/4) )\—n/2||f“2

— <1 + dn/2)\n/2 + )\(n+1)/4|J|(n+1)/4) Hf||2
This completes the proof of Lemma 2. O
We shall then extend Lemma 2.

Lemma 3. In Lemma 1 and Lemma 2 above the condition supp f C {€;X/2 < |€] < A} can be replaced by
the weaker condition supp f C {& €] < A}.

In the proof of Lemma 3 we shall use a result in Sjolin and Strémberg [5]. Let yg € R™,tg € R™",0 < r < 1,
and let f € L(R™) with supp f € B(0;\) and A > 1. Set

F={(Y,1);Yyo,j SYj <Yyo,j +7for 1 <j<m, and tog <t <to+r}.
It is proved that
1SEfll2 S (L4 rA") (L +rX)" [ f]l2;
and the method in [5] can be used to prove that
1SEfll2 S (L4 [JIA") (1 +7A)" (6)

if E = B x J with B and J as in Lemma 2.
The method to prove this is a generalisation of the method we used to prove Theorem A.

Proof of Lemma 3. Let N be the smallest integer such that |J[27*V e + 727N\ < 2. We write f = Z(I)V fi
where supp f; C {27771\ < |¢] < 279A} for 0 < j < N and supp fy C B(0;27N)\). Tt follows from (6) that

1SEAN ]2 < (14727 A A +r27 V0" full2 < [1£]l2-

Also

N
1S5Sl < > ISESill2,

=0
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and according to Lemma 2 we have for a # 1
1S5 £llla < CETIALTANIE 4 2N 227 2)| £

for 0 < j < N. It follows that

S (I[P 4 X2 | £,

o(5)

2

and we obtain
1S5 Fll2 S ([T AN/ 4 72 X072 4 1) £l

for a # 1.
The same proof works also for a = 1 and this completes the proof of Lemma 3. O

We shall then prove the following theorem.

Theorem 3. Assume a > 0,n > 1 and A > 1. Let the interval J C [0,1], let B be a ball in R™ with radius r
and set E = B x J. Let f be an function in L2(R™) with supp f C B(0;\).

Then the following holds

whenn =1 and a # 1:

185 Fll2 < (J7174X/2 40120072 4 1) |,
when n =1 and a = 1:
15 flle < (|71/2X%/2 4120072 4 1) | o,
whenn > 2 and a # 1:
1S5 ll2 < (171722972 472+ 1) (P + 1272 ]l
when n > 2 and a = 1:
15 lla < (|1/2N1/2 4/ DX/ ) ) (/o (D) ) (=2

Proof. The cases with n =1 in Theorem 3 follow directly from Lemma 3.

In the cases with n > 2 we shall use an argument similar to the proof of Theorem 1 by covering the Interval
J with intervals J; of equal length.

In the case a # 1 we have by Lemma 3 the estimate

18513 < € (171722 4 72 4 1) | £13.
We have
n/2

‘J|n/2)\na/2 LA L]~ (|J|)\a)n/2 + (7‘2)\2 + 1)

Cover J with intervals J;,i = 1,2,..., N, of intervals of length |J;| such that |J;|]\* = r2)\? + 1 with
N < |J|/|Ji] + 1 = [JIA* (r?A% + 1)_1 + 1. Set E; = B x J;, then we have
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15,418 < (5" + (222 + 1)) 113 = 2 (242 + 1) | £,

and

2SN (2N 1) 72

N
IS/ <> 1Sk f
i=1

n/2

113

= (ITIA + 7222 1) (1222 + 1) 7272 7|12

< (1 (2N 4 1) T 1) (222 4 1)

2 2
< <|J|1/2)\a/2_~_7a)\+1) <r(n—2)/2/\(n—2)/2+1) I£112,

which gives the desired estimate in this case.
In the case a = 1 we have by Lemma 3 the estimate

ISEFIE < © (110202 4 gy 1) ) 3.

‘We have

|J‘(n+1)/2>\(n+l)a/2 SN 1~ (|J|)\a)(n+1)/2 i (Tgn/(n+1)>\2n/(n+1) N 1>(n+1)/2 .

Cover J with intervals J;,i = 1,2,..., N, of intervals of length |.J;| such that |J;|\® = r2n/(n+1) \2n/(n+1) 1 1
and N < |[J|/|J;| + 1 = [J|A® (r20/ (n+D) \2n/(n41) 4 1)‘1 + 1. Set E; = B x J;, then we have

" n/(n n/(n (n+1)/2
15,18 5 ()72 (anveeenroen 1) g

= 2 (/D N2/ k) 1)(n+l)/2 I£113.

and

N
1S5 f|12 < Z 1S5, flI3 SN ((TQn/(n+1))\2n/(n+1) +1
i=1

< <J|)\a <T2n/(n+1))\2n/(n+1) + 1)71 n 1> (r2n/(n+1)>\2n/(n+1) + 1)

(n+1)/2
)

(n

+1)/2
11£115

_ (|J|>\a L p2n/(n41) \20/(n+1) 1) (r2n/(n+1)>\2n/(n+1) +1 )(n—l)/2 I £113
< (12X gl e o) 1)2 (/e 1)"’1 IfI2,
which gives the desired estimate in this case. O
3. A convergence result

We shall here prove a convergence result for function in Hs(R™),n > 2, and begin with two lemmas.

Lemma 4. Assume a > 0,a #1,n>2,A>1and 0 < s < a/2. Also let (t,,)5° € I where r = 2s/(a — 25)
Then one has
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[sup St flll2 S A1 f1l2;
m

if f € L*(R™) and supp f C {&A/2 < [¢] < A}
Proof. Let 0 < b < 1. We have

[sup [St,, flll2 < [ sup [St,, flll2 + || sup [Se,, flll2 = Ty + To.
m tm <b tm>b

Theorem 1 gives the estimate
TS (0222 11) |
We also have #{m;t,, > b} < b~" and it follows that
Ty S0772|fl2-
We then choose b such that
pl/2y\a/2 — p=r/2.
One gets
pl/2H+r/2 — \—a/2.
and
b=A"0FT) <1
Hence b="/2 > 1 and
Ty SOV flla = 6772 2.
We have shown that
Isup i, flll2 S 677/ £1l2,
where
p=r/2 — \ra/2(14r) _ ys.
This completes the proof of the lemma. O
We shall then improve Lemma 4 by proving the following lemma

Lemma 5. Let a,n, s,r, and (t,,)5° have the same properties as in Lemma /, and assume that f € Hg(R™).
Then

[sup Si,,, flll2 < [ flla, for f e (R").
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Before proving Lemma 5 we remark that the following theorem follows from Lemma 5 (see proof of
Corollary 4 in Sjolin and Strémberg [4])

Theorem 4. Let a,n,s,r, and (t,,)5° have the same properties as in Lemma J and assume that f € Hg(R™).
Then

lim S, f(x) = f(x) for almost every x.
m—o0
Proof of Lemma 5. It follows from the theorem on monotone convergence that instead of estimating

sup | Sy, f| it is sufficient to estimate sup |S:, f| for large integers M (as long as the estimates do not
m m<M

dependend on M). We can find a measurable function ¢(x) such that

f1= 18t f(2)],

m

sup [,
m<M

and t(x) takes only finitely many values. We then define intervals I, = (27~ 27%] k. =0,1,..., and sets
= {z € R",t(x) € I}. The Sets F}, are disjoint and R = |Jk > 0F),. We let X}, denote the characteristic

function of Fj, and then have Y x; =1 and
k>0

Sty f Z X (2)Sy(a) f (). (7)

k>0

We write a function f =" j>o0 f5 by splitting its Fourier transform f= > >0 fj,
where f; i supported in Q; where Qg = {|¢] < 1} and Q; = {2777!|¢| < 27} for j > 0.
We shall then split the sum (7) into three parts. For j > 0 set

k(j) = (a —2s)j = j2s/r, b(j) =279,
bi(j) =2~ k(j)—e1j and ba(5) :2—/~f(3')+ezj7

where €; = 2¢ and €2 = 2¢/r and € is a small positive number.
We have

S (@) =D Xp(2) S fi(@) = Sjpy [(2) + Siay (@) + S f (),

k>0 3>0

where

:Z Z Xip(@)Sy(a) [5(2),

j=0 k>0,
k>k(j)+erg
St f @) =" > Xp(@)Syw) fi(x),
>0 k>0
k<k(j)—e2j
Simf@) =" > X (2) S £ ()
>0 k>0

k(j)—e2j<k<k(j)+e1j

Invoking Theorem 1 we obtain
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1S{a f@I<D > Xi(@)|Syw £ |<Z sup |t fi(z)],

i>0 k>0 >0 tm<b1()
k>k(j)+er]
and
1Sy Fllz DI sup |Se, fillla S D (14 b1()22972)1 £ ]2
j>0 tm<b1(d) >0
‘We have
bl(j)1/22aj/2 — ——k(])——61j2aj/2 _ 2—%((1 2s+€1—a)j 2](9 5)

and it follows that

1582y Fll2 S D252 <

320

We shall then estimate S7,,f(z). One has

1S5 f@I<1Y > Xe(@)|Siw i@ <D sup [, fi(@)],

>0 k>0 §>0 tm2b2(7)
k<k(j)—e2j

and we obtain

| sup ) S @IS D 5115 = #{mstan > b2(5)/2H 513 < 0200) " I15113-

tm >b2(j tm >ba(j)/2
We also have
bz(j)—'r‘ — 2Tk(j)—€27'j’
and

rk(j) — earj = 2j(s — €).

It follows that

1570y fll2 D27l fjll2 < [1f .-

>0

It remains to study Sf’(m)f(x). We let [k(j)] denote the integral part of k(j), and setting I = k — [k(j)] we
obtain

1S5y ()] < ;) > X (2)[St(a) f5 ()]

k>0
k(j)—e2j<k<k(j)+eij

o0

= > > X(iy40(2) S i (@)1

l=—o00 j>max{(l—1)/e1,—1/e2}

Using the fact that X = X? and applying Cauchy-Schwarz inequality one obtains
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2

Xie(+1(2)|Se(@) f(2)]
j>max{(l—1)/e1,—1/e2}

S 2 X > Xuem@ISinfi@)P
j>max{(l—1)/e1,—1l/e2} j>max{(l—1)/e1,—1/e2}

The first sum on the second line is majorized by

Comax #{j; [k(j)] = k} S 1,

and it follows that

| > Xi()+1(@)Seay [ (@)1I5 S > /X[k(j)]+l|st(m)fj||2dx

j>max{(l—1)/e1,—1l/e2} j>max{(l—1)/e1,—1/e2}

< 3 / sup  |Su(@)f; () da.

j>max{(I-1)/e1,~l/ez}” ‘mEIEGIH
Invoking Minkovski’s inequality we then obtain

1/2
oo

1550y Fll2 5= D > I sup |8, filll3

=00 \j>max{(I-1)/e1,~l e} ‘mEIBGIH

Furthermore for [ > 0 we have by Theorem 1.

| sup ISy, fill3 < (14 27ROy )3 < (1 4 27RO ey £513
tm €11k (5)] 41

S L+ 227270 f115 < 272 £5115-

For | < 0 we have

I sup Se, fill3 S F#msto € Tngya D) IfF5115 S 277 CEOIED| 1513 < 271227 £5113.
tm €11k (5)]+1

We conclude that

0 1/2 1/2
)
IS5y fllz S Do | D 229003+ D 272YIAIE
l=—00 \j>—1/e2 =1 \j>(-1)/ex
1/2
(Z 2”/2+Z2 l/2> S5 <l
l=—0o0 7>0

This completes the proof of Lemma 5. O
4. Relations between maximal estimates in one variable and maximal estimates in dimension n > 2

Next we shall consider the Schrédinger equation on radial or symmetric functions on R™ and will see
how it can be reduced to a one-dimensional problem



16 P. Sjolin, J.-O. Strémberg / J. Math. Anal. Appl. 504 (2021) 125353

Remark. In this paper we have the Fourier transform f of a function on R” defined by (1), and then yields
||fHL(R") = (27T)n/2Hf||L(]Rn) We set

an = (2m)"2, for n > 1
in this section.

Let St(k) denote the k-dimensional Schrédinger operator (with a given a > 0 in its definition) and let
*(k k
S5 1 () = sup|S{ ()]
teE

where f is a function on R* and the supremum is taken over a set E C [0, 1].

Remark. We may in this section replace the Fourier multiplier functions {e“‘f‘s }+ with any family of radial
Fourier multiplier functions {k;(|€])}; satisfying |k, (|€])] < 1.

We shall prove the following theorem.

Theorem 5. Let s > 0, let n > 2 and let E be a given subset of the interval [0,1]-
If

1550 fll, < C| £

H,

for all functions f in 7 (R),
then

1S5™ flla < Coiell ]

H,

for all functions f in #(R™) of the form f(x) = fo(z)P(x), where fo € #(R™) and is radial and P is a
solid spherical harmonic on R™ of degree k > 0.

Theorem 5 will follow with some approximation arguments from the following theorems.

Theorem 6. Let fi be a function L?(R), supported on R, not identically zero; and equal to a function in
Z(R) on[1,00). Let P be a solid spherical harmonic on R™ of degree k and normalised so that || P||p2(gn-1) =
1.

Let fp be the symmetric function on R™ defined by its Fourier transform

Fp(&) = P FL(IEDIEM > for £ = £')¢] € R™.

Let fi be the inverse Fourier transform of fi on R. Note that a1||f\|Lz(R) = [|fillL2(r+)- Assume that E is
subset of the interval [0,1]. Then there is a constant Cy, j, dependent only on n, k but independent of a > 0, E
and fi1 such that

anlSp™ follremny < arv2|S5 fill L2y + Cokllfill 2 - (8)

Remark. Most of the results in this section can also be formulated with norms on spheres, where the L?(R"™)
is replaced by the norms L?(S™~1(r)) for r > 0.
For instance (8) may be replaced by
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g*(m <o (15D F (112 41550 F —y2) 2 ¢
anl|SE™ fellLasn-rgy) <o (IS5 AP+ 1S5 fu(=r)1?) * +Tfi(r), for r >0,
where | T fill L2 +) < CrkllfillLz®4)-

With two solid spherical harmonic the following estimates hold.

Theorem 7. Let the functions f1, P, fp and the set E be as in Theorem 6 and let Q be a solid spherical
harmonic on R™ of degree ki and normalised so that ||Q||2sni-1y = 1 and define fq by its Fourier
transform

fo(&) = Q) ALENIENM27/2 for € = €']€] € R™.

Setv=k+n/2—1and vy =k +n1/2— 1.
If v = v then

anllSi™ foll L2y = o, 1S5 follr2(rm).-

It 2v1 = 2v mod (4) then

anllSH™ fell L2 ®n) — an 1S5 foll L2 ®nny | < (Cok + Coy o)L f1ll 22 (R 1)-

Remark. In the special case n = 1 we have k = 0, 1 and use a special definition of fp. When k£ = 0 the even
function f. = fp is defined by

R Lfl(f) for f Z 07
_ ) 2
fe(§) { %fl(_g) for £ <0,

and when k = 1 the odd function f, = fp is defined by

A 711 for 20,
= \/i
fol8) { ~ L (=€) for £ <0.

Estimates in the opposite direction of (8) in Theorem 6 are somewhat more complicated.
We will state the key estimate in this section. First let us define the complex unit vectors

~i[5+3],

]

V(v) =e
We have the following
Proposition 1. Let f be a function in L*>(R) whose Fourier transform f is equal to a function in Z(R) on

(—o0,—1] and on [1,0)
Letn>1,k>0,u=n/2+k—1 and y(v) as above. Assume that f satisfies the symmetry

() f(=r) =5)f(r), for all v > 0.

Let P be a solid spherical harmonic on R™ of degree k normalised so that ||P||p2(gn-1y = 1. Let fp be the
symmetric function on R™ defined by its Fourier transform

Fr(&) = P(&) fUENIEIM2/2 for & = €|¢| € R™.
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Let E be any subset of the interval [0,]) containing 0. Then there is a constant C, dependent only on v but
independent of a > 0, E and f such that

1/2

anll S foll sz = an /|sg<1> F@)2dz | +R(f0)
0

where the remainder term

[R(f,v)| < Coll fllz2w)-
The remainder term R(f,v) depend on the parameter a > 0 in the definition of Sy and the set E.

Proposition 1 follows directly from Proposition 2 with Corollary 3 and Proposition 3 which are stated
and proved at the end of this section.
Using Proposition 1 it is easy to prove Theorems 6 and 7

Proofs of Theorem 6 and Theorem 7. When 2v; = 2v mod (4) then ~(v;) = £7v. Define the function f
by its Fourier transform

()2 1(—€) = (7(01))2 f1 (—€), € < 0. )

; { f1(8).€>0,
By Proposition 1
1/2

anllSe™ fell 2 @n) = a1 / 1S5V f(@)Pda |+ R(f,v),
0
00 1/2
| SH™ fpll L2 ety = u / 1S3 f@)Pde |+ R(f, ).
0
‘We conclude that

= |R(f,’U) - R(f7 U1)|

<[RS, o) + [R(f,01)] < (Co + Co) [ f1ll L2 m4)-

In the special case v = v; we get

anllSp™ follz@ny = anllSp" foll a@en-

This completes the proof of Theorem 7.

For the proof of Theorem 6 we let f be defined by (9). We will use following property of the Fourier transform
on L?(R™) Let the operator g — g_ is defined by g_(x) = g(—x). This operator commutes with the Fourier
transform and also with the inverse Fourier transform. We have

(9-7=(9)- = amg and (g_) = (§)— = (an)~'§.

From this we get
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S 1 (@) = 17 fulw) + 755 (=) P+ < 2087 i) + [ (=) ) for @ > 0
and hence
S5 @) < 2085 @) + 1S5 fi(==)?) for @ > 0.

Integrating over the positive interval we get

/ 1S3 f(a)2 de < 2|Sp" il m

From this and Proposition 1 we get the desired estimate in Theorem 6. O

Now we consider estimates in the opposite direction of the estimate in Theorem 6. First a lemma which
follows directly from Proposition 1.

Lemma 6. Let f be a function in L2(R) equal to a function in .#(R) on (—co,—1] and on [1,00). Let f be
the Fourier transform of f. Let fp be the symmetric function on R™ defined by its Fourier transform

Fr(€) = P(E)F(ENIENV>"/? for & = €)¢] € R™.
If f satisfy the symmetry 'y(v)f(—r) = i(v)f(r) for all r > 0, then

1/2

/ S50 f@)Pdr | < anllSE frlliame + Cokl f2m).

Proof of Lemma 6. From Proposition 1 we get

1/2

/|s*<1 @Pde | = anl S5 fplle@n — R(f.0)

with the remainder term satisfying | — R(f,v)| < Cyl|f|z2(r,)- This completes the proof of the lemma. O
Next we will see how we can combine several estimates like those in Lemma 7. We have
Lemma 7. Let f be a function in L?*(R) equal to a function in .#(R) on (—oo,—1] and on [1,00). Let

f be the Fourier transform of f. Let n > 1,k > 0 and ny > 1,k; > 0 and let P be a solid spherical
harmonic on R™ of degree k and Q be a solid spherical harmonic on R™ of degree k1 and normalised so

that ||PHL2(S“*1) = ||Q||L2(Sn1—1) =1.
Let fp be the symmetric function on R™ defined by its Fourier transform

70(&) = PE) (=700 f(€]) +(w1) f(—leD) ) 161272 for & = €'l¢] € R,

and let fq be the symmetric function on R™ defined by its Fourier transform

Fo(&) = Q&) (Y@IF(IED — v F(—IeD) le[/27/2 for € = £'lg] € R™,
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where v =k +n/2—1 and vy = k1 +n1/2 — 1 and assume that 2v1 # 2v mod (4), i.e. y(v1) # v(v)
Let E be any subset of the interval [0,1). Then there is a constant Cy, i, and a constant Cy, x, not dependent
of a > 0,FE and f such that

- 1/2
S*(l) 24 < S*(") S*("l)
cay IS f(z)|” dz < anl|Sg  fellzwn) + an IS FollLz®m)
0
+ (Crk + Cry ke I f 2wy,
where ¢ = 2| sin w\ €{2,v2}.
As a special case of Lemma 6 we have

Corollary 1. Assume [ satisfy the symmetry

n _ Clg(&) fO’f’f > 0, . 2
f(f) - { CQQ’(-&) fO’f’g < 07 with (61762) eC 3(01762) # Oa

and set ¢ = 2|sin W| € {2,Vv2}, ¢ = c1y(v1) — eay(v1) and ¢y = c17(v) — cay(v).
Then

- 1/2
con / 1550 f@)Pde | <IclanllSE™ frllramn + [chlan, 1S5 foll 2 m)
0
+ (O + Cry ke M Fll 22 ()

where

Fr(&) = P(&)g(|ENIENM>7/2 for € = €'[¢] € R™,

and

fa(&) = Q(ENg(ENIEN >/ for € = €'|z| € R™.

We are mostly interested in the cases when (c1,¢2) is (1,1), (1,—1), (1,0) or (0,1) which corresponds to
even or odd functions or functions with Fourier transform supported on the positive or negative half-axis.

Proof of Corollary 1. The functions fp and f defined in the Lemma 7 have Fourier transforms

A

Fp(&) = P(€)g(€])EM* /2 for € = ¢'|€¢| € R™,

and

A

Fo(&) = AQ(ENg(IENIENT2/2 for € = ¢'|a] e R™,

for ¢f = c1y(v1) —cay(v1) and ¢ = e1y(v) —cay(v). The desired estimates follow directly from Lemma 7. O
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Proof of Lemma 7. We will essentially only do elementary calculation in €2, and use the triangle inequality
for L? norms. Some details are left to the reader.

Set
Fri(r) = =3(01) f(r) + 7 (1) f(~r) for 7 > 0,

and

Fou(r) =) f(r) = y(v) f(~r) for r > 0.
Then

Isup S, f pallze.y = anll S5 f plloz s

teF

and

Isup Sif gl 2@, ) = an, IS5 follz@n),
teE
where S; is defined as in (10). Let the functions fp2 and fg 2 on R be defined by

) ) fpa(r) for r > 0,
Fpa(r)= {V(U)fp,l(—r) for r < 0,

and

(v1)foa(r) for r >0,
(v1)foai(=r) forr<O.

=2 2

fQ,z(T) = {

‘We have

fp,2+fQ,2:{<—z<v1> (©) + 77 (00) £ (1) + ((0)7() = A()3(00))F (=) for > 0,

v Y\ V1 v Y
(=7 (1) (v) +F()F(v1)) f(r) + (v(v1)7(v) = ()7 (1)) f(=r) for r <0,

= (y(01)7(v) = ()7 (01)) f (r) for v € R.

By the assumption 2v; # 2v mod (4), we have

TU]

0)7(0) = A(P(en)| = fomTFH Tl T+ il 4 el 3+ 3]

= e (1Y) _ 31| — |2sin(n (v — v)/2)| = ¢ € {2,V2}.

Lemma 7 now follows from Lemma 6 and Proposition 3. O

Next we observe that St(l)f(—a:) = St(l)f_(x), where f_(€) = f(—€). Thus if f is an even or an odd
function on L?(R™) then Sz(l)f is even and we obtain

1/2

155D £ ey = V2 / 1520 f(2) 2 da
0
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We also observe that any function f on R can be written as a sum of an even and an odd function
f = fe+ fo. Then also the Fourier transforms f. and f, are even respective odd and we have f = f. + f,

and that || f[3 = | fel3 + [l foll3-
Using Corollary 1 of Lemma 7 we get the following estimates in different cases.

Theorem 8. Let f be a function in L2(R) equal to a function in ./ (R) on (—oo, —1] and on [1,00). Decompose
f into even and odd functions f = fo + f, with Fourier transforms fe and fo Letn > 1,k > 0 and
ny > 1,k1 > 0 and let P be a solid spherical harmonic on R™ of degree k and @Q be a solid spherical harmonic
on R™ of degree k1 and normalised so that || P||p2(sn—1y = [|Q||2(sm1-1) = 1. Define the symmetric functions

fe.p(&) = f(IENP(E[E[V>72 for £ = £|¢] € R,
fe.(€) = Fe(IEDQUENIEIM? /% for & = ¢|¢| e R™,
fo.p(€) = Fo(ENP(ENIENM>~/? for & = €|¢] € R,
foa(€) = Fo(IENQUENIENV>™ /2 for & = ¢|¢] € R™.

Let v(v) = eIy =k +n/2—1and v1 = k1 +n1/2 — 1 and assume that 2v; # 2v mod (4).
Then we have in different cases.

Case 1. Assume F(v)/v(v) =1 and F(v1)/v(v1) = —1.
Then

ar|S5 fellzam) < anV2SE™ fepllamn + Chpllfel)
S ) < o, V2[5 c,
oS5 foll 2y < any VRISE™ foollzz@m) + Oy il ol

and

S fllre@) < anvV2S5™ fe.pllnz@n) + @ V2S5 ™ fooll 2 ®em)
+ (G + Cry i) fll 2 ®)-

Case 2. Assume that F(v)/v(v) =i and F(v1)/v(v1) = —i.

Then
a|Sp ) fell ey < anllSH" ytan, [1S5™ fe.all L2
+(Ch + Cry i) I fell 2wy
OZ1H5*( JollLzr) < 04n||5* ™) fo,pllL2®n) + an,||SE nl)flele (Rn1)
+ (Crr + Cry k) foll 2wy,
and

ar|Sp Y fllzzmy < anllSe™ fepllre@ny + an, 1S5 feqllz@n)

+ IS5 fo.pllLe@e) + o, ISE™ fo.qllLe @)
+ (G + Cry )l 2wy
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Case 3: Assume F(v)/v(v) = 1 and F(v1)/v(v1) = i.

Then
1S5 fell 2@y < anV2ISE™ fopllL2@n) + Cokll foll L2y
1S5 foll 2 @) < anV2ISE™ fo pll 2@y + 200, 1S5 fo0ll L2
+ (Cr+ Ch ) I foll 2wy,
and

1S5 Flloe®) < anV2ISE™ fe pll 2@y + anV21S5™ fo,pll 2

+ 200, S5 o0l 2@ + (Coi + Oy i) llzw)-
We have similar statements with ¥(v)/vy(v) = —1 and / or F(v1)/v(v1) = —i.

It remains to prove Proposition 1. For this we will use Proposition 2 and Proposition 3 below.
First we define the operator S; for ¢t > 0 by

o

Sug(r) = / T,(r8)(rs) 2 g(s)e"" ds (10)
0

for g € L>(Ry). Here J,, is the Bessel function of order m with integer or half-integer m > —1. Then we
have

Proposition 2. Let f; be a function in L?>(R,). Let P be a solid spherical harmonic on R™ of degree k

normalised so that ||P||p2(gn-1y = 1. Let f be the Fourier transform of f and Let fp be the symmetric
function on R™ defined by its Fourier transform

fr(€) = fiENPEIENM>"" for & =¢/l¢] € R™.
Let S; defined as in (10) with v =n/2 + k — 1. Then
S fp(x) = o |2 28, f1(Ja) P(—2') for @ = o' || € R,
with |cgn) = 1.
We get the corollaries.
Corollary 2. S; has norm 1 on L*(R™).
Corollary 3. We have
S;(n)fp(:r)r = o /27288 £ (1) | P(—2")| for x = ra’ € R
and

an|lSa™ fellz®ny = 155l ®,)-



24 P. Sjolin, J.-O. Strémberg / J. Math. Anal. Appl. 504 (2021) 125353

Proof of Corollary 2. We have

1S:fill 2, ) = anllS™ follLz@ny = €€ foll2@ny = I /Pl 2@y = I fill2m,)- O

Proof of Corollary 3. First part follows directly, as we may take out the factor o 'r/2="/2|P(—z')|, from
the supremum on the left hand side. Second part is obtained by integration over R™. 0O

We will use the following estimate for the operator S,

Proposition 3. Let S; be defined as in (10) with v = n/2 +k—1 the and let f be a function in L>(R) Let f;
be a function in L?*(R+) and let f be the function in L*(R) with Fourier transform

i Y(v) f1(§) for £ >0,
¥(v) f1(=§) for £ < 0.

Then

Sifi(x) = 1S f(x) + Re o fi(2)

where the remainder terms satisfy

. 1/2

/ sup [Rewfr@)Pde | < Collfillem,-
telk

It remains to prove the propositions in the section. Proposition 1 follows directly from Proposition 2 with
Corollary 3 and Proposition 3

Proof of Proposition 1. Let f1(&) = y(v)f(€) for £ > 0. We have

*(n S *(1
IS5 fell 2@y = 155 fillre®yy < alSp fllzz@,) + 1| Rewfill 2, )-

Set R(f,v) = [, sup|Ryf1(2)* dz. Then
teE

oo 1/2

R(f.v) = / sup|Runfi(@Pds | < Collfillr) = = Cull i,
0

aq
V(2)
and we obtain the desired estimate. This completes the proof of Proposition 1. O

Proof of Proposition 2. Assume f = foP as in the above theorem. It follows from Stein and Weiss [7], p.
158 that (when f(z) = Fo(z)P(x) where

oo

FO(I') = C"vkanrl_"/z_k/fo(s)Jn/2+k_1(rs)s"/2+k ds
0

for r = |z|. Here J,,, denotes Bessel functions of order m, and ¢, ; is a constant with |¢, x| = 1. (The
one-dimensional cases follow elementary as
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J_1/2(r)) = V2cos(r)/y/ar and Jy5(r)) = V2sin(r)//77.)
Also

Sf(@) = o e —/2 / T j2snn (1) Fo(s)eits" s7/24% ds | P(—z),
0

where r = |z| > 0. We set

F€) = Fo(lg])|g| /22t

then || f1ll 2y = [1fpll 2.
We obtain

(o}

Sifp(x) = a;lcmk?“l/Q*”/Q /Jn/2+k,1(7“s)f1 (s)(rs)l/Qeitsa ds | P(—z/r|)
0

= a;lcmk?“lﬂ_”/QS’tfl (r)P(—x/r),

where the operator S; is defined by (10).
This completes the proof of Proposition 2. O

For proof of Proposition 3 we need the following

Lemma 8. Let K(r) be a non-negative function on (0,00) satisfying

/K(T)dr:A<oo,
0

\/,,T

and let

Tf(s) K(rs)f(r)dr

I
o —y

for f € L?(0,00).
Then we have

ITfllz2ryy < Alfll2®y)-

Proof of Proposition 3. We have the Bessel function
_.]2 _ _ —3/2
Jy(r) = cos(r —mv/2 —w/4) + O(r=>/%) as r — 0.
o
See Stein and Weiss [7]. p. 158. It follows that

rt/2, (r) = Yoe” + 7,67 + Ky (r)

for 7 > 0, where
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1 —i(mv ™ 1
— e m/2H T/ — oy (v)—

Yo = /_27'('

)

and

1
147

|Kv(7")| <C,

We get

oo

Sufi(r) = 2()ary- [t fi(s)ds +7)ary- [ is)ds

0 0

+ | K, (rs)e”sa fi(s)ds
/

(o) 0
1 [ 1 e
= o /e”seltls‘ y(v)f1(s)ds + aq 7 / el eitlsl F(W) fi(—=s)ds + Ry f1(r)
0 —00

17 e
oy / el f(s)ds = a1 SV f(r) + Ry fi(r)

for r > 0.
Let R, be the sublinear operator on L?[0,00) defined by

Rug(r) = / K, (7)) |a(s)] ds.
0

Then

sup | Ry f1(r)] < Ry f1(7).

t>0

Since [° [Ky(r)|r='/2dr < C, [;°r=Y/2(1 4 r)71/2dr < co we obtain by Lemma 8

0 1/2 s 1/2

/ sup R, fir)* ) < /(Rvﬁ(r))?dr < Cullfi]l
t>

0 0

which completes the proof of the Proposition 3. 0O
In this section it remains only to prove Lemma 8.

Proof of Lemma 8. We have
T u, 1
Tf(s) = /K(u)f(;)g du,s > 0,
0

and we set
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h(s) = f <§> % and h.(s)=h (;) — for r > 0 and s > 0.

It then follows that

1G = (GR) s = () o

‘We have

T 1
= [ K(r)h.(s)—=dr,
[ Kom)Z

and an application of Minkovski’s inequality gives

ITf2 < /K = Wz

We observe that

1hrllL2@y) = [IRll2 = [ fllL2®y)s

and get

T leeey < [ K@) dr 1 liocey = Al
0

This completes the proof of Lemma 8. O
5. A counter-example

We shall give a counter-example in dimension n > 2.

Theorem 9. Assume that (tx)5° is decreasing and (t — tx41)5° is decreasing and klim ty, = 0. Assume
—00

a>0,a#1, and 0 < s < a/4, and n > 2. Set r(s) = 2s/(a — 4s) and assume that (t3,)5° ¢ 17(5)>.
Then there is no estimate

I sup (S5l <

for all radial function f € & (R™).

Proof. In the case n = 1 this theorem is proved in Dimou and Seeger [1] (with the exception that their
counter-example is not radial) and we shall modify their proof. Assuming that (¢,)5° ¢ 1"(*)* Dimou

and Seeger first construct sequences (b;)7° and (M;){° of positive numbers such that jgr& b; = 0 and

lim M; = co. Taking € < 107 *(a + 2)~! they then set

j—o0

1-—2s

by —M b, T and pj = eb; AT = M” by o
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for j =1,2,3,.... We shall consider these numbers for j large and observe that p;/\; = eMj_lbﬁ <e.
In [1] the function

Dy p(&s,t) = 2(p§ = A) + (A = p€)*, [§] <1/2,2 € R, 1 >0,

is studied and it is proved that for x € I; = [0, a)\?_lbj/Q] there exists tj(, ;) such that

max |e' P& &Thea) _ 1| < 1/2. (11)
l€1<1/2

We shall use the inequality (11) in our proof and shall also use that
pj/\‘;flbj — 00 as j — oo. (12)

To prove (12) observe that

1-2s 2(a—1) _ a-—1

22 - —4s a a—4s
piXi T by = €M b, T M, b by

2—a+2a—2 =—l42s—atlta—ds

2s
_ a a—4s _ , a—4s
=eM; b; = eM;b,

which implies (12).
Then set J; = [a)\?flbj/él, a)\gflbj/2] and let C be a large constant. It follows from (12) that )\j)\;klbj —
oo as j — oo and hence

201 S a)\j)\?flbj/él

and

20 e
)\—j S a)\j 1bj/4

for large j. We conclude that
|z| € J; implies A;|z| > 2C. (13)
Now let o denote the surface measure on the unit sphere in R™. We have

R ellul e_ilyl
J(y) = Cl‘y|n/2—1/2 +62|y‘n/2_1/2 +R(y)7 (14)

where

1 0
<
‘R(y)| ~ ‘y|n/2+1/2 < |y|n/2—1/2

for |y| > C; (15)

and 0 is small. (See Stein [6], p. 347).
Then assume that g € C§°(R), supp g C [-1/2,1/2], g > 0, [gdx = 1, and g even. We define a function
f € Z(R™) by setting

fer=1g ('5'—”> for £ € R".
p p
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Here A = Aj, p=p; and f = f;.
It is easy to see that f(&) # 0 implies A — p/2 < |¢] < A + p/2. We also have

Atp/2
/|f(§)|2>\28 d§ S / ,072)\257’”71 d,,, S pfl)\25+n—1’
A—p/2

and

< p—1/2)\s+n/2—1/2-
Using polar coordinates we have

—c l&a: zt|£| f dé-zc/eig-zeiﬂﬂalg (|§| ) df
p p

OO1 — o o

C/— <T )‘) itr / ezrf -z da(f/) ’I”n_ld’l“
P

0

Sn—l
1 - A a
c/ ~g (T ) e G (ra)r™ " tdr
P P

0

where by (14)

eir\w\ efir|a:|

70) = Gl ey

+ R(rx).
We assume |z| € J; and (13) gives Alz| > 2C; and r|z| > Cy in the above integral. Hence by (15)

|R(rz)| < 6(r|z|) /212,
It follows that

oo

1 r—A itr® eir|m\ n—1
Sef(x) = Clc/;g (p ) e 7(r|x|)"/2—1/zr dr

0

Oo1 r=A\ e e il 001 r—A\ a
+ 020/ -g ( > e'tr rldr + c/ -9 <—> e R(ra)r™ L dr.
J b p (r|z|)n/2=1/2 )P p (ra)

Setting & = (r — \)/p so that r = X + p& we obtain

Sef(w) = c18y f(x) + 287 f () + SP f(2)

where

(c / ()it OHPO 12l OH00] () 4 pgyn/2-1/2 d§) w|1/2/2,

(C / ()it =1alO+00] 4 peyn/2-1/2 d§> o |1/2-/2,

29
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and

1S} f(z)| S 6 / A+ p&)/3H2g(€) d€ |x|/2/2 < CoA2TL 2 g |12 2

In S} f(z) and S2f(x) we can replace £ by —¢. We use that g is even and get the phase functions
®1(&) = [x[(A = p&)] + (A — p€)*,
and
D2(8) = —[x[(A = p&)] + t(A = p&)*,

and replace (X + p€)"/2+1/2 by (X — p&)n/2-1/2,
We have

Do(&) = [x[(p§ = M+ t(A = p&)* = Dx o (&, |2, 1) = (§),

and we also have

Sif(x) = ( / ei”f)A(f)g(f)ds) a2

where A(€) = c(A — p€)"/2~ /2. Choosing t = t(,|),; We obtain

ol 22, £ 2 [ ondg [l < 1ghdg

. 1
Z/QAdf— max |el¢’(5)—1|/gAd§Z —/gAdf
lel<1/2 2

for |z| € J; since \§\m<a)§ |e’®(©) — 1| < 1 according to inequality (11).
<1/2

It follows that

1
Slliplsfkf(l‘ﬂ > §/gAd€|x|1/2_n/2 > C)\n/2—1/2‘x|1/2—n/2

for |z| € J;. It remains to study S;f(z). We set h = gA an then have h < AN/27Y/2 and |W/| < (A +
p))\"/z_?’/2 < 2\"/2-1/2 Integrating by parts we obtain

. : 1
|z |*/27 128 f(x) :/e“blhdgz /e"pli@’ hd¢

L)
=1 /1 Y
_ 1Py - iy N 1
- [ (éah <¢>’>2h> .
‘We have
o) = —[z|p — pat(X — p&)*
and

@) = ta(a — 1)p? (A — p&)"
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and it follows that |®}| > p[z] and |®}| > pat(A — p€)*~t. We have

< 1
@3]~ plz|”
and
@ 1[0 1 aa-1tP0-p0" 1 p 1
(@2 Ry RY] T pla|  at(A—pE)eTt Y plal A= pg ™ plal
It follows that
|l,|n/2 1/2‘5 f /|h|—|—|h, | ‘)\n/Q 1/2

and if |z| € J; we get

1

\Slf(x)| S |x|1/2—n/2T
K pj)‘j 1bj

An/2—1/2 < 5)\n/2—1/2|x|1/2—n/2’
where we have used (12). Hence we have
S*f(x) = sup| Sy, f(x)| > X212 [t/2 /2
k

for |z| € Jj.
The theorem will follow if we show that with f = f; we have

”S fj||2 — 00 as j — o0.
1 £5ll e
‘We have
[1ss@Par= [ s @Plarz [ et de e
R |z, lz|ed;
and

£, < p A=l

With f = f; we get

S* f 2 Anr—17. o

15l 2 py Azl

We have |I;| = a)\?flbj/2 and obtain
S*f 2 ? sya— a— s
J 3
1— ‘2: 2 _+4 a—1—2s
—EM Sa b (Mj“bj ) b;

a—4s —142s— a+1+25+a 4s a—4s

feM a b e feM a

31
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Since a — 4s > 0 and M; — oo as j — oo we conclude that

15" £l
1f5ller,

— 00 as j — 00.

This completes the proof of theorem. O

Now let a > 0,a # 1,0 < s < a/4 and r = 2s/(a — 4s). Also let (t,,,)3° satisty (2) and let (ty, — tm41)5°
be decreasing.
It is proved in Dimou and Seeger [1] that in the case n = 1 one has

[sup [St,, fllla S 1/l 7., e S (R)

if (t,,)5° € 1™°°.
It then follows from Theorems 5 and 9 that in the case n > 2 one has

[sup |Se,, flll2 S [1f]l .
m

for all radial functions f in . (R"™), if and only if (¢,,)5° € I™*°.
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