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1. Introduction

In this paper, we consider the following nonlinear plate equation with thermal memory effects due to non-Fourier heat
flux laws

o0
9t—Aut—f—//c(s)[—A@(t—s)]ds:O, (11)
0
uer — Aur + A(Au+6) + f(u) =0,
for (t,x) e R™ x £, subject to the boundary conditions
u(t)=Au(t)=0, t=>0, xer, (12)
0(t)=0, teR, xel,

and initial conditions

u(0) =up, ur(0) = vo, 6(0) =6y, xe€8£2,
0(—s) =¢(s), (5,x) eRT x 2. (1.3)

Here, £2 € R? is a bounded domain with smooth boundary I, 6 represents the temperature variation from the equilibrium
reference value while u is the vertical displacement of the plate. Function ¢ : RT x £2 +— R is called the initial past history
of temperature. The memory kernel « : R +— R is assumed to be a positive bounded convex function vanishing at infinity.
For the sake of simplicity, we set all the physical constants to be one.

Recently, evolution equations under various non-Fourier heat flux laws have attracted interests of many mathematicians
(cf. [1,2,4,8,11-17,19,33,34] and references cited therein). Let q be the heat flux vector. According to the Gurtin-Pinkin
theory [21], the linearized constitutive equation of q is given by
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qt) = —/K(S)Ve(t—s)ds, (1.4)
0

where k is the heat conductivity relaxation kernel. The presence of convolution term in (1.4) entails finite propagation speed
of thermal disturbances, so that in this case the corresponding equation is of hyperbolic type. It is easy to see that (1.4) can
be reduced to the classical Fourier law q = —V# if « is the Dirac mass at zero. Besides, if we take

1
K(s)=—e" o, o>0, (1.5)
o

Qo

and differentiate (1.4) with respect to t, we can (formally) arrive at the so-called Cattaneo-Fourier law (cf. [24,29,30])

0q:(t) +qt) = —Vo(). (1.6)

On the other hand, evolution equations under Colemann-Gurtin theory for the heat conduction (cf. [6]) have also been
studied extensively (see, for instance [1,2,10,17]). There the heat flux q depends on both the past history and on the instan-
taneous of the gradient of temperature:

o0

q(t) = —K; Vo () —/K(s)ve(t—s)ds, (1.7)
0

where K; > 0 is the instantaneous diffusivity coefficient.

There are a lot of work on thermoelastic plate equations in the literature. For linear thermoelastic plate equations without
memory effects in heat conduction, exponential stability of the associated Cyp-semigroups has been proven under different
boundary conditions (cf. [32, Section 2.5], [35,36]). On the other hand, when the heat flux is modeled by non-Fourier laws,
well-posedness and stability for the corresponding linear thermoelastic plate equations have been investigated in several
recent papers (cf. [12,14] and references cited therein).

In this paper, we consider the nonlinear problem (1.1)-(1.3). Asymptotic behavior of global solutions to nonlinear isother-
mal plate equations has been considered before. We may refer to [22,25], where convergence to equilibrium as t — co was
obtained by the well-known tojasiewicz-Simon approach under the assumption that the nonlinearity is real analytic. How-
ever, to the best of our knowledge, there are few results on the long-time behavior of global solutions to nonlinear plate
equations with thermal memory like (1.1)-(1.3). This is just the main goal of the present paper. First, we prove the existence
and uniqueness of global solutions to (1.1)-(1.3). Then we derive some uniform estimates which yields the precompactness
of the solutions and furthermore the existence of a global attractor. Finally, combining some techniques for evolution equa-
tions with memory and for plate equations, we are able to prove the convergence of global solutions to single steady states
as time goes to infinity via a suitable Lojasiewicz-Simon type inequality. Moreover, we obtain some estimates on conver-
gence rate. Further investigations concerning the infinite dimensional system associated with our problem such as existence
of exponential attractors, etc., can be made by adapting the arguments in recent papers [10,34].

Our problem (1.1)-(1.3) is an evolution system with memory. It is well known in the literature that it would be more
convenient to work in the history space setting by introducing a new variable 1 called summed past history of 6. This
approach has been proven to be very effective in analyzing such kind of evolution systems (cf. [1,2,10,11,13,14,16,17,19,33,
34]). On the other hand, it has been pointed out in the previous literature that when memory effects are present, the
additional variable n does not enjoy any regularizing effect. As a result, to ensure the precompactness of the trajectory,
we have to make suitable decomposition of the solution which is typical for dissipative systems. To overcome the lack
of compactness of the history space M in which the variable 7 exists, an ad hoc compactness lemma will be used (cf.
[10,11,19]).

Comparing with the Colemann-Gurtin law (cf. [1,2,17]), the dissipation in temperature 6 for our system is only due to
the memory effect, which is rather weak. The stronger dissipation provided in the Colemann-Gurtin law would make the
problem easier to be dealt with. For instance, we can refer to [1] in which the authors considered a nonisothermal phase-
field system with (1.7) and proved convergence to equilibrium for global solutions by the Lojasiewicz-Simon approach (see
also [2] for a conserved phase-field model). To overcome the difficulty due to such a weaker dissipation under the Gurtin-
Pinkin law (1.4), it is necessary to introduce a suitable additional functional which may vary from problem to problem to
produce some new dissipations (cf. [10,11,13,19,33] and references cited therein). By using this idea, convergence to equi-
librium for a nonisothermal Cahn-Hilliard equation was proven in [33] and in [13] a nonconserved phase-field model of
Caginalp type consisting of two coupled integro-partial differential equations was successfully treated. Besides, in order to
prove the convergence result for our problem, we have to make use of an extended tojasiewicz-Simon type inequality asso-
ciated with a fourth order operator, which can be derived from the abstract result in [22]. Due to the structure of (1.2), the
standard Lojasiewicz-Simon approach used in the parabolic case must be modified by introducing an appropriate auxiliary
functional (see Section 5) which usually depends on the problem under consideration (cf. [13,22,33,34,40] and references
therein). In our case, the required auxiliary functional is formed by adding two perturbations to the original Lyapunov func-
tional of system (1.1)-(1.3) and coefficients of those perturbations should be chosen properly. As far as the convergence
rate is concerned, it is known that an estimate in certain (lower order) norm can usually be obtained directly from the
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Lojasiewicz-Simon approach (see, e.g., [18,23,42]). Then one straightforward way to get estimates in higher order norms is
using interpolation inequalities (cf. [15,23,33]) and, consequently, the decay exponent deteriorates. We shall show that by
using suitable energy estimates and constructing proper differential inequalities, it is possible to obtain the same estimates
on convergence rate in both higher and lower order norms. In particular, we find that as long as uniform estimates in
certain norm can be obtained, we are able to prove convergence rate in the corresponding norm without loss in the decay
exponent. In our case, we can also avoid using the decomposition argument used in [33] for this purpose. This technique
has been successfully applied to other problems as well (cf. [9,20,28,39,40]) and it could be used to improve some previous
results in the literature (e.g., [13,15,27,33,41]). At last we show that actually better results on convergence rate for problem
(1.1)-(1.3) can be obtained if we use the decomposition of the trajectory z =zp + z¢ (see Section 4). More precisely, the
decay part zp converges to zero exponentially fast while the compact part z¢ converges to equilibrium in a higher order
norm with the same rate as for the whole trajectory.

The remaining part of this paper is organized as follows. In Section 2, we introduce the functional setting, the main
results of this paper and some technical lemmas. Well-posedness of problem (1.1)-(1.3) is proven in Section 3. Section 4 is
devoted to the uniform estimates and precompactness as well as the existence of a global attractor. In the final Section 5,
we prove the convergence of global solutions to single steady states as time goes to infinity and obtain an estimate on
convergence rate.

2. Preliminaries and main results

We shall work under the functional settings used in e.g. [14]. Consider the positive operator A on L?(£2) defined by
A = —A with domain D(A) = H?(£2) N H}(£2). Consequently, for r € R we can introduce the Hilbert spaces V' = D(A"/?),
endowed with the inner products

(w1, wa)yr = (A2wq, A72ws), Ywi,wae V',
where (-,-) denotes the inner product in L%(£2). It is easy to see that the embedding V' < V2 is compact for r; > r,. In

what follows, we shall denote the norm in L2(§2) by || - || for the sake of simplicity.
We suppose that « is vanishing at co. Moreover, denoting

wnis) = —«'(s),

we make the following assumptions on .

(H1) e WEI(RY),

(H2) p(s) >0, p'(s) <0, Vs e RT,

(H3) w/(s) +8u(s) <0, for some § > 0, Vs e RT,
(H4) k(0) = [3° ja(s)ds := ko > 0.

From recent work [4,13,37] and references cited therein, assumptions on © might be properly weakened and our results
still hold. Our results also hold under the assumptions made in [33,34] where (H1) (cf. [13]) is replaced by € C'(RT) N
LT(R™). In that case, u is allowed to be unbounded in a right neighborhood of 0 and this can be handled by introducing a
“cut-off” function near the origin.

For the nonlinear term f, we assume that

(F1) f(s) € C2(R).

1
(F2) liminf & >——
|s|>+oc0 S Co

where Cg, is the best constant depending only on §2 such that

Wl o) < CollAWIE, o).

In order to prove the convergence to steady states, instead of (F1), we assume
(F1) f(s) is real analytic in s € R.

We will also make use of the Poincaré inequality
Iwll < CplIVW], w e Hj(£).

where Cp is a positive constant depending only on §2.
In view of (H1), (H2), we introduce the weighted Hilbert spaces for r € R,

M =12 (RF: V"),
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with inner products

oo

(M, myae =//L(s)(Ar/2n1(s), A2 15(5)) ds.
0

Here we notice that the embeddings M" < M2, for r; > ry, are continuous but not compact (cf. [10,11]).
Finally, we define the product Hilbert spaces

V=V VT VEx M reR,
with norm
1213 = | AR 22, |* 4 | A2z |* + | A7 225 + l1zall% g1

for all z= (z1, 22,23, 24)T € V".
It is convenient to work in the history space setting by introducing the so-called summed past history of 6 which is
defined as follows (cf. [7,12,14]),

S

7 (s) = / 6(t— y)dy. (t.5) € [0, 00) x B, 21)
0

The variable n* (formally) satisfies the linear equation
nks) +nis) =6(t), in 2, (t,5) eRT x RY, (2.2)
subject to the boundary and initial conditions

n'(0)=0, in £, t>0, (2.3)

no(s):no(s):/qb(y)dy, in 2, seR™. (2.4)
0

We introduce a linear operator T on M defined by

Tn=-ns, neD(), (2.5)
with domain

D(T)={neM"' | nse M', n(0)=0}, (2.6)

here and in above 7y is the distributional derivative of 1 with respect to internal variable s.
As in [13,19], we notice that an integration by parts in time of the convolution products appearing in the equation for 6
leads to

o0
0 — Aug —/M(S)Ant(s)d5=0,
0

(2.7)
Uy — Aug + A(Au+6) + f(u) =0.
Let us now introduce the vector
T
z(t) = (u(t), v(t),0(t), n°)",
and denote the initial data by
20 = (ug, vo, 60, o) € V°.
Our problem (2.7), (1.2), (1.3) can be translated into the nonlinear abstract evolution equation in }°,
zt=Lz+ G(2),
{ t (2) 28)
2(0) = zo,
with
T
G(2)=(0,—f(),0,0)". (2.9)

Here the linear operator L is defined as
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u v
: % _ —Av — A(Au —0) (210)
0 —Av — [ u()Ant(s)ds |
n 0+Tn
with domain
v, Au - fev?
D(L)={ze)° iboiﬁ/(ls)Anf(s)dse /o (211)
neD(T)

Remark 2.1. System (2.8) is obtained through formal integration by parts, however one can show that it is in fact equivalent
to the original problem (1.1)-(1.3) (cf. [14]).

Now we are ready to state the main results of this paper

Theorem 2.1. Let (H1)-(H4) and (F1), (F2) hold. The semigroup associated with problem (2.8) in V° possesses a compact global
attractor A in V°.

Theorem 2.2. Let (H1)-(H4) and (F1Y, (F2) hold. Then for any zo = (ug, vo, 6o, 70)" € V0, there exists us, being a solution to the
following equation

2 _
{A Uso + fUco) =0, x€£2, (2.12)
Uso = AlUo =0, x€eT,

such that as t — oo,

U(t) = Ugo, in V2, (2.13)

V() =0, 6@t —0, inl%(R), (2.14)

nt—0, inM. (2.15)
Moreover, there exists a positive constant C depending on the initial data such that

__p__
Ju® —us |2 + [vO |+ 0@ | + 0]y <CA+0)" T2, ve>0, (216)

with p € (0, 1/2) being the same constant as in the Lojasiewicz-Simon inequality (see Lemma 5.3).

Remark 2.2. With minor modifications, corresponding results can be proven for equations under various other type of
non-Fourier heat conduction laws:

o0
O + 10 — 2 AO — Aur + / Kk(s)[c30(t —s) — AO(t — )] ds =0, (217)
0

with cq, ¢z, c3 being nonnegative constants. When ¢y > 0, we have a (dissipative) term c16 in (2.17), which is arising from
the assumption that besides the heat flux, the thermal power depends on the past history of 6 (cf. [12]). The case ¢; >0
corresponds to the Colemann-Gurtin theory as mentioned before. Moreover, we may refer to [12,31] for the case c3 > 0.
Although there might be additional terms like c16, —c; A6 and fOOOK(s)C39(t — s)ds in the equation, these terms provide
stronger dissipations on 6 from the mathematical point of view, which make the extensions of our results possible.

For reader’s convenience we report below some helpful technical lemmas which will be used in this paper. The first one
is a frequently used compactness lemma for the spaces M" (cf. [14, Lemma 2.1]).

Lemma 2.1. Let T, (y) be defined as follows

2
= [ welaiefe g1 (218)
0,1/y)U(y,00)

IfC c M! satisfies

(1) supyec MMl a2 < 00,
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(ii) sup,ec ITNl A <00,
(iii) limy—, 0o (supyec Ty(¥)) =0,

then C is relatively compact in M1,
The following lemma can be found in [3].

Lemma 2.2. Let X be a Banach space and Z € C([0, o0), X). Let E : X — R be a function bounded from below such that E(Z(0)) < M
forze X If

d
EZO)+8] 0] <k,

forsome § > 0 and k > 0 independent of Z, then for all € > 0 there is to = to(M, &) > 0 such that
E(Z(0) <suplE@®): 8l 1% <k+e). V>0,
€

3. Well-posedness

By using the semigroup approach, we are able to prove the existence and uniqueness of global solution to system (2.8).

Theorem 3.1. Suppose that assumptions (H1), (H2) and (F1), (F2) hold. Then for any initial data zg = (ug, vo, 6o, no)T € V°, system
(2.8) admits a unique global solution z(t) € C([0, +00), V?).

Proof. We apply the semigroup theory (see, e.g., [42, Theorems 2.5.4, 2.5.5]).
Since

N[ =

(T, map = fu’(s) |AY2n(s)|*ds <0, ¥neD(T), (€R)
0

it is easy to see that

(Lz,Z)y0 = —|VV|2 + (TN, n) o <O, Vze D(L). (3.2)

By a similar argument in [12, Section 3] (see also [14]) we can show that I —L: D(L) — V9 is onto. Thus L is an m-accretive
operator. On the other hand, by the Sobolev embedding theorem, for any z;, z; € V° with |z, lyo <M, [|z2]ly0 < M, there
exists a constant Ly; > 0 depending on M such that

[G(z1) — G(22) |0 < Lmllur — uzlly2 < Lumllzi — z2llyo.

Therefore, G(z) is a nonlinear operator from V° to VO satisfying the local Lipschitz condition. Consequently, local existence
of a unique mild solution z(t) € C([0, T], V°) follows from [42, Theorem 2.5.4].
Next we prove the global existence. Taking inner product of (2.8) and z in V°, we get

d (1 17
a(illza)uf,ﬁ/tf(u)dx) +IVvI? - E/M’(S)||A1/277t(5)“2d3=0, (33)
2 0

where F(u) = [y f(y)dy.
Assumption (F2) implies that there exist constants § € (0,1) and N = N(§) > 0 such that (cf. [5])

1-6,
F(S)>_ES , for|s|>N.

To see this, let M be a positive constant such that f(z)/z+ % > % for |z| > M and certain § € (0, 1). Then we have

M s

1 fo 1 fizy 1 28 (s> M2 5§
F — 2= [ (2 )zdz 90 zdzsco+ 22 (-2 ) > 22, 34
©)+ 303 /( z +CQ>Z +/< z T )t e\ )7t (34)
0 M
for
2CoC
52>max{2M2—Tg,0}:=N2,

For negative s one can repeat the same computation with M replaced by —M.
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Now we have

[rari= [ Faaxr [ Fadcc -5 [@acc(er ). (35)
2
2

2 lu|<N |lu|>N

where C(|£2[, f) = |£2|minjs;<nF(s).
By the definition of Cg in (F2) we can deduce

1-6
[ Fanaxz =22 1aup + e ). (36)
Q
This implies that for any € € (0, §] there holds

1 1-—
5120150 + / Fade= 2030 + —— 200 + / Fadx > £ [z [0 +C(21. f). (3.7)
2 2
As a result,
1 2 1/1 2
Euz(t)”vo < g<§”z(t) |30 + / Fuydx — C(|£2]. f)). (3.8)
2

Integrating (3.3) with respect to t, we infer from (3.8) that

2
|20 < C(l20lly0. 1821, f), Ve=o0. (3.9)
This uniform estimate together with [42, Theorem 2.5.5] yields the global existence, i.e., z(t) € C([0, +00), V°). Moreover, it
is not difficult to check that for any zgq, zg2 € VO, the corresponding global solutions z1(t), za(t) satisfy

2
|z16) = z2(0) | 10 < Crllzor — 2020130, 0<E<T, (3.10)

for all T >0, where Cr is a constant depending on the norms of zg;, zgz in V° and T.
The proof is complete. O

Remark 3.1. From the above theorem, we can see that the solution to our problem (2.8) defines a strongly continuous
semigroup S(t) on the phase space V9 such that S(t)zp = z(t).

4. Precompactness of trajectories and global attractor

In this section, we will first prove (i) uniform estimate of the solution which also indicates the existence of an absorbing
set, (ii) precompactness of trajectory z(t). In what follows, we shall exploit some formal a priori estimates which can be
justified rigorously by the standard density argument.

Lemma 4.1. Let (H1)-(H4) and (F1), (F2) hold. There exists a positive constant Rq such that the ball
Bo:=]zeV°| lzllyo < Ro}

is an absorbing set. Namely, for any bounded set B € V9, there is to = to(13) > 0 such that S(t)B C By for every t > to.

Proof. Multiplying the second equation in (1.1) by &2u, integrating on £2 and adding the result to (3.3), we get

o0
d /1 g2 1
a(g}lzmllio + 5 IVl +/F(u>dx+52/uvdx> FIVVI? —e2fv)? — 5/;/(5) |42 ()[* ds + &2 Au]?
2 2 0
:—ssz(u)udx—}-aZ/OAudx. (41)
2 2

In order to apply Lemma 2.2, we need more dissipation on the left-hand side of (4.1). To such an aim, we introduce the
following functional (cf. [13,19,33] and references cited therein)

o0
J© =~ / 1[0 ), n'(s))ds. (42)
0
It turns out from the Holder inequality and (H1) that
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o0

1 1
o] < 60| / w61 ) ds < 5 |00+ 5 |16 e / (s ds < 2. (43)
0
Besides, a direct calculation yields (cf. (2.2), (2.7))
d o0 o0
G/ O=- / W) (t), ' (s))ds — [ (O, ni(s))ds
0 0
o0 o0 2 o0
- / p()(Au(t), n'(s))ds — / w(&A 2 (s)yds| —kollOll* + / (S(B@), 15(s))ds. (4.4)
0 0 0

Terms on the right-hand side of (4.4) can be controlled in the following way:

[ee]

r 1
- f w(s)(Aue(t), n'(s))ds| = / (Vv (), Vi'(s))ds| < 5||Vv\|2+K2—°\|nf||i4], (4.5)
0 0
o] 2 [ee] o]
/ 11(5)A 21 (s)ds / [1(s)ds f (A2, AVt )ds < ko0 (4.6)
0 0
f w($)(O ), ni(s))d / W ($){O), n'(s))ds f w©[e® |0 s)] ds
0 0 0
<Ly -y / W )| A2t (5)|? ds, (4.7)

0

where in (4.7) we use (H1) that u’ is integrable (this can be weakened as mentioned in the previous section) and C; > 0
depends on kg. Now we can conclude

o0

d 1
IO+ 101 < SIVV I + Coln' [ — € /M/(S)HA”Znt | s, (438)
0

where C; = 3% > 0. Multiplying (4.8) by 2¢ and adding it to (4.1) we obtain

d (1 2 &’ 2 2 21112
a(5||z(t)||vo+7||wn —I—[F(u)dx—i—s /uvdx+28](t))—8 vl
2 2

o0
1 2
+ (1= 8)IVv|? + exoll]® — (5 fzcle)/u’(s)HA”zn‘@H ds + & || Au]?

0
—82/f(u)udx+gz[9Audx+2czs\|nf|}§w. (49)
2
Define
¥ (z(t) = —Hz(t)”vo +Z ||Vu(t)|| +/F(u(t)) dX+82/u(t)v(t)dx+2£](t)
2 2
and
F(lully2) =82 [F(y)|.

ly I<\I |IV2

Due to (F1) and the Sobolev embedding theorem V2 < L*°(£2), we can see that F(s) is bounded for |s| < M, VM > 0. It
follows from this fact and (3.7) that for all z€ V° and ¢ sufficiently small there holds

C3l1zll50 — Ca < ¥ <zl + F(llully2), (4.10)

where C3, C4 are positive constants independent of z.
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(F2) implies that there exist constants ¢ > 0 and N = N(o) > 0 satisfying
1-0
f(s)s>———s% VIs|>N.
Ce

As a result,

1

/f(u)udX>— c
2

__QG lull®+ (121, f) = —(1 — )| Aul* + C(12], f), (411)

where C(|£2[, f) = |£2|minj¢n f(5)s.
Moreover, from (H3), we can see that

— [welarol sz [ uelao) o (412)
0 0

and by the Hélder inequality we have

&2 / 0 Au dx

(9}

K
<eZ 101 + Cse | AP (413)
In (4.9) and (4.13) we take ¢ small enough such that

4°16C;’° 16Cy " 2Cs’ 2Cp
Then it follows from (4.9)-(4.13) that

0<8<min{f _——, — —}

d
WO +30]20] 3o <k. (4.14)

where &g is a constant depending on &, 0,6, ko and k is a certain positive constant depending on &, |§2|, f, 8,0, N(o).
We infer from Lemma 2.2 that there is tg =to(/8) > 0 such that

¥ (2(0) < sup {W(®): Soll&130 <14k}, Ve=>to,
1 19%

which together with (4.10) implies the existence of absorbing set.
The proof is complete. O

Next we prove the precompactness of solutions to problem (2.8). Since our system (2.8) does not enjoy smooth prop-
erty as parabolic equations, it suffices to show that the semigroup is asymptotically smooth (cf. [38]). To accomplish this,
we make a decomposition of the flow into a uniformly stable part and a compact part (cf. [10,11,13,19,34]). Namely, we
decompose the solution to (2.8) with initial data z(0) = zg € V° as

2(t) = zp () + zc (),
where zp(t) = (up(t), vp(t),0p(t), n))T and zc(t) = (uc(t), ve(t), Oc(t), no)T satisfy

d
a’o =L (415)
zp(0) =29

and

d
EZC =Lzc 4+ G(2), (4.16)

2c(0) =0.

Similar to Theorem 3.1, it is easy to check that system (4.15) admits a unique mild solution zp(t) € C([0, +0c0), V°). More-
over, we have

Lemma 4.2. There exist constants C, 81 > 0 such that the solution zp of (4.15) fulfills

|zo® 0 < Ce—%'f, vt >0, (4.17)

where C > 0 is a constant depending on | zo||y.
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Proof. Let Ep(z) : V? — R be defined as follows

Eo(zp) = |20 [} -+ e21Vunl® + 267 [ upvpd-+4e o) (418)
2
with
Ip(®) ::—/u(s)(en(t),ng(s))ds. (4.19)

0

It is easy to see that for ¢ > 0 sufficiently small

1
SIz0150 <Ep(zp) < 2l12p 3,0- (4.20)

Similar to the proof of Lemma 4.1, we can show that there exists §; > 0 such that

d

3 Ep@p) +281l1zp 30 <O. (4.21)
As a consequence of (4.20), we have

d

EED(ZD)"F‘S]ED(ZD)go (4.22)

which yields

Ep(zp(®) < Ep(zp(0))e ™™, vt>0. (4.23)
(4.17) follows immediately from (4.20) and (4.23). O

Next we analyze zc. For initial data zgp € V0, we can see that z¢(t) = z(t) — zp(t) belongs to a bounded set in V° for
t > 0. In what follows we will show that z¢ is more regular and actually it is uniformly bounded in V.

Lemma 4.3. For all zy € V°, there exists C > 0 depending on lzollyy0 such that

|zc® 1 <C, ve=o0. (4.24)

Proof. Taking the inner product of (4.16) and Azc in V°, we have

o0
%(% |AY2zc ||f;0 + / fw)Auc dx) +||Avcell® — %/,u/(s) | Ant(s) ||2ds = / f'(u)vAuc dx. (4.25)
2 0 Q2
Multiplying the second equation in (4.16) by Auc and integrating on §2 we get
%(%HAuCHZ + / vcAuc dx) + HA3/2uCH2 - HAl/ZvC H2 = —/f(u)AuC dx + / Abc Auc dx. (4.26)
2 2 2
Let
o0
Je®) =~ [ WA 00, AV 0)ds. (427)
0
Then in analogy to the argument in Lemma 4.1, we have
[o¢]
112 2, 1y g2 2
[Je®] < S [A20c O]+ 5 [ne®) f 1u(s)ds < Clzc® |} (4.28)
0

and

oo

d 1

GO+ K2—° |46 |* < S1Avel? + Co|[nt e = €7 f W) Ant|)* ds, (4.29)
0
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here Cg, C7 > 0 depend on ko. Introduce the functional

D(t) = HA”ZZC(t)HiO+2/f(u)Aucdx—l—ZSZ/chucdx+82||Auc||2+48]c(t)+k,
2 2

where k > 0 denotes a generic constant depending on ||zg||y0.
It is easy to see that, if the constant k appearing in the definition of & is large enough and & is small enough, there
holds

1
51412250 < @ <2422 030 + C (1200l o) + k- (4.30)
It follows from (4.25), (4.26), (4.29) that

oo
1d 1
S 8O+ =a)lAvel® - (5 - 2C7s> /u’(s)HAng(s)szs — 2| AV 2vc|? + 2| A uc|? + exo| A0 |

0
gff’(u)vAucdx+2C68||ntc||fM2 —ssz(u)Aucdx+€2/A9cAucdx
2 2

2
=L+ +13+14. (4.31)

The right-hand side of (4.31) can be estimated as follows. By (F2) and the Sobolev embedding theorem we get

82

Il = /f’(u)vAucdx <[ f' @ lviiAuct < c(121, IAul) v || A 2uc] < ZHA3/2ucHZ+c. (432)
2
Besides,
2
II3] = | &2 / flAucdx < e f | laucl < 5 |4%2uc|* + . (4.33)
2
[a| = 82/AuCAHCdx < SzﬁHAlﬂec 1> + Cse?| A*2uc |, (4.34)

2

where in the above three estimates, C > 0 is a constant depending on ||zo||,0 and Cg = ﬁ
In (4.31)-(4.34), we take & small enough such that
(11 1) 1 1
O<e<miny{-, —, —, ——, — . (4.35)
4 2Cp 16Cg 16C7 4Cg

Consequently, we can obtain the following inequality

%@(t) +8,@(t) < C, (4.36)

where 8, > 0, C > 0 are constants depending on ¢ and ||zo||y0.
(4.30) and (4.36) yield

[A2zc )]0 <C, VE>0.
The proof is complete. O
In order to obtain the required compactness, we have to take care of the fourth component n‘. Embedding V! < }°
is not compact because embedding M? < M! is not compact in general. However, we have the following lemma whose

proof is becoming standard (cf. [11,16,19] and references therein). For the sake of completeness, we give a sketch of the
proof.

Lemma44. et C = U[>0 ntc. Then C is relatively compact in M.

Proof. It is obvious that C c M. According to Lemma 2.1, we need to verify
Inc|ppe <C, t>0, (4.37)
ITne| v <C. t>0, (4.38)

lim (gg Tyt (Y)> =0. (4.39)

y—>00
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(4.37) follows from Lemma 4.3 immediately. Since z¢(0) =0, n¢ has the following explicit representation formula

s - <
O [
Differentiating it with respect to s yields
Tyh(s) = {;QC“ - S:;g : (4.41)
Thanks to (H4) and Lemma 4.3, we have
[ee] t t
/M(s)HA”zrng(s)Uzdsz/M(s)HA”ZTnfC(s)szs:/M(s)HAl/zec(t—s)szsgC, (4.42)
0 0 0

which yields (4.38). This also implies that n‘c € H}L(]RJ“; vh.
(4.40) and Lemma 4.3 imply that

|AV20t ) |> <C(1+5%), Vs>o0.

For y > 1, we define

im=c [ o+
(0,1/y)U(y,00)

It is obvious that (see the definition of T)
T, () <1(y).
Assumption (H3) implies the exponential decay of the memory kernel, hence we have

I(y)<C, fory=>1,

and as a consequence
lim I(y) =0,
y—o00
which yields (4.39). The lemma is proved. O
Lemmas 4.3 and 4.4 yield the compactness result we need
Lemma 4.5. For any zg € V°, Ut>0 zc (t) is relatively compact in V°.

Proof of Theorem 2.1. On account of Lemmas 4.1, 4.2, 4.5 and the classical result in dynamical system [38, Theorem 1.1.1],
we can prove the conclusion of Theorem 2.1, i.e., problem (1.1)-(1.3) possesses a compact global attractor A in V0. O

5. Convergence to equilibrium and convergence rate

In this section we prove the convergence of global solutions to single steady states as time tends to infinity. Let S be
the set of steady states of S(t),

§=1{zeV% syz=2z, forall t>0}. (5.1)
It is clear that every steady state Zo, has the form Zs, = (s, 0,0, 0)T, where u, solves the following equation

AU + fle) =0, x€ 82, (5.2)
with boundary conditions

Uso =Aloo =0, xel. (5.3)

The total energy

1
E© =5 [20]30 + / F(u)dy, (5.4)
2
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with F(u) = fou f(2)dz serves as a Lyapunov functional for problem (2.8). Namely, we have

)
%E(t) =—|Vv|®+ % /,u/(s) ||A1/2nf(s)||2ds <0, Vvt>O0. (5.5)
0
For any initial data zy € V9, its w-limit set is defined as follows:
(20) = {Zoo = (Uoo, Voo, B0, o) | At} such that z(ty) — zoo € VO, as t, — +o0}.

Then we have

Lemma 5.1. For any zo € V°, the w-limit set of zy is a nonempty compact connected subset in V°. Furthermore,

(i) w(zo) is invariant under the nonlinear semigroup S(t) defined by the solution z(t, x), i.e., S(t)w(z9) = w(zp) forallt > 0.
(ii) E(t) is constant on w(zg). Moreover, w(zg) C S.

Proof. Since our system has a continuous Lyapunov functional E(t), the conclusion of the present lemma follows from
Lemmas 4.3, 4.5 and the well-known results in dynamical system (see, e.g., [38, Lemma L1.1]). O

Remark 5.1. Since solutions to problem (5.2), (5.3) are smooth, points in w(zp) are smooth. In particular, w(zp) is contained
in a bounded set in V1.

After the previous preparations, we are ready to finish the proof of Theorem 2.2.

5.1. Convergence to equilibrium

For any initial datum zg € V°, it follows from Lemmas 4.3 and 4.5 that there is an equilibrium (us, 0, 0, 0)T € w(zp) and
an increasing unbounded sequence {t;}nen such that

m (utn) = usofyz + v | + [0 | + o' @] v ) =0 (56)

Actually, the convergence for v, 6, n can be proved directly as follows:
Lemma 5.2. Under the assumptions in Theorem 2.2, we have

V() =0, 0@t)—0, inLl%*R), (5.7)
and

n'—0, inM', (5.8)

as time goes to infinity.

Proof. Taking the inner product of (2.8) with z in V1, we get

o0
1d 2 1
S g 17O ==lvi*+ 5 / 1 )0t n'yds — (F). v), . < —(F@).v),. (5.9)
0
where in the last step we use (H2). Then the Holder inequality, (3.9) and the Sobolev embedding theorem yield
1d 2
EE(IIVH%,_] +lel3 - + In* | p0) < —(u, vy = (f@), v}, < CllAullv] +C| fa |lIvil <C, (5.10)

where C is a constant depending on [ zglly0.
Multiplying (4.8) by 2¢ and adding it to (3.3) yields
d /1 2 2 2
—| s |z® |50 + | Fwydx+2e](t) | + (1 —&)|VV[* + &Kol
dr \ 2 V
Q

oo
1
- (5 - 2c1e> / 1 ()] AVt (s)])* ds < 2Ca | ' |- (5.11)
0
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It follows from (H3) that

d (1 1
E(E |z(t) \ﬁ,o + / F(u)dx+28](t)) +(1=9)|VV|? +exoll0]®> + [5(5 - 2C18) - 2C2€] [n* ||fw <O0. (5.12)
2
Taking ¢ sufficiently small and integrating (5.12) with respect to t, we get
o0
2
/(nwn2 + 10117 + 0" ) dt < o0 (5.13)
0
Denote
2
he) = VI3 + 10151 + 7] - (5.14)

Then from the continuous embedding V! < V%< v—1 AM! < MO, we can conclude from (5.13) that

h(t) € L(0, 00). (5.15)
This and (5.10) imply

lim h(t) =0. (5.16)
t—400
Finally, (5.7) and (5.8) follow from (5.6) and (5.16). The proof is complete. O

In order to complete the proof of Theorem 2.2, it remains to show the convergence of u. This can be done by making use
of a suitable Lojasiewicz-Simon type inequality. In our case, it would be convenient to apply the abstract version in [22].
Denote

S(u)=%/|Au|2dx+/F(u)dx. (5.17)
2 2

Then we have

Lemma 5.3 (tojasiewicz-Simon type inequality). Suppose that assumptions (F1)/, (F2) are satisfied. Let Y be a critical point of £ (u).
There exist constants p € (0, %) and B > 0 depending on v such that for any u € V2 satisfying ||[u — || v2 < B, there holds

|A%u+ fa,— > €@ — )| " (5.18)

Remark 5.2. We note that a “smooth” version of Lojasiewicz-Simon inequality of similar type has been introduced in [25].
However, the solution to our problem no longer enjoys the smooth property as in [25].

We prove the convergence result following a simple argument introduced in [26] in which the key observation is that
after certain time to, the solution u will fall into the small neighborhood of us and stay there forever. Unlike parabolic
equations, in order to apply the Lojasiewicz-Simon approach to our problem we have to introduce an auxiliary functional
which is usually a perturbation of the Lyapunov functional E(t) due to the structure of (2.8) (cf. [22,25,33,40] and references
cited therein).

Define
1 1 1 i
HO =5 v | + o lo|? + 3 [ |5 + E®) —a/u(s)(e(t), n'(s))ds + e(A*u®) + f(u®). v(©), .  (519)
0

where @ > 0, € > 0 are two coefficients to be determined later. It is easy to check that H(t) is well defined for t > 0.
A direct calculation yields

[e'9) oY) o0 2
dH 1[0, 1
E:—||Vv||2+5/u (S)HA]/Znt(S)HZdS—Ol//L(S)(AU[(t),nt(s))dS—O(KoHGHZ—Ol /H,(S)A%]]t(s)ds
0 0 0

+ot/,u(s)<9(t),nﬁ(s))ds—i—s[”Azu+f(u)||‘2/,2 +(A%u+ f(u), Av — A6),_, +(A*v + f'wv.v),.].  (5.20)
0

It follows from the Holder inequality, the Poincaré inequality and the Sobolev embedding theorem that
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1 1
(A% + f), Av — A6), | < [ A%u + F@ o +1IvI2 + 1612 < S 1A%+ Fal5 .+ CollVvIE + 1617, (521)
[(A%v + f'@v. v), S| < IVIP+ | F/ @] IvIP < Crol VY2, (522)

where Cg = C,% and Cyo > 0 depends on Cp and ||Zo||y0. Recalling (4.8) and (H3), we deduce from (5.20)-(5.22) that

o0

dH 1 1 2

= < —[1 — 50— (Co +C10)8} Vv + (5 - c1a) /u’(s)HA”an(s)H ds
0

1
- (? —e)nen2 + G’ ©) [ — 542+ S}

1 2 1 ¢ 2
< - 1—§0l—(C9+C10)€ Ivvi® — E—Cﬂx 8 — Coax | [0 ()| 0

1
. (% —e;)||9||2 —SelAtu+ fal? . (5.23)

We take o > 0 small enough such that

1 1 1 1
- —Cia |§—Cx>-6 and - < -, (5.24)
2 4 2 4
namely,
. ) 1
O<a<mn{——, - ¢. (5.25)
4(C16+Cy) 2
After fixing o, we take & > 0 sufficiently small satisfying
0 8<min{ ! 1ouc } (5.26)
< _— . .
ST aCo+ Cig) a
As a result, there exists a positive constant ¢ such that
d 2 2
FHO< =y (IVVI?+ 0" &) | o + 1017 + | A%u + fF@) |y —2)- (5.27)

Thus H(t) is decreasing on [0, co). Because H(t) is bounded from below, it has a finite limit as time goes to infinity. On the
other hand, it follows from (5.6)-(5.8) that as t, — oo,

H(tn) = Eco = E(Uoo)- (5.28)

From (5.27) we can infer that H(t) > £(us) for all £ > 0, and the equality sign holds if and only if u is independent of t
and solves problem (2.12) while 6 =v =n' =0.
We now consider all possibilities.

Case 1. If there is a tp > 0 such that at this time H(tg) = £(u«), then for all t > tg, we deduce from (5.27) that
IVv| =0. (5.29)
Namely, u is independent of time for all ¢t > tg. Due to (5.6), we can see that (2.13) holds.

Case 2. For all t > 0, H(t) > £(u). In this case, there holds

d 1d
— (HO - EUee))’ = —p(H(t) — Euso))” 15H<t), (5.30)

here p € (0, %) is the exponent in Lemma 5.3. By the Holder inequality, we obtain
(H = E@oe) " < C(IVIPT + 101202 + [ ” + @) — E@oa) |
1010 ot + | A%u + Fan |y S Ivit=). (5.31)

Besides, the Young inequality yields

|A%u+ fa|, 5 Ivi =" < | A%u+ fFa), - +Cllv] . (5.32)
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Noting that (1 — p)/p > 1 and 2(1 — p) > 1, by the uniform bounds obtained in previous section, we conclude

(H = Eoe) 2 <CWVI+ 101+ [0 ppr + [ A%u + FW)]y > + [E@) — Eoe)| 7). (5.33)

It follows from (5.6) that there exists N € N such that for any n > N, [lu(ty) — Usolly2 < 8. Set
tn=sup{t >ty | |u(T) — oo 2 < B. VT € [tn. 1]} (5.34)

Observe that f, > t, for all n > N, due to the continuity of the orbit in V. Now we have to deal with two subcases.
(a) There exists ng such that t,, = co. By Lemma 5.3, (5.20), (5.30), (5.33) and the Poincaré inequality, we can conclude
that

IVVIZ+ 17 )0 + 1017 + 1A% + Fa)l3
VI 101+ 11 aqr + I1A2u + f)ly -2 + [EW) = Eueo)|!=°
> Cu(IVvl+ 05 | o + 100+ [ A2u+ F@) ] —2)- (5.35)

Integrating from t,, to t, we obtain

d
— 5 (HO = Ewx)” > Cpy

t
(H®) — Ese))’ + Crr / (Vv + [0S | g + 101+ | A%u+ F@) | —2) dT < (H(tny) — Euao))”. (5.36)

tng
Recalling that H(t) — E(ux) = 0 for t > 0, we infer
t

f“v(r)”v1 dT <00, Vt>ty,. (5.37)

tng

Thus, u(t) converges in V. Then by the precompactness property of u(t) in V2 (see Section 4), we can conclude (2.13).
(b) For all n e N, t, < oco.
Since H(t) is decreasing in [0, co) and it has a finite limit Eo, = E(Ux) as t — oo, then for any ¢ € (0, B) there exists an
integer N such that when n > N, for all t > t; > 0, there holds

(H(tn) — Eose))’ — (H®) — EUs))’ < %;. (5.38)
As a result, for n > N there holds

i

/Hv(r)”w dr < % (5.39)

tn

Moreover, by choosing N sufficiently large we have

[u(tn) — ool 2 < % vn > N. (5.40)

These imply that
tn
) — tioo |1 < ) — ttso |1 +/||v(f>|}w dr <¢. V>N, (5.41)
th

Therefore,

Clim |u(tn) — oo |1 =0. (5.42)

th—+00

On the other hand, the precompactness of u in V2 implies that there exists a subsequence of {u(t,)}, still denoted by
{u(tn)}, converging to U in V2. Thus for n sufficiently large, we get

”u(fn) - uooHV2 <8, (5.43)

which contradicts the definition of t,.
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5.2. Convergence rate

For t > to with to sufficiently large, it follows from Lemma 5.3 and (5.33), (5.35) that

%(H(t) — E(Uae)) + C(H(®) — Euae))” ™ <0 (5.44)

This yields (cf. [22,40,42])

H(t) — E(use) < CA+6)~VA720 1y > ¢, (5.45)

Integrating (5.33) on (t, o), we have
o0
/||v||‘,1 dt <CA+0)7P/0720) vt > ¢, (5.46)
t

By adjusting the constant C properly, we obtain

Ju®) — uso| yr <CA+0)"P/1=20 vt >0. (5.47)

Based on this estimate for u in V! norm, we are able to obtain the estimates (in higher order norm) stated in Theorem 2.2.
By subtracting the evolution equations (2.7) and their corresponding stationary equations (2.12), we have

o0

O — Aup —[[,L(S)A)’}t(s) ds=0,

5.48
; (5.48)
Ut — Allg 4+ A + A2(U — uno) + f(u) — f(Us) =0.
Similar to (3.3), we can see that
d /1 2 1 1 1 2
a<5 Ju®) = o] y2 + 5||v||2 + Enenz + 5 Il + / F(u)dx — / F(uso) dx — f fuco)(u - uoo)dx>
2 kol 2
1 o0
+ Vv = E/M’(S)HA]/Znt(s) ||2ds =0. (5.49)
0
Multiplying the second equation in (5.48) by u — u, and integrating on 2, we get
d /1 2 2 2
(5170 = VUl + [ v = usdx) = 1P + A - )|
=- /(f(u) — fuoo))(u — uoo)dX+/9A(u — Uoo) dx. (5.50)
Q2 2
Multiplying (4.8) by 2¢ and multiplying (5.50) by &2 respectively, then adding the resultants to (5.49) yield
d (1 2 1 1 1 2 &2 2
E<5\|u<t) = ttoofly2 + SIVIZ+ S 1012 + S [0 + 5 [V = uo)| +/F<u>dx
2
— / F(Uoo)dx — / FUoo) (U — Uso) dX + €2 / V(U — Ugo) dX + 28](t))
2 2 2
1 2 2
+(1 = VV|* +exolfll* + [(5 —2618)5 —ZCZS] |7 v + & A —uso) |
< &|v||® — &2 /(f(u) — fuse))(u — uoo)dx+82/0A(u — Ugo) dX. (5.51)

2 2

We now estimate the three terms on the right-hand side of inequality (5.51),
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2|viI> < e2C3 vV, (5.52)

—¢? f (fW) = fuso)) (U — uso) dx
2

<N f oo llu — uoel1? < C&2lu — usoll?, (5.53)

1
< ZSZHA(U—uoo)||2+82||6'||2. (5.54)

82/6A(u — Uyo) dx
2

On the other hand, by the Taylor’s expansion, we have

Fu) = F(oo) + fttoo) (U — tio) + f'(€) (u — uco)?, (5.55)

where & =au + (1 —a)uy with a € [0, 1].
Then we deduce that

/F(u)clx—/F(uoo)dx+/f(uoo)uoodx—/f(uoo)udx :‘/f’(g‘)(u—uoo)zdx
Q Q Q 2 Q

< FE ] oot = ttoo* < Cllut — oo || (5.56)
Let us define now, for t >0,

1 2 1 1 1 2 g2 2
YO = [u® = oo f[yo + S I+ S1012 + S 0 [y + 5 [ V@ = ueo) | +/F(u>dx
2

—/F(uoo)dx—ff(uoo)(u—uoo)dx+82/v(u—uoo)dx+28](t). (5.57)
Q Q 2

Taking ¢ sufficiently small, it follows from the Holder inequality, (5.56) and (4.3) that there exist constants yp, y1, )2 > 0
such that

Wllz = 2o 150 = ¥(O) > v2llz = 2ooll30 — Y11l — oo 1 (5.58)

Moreover, for small ¢ we can deduce from (5.51)-(5.54) and (5.58) that for certain y3 > 0, the following inequality holds

d

YO+ 735O < Cllu = usclly- (5.59)
The Gronwall inequality and (5.47) yield (see, e.g., [39,40])

YO SCA+0)2/0720 v >0, (5.60)
which together with (5.58) implies that

12 = Zoollyo < C(A46)"P/0720) "y > 0. (5.61)

The proof of Theorem 2.2 is now complete.

Before ending this paper, we give a further remark on the estimate of convergence rate. As has been shown in the
previous section, the solution z(t) to our problem (2.8) with initial data zo € V° can be decomposed into two parts
z(t) = zp(t) + zc(t), where zp(t) = (up(t), vp(t),Op(t), nﬁ))T and z¢(t) = (uc(t), ve(t), Oc(t), ntc)T satisfy (4.15) and (4.16),
respectively. It is also shown in Lemma 4.2 that zp(t) will decay to 0 in V° exponentially fast. This convergence rate is
obviously better than the rate for z(t) obtained in Theorem 2.2. As a result, we can easily obtain the following result for the
compact part z¢(t) from Lemma 4.2 and Theorem 2.2.

Proposition 5.1. Under the assumptions of Theorem 2.2, we have
l2c® = zoo]l o < CA+07P/0720 e >0, (5.62)

where C > 0 is a constant depending on | zg|\0 and zs, = (Ueo, 0,0, 0T.

Proof. We notice that

lzc®) = zos || o < [|2©) = 2o || o + 2D ®) | 0 (5.63)
il
lim e~ 21 +£)P/0-20) =, (5.64)
t——+o00

Then the conclusion (5.62) follows from Lemma 4.2 and (5.61) after the constant C is properly modified. O
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Moreover, Lemma 4.3 provides a uniform estimate of z¢ in V. As a direct consequence, this fact and Proposition 5.1

imply the weak convergence of z¢ such that
Zc(t) = Zoo, in V!, ast— +oo.

Based on the idea we used in the proof of Theorem 2.2, we are able to get a stronger result, namely

Theorem 5.1. Under the assumptions of Theorem 2.2, we have

l2c® = zoo[ 1 <CA+07P/0720 e >0,

where C > 0 is a constant depending on ||Zg||y0 and ||uce||y3.
Proof. Subtracting (2.12) from (4.16) we have

d
a7 (20 = 200) = L(z¢ = 200) + (0. —f (W) + f (o). O, 0),
(ZC - Zoo)|t:0 =Zx0-

Taking the inner product of the resulting system (5.66) and A(z¢ — zoo) in VO, we get

o0
d 1

1
" (5 |42 (zc = 200) |0 + f(f(u) — fuoo))Aluc — u@dx) +Avel? - E/M/m!lf\né(s) |*ds
2 0

=/f/(u)vA(uc — Uso).
Q2
Next, multiplying the second equation in (5.66) by A(uc — u) and integrating on £2, we have

d 1
a(/ VeAUC — Use) dx + 5 |A@e - uoo)H2> + | A2 e - uoo)H2 — |AY2vc “2
2

=— /(f(u) — fuoe))Auc — o) dX + / AOcA(uc — Uso) dx.
Q Q
Now we introduce the functional

T = | A2 (2c(0) — 2o) [ 0 +2/(f(u) — fUoo))Auc — uoo) dx
2

+2¢2 / VeAQUC — uoo) X + 2| Al — too) |* + 48 Jc(©).
2
It follows from Theorem 2.2, Proposition 5.1 and (4.28) that for t > 0,

< e llu — usoll | Aluc — uoe) | < C(141)=2P/1=20)

‘ /(f(u) — fUoo))AUc — o) dx
2

<vell||Atue — uso) || < €A +0)720/0720),

‘/VCA(uc—uoo)dx
Q

|Jc®] < Cllze = zooll31-

As a result, after choosing € > 0 sufficiently small, there is a constant C > 0 such that
|2¢(®) = zoo |31 <27 (®) + C(1 4+ £)~20/0-20),

It follows from (5.67)-(5.68) and (4.29) that

N =

d 1 r
GO+ a—elavel’ - (5 - 2C76)/u’(s) | Ant(s)|* ds
0

=22y |* 467 A% e —uoo)|* + exo A 26c

< / F VA — o) dx +2Ce8 |0t |2 - Szf(f(u) — f(us))Aluc — uoo)dx+82/AecA(uc — Ue) dx.
2

2 2

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)
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The right-hand side of (5.74) can be estimated as follows

/ FapvAue — o) dx| < | £/ @) | VI | Auc — uco) | < C(1+1)720/0=20), (5.75)
2
/ (F) = fuse))Aluc — ttoe) dX| < || f'lloo 1 — ool | A(uc — uoo) || < C(1 +1)~20/1720), (5.76)
2
& / ABcAuc — o) dx| < gzﬁ |AY26c |* + &3 | A¥ (ue —uso)| %, (5.77)

2

where in the above estimates C is a constant depending on [|zg|ly0 at most. Similar to the previous section, we can choose
& > 0 small enough and consequently there is a constant y4 > 0 such that

d
ZTO+rrO<ca+ t)~2r/(=20) (5.78)
As a result,
T <CA+0)2/020 0 w0, (5.79)

here C > 0 is a constant depending on [zplly0 and [luxllys (see Remark 5.1).
The required estimate (5.65) follows from (5.79) and (5.73). We complete the proof. O
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