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1. Introduction

In 1940, Ulam [22] posed a problem concerning the stability of functional equations: “Give conditions in order for a linear
function near an approximately linear function to exist”.

A year later, Hyers [5] gave an answer to the problem of Ulam for additive functions defined on Banach spaces: Let X;
and X; be real Banach spaces and ¢ > 0. Then for every function f : X — Y satisfying

Ifx+y) —fC) —fWIl =& (xy€X),
there exists a unique additive function A : X; — X, with the property
Ifx) —A@I <& (x €Xy).

After Hyers's result, many mathematicians have extended Ulam’s problem to other functional equations and generalized
Hyers’s result in various directions (see [3,6,10]). A generalization of Ulam’s problem was recently proposed by replacing
functional equations with differential equations: The differential equation o(f, y, ¥, ..., y™) = 0 has Hyers-Ulam stability
if for given & > 0 and a function y such that |p(f, y, ¥, ..., y™)| < ¢, there exists a solution y, of the differential equation
such that |y(t) —yq(t)| < K(¢) and lim,_,q K(¢) = 0. If the preceding statement is also true when we replace ¢ and K (&) by
a(t) and B(t), where «, B are appropriate functions not depending on y and y, explicitly, then we say that the corresponding
differential equation has the generalized Hyers-Ulam stability.

Obtoza seems to be the first author who has investigated the Hyers-Ulam stability of linear differential equations (see
[14,15]). Thereafter, Alsina and Ger published their paper [ 1], which handles the Hyers-Ulam stability of the linear differen-
tial equation y'(t) = y(t): If a differentiable function y(t) is a solution of the inequality |y’ (t) — y(t)| < s forany t € (a, 00),
then there exists a constant ¢ such that |y(t) — ce'| < 3¢ forall t € (a, 00).
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Those previous results were extended to the Hyers-Ulam stability of linear differential equations of first order and higher
order with constant coefficients in [12,20,21] and in [13], respectively. Furthermore, Jung has also proved the Hyers-Ulam
stability of linear differential equations (see [7-9]). Rus investigated the Hyers-Ulam stability of differential and integral
equations using the Gronwall lemma and the technique of weakly Picard operators (see [ 18,19]). Recently, the Hyers-Ulam
stability problems of linear differential equations of first order and second order with constant coefficients were studied
by using the method of integral factors (see [11,23]). The results given in [8,11,12] have been generalized by Cimpean and
Popa [2] and by Popa and Rasa [16,17] for the linear differential equations of nth order with constant coefficients.

In this paper, we investigate the Hyers—Ulam stability of the linear differential equations by using the Laplace transform
method.

2. Laplace transform and inverse transform

Throughout this paper, F will denote either the real field R or the complex field C. A function f : (0, co) — F is said to
be of exponential order if there are constants A, B € R such that

If (©)] < Ae®®

forall t > 0. For each function f : (0, co) — F of exponential order, we define the Laplace transform of f by
o0
F(s) =/ f(t)e *dt.
0

There exists a unique number —oo < o < oo such that this integral converges if 3i(s) > o and diverges if {(s) < o.
The number o is called the abscissa of convergence and denoted by oy. It is well known that [F(s)] — 0 as R(s) — oo.
Furthermore, f is analytic on the open right half plane {s € C : 9i(s) > o} and we have

EF(S) =— foo te™Stf(Hdt  (R(s) > o).
ds 0

The Laplace transform of f is sometimes denoted by .£(f). It is well known that .£ is linear and one-to-one.
Conversely, let f (t) be a continuous function whose Laplace transform F(s) has the abscissa of convergence oy, then the
formula for the inverse Laplace transforms yields

1 a+iT 1 o0 .
f(t) = — lim F(S)estds - / e(a+1y)tF(a + ly)dy
271 T—o00 w—iT 27 —00

for any real constant o > oy, where the first integral is taken along the vertical line %i(s) = « and converges as an improper
Riemann integral and the second integral is used as an alternative notation for the first integral (see [4]). Hence, we have

Lf)(s) = / f(He™tde  (R(s) > o)
0

1 [ .
LTYF)() = o / e E(a +iy)dy (o > o).

—00

3. Hyers-Ulam stability of linear differential equations

Recall that the convolution of two integrable functions f, g : (0, oc0) — F is defined by

(F*g)t) = /Otf(t — X)g(x)dx.
It is easy to check that

L(f xg) = LL(G).

Before stating the main theorem, we need the following two lemmas.

Lemma 3.1. Let

P(s) = ag + 15 + ota5% + - - - + atps”
and

Q) = Po+ P15+ Bos” + -+ - + Bms™,

where m, n are nonnegative integers with m < n and «;, B; are scalars. Then there exists an infinitely differentiable function
g : (0, 00) — F such that
Q(s)

L(g) = Po) (N(s) > op)
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and

i 0 (fori=0,1,...,n—m—2),
(@) —
g7 {ﬂm/an (fori=n—m—1),

where o, = max{N(s) : P(s) = 0}.
Proof. Let £ = n — m. Express P(s) as a product of linear factors:
P(s) = an(s —51)" (s — 52)" - - (s — )™

for some complex numbers s; and integers n;, i = 1,2,...,k withn = n; 4+ --- 4+ n,. Applying the partial fraction
decomposition of Q (s) /P(s), we obtain

@_ k n )Lij
P(s) _;;(s—sf)f’

where A is ascalar foreachi =1,2,...,kandj=1,2,...,n; Let
ji—1
. —_ _ psit
hy(t) = i 1)!e

for every integeri = 1,2,...,kandj=1, 2, ..., n;. We then define

k n;

g0y =Y "> ghy(t)

i=1 j=1

and use the linearity of the Laplace transform to get

k n; k n; k n; j Q(S)
L) =L Ajhi(®) | = AL (hy) = =
<; =1 ; =1 ;]:21 (s —siY P(s)
for every s with 3(s) > op, where 0, = max{N(s;) : i = 1, ..., k}. This completes the first part of our proof.

For the proof of the second part, applying the Maclaurin series expansion of g yields

g" 0 (-1

gt) =g0) +g Ot +---+ =1

+ h(t),
where
> o0 ) .
hy =Y g.i'()tl.
i=n v
Note that

H(s)

°C(h) = gn+1

for some complex function H, and so

0 /0 //O (n—l)o H
te =89 EO g0 O HO
s s s s st

Comparing the above relations, we get

g0 g0 _ g©® g0 HEO _ Potpist -+ Pus”
s 52 s3 sn s g oS 4 - g es™ e

If £ > 2, multiply both sides of the above relation by s and then let s — oo to get g(0) = 0.If £ > 2, multiply both sides of
the above equality by s> and lets — oo to get g’(0) = 0. Continuing in this way, we get g(0) = g’(0) = - -- = g*~2(0) = 0.
Finally, multiply both sides of the equality by s* and let s — oo to get g~V (0) = B /c,. This completes the proof. O

In what follows, the functions f, y : (0, c0) — F are assumed to be of exponential order and continuous. If there is no
danger of confusion, we write f (0) and y(0) instead of f(0") and y(0™), respectively.
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Lemma 3.2. Given an integer n > 1, let f : (0, 00) — T be a continuous function and let P(s) be a complex polynomial of
degree n. Then there exists an n times continuously differentiable function h : (0, c0) — T such that

_£0)

£ = P(s)

(N(s) > max{oy, o7}),
where 6, = max{Ji(s) : P(s) = 0} and oy is the abscissa of convergence for f. In particular, it holds that h®(0) = 0 for every
i=0,1,...,n—1

Proof. If we take Q(s) = 1and P(s) = ap + «1S + - - - + «,s" in Lemma 3.1, then there exists an infinitely differentiable
function g : (0, co) — F such that

1

andg®0) =0ifi=0,1,...,n—2and g™ P(0) = 1/a,. If we define h = g  f, then

L
£(h) = L& +f) = L@ LS) = %

By Leibniz’s rule for differentiation under the integral sign, we have
t t
O =g+ [ ¢ - 0ot = [ g0
0 0

and more generally

t t
h? () =g " O)f (©) +/ gVt = 0f (dx = / gt = xf (0dx
0 0

foreveryi =1,...,n — 1. Hence, we get
h(0) = W(0) = --- =h" D) =0,

which completes the proof. O

Theorem 3.3. Let « be a scalar. If a functiony : (0, co) — T satisfies the inequality

ly' () +ay®) —ft)| <e (3.1)
forallt > 0 and for some ¢ > 0, then there exists a solution y, : (0, oc0) — F of the differential equation

Y () +ay(t) = f(t) (3.2)
such that

(for R(a) = 0),

et
_ =Rt
ya@® —y@OI =1 A= 77e o i) £ 0)

N(x)
forallt > 0.
Proof. If we define z(t) = y'(t) + ay(t) — f(t) for each t > 0, then we have

L(z) = sLY) —y(0) + aLy) — L(f)

and so
VO +£() L@

LO) == = (3.3)
If we set

Ya(t) = y(0)e™" + (E_ *f)(1),
where E_, (t) = e~ !, then y,(0) = y(0) and

0 £L «(0 L
oy 2 YO LD yl0) +£6) G

S+ o S+o
Hence, we get

Ly (O) + aya(®)) = sLYa) = Ya(0) + ¢ L(ya) = L.
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Since £ is one-to-one, it follows that y/ (t) + ay,(t) = f(t). Thus, y, is a solution of (3.2). Applying (3.3) and (3.4) and
considering L(E_, *xz) = £(z)/(s+a), we obtain L(y) — L(¥,) = L(E_, *2z) and consequently y(t) —y,(t) = (E_q *2)(t).
In view of (3.1), it holds that |z(t)| < ¢ and it follows from the definition of the convolution that

t
t) = Ya(D)| = [(E—q ¥ 2)(0)| < ee™ @t [ M@Xgy,
ly() —y
0

which completes the proof. O
The following theorem is our main theorem, in which we investigate the Hyers-Ulam stability problem of linear

differential equations of nth order by using the Laplace transform method.

Theorem 3.4. Let o, a1, ..., on_1 be scalars, where n is an integer larger than 1. Then there exist a constant M > 0 such that
for every functiony : (0, o) — T satisfying the inequality

n—1
YOO + Y ey —f0)] <e (35)

k=0

forallt > 0 and for some ¢ > O, there exists a solution y, : (0, co) — F of the differential equation

n—1
YO + Y ey®(©) =f(t) (36)
k=0
such that

ot

Ya() —y(O] = eM—
forallt > 0and for any o > max{0, op, oy}, where oy, is defined in (3.9).
Proof. Applying integration by parts repeatedly, we may derive
n
LYV) =s"L) =Y VO
j=1

for any positive integer n. Let &, = 1. In view of the preceding formula, we see that a function yj is a solution of (3.6) if and
only if

n n k
L) =Y s Lyo) — Y e y_sys Y (0)
k=0 k=1 j=1
n n n
=Y s L@o) = ) > astIy] 0
k=0 =1 k=j
n .
= Pao(8)LYo) — Y _ Paj(s)yg (0, (3.7)
j=1
where the polynomials P, j are determined by
n
Pn’j(S) = + ®j+1S + (¥j+2$2 R oz,,_1s"_j_l + oc,,s"_j = OlkSk_j

=
1l

j
forj=0,1,...,n
Let us define

n—1
h() =y™(©) + > awy® () = f (1)
k=0
forall t > 0.Then, similarly as in (3.6) and (3.7), we obtain

L(h) = Poo($)LY) — Y Pa i)y (0) — L)
=1

J
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Hence, we get

L N o PP _ £h
L0 =55 (;any (0) +£(f)> =

Let oy be the abscissa of convergence for f, let sy, s, . . ., s, be the roots of the polynomial P, ¢, and let
op =max{N(sy) :k=1,2,...,n}.

For any s with 3(s) > max{o,, o7}, we set

1 u :
_ E . (j—1)
) = Pro(s) (j—l PriSly O+ °C(f)> '

By Lemma 3.2, there exists an n times continuously differentiable function f such that

L(f)
Pp0(s)
for all s with i(s) > max({op, o7} and
fo@ =f30) =---=f"""©) =0.

Forj=1,2,...,n, we note that

L(fo) =

Py j(s) _ l _ % +ogs+ - +Oéj_1sj’1
Pn,O(S) sl San,O(S)

249

(3.8)

(3.10)

(3.11)

(3.12)

for every s with M(s) > max{0, o, }. Applying Lemma 3.1 for the case of Q (s) = ap+a15+- - -+aj_19~ " and P(s) = P, o(s),

we can find an infinitely differentiable function g; such that

o+ oS+ -+ aquj_]

£ = IPro(s)
and
g0) =g =--=g""0) =0.
Let
t=1
fi®) = m — gi(t)
forj=1,2,...,n Then we have

0 )0 (fori=0,1,...,j—=2,j,j+1,...,n—=1),
y (0)—{1 (fori=j— 1).

If we define
n
Ya(©) = > yIPO)f(0) + fo(D),
j=1
then the conditions for f; and f, imply that
y(0) =y (0)
foreveryi =0, 1,...,n — 1. Moreover, it follows from (3.10) to (3.14) that .£(y,) = G(s) and hence

1 n .
— . -1
L(Ya) = ProG) (;_1 Ppj(s)y 7(0) + £(f))

for each s with 9i(s) > max{0, o, oy}.
Now, (3.7) implies that y, is a solution of (3.6). Moreover, by (3.8) and (3.15), we have

L(h)
Pn,O(S)

DC(.V) - DC(ya) =

(3.13)

(3.14)

(3.15)
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and so

(LM
— Ya = g1
O = ya(0 ‘ (Pn,o<s>)‘

for t > 0. By the definition of h and (3.5), it holds that |h(t)| < ¢ for every t > 0 and so

£(h Y eSOl < 3.16
|(>|s/0 IOl < o (3.16)

for all s with i(s) > 0.
Finally, it follows from the formula for the inverse Laplace transform that

V(O — ya(t)] = ‘ac‘ ( L) )‘

Pn,O(S)
27 ) Ppo(e + iy)
1 i E
< — « dy by (3.16)

e
27 J a |Pyola +iy)|

€ at/oo !
< ¢ ————dy
2no —oo |Pnolo +iy)|

eat
< eM—
o

forallt > 0and any o > max{0, oy, o7}, where

1 *© 1
M=— ————dy <0
27 J oo [Pnol + 1y)]
because n is an integer larger than 1. O

Since e*' /o has its minimum at « = 1/t, it holds that
eat
— >et
o

either for all t > 0 (if max{0, o,, oy} = 0) or for all sufficiently small ¢ > 0 with 1/t > max{0, o, oy}. Thus, we have the
following corollaries.

Corollary 3.5. Assume that max{0, op,, oy} = 0. Then there exists a constant M > 0 such that for every functiony : (0, o0) — F
satisfying the inequality (3.5) for all t > 0 and for some ¢ > 0, there exists a solution y, : (0,00) — T of the differential
equation (3.6) such that

[ya(t) — y(t)| < eMet
forallt > 0, where o, is defined in (3.9).

Corollary 3.6. Assume that max{0, o, or} > 0. Then there exists a constant M > 0 such that for every functiony : (0, c0) — F
satisfying the inequality (3.5) for all t > 0 and for some ¢ > 0, there exists a solution y, : (0, 00) — T of the differential
equation (3.6) such that

[ya(t) — y(©)| < eMet
forallt with0 < t < 1/ max{0, op, o7}.
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