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1. Introduction and main results

The circular restricted 3-body problem has attracted many researchers, e.g., Sitninkov [13], Moser [11],
Mathlouthi [9], Souissi [14], and Zhang [16]. In this problem, it appears that two bodies with equal mass
(mq = mg = 1/2) move in a circular orbit in a plane where their center of mass is at the origin. The motion
of a third massless body is then considered under the attraction of the first two bodies. However, the circular
motion of the first two bodies is not influenced by the third massless body. In particular, the massless body
can move in a straight line perpendicular to the circular orbit plane and through the center of mass of the
first two bodies.

Let z(t) be the coordinate of the third body. Then, z(t) satisfies
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Zhang [16] used the variational minimizing method to prove the existence of an odd parabolic or hyperbolic
orbit for Equation (1) with 0 < o < 2.

In this study, we consider the 2-fixed center problem, which is a classical problem with a long history
[3-5,1,7,8,15]. For two masses, 1 —u and p fixed at g1 = (—u,0) and g2 = (1—pu, 0), respectively, the problem
involves studying the motion ¢(t) = (z(t), y(t)) of a third body with mass m3 > 0. In the present study, we
consider that the motion of the third body is attracted by 2-fixed center masses with general homogeneous
potentials, which satisfies the following equation:

i+ 252 —o, ©)
Vig)= -t N 3)

lg—ail* g —gq|*
Definition 1.1. We refer to the solution g, (t) of (2)—(3) as a parabolic type solution if

max |G (t)| = +oo,

min |44 ()] = 0
and the energy along the solution is zero:
1 2 1- 1% M
S|l — = - =h=0. (4)
27 G0 —@l™ 14, — 2|

For u = 1/2, we consider the existence of the motion ¢(t) = (z(t), y(¢)) of the third body, which satisfies
the odd symmetry (x(—t),y(—t)) = (—xz(t), —y(t)). We use the variational minimizing method to prove the
following.

Theorem 1.1. For (2)-(3) with = % and 0 < a < 2, an odd symmetrical parabolic-type solution exists.

Remark. Note that [16] studied the existence of the parabolic or hyperbolic solution for restricted 3-body
problems, but the author only proved the energy h > 0 along the unbounded solution, whereas we provide a
more detailed analysis to determine the existence of the parabolic solution for 2-fixed center problems, and
thus we prove the energy h = 0 along the unbounded solution. We also note that the potentials for these
two problems are similar but not the same.

2. Truncation functional and its minimizing critical points

In order to determine the parabolic-type orbit of (2)—(3), we first restrict ¢t € [-n,n] and find solutions
of (2)—(3), and we then let n — 400 to obtain the parabolic-type orbit. By noting the symmetry of the
equation, we can find the odd solutions of the following ODE:

i) = 2. o)
1/2 1/2

+ .
lg—aql* g — qa|®

Ulg) =

We define the functional:

fla) = / ClawP +

2

1/2 1/2
/ N /
lg —aq1|® g — q2|®

)dt, (7)
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where

q € Hy = {q(t) = (x(t),y(t)) : 2,y € WH2[=n,nl;q(~t) = —q(t),q(t) # ¢, t € [-n,n]}. (8)

Since Vq € H,, q(0) = 0, then according to the well-known Hardy-Littlewood—Polya inequality [1, inequal-
ity 256, for Vq € H,,, we have an equivalent norm:

mm:p/mm%WP

—n

Remark. We do not assume that ¢(—n) = ¢(n) = 0 because we want to obtain the parabolic-type orbit that
satisfies

t =
max |q(t)] = +oo,

min |4(t)| = 0.

In addition, we do not assume the periodic property for ¢(¢) because we need a non-periodic odd test
function in order to obtain Lemma 2.6.

Lemma 2.1. f(q) is weakly lower semi-continuous (w.l.s.c.) on the closure H, of H,.

Proof. (i). It is well known that the norm and its square are w.l.s.c.
(ii). Y{qm } C Han, if ¢, — q € H,, weakly, then by the compact embedding theorem, we have the uniform
convergence:

t) —q(t) —
_max Jgm(t) —q(t)] = 0,

as m — 400, and thus

n n
1 1
/7dt—>/4dt7i:1,27
lgm — ai]® lg — qi|™
—n —nNn

as m — 4o00. Hence,

lim f(gm) = f(q).

m—»o0

(iii). V{qgm } C Hp, if ¢y — q € OH,, weakly, let

S ={to € [-n,n] : q(to) = q1(to), or ¢g2(to)}.

(1) The Lebesgue measure of S is zero, so U(gn(t)) — U(q(t)) almost everywhere, and thus by Fatou’s
Lemma, ffn U(q)dt is w.l.s.c., and it is well known that the norm and its square are w.l.s.c. so f(g) is also
w.l.s.c.

(2) The Lebesgue measure of S: L(S) > 0, then

n

[ U@ =+, 1) =+,

—n
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and thus by the compact embedding theorem, we have the uniform convergence on S:

_max | (t) — q(t)] — 0,

as m — 400, and so on S, we have the uniform convergence:
n
1 .
T dt = +oo,i=1or 2,
‘Qm - Qil
—n

as m — 4o0. Hence,

n

/U(qm(t))dt — +00

lim f(gm) =400 2> f(q). O

m—o0

Lemma 2.2. f is coercive on H,.

Proof. From the definition of f(¢) and the Hardy—Littlewood inequality, it is clear that the coercivity holds
(f(@) = 400, llgll = +00). O

Lemma 2.3 (Tonelli). (See [2,10].) Let X be a reflexive Banach space, M C X is a weakly closed subset,
and f : M — RU {+oo}, but f(z) is not always +oo, and suppose that [ is w.l.s.c. and coercive (f(x) —

+00, ||z]] = +00), then f attains its infimum on M.

Lemma 2.4 (Palais’ Symmetry Principle). (See [12].) Let G be a finite or compact group, o is an orthogonal
representation of G, and let H be a real Hilbert space, f : H — R, which satisfies

flo-z) = f(z),Yo € G,Vz € H.
Let
Fé{xEH|U'$=J},V0’€G}.
Then, the critical point of f in F is also a critical point of f in H.
Lemma 2.5. f(q) attains its infimum on H,, and thus the minimizer 4o (t) is an odd solution.
Proof. We have proved Lemmas 2.1-2.2, so in order to apply Lemma 2.3, we need to apply Lemma 2.4

to prove that the critical point of f(q) on H, is the odd solution of (4)—(5). We define groups G; =
{Iax2, —Iax2}, Go = {1,—1} and their actions:

o1 -q(t) = Iaxaq(t),
o2+ q(t) = —Izx2q(t);
a1 q(t) = q(t),
G2 - q(t) = q(-1).
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Then, it is easy to prove that f(q) is invariant under o1, 09, 61,62,0; - 65,65 - 0; and the fixed point set
of the group actions for G; x Gs is simply H,,, so we can apply Palais’ Symmetrical Principle. O

In order to obtain the parabolic type solution, we need to prove that

when n — oo, and ¢, (t) has the following properties:
max |ga(t)] = +oo,
. P t — .
min |¢,(t)] = 0

To achieve this, we require some further lemmas, as follows.

Lemma 2.6. Constants ¢ > 0 and 0 < 0 < 1 that are independent of n exist such that the variational
minimizing value a, for f(q) on H, satisfies a, < cn’.

Proof. (i). If §(t) = (%, ) € H, is located on the y-axis, then we choose a special odd function defined by
F=0, 5=t te [—n,n],

where we select 8 to satisfy 0 < <1, 5 < = # < é, I,m are odd numbers, and (I,m) = 1. Then,

N

) 1. B ro12 1/2
1) ==2 [ g2 1>dt+/ + dt

—n

2
ﬁ n26—1 + 2 1—04/3-

<
=951 1—af "
Now, we define
0 = max(26 — 1,1 — af), (9)
__Z 2
C_Zﬁ—1+1—aﬂ>0' (10)
When 0 < g < 1 and
1 l 1
S<B=— <,
2 m o«

then
1>26-1>0,1>1—a8>0
and 0 < 6 < 1. Hence, we have

f(@) < en®.

(ii). If (t) = (Z, §) is not on the y-axis, we choose a special odd function on ¢ defined by
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() =1t,5(t) =0, t € [-n,n],
where 0 < 5 < 1,

<

)

Q|+

L
m

<pB=

DN | =

{,m are odd numbers, and (I,m) = 1. Then, we have

n

. r B 1 1
sy s [ i [l
0 0 2 2

< —l%i—n?ﬁ14—L——£——n?“54—j/———ih———dﬂ
281 1—-af th — 1|
0

Now, we estimate

Let
1
B 5 — Tﬁ,
then t > 7 and
dt = (2)Ptdr
t
and by changing the variables, we have
1
(n"=3)°

n

1
pu—
0 2

<

Define

6 = max{28 — 1,1 — af},

B 3
o=

— 0.
B_1 1—af

When 0 < < 1 and

N | =
3=
VAN
oI

then
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1>26-1>0,1>1—aB8>0

and 0 < # < 1. Hence, we also have

Furthermore, for our minimizer, we have

Lemma 2.7. Let G, be critical points that correspond to the minimizing critical values a, = ming, f(q),
then ||Ga,nllcc = +00 when n — +o0.

Proof. By the definition of f(§a,n) and Lemma 2.6, we have

‘We note that

1 )
(@435 +y" <260 +9°) + 1,
Lo 2 2 2 1
(r—5) +y" <@ +y)+ 7,
2 4
and thus
n? >/ dt N dt
") @ldanlZ + D (el + 1)/
0
S 2n
" 2lanlli + 32
Hence,

1Gan 2 — +o0, (11)
asn — 4oo. 0O
Lemma 2.8. f; |G| dt is uniformly bounded on any compact set [a,b] C R.

Proof. The system is autonomous, so for any given «,n along the solution §u.(t), the energy h(t) is
conservative, i.e., a constant h = h(a,n):

1. 1/2 1/2
_‘qa,n‘2 A / o A / o h. (12)
2 o — 0™ Ndg., — ¢l

By the energy relationship above and the definition of the functional f, we have
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n

1. 1/2 1/2
[ (Ga, )::t/kAWQ I+ — + — )dt
o K 2 wn ‘QQ,n - Q1|a |CIa,n - (I2|a
. 1/2 1/2
= /(_‘qa7n|2_ - « 1A a)dt
2 G — @1l™ 14y, — a2

—n

o2 1/2
4—2'/( Y L2
K G — @™ 1Gp, — @l

1/2 1/2
:2nh+2/ ~ / + —= / dt
E |Q¢x,n —(h\o‘ |qo¢,n - C]2|°‘

By Lemma 2.6, we have

n

1/2 1/2
0719227111—i-2/(~ / + — /
|qa,n —Q1|a |qa,n —(Iz|a

)dt,

and

10 12 1/2
R L SR
|qa,n - Q1|a |qa,n - (J2|o‘ 2

nf1L. (13)

N o

(1) When n is sufficiently large, |Ga,»(f) — ¢;| has a uniformly positive lower bound, i.e., ming<;<p |Ga,n(t) —
gi| > ¢ > 0, and thus we have

b

b
/ng wo-a)+ [ L

‘qa,n —Q1|O‘ |Q¢1,n —(Z2|°‘

(b—a)+c *b-a).

l\DI(‘:

(2) i =1 or 2 and a sequence t,, C [a,b] exist such that §o n(tn) = gi,, and since 0 < & < 2, then there is
a weak force potential; thus, when n is large, we have

1/2 1/2
po / o T = / >
|qo¢,n - (Iﬂ |QO¢,n - Q2|

[

|dt < M

— )

Se—

3. Proof of Theorem 1.1

BY Ga.n(0) = 0, the Cauchy—Schwarz inequality, and Lemma 2.8, we have

t
a0 = | [ Gunlo)is] < 0 —a1/2/|q alPds]!® < 0,
0
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and thus we have the following:
(i) {ga,n} is uniformly bounded on any compact set of R.

By the Cauchy—Schwarz inequality and Lemma 2.8, we have

to b
|Ga,n(t2) = Gan(ti)] = |/§a,n(s)d8\ < [/ |Goyn|2ds] 2 (b2 — 1) Y2 < Mo (b2 — t1)Y/?,
t1 a

and thus we have the following:
(ii) {Ga,n} is uniformly equi-continuous on any [a,b] C R.
Now, we can apply the Ascoli-Arzela Theorem and we know that {G. ,} has a sub-sequence that converges

uniformly to a limit §,(¢) on any compact set of R, and §,(t) is a solution of (5)—(6). By the energy
conservation law and Lemma 2.7 and (13), we have

1 1 1
3 aF
2" |Ga — 1] |Ga — G2

1. B

Then, by Corollary 2.3 from [6], we have

gl = o + L 2 T+ 51 (14
Now, we claim:
(a)
max |G (t)] = +oo. (15)
In fact, if 36 > 0 such that
lda| < B,Vt € R,

then by (14), there exists v > 0 such that
1dal > 7Vt € R.
Therefore, when n is large, we have

|Gon| >, Vt € R,
n
o’ 2 [l > 22,
-n

which is a contradiction.
Now, by (14) we have

(b)

min |¢, ()] = 0. (16)
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