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1. Introduction

Let f:[0,1] — R. For any n € N the Bernstein operator is defined by

. !
Bn(f:x)= an,k(X)fG), x€[0,1],

k=0

where pp(x) = (§)x (1 — x)"*.
The classical Voronovskaja’s theorem on the asymptotic behaviour of Bernstein polynomials can be stated as follows.

Theorem 1. (See Voronovskaja [11].) If f is bounded on [0, 1] and, for some x € [0, 1], f is differentiable in a neighbourhood of x and
possesses a second derivative f”(x), then

_ x(1—x)
)
If f € C?[0, 1], the convergence is uniform.

Mim n(Br(f:x) = fx)) (0.
S.N. Bernstein gave the following generalization of Voronovskaja’s Theorem 1.

Theorem 2. (See Bernstein [1].) If g € N is even and f € C9[0, 1], then,

9 0}
Jim 2 (Bn(f;x> —Fo0 - Ba(ter — w7 x) L (")> —o,

r!

r=1

uniformly on [0, 1].
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Throughout the paper, we denote by e;, i =1, 2, ..., the monomial functions e;(t) = t!, t € [0, 1]. Mamedov obtained the
following generalization of the previous Bernstein theorem.

Theorem 3. (See Mamedov [5].) If ¢ € N is even, f € C9[0, 1], and L, : C[0, 1] — C[0, 1] is a sequence of positive linear operators
such that

Lyeg =ep,
Ln((e1 —x)9720;x)
n—oo  Ly((e1 —x)9;X)

for some x € [0, 1] and for at least one integer j > 0, then

n(fi%) = f(x) — ZLn e1—x)"; x)f (X))

r=1

lim %<
n—o0 Ly((e1 —x)9; %)

Let WCI[0, 1], g > 0, denote the set of all functions in RI%!! possessing a g-th piecewise continuous derivative. A com-
plete asymptotic expansion in quantitative form was given by Sikkema and van der Meer (1979).

Theorem 4. (See Sikkema and van der Meer [8].) Let (Ly)nen be a sequence of positive linear operators L, : WC1[0, 1] — C[0, 1]
satisfying Ln(eo) = 1. Then for all f € WC9[0,1], x€[0,1],n € Nand § > 0, one has

fO)
r!

q
La(f:2) = f() =Y Ln((e1 — %) x) < Crgx O (f?;9),

r=1

where:

q e1 —X
Cngq(x,8) =08"Ln| Sq.u . X,

= I, ifLa(e1 —x)%x) >0
—1. ifLa((e1 — 0% %) <0,

1/1 1
Sqn(u) = a<§|u|q +Muq> + m(bq+l(|u|) - bq+1(|”| - Uu|J))

Here bq 1 is the Bernoulli polynomial of degree q + 1, | | denotes the integer part function and w(g; §) denotes the classical first order
modulus of continuity of g € C[0, 1]. Moreover the functions Cp q(, 8) are the best possible.

In 2007, H. Gonska proved the following result.

Theorem 5. (See H. Gonska [3].) Let g € N, f € C9[0, 1] and L : C[0, 1] — C[O0, 1] be a positive linear operator. Then

6]
L(f;x) — ZL —x)";x) f r'(x)

. +1.
< L(leq —XI ;X d)(f(q); 1 L(le; —x/ ,X)>
q! q+1 L(ler —x[%%)

where the least concave majorant &( f; 8) is given by

5— -5
B(f18) = SUPo<x<s<y<1 E=xw(f; y})}+§(y Yo(f; x) 0<8<1,
o(f; 1), 5> 1.

By using the K-functionals technique, G.T. Tachev proved the following theorem.

Theorem 6. (See G.T. Tachev [9].) If g € N is odd and f € C9[0, 1], then

9 ()
lim nf/2 (Bn(f; X) = f() = Bu((e1—x)";x) f rf’”) =0,

r=1

uniformly on [0, 1].
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In order to extend the Bernstein result (Theorem 2) to all ¢ € N by using Gonska’s Theorem 5, it would be crucial to
know the behaviour of the sequence

Bn((e1 — x)TT1; x)
Bn(le1 — x|9; x)
as n — oo.
It is the context presented above that an answer to the following conjecture is of foremost importance.

Conjecture 7. (See G.T. Tachev [9, p. 1183].) For q € N and any x € (0, 1), the following statement holds true:

Bn((e1 — )Tt x)
n—oo Bp(ley —x|95x)

(11)

For g =0,1,2,3, Eq. (1.1) is easily verified. It remains to check it for all g > 4.

In Section 3, we will give an affirmative answer to Tachev’s conjecture.

Moreover we provide stronger related inequalities that are crucial to extend Bernstein’s Theorem 2.
2. Auxiliary results

Let x € [0,1], @ > 0 and let us use the notation X :=x(1 — x), x € [0, 1]. The following result was proved in 2008 by
S. Telyakovskii.

Theorem 8. (See S. Telyakovskii [10, Lemma 1].) The inequality
X /2
Bn(|el —X|a;x) gc(“)(;) ) (2.1)
where C(a) depends only on «, holds true fornX > 1.

Let I =[a, b], IT be the linear space of all real polynomials defined on I and let S be a linear subspace of C(I) such that
IT C S. The divided difference of a function f € R! on the distinct knots x1, ..., X, € I, is defined by

5 f(x)
[xla--wxn;f]:Z 7 s
o Y

where £(x) = (X — x1) ... (X — X5). Recall the following definition of Tiberiu Popoviciu.

Definition 9. (See T. Popoviciu [6].) Let n be an integer, n > —1. A linear functional A: S — R is said to be P,-simple if the
following conditions are satisfied:

(i) Alen+1) #0;
(ii) For any f € S there exist distinct points &1, ..., &p42 € I, depending on f, such that

A(f) = AlentDlé1, -, Ent2s f1.
We will use the following result of T. Popoviciu.
Theorem 10. (See T. Popoviciu [7].) Let A : S — R be a bounded Pp,-simple linear functional (m > 0). Then, the functional A :
C™*+1(1) — R defined by

f(m-H) (C)

A(f) =A(f) — Alemt1) mT !

’

where

c— Aem+2)
(m+2)Alemy1)’

is Prp42-simple.

We give below a representation formula that will be essential in our proof.
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Lemma11.Letx € [0,1]andn > 1. Forany g € C2[0, 1], there exists distinct points c1, ..., ¢cs5 € [0, 1], depending on g, such that the
following representation formula for the Bernstein operator is satisfied:

1 —2x> N On—10)X%2+ X

[c1,...,¢5; 8] (2.2)

X
Ba(g:0) =g(0) + —g"(x+
n(8:%) =) m® (X 3n 3n3

Proof. The functional A: C[0,1] — R, A(f) = Bn(f;X) — f(x), is Pq-simple. By Popoviciu’s Theorem 10, the functional
A:C?%[0,1] > R,

_ X
A(g) = Bn(g;x) — g(x) — %g”(c),

1 Bu(e3:in—x3
3 Bp(ez;x)—x2

1-2x

where ¢ = =X+ -5+, is P3-simple. It follows that for all g € C2[0, 1] there exist distinct points c1, ..., cs5 € [0, 1]

such that
A(g) = Aleg)lc, ..., c5; g,

ie.,
X 1" 4 X 2
Bn(g;X)zg(X)Jr%g (©) + | Bn(eq; x) — X —6;6 [c1,....c55 8l (23)
By using the equalities
, X
Bn(ez; %) —x* = —,
n

B (63-x)_x3=w

n? ’
4 X((6n* —11n+6)x* + (7Tn — 6)x + 1)
Bn(e4; x) —x" = 3 ,
X X(9n—10)X +1
Bn(ea; x) —x* —6=c? = (©n DX+ ),
n 3n3

n (2.3), the proof is concluded. O
We can prove the following lemma.
Lemma 12. Let x € [0, 1] be such that nX < 1. Then, for any q € N*, there exists a constant C1(q) independent of n such that:

X
|Bn((e1 — 015 %)| < €4 @+ (2.4)

Proof. It is known that (see, e.g., [2, Chapter 10, Theorem 1.1]) for any s € N*, we have

1 < o
Ba((e1 = %)% %) = — -Z1a js(Xoni i, (2.5)
]:
and
B 241,00~ LN o my) 26
n((e1 —x) ”‘)—WZ; JsO@X), (2.6)
]:

where aj s and b; s are polynomials of degree s — j independent of n.
For ¢ =2s + 1, from (2.5), we get

X S
a1 A .
Ba((er = 0™1:%) < 223 Cllajsll. (2.7)
j=1
From (2.6), for nX < 1, we obtain
X S
[Ba((er =% )| < 2 3 Clbjsll (2:8)
j=1

From (2.8) with g = 2s, and (2.7) we obtain (2.4). O
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3. An answer to Conjecture 7

The following theorem gives a positive answer to Conjecture 7.

Theorem 13. For any q > 4 and x € (0, 1) there exists a constant K (q) such that

Ba((e1 =015 %) < K@

< , n=5. 3.1
Bu(ler —xI% % Jn (3.1)

Proof. Since the function t — t9/2, t € [0, 1], is convex for q > 4, by Jessen’s inequality [4], we obtain

X q/2
Bu(ler — x1% x) = By (((e1 — 02" x) = (Bu((e1 — 0% ) = (5) : (3.2)

for all x € [0, 1].
Now, from Telyakovskii's inequality (2.1) and (3.2) we get

|Bn((e1 — x)T1; %) X\ V2
Ba(ler — XI% ) ““’*”(E) ’ (33)

for any x € (0, 1) such that nX > 1.
To prove an inequality similar to (3.3) in the case nX<1 we will use our Lemma 11.

By taking g = |e; — x|? in (2.2) and using the fact that the divided difference [c1,...,cs5; |e1 — x|9] is positive for q > 4,
we obtain
Bu(ler — 1% x) > q(q — 1| =2 "
n 1 5 = znq q 3n )
or
— x|4- _ _ 9x12
Ba(ler — 1% %) > 55— 5a(q — DT = 2x(2. (34)

Since nX < 1, then x € (0, = VZ’LL‘M] u ["+ 2':1274”, 1). So, from (3.4), for n > 5, we obtain

Bn(ler — x]%; x) q@—1). (3.5)

X
> -
2(3+/5)42n9-1
From (2.4) and (3.5), we get
[Bu((er =0T 0| _ C1@2G3v5)12 1
Bu(le1 —x9%)  ~ q@@—1) n’
Thus, Egs. (3.3) and (3.6) conclude the proof. O

(3.6)

4. Improved inequalities related to the conjecture

The following theorem enriches the answer given to the conjecture.

Theorem 14. For any q > 4 and x € (0, 1) there exists a constant A(q) such that

Buller — X" 1:0) _ AW@

< . n>5. (4.1)
Bn(ler — x|9; x) Jn

Proof. If g =2s + 1, inequality (4.1) follows from (3.1). Let g = 2s. By using the Cauchy-Schwarz inequality, we obtain

Bu(ler —x>+x) _ / Bu((e1 = X)%+2:x) 42)

Bn(ler — x|%5; x) Bn((e1 —%)%5;%x)
If nX > 1, by Theorem 8, there exists a constant C(s) such that

2512 XS+1
Bn((e1 — %)% x) < €O 7 (4.3)
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By Jessen’s inequality [4], we obtain

s X\’
Bn((e1 —0)*; x) = Ba(((e1 —0)°); %) > (—) :
From (4.2), (4.3) and (4.4) we obtain

By(le; — x|25t1: x X
n(|1—|2)< C(s)£7 nX}]
Bn(ler — x|%5; x) vn

If nX <1, from Lemma 12, we get

X
|Br((e1 — )2 x)| < C(2s + DW’ nX < 1.

From (3.5), we obtain

428,
Bn(|€1 X% X) > 2(3\/3)2572112571

From (4.2), (4.6) and (4.7), we obtain

25(2s —1).

Bn(|e1—x|25+]§x)<\/(3«/§)252C1(25+1) 1

-, nX<l1,
Bn(ler —x|25; x) s(2s—1) n

and the proof is concluded. O
In what follows we provide a converse of inequality (4.1).

Theorem 15. For any q € N, q > 1, we have
H Bu(ler — X" 0 | _ M(q)
Bu(ler — x|9; X) NI

where M(q) is a positive constant independent of n and x.

Proof. We have
H Bn(ler —x|971; %)
Bn(ler — x|9; %)

By using Jessen’s inequality, we have

Bn(ler — x|971; %)

“nx>1 Bn(ley —x|%x)

q+1

Bn(|e1—><|"“;)<)>(§> "

n

and Telyakovskii’s inequality (2.1) yields

X q/2
Bn(|e1—XI";X)<C(q)<;> . n>1/X,

hence,
Bu(ler —x*0 1 VX
Br(le1 —x|9:x) = C(q) vn'
From (4.8) and (4.9) we get
Bu(ler X"l 1 1
Bu(le1 —x|9:%) ||~ 2C(q) /n'

n>1/X.

Remark 16. From Theorems 14 and 15 we deduce the following estimation

Ba(ler — x| %) —o( 1 )
Bu(le1 —x|%5%) || ’

vn

which is essential to extend results from [1,3,9].

91

(4.7)

(4.8)
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