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1. Introduction and statement of results

LetS; : RY — R (i =1, 2, ..., N) be the contracting similarities with contraction ratios r; € (0, 1) and let (p1, . .., px)
be a probability vector (i.e. 0 < p; < 1foralliand Zf'ﬂ pi = 1). Using the framework of [11] we say that K is a self-similar
set and p is a self-similar measure if K is the unique non-empty compact subset of R? such that

K= s,

and y is the unique Borel probability measure on RY such that
=y puoS .
i

It is well known that the support of u equals K. We say that the list (Sq, ..., Sy) satisfies the open set condition (OSC)
(sometimes we also say that the self-similar measure u satisfies the OSC) if there exists a non-empty, bounded and open
set U such that S;(U) C U foralliand S;(U) N S;j(U) = @ foralli # j.

Multifractal analysis of the self-similar measure u refers to the study of the fractal geometry of the sets of the points x
for which the measure w(B(x, r)) behaves like r* for small r. Here B(x, r) is the closed ball of radius r centered at x. That is,
we study the sets

1 B(x,
I(a:{xeRd:limOgM((Xr)):a}, a > 0.
r—0 logr
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The support of the self-similar measure u has the following natural decomposition:

K= JKe UK,
o

where

7 | B 1 B
R =lxer: timinfl08REED) o BB |
=0 logr r—0 logr

The set K is called the set of divergence points (or irregular set) of the self-similar measure and the elements in the setK are
called divergence points. It is well known that the set K has y-measure zero, see [21]. In other words, the set of divergence
points of the self-similar measure is negligible from the measure-theoretical point of view. However, there is an extensive
literature showing that the set of divergence points of the self-similar measure and other type irregular sets can be large from
the point of view of dimension theory, see [4,5,7,9,14,13,16,18,20,22,23] and references therein. In particular, Barreira and
Schmeling [4] and Chen and Xiong [5] showed that the set K has full Hausdorff dimension for (ps, ..., py) # (r§, ..., 1}),
where s denotes the Hausdorff dimension of K (that is, s is the unique solution of the equation ), 17 = 1). We remark that
Chen and Xiong obtained the above result under the assumption that (Sy, ..., Sy) satisfies the strong separation condition
(SSC), that is, S;(K) N'S;(K) = o for all i, j with i # j. Very recently, using the technique in [8], Xiao, Wu and Gao [23] proved
that Chen and Xiong’s result remained valid under the OSC. Li and Wu [14] studied the Hausdorff dimensions of some refined
subsets of the set K under the OSC, and their results unified the above mentioned results as well as some classical results on
the multifractal analysis of the self-similar measure.

The notion of residual set is usually used to describe a set being “large” in a topological sense. Recall that in a metric space
X, a set Ris called residual if its complement is of the first category. Moreover, in a complete metric space a set is residual
if it contains a dense G; set, see [19]. We say that a set is large from the topological point of view if it is residual. Recently,
some results show that the sets of some kinds of divergence points (or irregular sets) can also be large from the topological
point of view. For example, Albeverio, Pratsiovytyi and Torbin [1], Hyde et al. [12] and Olsen [17] proved that the sets of
some kinds of divergence points associated with integer expansion are residual. Baek and Olsen [2] discussed the set of
extremely non-normal points of self-similar set from the topological point of view. Barreira, Li and Valls [3] proved that the
set of divergence points of the Birkhoff averages of a continuous function is residual. Motivated by these results, we show in
this paper that the set K is large from the topological point of view. Namely, we prove that K is either empty or residual. In
fact, we show that the set of points for which the function D, (x) has a prescribed set of accumulation points is also residual.

To state our result, we first introduce some notations. For x € K, let A(D(x)) denote the set of accumulation points of

Dr(x) == W ast \ 0, thatis

ADX)) = {y € (0, +00) : ’lim Dy, (x) =y for some {ri}x \( 0}.
K—> 00
Write amin = min; ll‘;?;: and amax = max; ']zéf: It was shown in [14] that the set A(D(x)) is either a singleton or a closed

subinterval for any x € supp u, and K; = @ if I is not a closed subinterval of [min, Omax]-
The following are our main results.

Theorem 1.1. Assume that {S,-}{V:1 satisfies the OSC and I C [otmin, @max] iS a closed non-singleton subinterval. Then the set
Ki={xeK:ADX)) =1}
is residual if it is not empty.

The following result follows immediately from the above theorem.

Corollary 1.2. Assume that {Si}f’= 1 satisfies the OSC. Then the set K is residual if it is not empty.

2. Preliminaries

Forn € N, let
> ={1,...,N}".
Let * = J, Z"and ¥ = {1, ..., N}. We equip ¥ with the distance defined by
dw, ) =27", o= (®)ien, ® = (&))ien,

where n is the smallest integer such that w, # ). It is well known that (¥, d) is a compact metric space. For o =
(w1...w,) € X", wedenote by |w| = nthelengthof w.Forw = (w1 ...w,) € X" and apositive integer m withm < n, or for
® = (w1, w, ...) € ¥ and a positive integer m, let w|m = (@1 ... wp). Foro = (1 ...wy) € T"and o’ = (0] ... w),) €
M welet ww' = (w1...0,0 ... @},) € X", Analogously, for @ = (@1 ...w,) € X" and o’ = (0}, 05, ...) € X, we
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let wo’ = (w1 ... w00 W) ...) € X. Moreover, if o € X* we define the cylinder [w] generated by w by
[w] ={wo : 0 € X}.
Furthermore, forw € X*, X, X1, ..., X, C X* and a positive integer n, we write
wX ={wn:neX}
and
Xi...Xm ={w1...0n : 0 €X}, X"={wi...0n: w; €X}.
We denote the cardinality of a set A by #A. Define IT : ¥* — RN by
M(w) = (M(w), ..., y(®))
:<#{]§i§n:wi:1}' #{1§i§n:a),-:N}>.

LRI

n n
Let

A=[Q=(Q1,--~,QN)GRNIQ:‘ZO,Z%‘:l}~
i

The following simple lemma is taken directly from [18]. We reproduce the proof for the reader’s convenience.

Lemma 2.1. Let wq, w; € X* and q;, q2 € A. Then
[T (w1w7) — Q2| < [TT(w1) — Q1] + [[T(w2) — Q2] + |q1 — Q2.

Proof. Write

|1] |3 |

= 1 2-
l1] + |2 lw1]| + |2
It is easy to check that

T = — )+ —“2 ()
T o el T o F gl

Hence,

[T (@10) — Qo] < [T (@102) — q| + 19 — @2
|w1] |y |w1]

< — 1 M) —qi| + ——— () — @] + ——— a1 — |

lor + ool T ey el o ]

[IT(w1) — qq] + [TT(w2) — Q2] + |91 — Q2.

The proof of the lemma is completed. O

IA

Also, for w € X' let A(IT(w|n)) denote the set of accumulation points of the sequence {IT(w|n)},.

Theorem 2.2. Assume that {S; f’z 1 satisfies the OSC and C C A is a closed and connected subset that is not a singleton. The set
Yc={we X :A(llI(w|n)) = C}
is residual if it is not empty.
Proof. We will construct a dense Gs set E C X suchthatE C Xc.
Foreachq € A,n € Nand ¢ > 0, define

1
F(q,n, &) = {a)|n we X |OHw)—q| <eandr, < N < rww|_1} . (2)

Note that ry;, < 1/N since {S,»}y:l satisfies the OSC. Therefore, |w| > nifr, < ﬁ < Telw/—1. This implies that the above
definition is reasonable. Given ¢ > 0, we have F(q, n, ¢) # & for each q € A and any sufficiently large n, see [18].
Now for each k € N choose numbers qy 1, . .., qx ¢, € C such that

B(qri. 1/k) (3)

i=1

¢
ccC
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and

1 , 1
[Gk.iv1 — Qril < % fori=0,...,6—1, 1Qk,e, — Q1,11 < % (4)

Moreover, let ¢ > &, > - - - be a sequence of positive numbers decreasing to zero with g, < 1/k and let
N <My <+ <MNygy <MNgq<MNpp<-:+<MNyp <--

be positive integers such that
F(qk_,‘, Ng.i, 8k) # o forke N, 1< i < Zk.

Let 29 = X*. For each w € £y, we take rapidly increasing integers {Ni ;(®)}ken,i=1,....¢, Such that if

n € wF(qy,1, ny,1, 81)N1’1(w) < F(qy,¢y, M1,eq 81)N1‘£1(w)

N N
F(Go.1, 21, €2)"2 1 - F(Qyqy, Mo gy, £2)" 202

F(@Q 1, i1, €)1 - F Qi i, i, 10)"6i@)
then

[T (n) — qiil < &k (5)
and

Mpe4-1,0444

7 . — 0 ask— oc. (6)
1 k
lw| + Y Nyi(@)ng i+ -+ > Nii(w)ng

i=1 iz

Now we define recursively the sets £2;; C X*fork e Nandi=1,..., {; by

211 = U oF(qQu 1, n1, 8N,

wen
N
21, = U NF(q1.2, 12, £1)V12),
neS2y 1
N
210, = U NF Qo> N1y, 1)V 00,
NER 0q-1
21 = U NF(Qa.1, .1, £2)"21),
n€R1 ¢y
and so on.
Finally, let
Eyi = U [w]
wERy i
and

3

Lk
E= ﬂEk,,-.
1i=1

k:

Clearly, E is a Gs set since each cylinder set [w] is open.
Next we show that E has the desired properties.

Claim 1. E isdense in X.

Proof of Claim 1. It suffices to show that E N B(w, 1) # & for every w € X and r > 0, where B(w, r) is the ball of radius r
centered at w. Given w € ¥ and r > 0, clearly there exist ' € X* and n € N such that [@'|n] C B(w, ). Write n = o'|n.
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Clearly, n € §29. We take
n1,1 (S ﬂF(q]T], n]’h 81)N1,1(TI)’
N2 € N1.1F(q12, M1 2, g2

n en F n N
1,4 1,611 (ql,lp 1,41 8]) 1.4 (7])’
n €en F N

2,1 1,44 (q2,17 ”2,1, 82) 2~1(ﬂ)’

and so on.
¢, is a decreasing sequence of non-empty compact subsets of X. Thus,

AAAAA

S = (il N[l # 2.

ki
Let p € S. We claim that p € E N B(w, r). Indeed, it follows from the inclusion S C ﬂk‘i Ey i that p € E. On the other hand,
S C [n] C B(w, 1).
Hence, p € B(w,r). O
Claim 2. E C X.

Proof of Claim 2. In order to prove that E C X, we must show that A(/T(w|n)) = C for o € E. We recall that for each
w € E, there exists w® € §2y such that

0
o € o®F(qy 1,111, )V 1@ (7)
We first show that
C C A(IT(w|n)). (8)
Given
Lk

qeCc|JB(qu1/k).

i=1

take an integer i, € {1, ..., £;} such that q € B(qy,, 1/k). In order to avoid tedious notation we assume that i & {1, £;}
although the argument is identical when i, € {1, £;}. Let

Lk—1 ik

4
e = || + ZNl,j(a)O)nl,j +-+ ZNk—1,j(w0)nl<—1,j + ZNk,j(wo)nk.j~
=1 =1 j=1
It follows from (5) that

1
[T (w|n) —q| < [T (@) = Qi) + 19 — ql < &+ e 0

as k — oo. Therefore, q € A(IT(w|n)) and the proof of (8) is completed.
Now we show that

A(II(w|n)) C C. (9)

For each positive integer n > |w°| there existk € N, 0 <j < £;41,0 <N < N,<+1,j+1(a)0) and 0 < p < Ny ,j4+1 such that

n=|o"|+s+t+p, (10)
where
21 ek J
s= ZNl,i(a)O)ﬂLi +- 4+ ZNk,i((UO)nk,i + ZNI<+1,i((UO)nI<+1,i
i=1 i=1 i=1
and

t = N1 jt1-
We claim that

dist(IT(w|n), C) — 0 whenn — oo. (11)
Note that C is closed, this implies that A(/T(w|n)) C C and therefore the proof of (9) is completed.
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Next we establish property (11). Write @ = w®p112n3n where |n1| = s, [92] = t, |n3] = pand n € X. We divide the
proof of (11) into two cases.
Case 1:j # 0. It follows from Lemma 2.1 that

dist(IT(w|n), €) < [T (|n) = M (@’ nin2)| + 1T (@’ n102) = Qg j1] + dist(@isr 41, )

< [T (wln) — T (@’nin2)| + 1T (@°n) — Qe + 1T (12) — GQegr gl

1

+ Qs 15 — Qer1j+1] + 1

1 1
< |IT — T(° —— 4+ —— (by(5),(2)and (4
< | (w|n) (w 771772)|‘|'8k+1'|'€k+1‘|'k_i_1 +k—|—1 (by (5), (2) and (4))

4
smwm—nw%mn+i<mw&ﬂ<uw+m. (12)
Case 2:j = 0. Also, it follows from Lemma 2.1 that

dist(IT(w|n), €) < [T (w[n) — T (@°n1m2)| + [T (@°n112) — Q1,11 + dist(@yrr,1, C)
< [ (wln) — T (@°nin2)| + [T (@°n1) — Qre | + 1T (02) — Q1.1

1
+ 9k, — D11l + ——

k+1
1 1
< [H(wln) — M@’ mn2)| + & + €11 + P K1 (by (5),(2) and (4))
4
< | (w|n) — H(a)onlnz)| + i (since g < 1/k). (13)
k

Next we estimate the term |IT(w|n) — IT(w%n112)|. It is easy to check that

0 |17 0 [n3]
H(wn) = (0" mnens) = ———— - H@mn) + ——————13).
|@®n1m2| + [n3] |@®n1m2| + [n3]
Therefore,
0 |773| 0
[T (w|n) — (0" mn2)| = —5————— T (n3) — [T (0" n112)|
|@%n1m2| + [n3]
03]
< |1 (n3) + T (@ n1m2)|
|%n1m3]|
2|n3|
 |e®mina|
- : 211,041 : . (14)
1 k
0] + 3" Npi(@)nyi+ -+ Y Nei(@O)ny
= =
By (12)-(14) we have
2n 4
dist(IT(w|n), C) < - KL bt - o (15)
1 k
|0 + D" Nyi(@Onq;i+ -+ + D Nii(@®)ng;
i=1 =1

Finally, property (11) follows from (6) and (15). Therefore, Claim 2 follows from (8) and (9). O
The proof of Theorem 2.2 is completed. O

3. Proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1.

Let us first introduce some notations. For @ = (w1...w,;) € X", write p, = Poy -+ -PonsTo = Twg -+ Togs So =
Sw; ©+++0S,, and K,, = S,,(K). Furthermore, define 7 : ¥ — R? by

(@)} =) Kok
k=1

It is well known that the map is continuous and onto, see [6].
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For w € X and n € N define

lOg M(Kw\n)

L = —.
@lm log diam K.,

It follows from [10] that p(Ky|n) = pw|s under the OSC. Without loss of generality, we can assume that diam K = 1. Hence,

> Ii(w|n) log p;
L(a)|n) — lnga)In _ i (-16)

108 T > i(wln) log i ’

GivenI C [®min, ®¥max], Write
Si={we X :All(w|n)) =1},

where A(L(w|n)) denotes the set of accumulation points of the sequence {L(w|n)},. It is worth pointing out that 7 (5;) = K;
if the SSC is satisfied, see [6,18]. However, due to the overlap structure the two sets do not coincide under the OSC.
The following result appeared in [ 18] but we present its proof for the reader’s convenience.

Proposition 3.1. For any closed non-singleton subinterval I C [amin, ®max], there exists a compact connected non-singleton
subset C C A such that Xc C S;.

Proof. Let] = [a, b]. There exist q;, g, € R with q; < g, such that «(q;) = b, @(q2) = aand «([q1, q2]) = [a, b]. Here the
function «(q) is defined by

> pir @ logp;
al)=-p@Q=—71——,
Zp?ri’g(Q) logr;
1

and B : R — Ris defined by Y, pfr’® = 1.For q € R, define the probability vector v, = (pIr’@, ..., p%rf@) and let
C ={vg : ¢1 < q < q). Clearly, the set C is not a singleton if I is not a singleton. Moreover, the set C is compact and
connected since ¢ — Aq is continuous.

Next we show that

Xc CS.
Let w € Y. We must prove that

All(w|n)) C I (17)
and

I C AlL(w|n)). (18)

Let x € A(L(w|n)). Then there exists a subsequence (L(w|n))y such that L(w|n,) — x as k — oo. Since (L(w|ny))r C A and
A is compact, there exists a probability vector v = (v;); € A and a subsequence (H(w|n,<j))j such that H(a)|nkj) — vas
j — oo. Therefore, v € A(IT(w|n)) = C and v = v, for some q; < q < q,. It follows from (16) that

>_ Mi(wlny) log p;
x:]imen.:liml—
j—>o0 (@ln) j—00 Zni(w|nkj)10gri
i
Yvilogpi Y. p{rf @ logp;
i i

B >_vilogr B > @ logr;
i i

=a(q) € [a,b] =1

The proof of (17) is completed.
On the other hand, let x € I. We can find q € [q4, q2] such that x = «(q). Since vy € C = A(JT(w|n)), there exists a
subsequence (/7 (w|ny)) such that IT(w|n) — vq as k — oo. Therefore,

Y Miwln)logpr Y pir@ logp;
i i

! —
_ [Ti(w|ny) log 1 > p'r’@logr
i i

L(w|n,) = =a(q) =x.

This implies that x € A(L(w|n)) and the proof of (18) is completed. O
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We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Put

W= (U U Sw(V)> Uv.
n=1weX*
where
v =Jsi) nsi).
i#i
Write
T=x\n'W), K=K\W.

Then, 7w : ¥ — K is bijective and a(f) = ¥, where o is the shift operator on X, see [15]. Clearly, Yisa Gs set since
7~ (W) is an F, set. Moreover, since any invariant set of one-sided shift is dense, X is a dense Gj set.

LetI C [omin, @max] be a closed non-singleton subinterval. It follows from Proposition 3.1 and Theorem 2.2 that there
exists a dense Gs set E C S;. To complete the proof, it suffices to show that the set F = w (EN X) C K satisfies the following
properties:

(1) FCK;
(2) FisdenseinK;
(3) FisaGs set.

It is easy to check that
F=nEN)caSNI)=KnNKCK.

Moreover, E N 3 is a dense G; set since both E and 3 are dense Gs sets. In particular,

K=n(X)=nENX)CaENZ)=F

and therefore F is dense in K.
For the last property, we observe that

K\F=WUK\F=WU®K\F) (sinceWNF = )
=WU (@) \7END))

WUxr(Z\(ENZX)) (sincer is bijective on X)

T(Z\X)Ur(Z\(ENY)

T((E\D)U(E\(ENE))

=7(Z\(ENY).

Finally, X \ (EN E) isan F, set (since E N Yisa Gs set). Writing X' \ (EN 5) = |J; F; as a countable union of closed sets
F; C X, we obtain

K\F=nr(Z\(END)=Jx@F,

where 7 (F;) is a closed set (since 7t is continuous and K is compact). This shows that F is a G set and the proof of Theorem 1.1
is complete. O

Acknowledgments

The authors would like to thank the anonymous referees for their valuable comments and suggestions that led to the
improvement of the manuscript. The authors also thank professor Naihuan Jing for careful reading of the manuscript and
helpful suggestions. This project is supported by National Natural Science Foundation of China (Grant No. 11071082) and
the Education Committee of Fujian Province (Grant No. JA11173).

References

[1] S. Albeverio, M. Pratsiovytyi, G. Torbin, Topological and fractal properties of subsets of real numbers which are not normal, Bull. Sci. Math. 129 (2005)
615-630.

[2] LS. Baek, L. Olsen, Baire category and extremely non-normal points of invariant sets of IFS’s, Discrete Contin. Dyn. Syst. 27 (2010) 935-943.

[3] L. Barreira, J.J. Li, C. Valls, Irregular sets are residual, Preprint.



J. Li, M. Wu /J. Math. Anal. Appl. 404 (2013) 429-437 437

[4] L. Barreira, ]. Schmeling, Sets of non-typical points have full topological entropy and full Hausdorff dimension, Israel J. Math. 116 (2000) 29-70.
[5] E.C. Chen, ].C. Xiong, The pointwise dimension of self-similar measures, Chinese Sci. Bull. 44 (1999) 2136-2140.
[6] KJ. Falconer, Techniques in Fractal Geometry, John Wiley and Sons, Chichester, 1997.
[7] A.-H.Fan, D.-]. Feng, ]. Wu, Recurrence, dimension and entropy, J. Lond. Math. Soc. 64 (2001) 229-244.
[8] D.J. Feng, K.S. Lau, Multifractal formalism for self-similar measures with weak separation condition, J. Math. Pures Appl. 92 (2009) 407-428.
[9] D.J. Feng, K.S. Lau, ]. Wu, Ergodic limits on the comformal repellars, Adv. Math. 169 (2000) 58-91.
[10] S. Graf, On Bandt’s tangential distribution for self-similar measures, Monatsh. Math. 120 (1995) 223-246.
[11] J. Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30 (1981) 713-747.
[12] J.Hyde, V. Laschos, L. Olsen, I. Petrykiewicz, A. Shaw, Iterated Cesaro averages, frequencies of digits and Baire category, Acta Arith. 144 (2010) 287-293.
[13] JJ. Li, M. Wu, Divergence points in systems satisfying the specification property, Discrete Contin. Dyn. Syst. 33 (2013) 905-920.
[14] ]J. Li, M. Wu, Y. Xiong, Hausdorff dimensions of the divergence points of self-similar measures with the open set condition, Nonlinearity 25 (2012)
93-105.
[15] M. Nakamura, On absolutely continuous invariant measures with respect to Hausdorff measures on self-similar sets, Hiroshima Math. J. 26 (1996)
1-24.
[16] L. Olsen, Multifractal analysis of divergence points of deformed measure theoretical Birkhoff averages, ]. Math. Pures Appl. 82 (2003) 1591-1649.
[17] L. Olsen, Extremely non-normal numbers, Math. Proc. Cambridge Philos. Soc. 137 (2004) 43-53.
[18] L. Olsen, S. Winter, Normal and non-normal points of self-similar sets and divergence points of self-similar measures, J. Lond. Math. Soc. 67 (2003)
103-122.
[19] J.C. Oxtoby, Measure and Category, Springer, New York, 1996.
[20] Y. Pesin, B. Pitskel, Topological pressure and variational principle for non-compact sets, Funct. Anal. Appl. 18 (1984) 307-318.
[21] RS. Strichartz, Self-similar measures and their Fourier transforms, Indiana Univ. Math. J. 39 (1990) 797-817.
[22] D. Thompson, The irregular set for maps with the specification property has full topological pressure, Dyn. Syst. 25 (2010) 25-51.
[23] J.Q. Xiao, M. Wu, F. Gao, Divergence points of self-similar measures satisfying the OSC, ]. Math. Anal. Appl. 379 (2011) 834-841.



	The sets of divergence points of self-similar measures are residual
	Introduction and statement of results
	Preliminaries
	Proof of Theorem 1.1
	Acknowledgments
	References


