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CONTINUOUS RANDOM WALKS AND
FRACTIONAL POWERS OF OPERATORS

MIRKO D’OVIDIO

ABSTRACT. We derive a probabilistic representation for the Fourier symbols of
the generators of some stable processes. This short paper represents a bridge
between probabilists and researchers working in PDE’s.

1. INTRODUCTION

The connection between fractional operator in space and diffusion with long
jumps has been pointed out by many researchers (see for example [1; 12; 19] and
the references therein). It is well known that the compound Poisson process is a
continuous time stochastic process with jumps which arrive, according to a Poisson
process, with specific probability law for the size. Our aim is to characterize the
jumps distribution in order to obtain singular limit measure characterizing frac-
tional powers of operators.

2. PRELIMINARIES

Let N(t), t > 0 be a Poisson process with rate A > 0. Let ¥}, 0 < j <nben+1
independent and identically distributed (i.i.d.) random jumps such that Y; ~ Y
for all j, where the symbol ”"~” stands for equality in law. That is, X; ~ X if, for
every Borel set B, P{X; € B} = P{X, € B} and therefore the random variables
X; and Xy have the same distribution or probability function. We note that, if
probabilities are defined for a larger class of events, it is possible for two random
variables to have the same distribution function but not the same probability for
every event (see [5], Chapter 2). Furthermore, two random variables which are
identically distributed are not necessarily equal.

It is well known that

N(t)
(2.1) Zy=)Y_Y;—XEY, t>0

j=0
(E is the mean operator and EY = [yP{Y € dy}) is the compensated compound
Poisson process with generator

(2.2) (Af)(x) = A / (f(x+y) — £(2) - uf' (@) vy (dy)

where vy : Q C R +— [0,1] is the density law of Y € Q. The process (2.1) is a
compensated process involving the compound Poisson process Z;VZ%) Y;. Thus, we
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2 MIRKO D’OVIDIO

have a sequence of i.i.d. random jumps with common law vy and a random number
of jumps 1+ N(t) with P{N(t) = n} = e M (\)"/n!, n = 0,1,2,...,t > 0. It is
worth to mention that ([17; 18]) the transport equation

(2.3) %:Au—)\u—ﬂ-)\Ku:Au—)\(I—K)u

where
"9
Au = — ,;:1 Pz (a(z) u)

(assume that a is sufficiently smooth) and K is the Frobenius-Perron operator
corresponding to the transformation 7'(x) = x — 7(z) has a solution which is the
law of the solution to the Poisson driven stochastic differential equation

(24) dXt = a(Xt)dt + T(Xt)dNt.

Formula (2.4) says that X, is a continuous-time stochastic process with jumps 7
which arrive randomly according to the Poisson process N;. In particular, dN; = 1
if a Poisson event arrives or dN; = 0 otherwise. The compensated Poisson process

Zy = N(t) — Xt (take Y; =1 for all j in formula (2.1)) is therefore governed by the
equation

ou ou
a(z,t) = )\%(z,t) -2 — K)u(z,t)
- )\%(z,t) - A(u(x, 1) — ula — 1,t))

where the Frobenius-Perron operator is associated to the jump function 7 = 1. The
first derivative du/0x disappears if Z; = N(t) is the Poisson process. Equation (2.3)
appears in such diverse areas as population dynamics (see for example [13; 14]) and
in astrophysics ([4]).

Formula (2.2) is quite familiar in the representation of the fractional power of
the Laplacian. Indeed, the fractional Laplace operator can be defined pointwise:

25) = (01800 = [ (fecty) = 160 -y VI gen) P

where Cy(a) is a constant depending on d and « € (0,1), f is a suitable test
function, C? function with bounded second derivative for instance. We note that
vy in (2.2) is a density defining a probability measure. Furthermore, the fractional
Laplacian is the governing operator of symmetric stable processes.

Let us introduce the 1-dimensional S-stable process G°(t), t > 0 with no drift.
In this case we have the characteristic function Eexpi¢&P(t) = exp —t¥(£) with
Fourier symbol

£ T

w(E) = [¢]” exp (”;;) = al¢l’ <1 — g tan2> . BE(O)U2
7B Ty

where o = cosmy/2, 6 = cot (7> tan (7) and v must be determined in such

a way that 6 € [—1,1] and ¢ > 0. The parameter 6 is the skewness parameter.
In particular, &%(t) is a symmetric real-valued stable process for § = 0 (and 3 €
(0,1) U (1,2]). If B € (0,1) and 6§ = —1 then &P (t) is totally negatively skewed
whereas, if 3 € (0,1) and @ = 1 (that is v = ) then G?(t) is totally positively
skewed. In the latter case, the stable process is also termed stable subordinator (see
for example [2]) and we will denote such a process by H(t), t > 0, « € (0,1). We
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recall that a random variable is positively skewed if the right tail of its probability
distribution is longer than the left tail. The converse holds for the negative case.

Compound Poisson and stable processes belong to the general class of Lévy
processes whose characteristic function is written in terms of the following Fourier
symbol (Lévy - Khintchine)

(26) Vi@ =b-ere M | (€Y — 1 — i€ - y1(y<1)) pldy)

where b € R%, M is a positive definite symmetric d x d matrix and p is a Lévy
measure on R? — {0}, that is a Borel measure on R? — {0} such that

(2.7) /(|y|2 A1u(dy) < oo or equivalently /

If Dy, t > 0 is a subordinator (not necessarily stable), then its Lévy symbol is
written as

(2.8) n(€) = ibe + /0 (€ ~ 1) u(dy)

where b > 0 and the Lévy measure pu satisfies the following requirements: pu(—oo,0) =
0 and

(2.9) /(y ADp(dy) < oo or equivalently /L?_—yu(dy) < 0.

Throughout the paper, the symbol 4, stands for ”converges in distribution” (or

”converges weakly”, or ”converges in law”, that is X, 4 X iff P{X, € B} —
P{X € B} as n — oo for every Borel set B C R). Furthermore,

P{X B} = /BVX(da:) — e (B).

3. COMPENSATED POISSON AND FRACTIONAL LAPLACE OPERATOR

Let us consider the Lévy process Fy, t > 0, with associated Feller semigroup
T; f(x) = Ef(F; — x) solving d;u = Au, ug = f. In particular, T} is a positive
contraction semigroup (ie. 0 < f <1 =0<Tif <1 and Tiys = T37Ts ) on
Coo (R9) such that (Feller semigroup)

o T;(Coo(R?)) C O (RY), t > 0 (T} is invariant),
o T,f — fast— 0 for all f € Cy(R?) under the sup-norm (7} is a strongly
continuous contraction semigroup on the Banach space (Coo (R?), || - [|00) )-

From the general theory of such semigroups we infer the existence of the generator

T f—
Af = lim 2/ =7
t—0 t
for all functions f € D(A), a linear space that is dense in Ci (R?). A is a closed
linear operator. Thus, we are able to compute the semigroup and its generator as
pseudo-differential operators. We say that A is the infinitesimal generator of Fy,

t > 0 and the following representation holds

~

(3.1) (ANG) =~y [ 70l fle)ae
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for all functions in the domain
(32) D) = { e mian) ;[ a@lfie)de < oo}

where f(£) = Jpa €6 f(x)dx is the Fourier transform of f, ®(-) is continuous and
negative definite. We say that T; is a pseudo-differential operator with symbol

"

exp(—t®) and, —® is the Fourier multiplier (or Fourier symbol) of A, (Af)(&) =

~

—P(&)f(&). Furthermore (as in [9]), we write

(3.3) — 0 Re®F| = ®(¢).

It is well known that, for ®(&) = |&|*, formula (3.1) gives us the fractional power
of the Laplace operator which can be also expressed as
_ fy) = f(%)

f(x+y) - f(X)dy

\y|2o¢+d

(3.4) =Cy(a)p.v.
Rd

where "p.v.” stands for the ”principal value” of the singular integrals above near
the origin. For v € (0, 1), the fractional Laplace operator can be defined, for f € .
(the space of rapidly decaying C, functions), as follows

_Cala) [ flx+y)+flx—y)—2f(x)

—(EASe) === | P y
(3.5) :Cdz(a) | f(X+y)+|§|(2>;+—dy)—2f(X)dy7 o

This representation comes out by considering straightforward calculations and re-
moves the singularity at the origin ([6]). Indeed, from the second order Taylor
expansion of the smooth function f (f € .%) we obtain

Foct )+ Flx—y) = 2f(x) _ D]z
|y|2a+d - |y|2a+d72

(3.6)

which is integrable near the origin provided that o € (0,1). The constant Cy(«)

o~

must be considered in order to obtain (—A)*f(-)(&) = |&|*f(&).

Remark 1. Let ', t > 0 be a stable subordinator. The generator of Fgo, t >0
is given by the beautiful formula
e’ e ds

| i@ = [T (1) - )
(37) (A" @) = g [ (Tr@) — @) 555
for all f € . (T, = e is the Feller semigroup of Fy, t > 0). A generalization
due to R.S Phillips allows the replacement of A with the generator of a general (not
only associated with Lévy processes) contraction semigroup on a Banach space. The

formula (3.7) comes from the representation of the Bernstein function g(x) = x©
for a €(0,1),

(3.8) xt = /000(1 — e )u(ds), x>0

where i is (in our view) a Lévy measure satisfying (2.9). In particular, p(ds) =

ﬁs’“’lds is the Lévy measure of a stable subordinator with no drift (see for-

mula (2.8)). By passing to the Fourier transform of (3.7) and considering that
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f:f = e‘s‘bf, the reader can immediately see that the Fourier multiplier of (3.7)
is given by —(®)*. If F, = By is the d-dimensional Brownian motion for instance,
then ®(&) = |€|* and therefore the associated Fourier symbol becomes —|&|?®. The
last result is known as the Bochner’s subordination rule: the subordinate Brownian
motion Bge, t > 0 possesses the same law of an n-dimensional isotropic stable pro-
cess (its infinitesimal generator is therefore the fractional Laplacian —(—A)*). The
interested reader can consult the book by Schilling et al. [16] for a deep discussion
on the role of Bernstein function in this context.

Formula (2.2) can be obtained by considering the following characteristic func-
tion
N(t)
Rei€Z: —R H oi8Ys p—iEatEY
j=0
) (EeiEY)N(t) o —iEQtEY
:e—,\t(l—Eeify) e i€atEY
—exp (ME (€Y =1 - igY) ).
Therefore, we get that

81/ ]Eeigzt

S =B 1Y) = A [ (91— iy (dy) = ~(6).
t= R
If Y; ~ Y are symmetric random variables such that EY; = EY = 0 for all j =

1,2,..., then vy (y) = vy (—y) and
69 [wr@win - e | L v+ 1 / o) =0

where we also include those density law vy (-) for which (3.9) holds as principal
value. If (3.9) holds true, then formula (2.2) takes the form

(Af) () = A / (F(x+9) — f(2)) vy (dy)

and the integral converges depending on vy (). If we choose vy (dy) = 2aly| 2%~ tdy
for instance, then the integral must be understood in the principal value sense and
we get the fractional Laplace operator as formula (3.4) entails.

4. MAIN RESULTS

In this short paper, we construct continuous random walks with exponential
and Gaussian jumps driven by pseudo-differential operators with Fourier multiplier
—®.(¢) which converges to —|€|? with B € (0,2) as v — 0. In particular, we
first consider the random jump Y = yeX € [y,00) where X ~ Exp(a) and o,y >
0. We have that P{Y € B} = [svy(dy) with vy(y) = ay*y > '1(>,). By
”symmetrizing”, we get that

(4.1) vy (y) = qvy (=y)ly<—y) + 2y (U)1(yy)
is the density of Y* = €Y with Rademacher law
Ple=+1}=p, P{e=-1}=¢q
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for the random variable ¢ where we obviously assume that p +¢ = 1. For p = ¢,
formula (4.1) takes the form

1 «
(4:2) V() = ov () = S5l 1120
and Y™ is therefore written as
(4.3) v { veX,  with probability 1/2,
' —veX,  with probability 1/2.
Now we write the corresponding compound Poisson process as follows
N(t) N(t) N(t)
(4.4) A(t):ZYj*:Zerj:Zej’yjer, t>0
Jj=0 j=0 j=0
with X; ~ X, ¢ ~ eand v; = v for all j = 0,1,2,.... We also assume that
all the random variables we are dealing with are taken to be independent, that is
Eee; = Eejejr = 0, V4,5 such that j # j'. Observe that, for all £ > 0, P{ye™® <
e} = P{eX < 40} =1asy—0.
We are now ready to state the following results

Theorem 1. Let 5’33—1(1&), t >0, 7=1,2 be two independent stable subordinators.
For given p,q > 0 such that p+q=1, a € (0, 1),

(45) Alt/4*) =5 97 (017) = 95 (at")

with t* : t — AI'(1 — a)t and generator

(4:6) Af) = =30 = o) (v +ag s ) flo)

The Weyl’s fractional derivatives appearing in (4.6) are defined as follows:
a<f, . 1 d [ dy
dx® () T(1-a)dz /0 f@=y) Yy
« o dy

e | U@
« o a a
:71‘(1 — ) /0 (f(I) — efyazf(ilf)) ygzj-l = <%) fx);

A S N
pTERTAC i da;/o fe+y)g

e AR

i [ e - s A= (<2 g

Here we have considered ”good” functions f : R — [0, 1] whereas, we obtain the
Riemann-Liouville derivatives (left-handed and right-handed respectively) by con-
sidering f : Ry +— [0,1] and f : R_ — [0, 1] respectively ([8; 15]). In the integrals
above, for example, one can write f(z)1(.>0y and f(2)1(.<o) and obtain the opera-
tor governing the (totally) positively and (totally) negatively skewed stable process,
that is ¢ = 0 and p = 0 respectively in (4.6). We notice that the definitions above
are related to the representation (3.7) involving the translation semigroup eT¥%=.
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Remark 2. The stable subordinator H,t > 0, a € (0,1) has a probability law, say
ha = ho(z,t), x >0, t > 0, solving the fractional equation Oihs = —(0/0x)%hq,
(x,t) € [0,00) x (0,00) subject to the initial condition hy(x,0) = 6(x), the Dirac
delta function.

Proof of Theorem 1. The characteristic function of (4.4) is written as follows
N(#) N
: t
Eexp [ €Y ¢;Y; | =E (BeisY) "
j=0

=exp ()\t(IEei&Y - 1))

=exp ()\t (pEeigY + qEe™ %Y — (p+ q))>

=exp ()\t (p(EeigY —1) + q(Be™®Y — 1)))

From this, we immediately get

E exp (i€A(t/y*)) = exp (ji (PECSY 1)+ q(Ee - 1))).

We recall that the Lévy symbol (see (2.8)) of a stable subordinator with no drift
(b=0in (2.8)) is a mapping from R — C which takes the form

(17) - i = [ -

for aw € (0,1). The Fourier symbol (depending on «) of the characteristic function
of A(t/~%) is therefore given by

®,(§) = — O Eexp (i€A(t/7))

t=0
[eS)

A < —i
-3 <p/ (€'Y — 1)y (dy) + q/ (e7v — 1)z/y(dy))
0 0
oo ad " ad
:_)\p/ (ezfy_l)a_fl_)\q/(e &y_1)a—+y1.
~ ) v Y
For v — 0 we obtain

(48) @6 = (&) =AT(1 - ) (p(=i)* +a(i)*), a € (0,1)

and, from (3.1) we arrive at

a a
4.9 =-AI'(1— — _— .
(1.9 Afe) =21 = o) (n gy +ag ) fle)
The fact that the Lévy process (4.5) has infinitesimal generator (4.6) comes directly
from the characteristic function

Eexp (i£95 (pt") €58 (at") ) = exp (—t'p(=i€)" — +°q(i€)°)
where t* = AI'(1 — «)t > 0. Thus, we get that
~OEexp (1607 (pt") — 695 (qt") )| _ = AT(L = ) (p(=i6)" +q(i€)”)
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which coincides with ®(¢) in (4.8).
In the last calculations we have used the fact that

Ee'>" (1) = exp (—(—i€)?) = exp (—tfg[*e ™ T 1@

1€

), EER, t>0

and thus,
€

Ee %9 (1) = oxp (_t\ﬂaei% m) = exp (~ii6)%).

The Fourier transforms of the Weyl’s fractional derivatives, for a € (0,1), are given

by ([15])

(410) | e g @) = (70T, 1 L),

O

Remark 3. A stable subordinator is a one-dimensional non-decreasing Lévy process
with Eexp(—£9H¢) = exp(—t&*), a € (0,1). We recall that H is a totally positively
skewed stable process and therefore it is also non-negative. Its distribution has non-
negative support, P{H € [0,00)} = 1. We observe that $H5(0) = 0 for j = 1,2
and therefore the process (4.5) converges (in distribution) to a totally positively
skewed (if ¢ = 0, P{e; = +1} = 1, Vj) or totally negatively skewed (if p = 0,
P{e; = —1} = 1, Vj) stable process with support for the distribution function
respectively given by [0,00) or (—oo,0]. Furthermore, for a given process X, t > 0
we notice that Xg; runs slower than X if 0 is less than 1 or faster than Xy if 6 is
greater than 1.

Theorem 2. Let G(t), t > 0 be a symmetric stable process with 3 € (0,2). Then,
forp=q=1/2, a € (0,2),

(4.11) Alt/y*) =L &2 ()
¥—0

with t* : t = aACt and generator (Riesz operator)

a~ f
4.12 = —
(1.12) Af(a) = ~oAC L (o)
where

1 1 —cosy

4.13 C= —/ —d
(4.13) 2Jr lyl*t! Y

Proof. For p=¢=1/2 and o € (0,2) we obtain that

D, (&) = — Or Eexp (i€A(t/1%))

t=0
A . .
= — 2—Q(E€’LEY + E6_15Y — 2)
~
A > @& —i&
:—27—0‘ (6 y+€ y—Q)Uy(dy)
0

== [ (costen ~ 1ywian)

where, we recall that

*

oy -
() = =l gy
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We explicitly have that

B, () = - % / (cos(€y) — 1) 5 (dy)
== [ (coslew) D Iy,
R\B.,

By taking the limit for v — 0, we obtain
a\ —a—
@) (6 = 8O =5 [ (coslén) ~ Dyl dy = axClEl

where, due to the fact that (cos(y) — 1) Jy|~*~! < y2|y|=*"! by Taylor expansion
near the origin, we obtain that

1
0<C= 5/ (1 —cos(y)) ly|~* tdy < oo
R

and —|¢|“ is the Fourier multiplier of the infinitesimal generator of a stable sym-
metric process. Indeed, for the symmetric stable process G°(t), t > 0, 8 € (0,2),
we have that
—o, Eeiﬁt‘?ﬁ(t)’ = |¢|#
t=0

and (3.1) holds with

(4.15) Af(r) =~ i <dﬁf ’f

i =<3 (w7 w)

where o = (cos73/2) 1. The Fourier symbol of the Riesz operator (4.15) is written
as (see formula (4.10))

o dP . a2 -
[ e i @ = £ (197 + (9°) Fle) = kP 7o)
Therefore, from (4.14), we conclude that

N(t/v*) 0
> v ter)

=0

in distribution, where
Ee’®" () = exp (—t*[¢]*)
and t* = aACt, t > 0. Furthermore, the generator of &% (¢*) with a € (0,2) is

e f 1 _

~AC () = e Flg)ds.

“or .
O

We now introduce the reciprocal gamma random variable E,, o > 0 with
—a—1

P{E, € dz}/dx = B e~1% x > 0 (the reciprocal gamma process has inter-
esting connections with stable subordinators and Bessel processes, see for example
[7]). The random variable E, is termed reciprocal in the sense that E, ~ 1/G,,
where G, has Gamma density law. It is particularly interesting because it ap-
pears in many contexts. The density law of E, appears as steady state solution to
some diffusions ([10]), as density law for the reciprocal Bessel process at fixed time
([7]), as marginal density for diffusion models ([3]), as the density law of integrals

involving geometric Brownian motions ([11]).
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We also consider the (normal) random vector Y ~ N(0,02), Y € RY, with

2~ 7 Eq for some v > 0 and define the process

random variance o

N(t)
(4.16) Alt)=> &Y;
=0

where €; ~ € V7, € has Rademacher law as above, Y; ~ Y Vj and Ee;je; = 0 for
all j, 7' such that j # j'. We notice that

2

y (/ €= P{o? ¢ ds}) dy ~ a2
0

P{N(0,0%) >z} < i/

z V2s
and therefore, for large x,
P{N(0,02) € dz}/dx =~ 20z~ 2>,

After some calculations we explicitly write the law of Y € R¢ as follows
M(a+2) e R

4 2 ot YER
w2 D(a) (lyl> +7)*F2
We are now ready to present the next result.

(4.17) vy (y) =

Theorem 3. Let &°(t) € RY, t > 0 be an isotropic stable process with 8 € (0,2).
Then, for a € (0,1),

« d gk

(4.18) A(t/r") — &2 (1)
. % . F(a+%) . . .
with t* : t — )\?()C’t and infinitesimal generator
T2 «@

P(a+9) o

where
1 —cosy;

4.20 C = - I
( ) R |y[2otd

Proof. We have that

N(t) N(t)
Ee'¢ A0 <E [ B¢ = E(Ee“ﬁ'Y>
§=0

where we used the fact that Y; ~ Y for all j. Therefore, we obtain that
Ee'® A1) —exp (At(Ee' Y — 1))

t . )
(4.21) = exp (%(Ee’E'Y + Ee %Y — 2))

and Y ~ vy, see formula (4.17). The Fourier symbol corresponding to the charac-
teristic function (4.21) is given by

—0, EetéAt)

A 4 ,
=5 [ ey v ay)
t=0 R

=-A Rd(cosé-y—l) 1 T(a+3)

w8 D(a) (ly|? + )+
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and therefore, for the process (4.18), we get that

, o r d
— 0y Bet$ AW/ :—)\/ (cos£~y71) ~ (a+3) -dy = 2.,(§).
o 1 T(a) (jy[2 +7)° "3
The limit for v — 0 leads to the Fourier symbol
(a+9) dy I(a+4)
1.22) lim &, (£) = —>\72/ (cose-y—1) = 2. g
( ) ¥50 "/(5) ﬂ'% F(a) Rd E y |y|2a+d 7'['% r(a) |£‘
where
1 —cosyy

4.23 C= —_—
(4.23) re |y[>otd

The interested reader can find in [6] a detailed computation of the integrals in (4.22)
and (4.23). Finally, we observe that

. o A . )
—0, Feié A7) - _ (ezéy 4o Y _ 2)VY(dy) _ @7(5)
o 29 Jpa
converges, for v — 0, to the Fourier symbol
o :__72/ €Y | iy gy QY
© 2 72 T(a) Rd( )|Y|2a+d

By applying formula (3.1), we get

Tla+9)  Cule) oy _dy
AT =X ey €2 /R (Y6t 9)+ 7 =9) =200 e
F(oz-i-%)
= - A—=C0(-D)*f(x
T (—2)*f(x)

where

1 —cosyy -t
C = (/Rd ly[potd dy>

which is the generator of the isotropic stable process 620‘(15*) with

NG
A Gl DI MY
w2 I'(a)
O
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