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Selection principle

1. Main results

Pointwise selection principles are existence theorems guaranteeing the existence of a pointwise convergent
subsequence of a given sequence of functions. The historically first example is the classical Helly’s Theorem
[25], [32, Section VIIL.4]: a uniformly bounded sequence of real monotone functions on a closed interval
[a,b] in R contains a pointwise convergent subsequence whose limit is a bounded monotone function on
[a,b]. As a corollary, the monotonicity of functions may be replaced by the uniform boundedness of their
Jordan’s variations. A far reaching consequence of the latter result is (Theorem C below and) the existence of
selections of bounded (generalized) variation of univariate multifunctions of bounded (generalized) variation
whose values are compact subsets of a metric space [10].

The purpose of this paper is to provide pointwise selection theorems for functions of several variables
valued in an arbitrary metric space. In order to present the results in a simple and principal form and avoid
(unnecessary) technicalities, we consider the case of bivariate functions on a closed rectangle.

We begin with reviewing definitions and facts needed for our results.
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Given two points # = (21, %2), ¥ = (y1,y2) € R?, we write z < y (or # < y) provided z; < y; and x5 < o
(or 71 < y; and z2 < ya, respectively), and we denote by I¥ = {z € R? : 2 < z < y} = [z1,11] X [22, 2]
the rectangle in R? with the end-points « and y. In what follows, points a, b € R?, a < b, are fixed, and the
domain of bivariate functions is the rectangle I?.

Recall that a function v : I” — R is said to be totally monotone if, for all z = (x1,22), y = (y1,y2) € I”
with z <y, we have

v(yi,a2) —v(xi,a2) >0, wv(ay,y2) —v(a,z2) >0, and
V(l'1, !Ez) - V(yl,m) - V(Il,yz) + V(yl,y2) > 0.

Totally monotone functions are well-studied [1,4,6,23,26-30] (they are called positively monotonely mono-
tone in [26, T11.4.3]). We recall the following two results for totally monotone functions, also needed below.

Theorem A (/26, I11.5.}], [3/]). The points of discontinuity of a totally monotone function on I° lie on at
most a countable collection of lines parallel to the coordinate azes in R2.

Theorem B (Helly’s selection principle from [7], [26, II1.6.5]). A uniformly bounded sequence of totally
monotone functions on IV contains a subsequence, which converges pointwise on I’ to a bounded totally
monotone function.

There are a number of extensions of Theorem B for multivariate functions of bounded variation in
various senses: [26,27,30,31] for real valued functions, and [5,19-22] for metric semigroup valued functions
(see below).

Of main interest in this paper are metric space valued functions on I’. Our approach to the pointwise
selection theorems for (sequences of) such functions is based on two notions of pseudometrics, the joint
increment and joint mixed difference, to be defined as follows.

Let X be a nonempty set (in the sequel, X is a closed interval I = [a,b] in R, or the rectangle I? in R?),
(M, d) be a metric space with metric d, and M~ be the set of all functions f : X — M mapping X into M.
Given f € MX and u € M, we set f,(v) = d(u, f(x)) for all z € X (so that f, maps X into [0,00)) and
note that

d(f(@), 9(y)) = max |fu(x) = gu(y)| for all f,g € M* and z,y € X. (1.1)

In particular, setting (f — ¢)u(z) = fu(x) — gu(x) for v € M and = € X, we find
d(f(2), 9(x)) = max |(f — g)u(2)]. (1.2)

Although the ‘subtraction’ f — g is given by (u,z) — (f — g)u(x) and maps M x X into R, passing to
h=f—gand h,(z) = fu(z) — gu(z), for the sake of brevity, will be a convenient tool in some proofs below.

The joint increment of two functions f,g € M*X on the two-point set {z,y} C X is (the increment of
f — g, i.e.) the quantity introduced in [15, Chapter 5] and [16, Section 2] by

I(f,9)(@,y)| = SEJI&W = 9)u(@) = (f = 9)u(v)]
= Sg}l&!d(uv f(@)) = d(u, f(y)) — d(u, g(x)) + d(u, g(y))|- (1.3)
Now suppose X = I = [a,b] is a closed interval in R (a < b). By a partition of I we mean a finite

collection of points {¢;}1*, C I for some m € N such that a = tp < t; < -+ < typ—1 < ty, = b, which is
written as {t;}§* < I.
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The joint variation of two functions f,g € M! is the quantity

V2 sup{Z| fr9)(ti—1,t:)| : m € N and {ti}gl-<l—[a,b]} (1.4)

valued in [0, co], where |(f, g)(z, y)]| is the joint increment (1.3) with x = ¢;,_; and y = t; (cf. [15, Section 6.4]
and [16, Section 4]).

The following pointwise selection theorem for M-valued functions on I = [a,b] was established recently
in [16, Theorem 1 and the beginning of Section 6] in terms of joint variation:

Theorem C. Suppose {f;}, {g;} C M are two sequences of functions such that: (a) {f;} is pointwise precom-
pact on I; (b) {g;} is pointwise convergent on I to a function g € M'; and (c) limsup, ., V2 (f;,9;) < oo.
Then, there is a subsequence of {f;}, which converges pointwise on I to a function f € M such that

VE(f,9) < 00!

Now, let I? = [ay, by] x [ag, ba] be the rectangle in R2. The (Vitali-type) joint mizved difference |(f, g)(I¥)]2
of two functions f,g € M on a subrectangle I¥ = I9y2 C Ih with 2 <y is defined by

[(f,9)(I)]2 = ESJ\I}W — Dulm1,22) = (f = Qulyr, 32) — (f — Qulzr,12) + (f — 9)ulyr,v2)|. (1.5

If {t; }7" < [a1,b1] with m € N and {sx}{ < [az2, b2] with n € N, we say that the collection of subrectangles
of IV, given by
Iin:[ti_l,ti] X [Sk—lask] It 5k i:l,...,m, k:l,...,n, (16)

ti—1,8Kk—1"

forms (or is) a partition of IY (in symbols, {I; x}7"{" < I0).
The (Vitali-type) joint double variation of two functlons frgeM I3 is defined by

m

Z| :m,n € Nand {I; x}1"} a} (1.7)

i=1 k=1

Va(f, g, I2) = sup{

The total joint variation (of Vitali-Hardy—Krause-type) of functions f and g as above is given by (means
of (1.4) and (1.7))?

V(fa g, Ig) = Vabll (f<7 a2)a g(a a2)) + Vaf); (f(a'h ')7 g(ala )) + Vv2(f7 9, Ig) (18)
Our first main result is the following pointwise selection theorem.

Theorem 1. Let {f;}, {g;} C M2 be two sequences of functions such that

(a) {f;} is pointwise precompact on I?;

(b) {g;} is pointwise convergent on I: to a function g € Ml

(¢) C =limsup; . TV(f;,g;,1L) < oo.

Then, there is a subsequence of {f;}, which converges pointwise on I? to a function f € M such that
TV(fg.12) < C.

1 A sequence {fit={f};2. C MX converges pointwise (or everywhere) on X to a function f € MX if limj_, o0 d(fj(z), f(x)) =
0 for all x € X, and {f;} C M is pointwise precompact on X if the closure in M of the set {fj(x) : j € N} is compact for all
z e X.

2 Given z = (z1,22) € I® and f € M| the univariate functions fe, xg) la1,b1] = M and f(z1,-) : [a2,b2] — M are defined
in the usual manner: f(- 172) t) = f(t,x2) for all t € [a1,b1], and f(z1,-)(s) = f(x1,s) for all s € [az, ba].
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The novelty of this theorem is threefold as compared to the references following Theorem B. First,
assumption (b) refers to an arbitrary pointwise convergent sequence {g;} whereas, usually, {g;} con-
sists of a single constant function ¢ : I> — M. Second, assumption (c) is more general than condition
sup,eny TV(f, 6,1 %) < 0o adopted in the literature. Third, (M, d) is an arbitrary metric space in Theorem 1
instead of a metric semigroup from the references. Recall that a triple (M, d, +) is a metric semigroup [10,
Section 4] if (M,d) is a metric space, (M, +) is an Abelian semigroup with the operation of addition +,
and d(u,v) = d(u + w, v+ w) for all u,v,w € M. In this case, the joint increment (1.3) may be replaced by
10,17,18]

(f:9) (@, 9)| = d(f(2) + 9(y), f(y) + g(x)), (1.9)
and the joint mixed difference (1.5)—by [5,9,11,12,19-22]

|(f,9)ID)|2 = d(f (1, 22) + g(y1, 22) + g(z1,y2) + [ (Y1, y2),

g9(@1,22) + fy1, 22) + f(@1,92) + 9(y1,52))- (1.10)
Furthermore, if (M, || -||) is a normed linear space (over R or C), we may set
|(f:9) (@, 9)| = [I(f = 9)(x) = (f = )W)l = lIlf () + 9(y)] = [f(v) + g(@)]I], (1.11)

I(f, 9)ID)]2 = I(f — g) (w1, 22) — (f — 9)(y1,22) — (f — 9)(w1,92) + (f — 9) (1, 92)|- (1.12)

Since quantities (1.3), (1.9), and (1.11) (as well as (1.5), (1.10), and (1.12), respectively) have the same
properties needed for the selection theorem, the method of proof of Theorem 1 applies to the three mentioned
cases, and so, Theorem 1 contains the results from the references above as particular cases.

The second main result, Theorem 2 below, is based on the notion of total e-variation (¢ > 0) to be defined
as follows.

The quantity TV(f,c, I’) from (1.8) is independent of a constant function ¢ : I? — M it is called the
total variation of f € M’ and denoted by TV(f,1). This notion was employed in [8], [26, I11.6.3], [27] (for
real bivariate functions), [13,14,28,30] (for real multivariate functions), and [5,9,11,12,19-21,33] (for metric
semigroup valued multivariate functions). The set of all functions of bounded total variation on I? is denoted
by

BV(I%: M) = {f € M : TV(f,I%) < co}.3 (1.13)

We equip the set M* (in particular when X = I) with the (extended valued) uniform metric given, as
usual, by

doo(f,9) = doo,x(f,9) = sup d(f(z),9(z)) for all f,geM¥. (1.14)

Given € > 0, the total e-variation of f € M is the quantity
TV.(f,I}) = inf {TV(g,I}) : g € BV(I; M) and doo(f,9) <} (1.15)

with the convention that inf @ = co. In the special case when (M, ] - ||) is a normed linear space, we set
[flloe = supsere [1f ()] and do(f, 9) = [If = glloo-

3 This notation should not be confused with a similar notation for multivariate functions of bounded variation in the distributional
approach [2.35]; cf. also 3, Section 3.12].
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For univariate functions f : I — M with I = [a,b] C R, a similar notion of e-variation was introduced in
24, Definition 3.2] for M = RY and considered in [16, equality (4.1)] for an arbitrary metric space (M, d).
It is to be noted that this notion characterizes regulated functions on I = [a, b].

The following theorem is a pointwise selection principle in terms of total e-variations:

Theorem 2. Let (M, | - ||) be a finite-dimensional normed linear space and {f;} C M be a sequence of
functions such that

(a) A = sup,e [1f5(@)]] < o5, and

(b) ve = limsup; . TV.(f;,1}) < oo for all e > 0.

Then, there is a subsequence of {f;}, which converges in M pointwise on I? to a bounded function
f e M2 such that TV.(f,1°) < v. for all e > 0.

The paper is organized as follows. In Section 2, we present properties of the joint increment and joint
variation for metric space valued functions of one variable. In Section 3, we study the joint mixed difference,
joint double variation and total joint variation for metric space valued functions of two real variables:
Lemmas 2—4 are the main ingredients in the proof of Theorem 1 given in Section 4. Properties of the total
e-variation and the proof of Theorem 2 are presented in Section 5.

2. The joint increment and joint variation
2.1. Bounded functions
For a set X, a metric space (M, d), and f € M*X, the quantity

IF(X = 1f(X)la = sup d(f(z), f(y)) € [0,00]

z,yeX

is known as the diameter of the image f(X) = {f(z) : x € X} C M, or the oscillation of f on X. By the
triangle inequality for d and (1.14),

doo(f,9) < |F(X)|+d(f(y),9(y)) +|g(X)| for all y € X (2.1)

and
|F(X)| < |g(X)| 4+ 2doo(f,9) for all f,ge MX. (2.2)

Given g € M*X, we denote by By(X; M) = {f € M*X : do(f,g) < 0o} the set of all g-bounded functions
on X. The pair (By(X; M), dw) is a metric space, which is complete provided (M, d) is complete. If ¢ : X —
M is a constant function, functions from B(X; M) = B.(X; M) are said to be (simply) bounded on X. By
(2.1) and (2.2), B(X; M) = {f € M : |f(X)] < oo}.

2.2. The joint increment

For any f,g € MX and x,y € X, the joint increment |(f,g)(x,y)| from (1.3) is well-defined, since, by
virtue of (1.1) and (1.2),

|(f,9)(z,y)| < d(f(x), f(y)) + d(g(x), 9(y)), (2:3)
I(f,9)(z,y)| < d(f(),g(z)) +d(f(y),9(y)); (2.4)
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(f

and |(f,c)(z,y)| = d(f(x), f(y)) is independent of a constant function ¢ € MX. If F(u) = |(f —g)u(z)— (f —
)| < 4d(u, v)

9)u(y)] is the quantity under the supremum sign in (1.3), then F' : M — [0,00) and |F(u) — F(v
for all u,v € M. Hence, the space M in (1.3) may be replaced by any of its dense subsets.
Given x,y € X, the function (f,g) — |(f,9)(z,y)| is a pseudometric on M ie., |(f, f)(z,y)| = 0,

(£, 9) (@, 9)| = (g, /) (@, y)l, and |(£, 9) (=, y)| < [(f, 1) (z,y)| +[(h, g)(,y)| for all f,g,h € M*; moreover,

d(f(x), f(y)) < d(g(x),9(y)) + I(f, 9)(z,9)l,
d(f(z),g(x)) <d(f(y),9(y) + |(f,9)(x,y)] (2.5)

(cf. [15, Section 5.1], [16, Section 3]).
If M =R with the usual metric d(u,v) = |u — v|, then

[(f,9)(2,y)| = max F(u) = max{F(f(z)), F(f(y)), F(g(x)), F(g(y))}

u€R

=min{|f(z) — f(y)| + lg(z) — 9|, |f (@) — g()| + |f () — 9()I}

forall f,g: X — Rand z,y € X, and so, |(f — g)(z) — (f — 9)(y)| < |(f,9)(z,y)| (this inequality may be
strict: put f(x) =0, g(y) =2, and f(y) = g(z) = 1).

However, in general both inequalities (2.3) and (2.4) may be strict. In fact, let X be a set with at least two
elements x,y € X, M be a set with at least four elements wuy, us,us,us € M, and d be the discrete metric
on M (i.e., d(u,v) = 0 if u = v, and d(u,v) = 1 if u # v). Suppose f,g € M* are such that f(z) = uy,
f(y) = u2, g(x) = ug, and g(y) = ua. Since F(u;) =1 for ¢ =1,2,3,4, and F(u) =0if v € M and u # u;
for i = 1,2,3,4, we find |(f, 9)(z,y)| = max,ep F(u) = 1. On the other hand, the quantities on the right
in (2.3) and (2.4) are equal to 2.

2.8. The joint variation of univariate functions

Here we assume that X = I = [a,b] C R and (M,d) is a metric space. It is clear from (1.4) that
|(f,9)(s,t)| < V{(f,9) for all s, € I and, by (2.5),

doo(f,9) < dpv(f,9) = d(f(a), 9(a) + Vi'(f, g) for all f,g € M. (2:6)
Since (f,g) — |(f,9)(s,t)| is a pseudometric on M7, the function V;’ is a pseudometric on M7, possibly
taking the value co. An element from the set BV, (I; M) = {f € M! : V¥(f,g) < oo} is said to be a

function of g-bounded variation on I. By (2.6), BV,(I; M) C By(I; M). If ¢ € M’ is constant, functions
from BV (I; M) = BV, (I; M) are the usual functions of bounded variation, and the quantity

Vab(f) = Vab(f, c) = SUP{Z d(f(ti—1), f(t;)) :m € Nand {t;}7* < [a,b]} < 00

is the usual variation (in the sense of C. Jordan) of f € BV(I; M). The triangle inequality for V;? also gives,
for all f,g € M?,

Vo (f) SVi(9) + Vo (f.g9) and Vi(f,9) <V (f) + Vi (9)-
Two more properties of V.2 are worth mentioning, namely, the additivity:

Vi, 9) +VE(f.9) =VE(f,g) forall f,ge M anda<t<b (2.7)
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(see [15, Lemma 6.4.1]); and the (sequential) lower semicontinuity: if f, g, f;, g; € M (j € N), f; — f and
g; — g pointwise on I = [a, b] as j — oo, then

Va(f,9) < liminf V;'(f5,9;) (2.8)

(see [15, Lemma 6.1.6(a) for ¢ = id]). Property (2.8) and (2.6) imply that if (M,d) is a complete metric
space, then (BVy(I; M), dgy) is also a complete metric space for all g € M.

3. The total joint variation of bivariate functions
In this section, X = I? is the rectangle in R? and (M, d) is a metric space.
3.1. The space BVy4(It; M)

For any f,g € M% and z,y € I? with @ < y, the joint mixed difference |(f,g)(I¥)|2 from (1.5) is
well-defined: in fact, (1.2) implies (for instance)

I(f, 9)U)]2 < d(f(x1,22), 9(z1,22)) + d(f(y1,72), 9(y1, 72))
+ d(f(z1,92), 9(21,92)) +d(f(y1,92), 9 (Y1, y2)).- (3.1)

The function (f,g) — |(f,9)(I¥)]2 is a pseudometric on M (for z <y), and so, by (1.7) and (1.8),
functions (f, g) — Va(f,g,1°) and (f,g) — TV(f, g, ") are also pseudometrics on M, possibly taking the
value oo.

The (Hardy-type) space of all bivariate functions on the rectangle I° with values in M of g-bounded
variation is defined by

BV, (I M) = {f € M" : TV(f,9,I}) <}, g M",
and we employ notation (1.13) for a constant function g = ¢ € M,
3.2. The additivity of joint double variation Vs

Lemma 1. Given f,g € M and a partition {375 < 1L with m,n € N, we have:

m n

faga ZZ‘/Q fagaIi,k)- (32)

=1 k=1

Proof. We divide the proof into three steps for clarity.
1. First, let us show that, for any z,y € I? with z < y,

[(f, )Tz < I(F,9) U5 22 + [(f o) TT) |2 if 21 <t <y, (3-3)
(£, )TNz < [(f, L2722 + [(F, 9 (L )|2 i 22 <5 <y (3.4)

We prove only (3.3) (inequality (3.4) is established similarly). Let u € M. Setting h = f — g and taking into
account definition (1.5), we get

|ho (1, 2) — hy(y1, 22) — Ry (21, y2) + hu(y1, Y2)|
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< Nhu(z1,22) = ho(t, x2) — ho(z1,92) + hu(t, y2)|
+ |hu(t, z2) — ha(y1, x2) — ha(t, y2) + hu(y1, y2)|

<19 2l + (£ 9) T )2

and it remains to take the supremum over all u € M.
As corollaries of (3.3) and (3.4), we have the following two assertions:
(a) if {t;}0, {t}}0" < [x1,51] with m,m’ € N and {#/,}2" c {t;}7, then

’

Zl(f, AL " ) Zl(ﬁ IOANEWIE

(b) if {sx}2, {8} }0" <[22, 2] with n,n’ € N and {s}}1" C {sx}2, then

Zl(fﬂ)(lff,;?“_l)l Zl(f, L e (3.5)

k=1

E

2. In this step we show that, for any x,y € I? with z <y, we have

(faga gigz)_ (faga ;1%;22)+‘/2(f797[1;17wy;) if Z1 Stéylv (36)

Again it suffices to establish only equality (3.6). We may assume that all the quantities in this equality
are finite.
(>) Let £ > 0 be arbitrary. By definition (1.7) of Va(f, g, I ¥2 ), there are partitions {t!}"* < [z1,t] and

Z1,T2

{s1.}0" < [x2,y2] with m1,n; € N such that if I}, = [t} Lt x[st i sil,i=1,...,m1, k=1,...,n, then

mi Ny

ZZ' f’ zk |2 > V2(f?ga ;173;1322) —¢&. (38)

i=1 k=1

Similarly, there are partitions {tf}g”z < [t,yn] and {s7}(* < [22,2] with mg,ne € N such that if I7, =

(2,12 x [s2_,,s2],i=1,...,ma2, k=1,...,n2, then
ma N2
DD U 2 Valf g, 1700 —e. (3.9)
i=1 k=1
The union {t} }¢" U{t7}{'* is a partition of [z1,41] (note that ; =t <t1 <--- <t} =t =t <t} <--- <
t%w = y1), which we denote by {t;}17*. Here m = mj +maq, because t; = t} if i = 0,1,...,mq, and ¢; = tf s
if i =mq+1,...,m1 +me = m. Furthermore, {s}}¢* U {s?}(? is a partition of [z2,ys], which we denote

by {sk}i. Note that max{ni,n2} < n < ni + ng. The collection of rectangles I; = [t;—1,%:] X [Sk—1, k),
i=1,...,m, k=1,...,n, is a partition of I2. Since {s}}i* C {sx}8 and {s?}(*> C {sk}3, inequality (3.5)
implies

Z ‘(f?g)([zl,k)b < Z |(f7g)(ll,k)|2 if = 1,...,mq,
k=1 k=1

n2

Z|(f7 )( i—my, k)| SZKfag)(I%k)lQ 1fZ:m1+1aam

k=1 k=1
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Now it follows from (3.8) and (3.9) that

I(f, 9) Ui k)2

[

s
Il
—

Va(fs g, I 305) =

3

mi+me n

(FUTlz+ D DI 9wl

i=mi1+1 k=1

@
I
-

Il
ol ol
=0 M: i Mz
=

3

mi+ma n2

(£, 9) (I}l + Z Z|f7 (O

vV
i

k=1 i=my1+1 k=1
mi1 M1 m2 N2
I(f, DI+ 197
1 k= i=1 k=1

Vv Il
= it

fvg,Iztl’if,z) —€+ VQ(fagaI:gl;:y;) —¢&.

Due to the arbitrariness of € > 0, this establishes the inequality > in (3.6).
(<) By the definition of Va(f, g, I¥1¥2), given € > 0, there are partitions {t;}g" < [z1,%1] and {sx}§ <

x1,T2

[22,y2] with m,n € N such that, making use of notation (1.6), we find

VQ(fvgvlgi,gz S Z

i=1k

I(f, 9)(Lig)|2 + e (3.10)
1

m n

With no loss of generality we may assume that ¢ € {¢;}§": in fact, if, on the contrary, t;, 1 <t < t;, for
some i, € {1,...,m}, then, by virtue of (3.3), we get, forall k =1,...,n

(£ )T )le = 1(F T e S IL 9IS L Dl + 1(F9)T£57)e,

so that the double sum on the right in (3.10) does not decrease when the point ¢ is added to {¢;}7". S

since t € {t;}§", t = t;, for some ig € {0,1,...,m}, whence (3.10) implies
io n
‘/Q(fagafgi,’gi SZZKfv 1k|2+ Z Z fa zk|2+5
=1 k=1 1=10+1 k=1

<Va(fog, LL%2) + Valf, g, 19 202) + e

It remains to take into account the arbitrariness of € > 0.
3. To prove (3.2), let (1.6) be a partition of I?. Applying successively (3.6), we get

Va(f,9,10) = Va(£,9, TL002) + Valf 9, 12002
_VQ(fag7 f:gz)+‘/2(faga ffsz)_'_‘/?(faga tbgl(fs)

b
—- . = Z‘é(f7gvlti71720«2)'
=1

Similarly, applying successively (3.7), for each i = 1,...,m, we find

Valfo0, 1502, = D Va9 0%, ) =Y Valfig L),
k=1 k=1

and the desired equality (3.2) readily follows. O
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3.8. Estimates with the total joint variation

Lemma 2. Given f,g € M and x,y € IY with x <y, we have:
(£, 9)(z,y)] < TV(f,9,13), (3.11)
V(f.9,13) + TV (f, 9, 1¥) < TV(f, 9. IY). (3.12)

Proof. 1. Let us prove (3.11). Setting h = f — g and taking into account (1.3), (1.5), (1.4), and (1.7), we
get, for all u € M,

ha(@) = hu(y)| = |hu(z1, 22) = hu(y1, y2)]
< lha(@1,2) = hu(y1, @2)| + [hu(21, 22) — hu(21,2)]
+ | = hulz1, 22) + hu(y1, 22) + hu(@1,y2) = hu(y1,y2)|
< (fG@2), 90, 22)) (@r, y) | + [(f (21, ), 9@, ) (@2, y2)| + |(f, 9) (L) |2
S VRS a2), 90 m2)) + V2 (f (21, 0), g(21, ) + Valf, 9, 1Y)
= TV(f,9,1%). (3.13)

It suffices to note that, by (1.3), [(f, 9)(x,y)| = sup,ens [hu () — hu(y)].
2. Before we prove (3.12), we establish the following two inequalities:

Vi (f (5 ma), g 2)) S VEH(f( a2), (5 a2)) + Va(f, 9, IE)63), (3.14)
Viz(f(@e,0), g(a, ) < Vi (flass-), 9(ar, ) + Valf, 9, 151 22)- (3.15)

We prove only (3.14) (a similar proof applies to (3.15)). Given v € M and z; < s <t < yy, setting
h=f—g, we find

|hu(s,22) = ho(t, 22)] < |hu(s, az2) — hu(t, as)]
+ | = hu(s,a2) + hy(t, a2) + hy(s, z2) — hy(t, z2)|
< (f(a2), 9(5 a2)) (s, ) + [(f, 9)(15:52)]2-
Since [(f(-,22), (-, ¥2))(s,t)] = supyeps [hu(s, 72) — hu(t, 22)], We get
I(f(22),9(22))(5,8)] < [(F (- a2), g(- a2)) (s, 0)| + |(f, 9)(1£32) |2-

Let {t;}J" < [z1,y1] with m € N be a partition of [z1,y1]. Setting s = ¢;_1 and ¢ = ¢;, summing over

i =1,...,m, and noting that the collection of rectangles Itii’ff@ = [ti—1,ti] X [ag,z2], i = 1,...,m, is a
partition of IY72 = [x1,y1] X [az, 72], we have

DI Cma) gl ma)) (imr )] < D I(f(a2), g0 a2)) (timasta)| + Y 1(f )T, 2

i=1 i=1 i=1

S szll (f('aa2)7g('?a2)) + X/Q(fagvlgi,’iz)

Taking the supremum over all {#;}7* < [z1,y1], we obtain (3.14).
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3. In order to prove (3.12), we note that {ai,z1,y1} < [a1,y1] and {az, z2,y2} < [az, y2], and so, the four

T1,T2 — JT Y1,Z2 Z1,Y2 Yi.Yy2 — JY iti Y — JY1,Y2 i
rectangles I7152 = I3, TY032, I71Y2, and IY1Y2 = IY form a partition of IY = [1%2 (draw the picture on

the plane). By the additivity properties (2.7) and (3.2), we have:

Vawll (f(’ a2)7g('v a2)) + nyll (f('an)vg('7a2)) = Vayll (f('?aQ)vg('7a2))a
Vaiz (f(ala ')7g(a17 )) + ny; (f(a17 ')’g(ah )) = Vay; (f(a17 ')7g(a17 ))a
Va(fs g, 12) = Va(f, 9, I2) + Va(f g, I2002) + Va(fs 9, 10023) + V(S 9, 1) (3.16)

Since

TV(f,9,13) = Vi (F (5 a2), 95 a2)) + V2 (far, ), g(an, ) + Va(fs 9, 15),
and by virtue of the line preceding (3.13), (3.14), and (3.15),
TV(f,9,17) < VE(f( a2),9( a2)) + Va(f, 9, 12 57)
+ Vir(flax, ) g(ar, ) + Va(f, 9, 15102) + Va(fs 9, 1),
it follows from (3.16) that
TV(f,9, 1)+ TV(f,9, 1Y)
SV (f(a2), (5 a2)) + Vi (flan, ), g(as, -))

+Valf,9,I3) + Va(f, g, 12002) + Va(f, g, 151 02) + Va(f, g, 1Y)

=TV(f,9,1%),
which completes the proof of inequality (3.12) and Lemma 2. O

As a corollary of (3.11) and (2.5), we get a counterpart of inequality (2.6) for bivariate functions:

dOO(f7 g) < dBV(fa g) = d(f(a),g(a)) + Tv(fvgvlab) for all f?g € MIZv
which implies
BV, (I’; M) C B,(I%; M) for all g € M. (3.17)

The pair (BV,(I; M),dgy) is a metric space, which (taking into account Lemma 4 below) is complete
provided (M, d) is complete (this can be shown along the same lines as Lemma 3 from [11]).

Lemma 3. Given f,g € M with TV(f,g,1°) < oo, the function v : I" — R, defined by v(x) = TV(f, g, %)
for all x € I, is totally monotone.

Proof. Suppose x,y € I® are such that < y. Since

V(t7a2) = Tv(fvg7lt7a2 ) = Vai (f('aa2)7g('7a2)) for a;p <t< b17

ap,az

we find from (2.7) that v(y1,a2) — v(z1,a2) = VI (f(-,a2),9(-,az)) > 0. Similarly, v(a1,y2) — v(a1,z2) =
VY2(f(a1,-),g(a1,-)) > 0. Furthermore, by the definition of the total joint variation (1.8),
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v(wy, ) = VoL (f(+ a2),9( a2)) + V2 (f(a,-), g(as, 7)) + Va(f, 9, 13),
v(yr, x2) = VI (f( a2), 9( a2)) + Va2 (fla, ), glax, ) + Valf, g, 121 63),
v(zy,y2) = Vi (f(a2),9( a2)) + Vi (fa, ), glax, ) + Va(f, 9, 152 182),
v(y1,y2) = VI (F (5 a2),9( a2)) + Vi (faa, ), g(ax, ) + Va(f, 9, 1Y),

and so, the additivity property (3.2) of V5 and equality (3.16) imply

v(z1,x2) —v(y1, v2) — v(z1,y2) + v(Y1, Y2)
=Va(f,9,13) = [Va(f, 9, 13) + Va(f, 9, I1:52)]
— [Va(f,9,13) + Va(f, 9, 151:22)]
+ Va(f, 9, I5) + Va(f, 9, 1252) + Va(f, 9, 131:42) + Va(f, 9, IY)]
=Va(f.9,1¥) > 0,

which was to be proved. O
8.4. The sequential lower semicontinuity of Vo and TV

Lemma 4. If {f;},{g;} C M and fg€ M are such that fi — f and g; — g pointwise on IY as j — oo,
then

Va(f,9. 1) < liminf Va (5, 95, I2), (3.18)
j—o0
TV(f?.g?Ig) < liminf Tv(fjagj712)' (3.19)
j—o0
Proof. Let us prove (3.18). First, we note that
lim [(f;,9;)(IY)|2 = |(f,9)(IY)|2 for all z,y € I{ with = <. (3.20)
j—oo

In fact, the triangle inequality for function (f,g) — |(f,g)(I¥)|2 implies

1(f5:9) T2 = (£, 9) I 2| < 1(F5, HUD)]2 + (g, 95) (L) |-

By virtue of inequality (3.1),

I(f5: £)UTD)N2 < d(fj(x1,22), f(x1,22)) + d(fi (Y1, 22), f(Y1,72))

+d(fi(z1,y2), f(x1,92)) +d(fi(y1,92), f(y1,92)),

and a similar estimate holds for |(g, g;)(I¥)|2 = |(g;,9)(I¥)|2. It remains to take into account the pointwise
convergence of f; to f and g; to g.
By definition (1.7), given {I; x}}";" < I? with m,n € N, we have

SO Ui 9) Tkl < Valfy g5, 15 for all j €N

=1 k=1



982 V.V. Chistyakov, S.A. Chistyakova / J. Math. Anal. Appl. 452 (2017) 970-989

Passing to the limit inferior as j — oo, we find, by virtue of (3.20),

m n
ZZ| Lk |2<hm1an2(fJ,g], 12).

i=1 k=1

Now, (3.18) follows by taking the supremum over all partitions of I®.
Inequality (3.19) is a consequence of (1.8), (2.8), (3.18), and the fact that, given a finite collection of
sequences in [0, 0o], the sum of their limits inferior does not exceed the limit inferior of their sum. O

4. Proof of Theorem 1

Proof of Theorem 1. 1. By extracting appropriate subsequences of { f;} and {g,}, again denoted by {f;} and
{g;}, respectively, we may assume that TV(f;, g;, I2) is finite for all j € N and lim; . TV(f;, g;,1%) = C.
It follows that the sequence {TV(f;, g5, b) 2, is bounded in [0, c0).

Given j € N and z € I, we set vj(z) = TV(fj,gj, IT). Since

vi(z) < TV(fj,g5,12) forall j€Nanda € I,

the sequence {v;}52, of functions v; : [ 5 — [0,00) is uniformly bounded. By Lemma 3, each function v; is
totally monotone, and so, Theorem B implies the existence of subsequences of { f;} and {g;}, again denoted
by {f;} and {g;}, respectively, and a totally monotone function v : I? — [0, 00) such that
lim vj(z) =v(z) for all z € I}. (4.1)
j*}OO
By Theorem A, the points of discontinuity of v lie on at most a countable set of lines parallel to the
coordinate axes in R2.

2. Let Q1 be the subset of [a1, b1] consisting of all rational points from [a1, b1], points a; and by, and those
points t € [a1,b1], for which the line segment {t} x [ag, b2] contains points of discontinuity of v. Similarly,
denote by Q2 the subset of [as, bs] consisting of all rational points from [as, bs], points as and by, and those
points s € [ag, bs], for which the line segment [aj, b;] X {s} contains points of discontinuity of v. Since the
sets Q1 and @2 are countable, we may assume that Q1 = {t;}52; and Q2 = {sx}32 ;.

Now, we apply Theorem C and the Cantor diagonal procedure. The sequence of univariate functions
{filt1, )52, Cc M [a2,2] has the following properties. By inequality (3.15) and definition (1.8), we get

V2(fi(t, ), 95t ) < VE(fi(ar, ), gj(ar, ) + Va(fy g5, 1E002)

< TV(fj,g;,1%) for all j €N,

a

and so,

limsupvab;(fj(tl,‘)7gj(t17')) < hm Tv(fjagja ) C < oc.
j—oo

Furthermore, assumption (a) in Theorem 1 implies that the set {f;(t1,s) : j € N} is precompact in M
for all s € [ag, bs], and assumption (b) implies that the sequence {g;(t1,-)}32, is pointwise convergent on
[as, bs] to the function g(t;,-) € M®2b2] By Theorem C, there is an increasing sequence {.J;(5) 2, CN
(i-e., a subsequence of {j}52,) such that the sequence of functions {f;,(;)(t1,)}32; C Mlez:b2] converges in
M pointwise on [az, by] to a function denoted by f(t1,-) € M2,

Inductively, if k € N, k > 2, and a subsequence {Jx—1(j)}32, of {j}52, is already chosen, we consider the
sequence {f7, _ j)(tk,")}32; C Ma2:521 which has the following properties. Inequality (3.15) and definition
(1.8) imply
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ch); (f']k—l(j)(tk7 ')7ng_1(j)(tk7 )) < Vab; (ka_l(j)(ala ')79Jk_1(j)(a1a ))

+ ‘/é(ka—l(j)’ng—l(j)’ I;f,fj)

< TV(kafl(j)’ngfl(jﬁIg) for all j € N,
and so,

limsup V.22 (., ) (tis s 2 () (s +)) < Hmsup TV(fi, 1 (7 G ()s 10)

j—o0 j—o0

< lim TV(fj,gj,IS) =C < oo0.
J]—>00

Furthermore, the set {f, _ ((tx,s) : j € N} is precompact in M for all s € [ag,bo], and the sequence
{91 ) (ks ) }524 is pointwise convergent on [az, b to the function g(tx, ") € Mle2:521 - Applying Theorem C,
we find a subsequence {Ji(j)}32; of {Jx—1(j)}52; such that the sequence of functions {fy, ;) (tx,)}5,

converges in M pointwise on [asg, bo] to a function denoted by f(ty,-) € Mle2:b2],

oo
j:la

Since, for all k& € N, the sequence {J;(j)}32; is a subsequence of {J;(j)} denoting the diagonal
sequences {f7, (;)}52; and {gs,(;)}52; again by {f;} and {g;}, respectively, we find that {f;} converges in
M pointwise on the set Q1 X [az, b2] to the function f: Q1 X [az,bs] — M.

Similarly, starting from the just defined sequences {f;} and {g,}, applying inequality (3.14) (in place
of (3.15)) and the ‘diagonal arguments’ similar to the above, we extract a new subsequence {f;,(;)}52; of
{f;}, which converges in M pointwise on the set [a1,b1] x Q2 to the function f : [a1,b1] X Q2 — M.

Thus, with no loss of generality we may assume that the sequence {f;} (the corresponding g-sequence
being denoted by {g;}) converges in M pointwise on the set Q@ = (Q1 X [az,b2]) U ([a1,b1] X Q2) to the
function f: @Q — M.

3. Let us prove now that the sequence { f;(z)}32, converges in M at each point z € I’\ Q. Let £ > 0 be
arbitrary. By the density of Q in I? and the continuity of v at x, there exists y € @ such that » < y and
|v(y) —v(z)| <e. From (4.1), there is Ny = Ny(¢) € N such that |v;(z) —v(z)| < e and |v;(y) —v(y)| <e
for all j > Np. By (3.11) and (3.12), if j > Ny, we have

|(f5,95) (@, 9)| < TV(f;,95,1%)
<TV(fj,9;.1%) =TV (f;,95.15) = vi(y) — vi(x)
< vi(y) —v(y)] + [v(y) —v(@)| + [v(z) — vi(2)] < 3e.

Being convergent, the sequences {f;(y)}52,, {g;(7)}32;, and {g;(y)}32, are Cauchy in M, and so, there is
Ny = Ny(g,z,y) € N such that, for all j,k > Ny,

d(f](y)vfk(y)) <e, d(gj(x),gk(x)) <g, and d(gj(y)vgk(y)) <e.
By (2.4), we get
(95 9k) (2, 9)| < d(g;(2), g (@) + d(g; (y), gr(y)) < 26, j, k= N1

Applying (2.5) and the triangle inequality for (f,g) — |(f, 9)(x,y)|, we find

d(fj (@), fr(x)) < d(f5(), fu(W) + [(f5: fi) (@, )]

<e+|(f5,95) (@9l + (g5, 98) (@, 9)| + |(gk: fi) (z,y)]

<e+4+3+2+3 =09 forall j, k> max{Ny, N1}.
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Thus, {f;(z)}52, is a Cauchy sequence in M, which together with assumption (a) establishes its convergence
in M to an element denoted by f(z) € M.

4. At the end of step 2 and in step 3 we have shown that the function f: I = QU (12 \ Q) — M is the
pointwise limit on I? of a subsequence {fie 132, of the original sequence {f; 524 Since g;, — g pointwise
on I as k — oo, we conclude from (3.19) that

TV(f,g,1%) < likm inf TV(fj,, 9j, 1) < limsup TV(f;, g;,1%) = C < o0,
— 00

j—00
and so, f € BV, (I%; M). This completes the proof of Theorem 1. O

Clearly, Theorem C follows from Theorem 1: it suffices to consider functions of two variables depending
on one fixed variable.

5. The total e-variation and proof of Theorem 2

In order to prove Theorem 2, we need two lemmas. Note that, by (1.15), the function & — TV (f, I?),
which maps (0, 00) into [0, 00|, is nonincreasing.

Lemma 5. Given f € MIZ, where (M, d) is a metric space, we have:
(a) lime 40TV, (fa Ig) = TV(f, Ig) in [07 00]5
(b) |f(I2)] < TV.(f,I°) + 2¢ for all ¢ > 0;
(c) if f € B(I’; M) and € > |f(I?)|, then TV (f, 1) = 0.

Proof. (a) First, suppose TV(f,I°) < oo, ie., f € BV(I%; M). Definition (1.15) implies TV (f,I°) <
TV(f, %) for all € > 0, and so,

C= lm TV.(f,I2) < TV(f,10). (5.1)
e—+40
To prove the reverse inequality, we apply the definition of C: given n > 0, there is § = d(n) > 0 such
that TV.(f,1%) < C +n for all € € (0,6). Let {e,}2>, C (0,8) be such that ¢, — 0 as k — oo. Then,
for each k € N, by the definition of TV, (f, %), there is gr € BV(I%; M) such that d.(f,gx) < ex and
TV(gk, I°) < C +n. Since e — 0, g) converges uniformly (hence, pointwise) on I° to f as k — oo, and so,
inequality (3.19) implies

TV(f, 1Y) < likminfTV(gk,Iab) <C+n foralln>0.
— 00

Thus, TV(f, 1Y) < C.

Now, if TV(f, I?) = oo, we claim that the quantity C' from (5.1) is infinite as well; in fact, the arguments
following (5.1) show that TV(f, I’) < C < oo, which is a contradiction.

(b) Given € > 0, we may assume that TV.(f,I2) < oco. By definition (1.15), for each n > 0 there is
g = gy € BV(I5; M) such that de(f,g9) < € and TV(g,I%) < TV.(f,I2) + 1. Making use of (2.2) with
X = I? and (3.11) (when function f in (3.11) is constant), we get

|FUID] < g(ID)] + 2doc(f, 9) < TV(g, 1) 4 26 < TVL(f,10) + 1+ 2,

and the desired inequality follows due to the arbitrariness of n > 0.
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(c) Setting g(x) = f(a) for all x € I, we find

doo(f,9) = sup d(f(2), f(a)) < |f(L)| <&,

zell
and so, by (1.15), 0 < TV (f, 1) < TV(g,I?) =0. O

In the case when (M, || - ||) is a normed linear space (over R or C), the joint increment |(f, g)(z,y)| and
joint mixed difference |(f, g)(I¥)|2 for functions f € M may be understood either (i) as in (1.3) and (1.5)
via the induced metric d(u,v) = ||u — v|| on M, or (ii) as in (1.11) and (1.12) directly via the norm || - ||. In
both cases (i) and (ii), definitions (1.8) of TV(f, g,1%) and (1.15) of TV.(f, I¢) remain unchanged. In the
proofs of Lemma 6 and Theorem 2 below, Theorem 1 is applied in the particular case when g; = ¢ for all
j € N and some (no matter which) constant function ¢ € M2, Recall also that [ flloo = supgepe [1f(2)]| and

Lemma 6. If (M, || - ||) is a finite-dimensional normed linear space, f € MIZ, {fi} C MIZ, and f; = f
pointwise on Ig as j — oo, then

TV.(f,I?) <liminf TV_(f;,I°)  for all € > 0. (5.2)
J—>00

Proof. Given € > 0, we may assume (passing to a subsequence of {f;} if necessary) that the right-hand
side in (5.2) is Cz = lim;j_0o TVe(f;, I2) < 0o. Then, for every n > C., there is jo = jo(e,7) € N such that
n > TV(f;,12) for all j > jo, and so, definition (1.15) implies the existence of g; € BV(I%; M) such that

1fi = gilloe = doo(fj.9;) < and TV(g;,I2) <n. (5.3)

Since f; — f pointwise on I as j — oo, the sequence {f;} is pointwise bounded on 1P, i.e., for each x € I®
there is a constant A(x) > 0 such that || f;(x)|| < A(z) for all j € N. This implies, for all z € I? and j > jo,

lg; @) < llg; (=) = f3 @) + [ £5 (@) < g5 = filloo + Alz) < € + Al),

and so, {g, 5=, 1s a pointwise bounded sequence on 1, b Since M is finite-dimensional, the sequence {g; o
is pointwise precompact on I¢. Furthermore, by (5.3), {g; 2 ;, has uniformly bounded total variations on
72, and a function g € BV(I%; M) such that

g4, — g pointwise on I’ as k — co. Noting that fj. — [ pointwise on I’ as k — oo, from (5.3) we get

I. By Theorem 1, there are a subsequence {g;, }3>, of {g;}

Hf - gHoo < hkrggéf ||fjk - gijOO Se.
By virtue of (1.15), (3.19), and (5.3), it follows that
TV.(f,1°) < TV(g,I?) < likminfTV(gjk,Ig) <n forall n>C.,
— 00
and so, TV.(f,I?) < C., which was to be proved. O

For functions of one variable f : [a,b] — R, a counterpart of Lemma 6 was established in [24, Proposi-
tion 3.6].

Proof of Theorem 2. 1. Assumption (b) implies that, given £ > 0, there are jo(¢) € N and a constant
K(g) > 0 such that TV.(f;, %) < K(e) for all j > jo(e).
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Let {ex}32, C (0, 00) be such that g, — 0 as k — oo. Then, for each k € N, we have TV, (f;, %) < K(ex)
for all j > jo(er), and so, by definition (1.15), for each j > jo(ex) there is g§k> € BV(I%; M) such that

1 = 0P|l = doe (£.98) <ex and TV(g 1) < K (). (5.4)
By assumption (a), given k € N, j > jo(er), and = € I?, we have
o @)1l < 1657 @) = £5@)]| + 15(2) = f(@)] + [1£5(@)
< g5 = filloo + 115(I) + A,
where the term in the middle is estimated from Lemma 5(b):
i ID] < 1T < TV (f,12) + 26, < K(ex) + 26y,
In this way we have shown that

sup Hg z)|| <3ex+ K(ex)+ A forallk € Nand z € I?, (5.5)
Jj=>jo(er)

and, by the second inequality in (5.4),

sup TV(g\", 1) < K(ex) forall keN. (5.6)

Jj>jo(ex)

2. Applying the Cantor dlagonal procedure, let us show that, for each k € N, there are a subsequence of
{g(k)};’O jo(er)» denoted by {gj )}j 1, and a function g € BV(I%; M) such that

lim d( (k )( ),g(k)(x)) = lim Hg(k) g(k)(:r)H =0 forallzell. (5.7)

j*)OO j*)OO

Putting £ = 1 in (5.5) and (5.6), we find that the sequence of functions {gJ )}] 2 jo(en)
bounded total variations (bounded by K (1)) and is uniformly bounded on I? (by constant 3e; + K (1) + A),
and so, since M is finite-dimensional, the sequence is pointwise precompact on I°. By Theorem 1, there are
a subsequence {J1(j)}72; of {j}72, ., and a function gV € BV(I; M) such that ggll)(j)(m) — gW(z) in
M as j — oo for all z € I’. Choose the least number j; € N such that J1 (1) = jo(e2). Inductively, if k € N,

k > 2, a subsequence {Jx_1(j ) °, of {]}j < jolen) and a number ji_1 € N such that Jy_1(jr—1) > jo(ex) are
C BV(I%; M), which, by virtue of (5.5)

has uniformly

already chosen, we get the sequence of functions {g T 1(;)}]  ikn

and (5.6), satisfies the following two conditions:

k
iup ||ng 1(J)H <3er+ K(eg)+ A and s,t_lp TV(gSk) (]),IZ) < K(eg).
J2Jk JZ2Jk—1

By Theorem 1, there are a subsequence {Ji(j)}52; of {Jx-1(j)}32;, , and a function g®) € BV(I’; M)

such that gt(]k)”(gc) — g™ (z) in M as j — oo for all 2 € IY. Noting that, for each k € N, {J;()}52, s a

subsequence of {Jk( /)

OO

225y C{Jk(4)}52:, we conclude that the diagonal sequence {g, (j)}5%1> Which was

=D
denoted by {g 52, at the beginning of step 2, satisfies (5.7).

The correspondlng (diagonal) subsequence {f;,(;)}32, of {f;}32, is again denoted by {f;}32;.

3. By virtue of (3.17), {g®¥}%2, € BV(I% M) C B(I%; M). In this step, we show that {g¥)}%° | is a
Cauchy sequence in B(Ig7 M) with respect to the uniform metric deo(f, 9) = ||f — 9llco- To do this, we make
use of an idea from [24, p. 49], which has been applied for univariate functions.
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Let nn > 0 be arbitrary. Since ¢, — 0 as k — oo, there is kg = ko(n) € N such that g, < for all k > k.
Now, let ki, k2 € N be arbitrary such that k; > ko and ka > ko. By (5.7), for each z € I?, there is j! € N,
depending on z, 1, ki, and ko, such that if j > j', we have

(9" (2), g% (@) < and  d(g"(x), g*2) (@) < n.

Thus, if j > j!, it follows from (5.4) and the triangle inequality for d that

(g% (), g% () < d(g(kl)(x),gj(,kl)(x)) + d(g](kl)(x),fj(ﬂf))

+d(f;(2), 6" (@) + (g1 (x), g*) (2))

§77+€k1 +Ek:2 +77§477

Since = € I is arbitrary, we get d (g(kl),g(k2)) < 4n for all ki, ko > kg.

4. Being finite-dimensional, (M, d) is complete, and so, the space B(I%; M) with the uniform metric du
is also complete. By step 3, there is g € B(I%; M) such that {g(¥)}?° | converges uniformly on I? to g (i.e.,
doo(g™, g) — 0) as k — oo. Now, we show that f; — g pointwise on I” as j — oc.

Let # € I® and 7 > 0 be arbitrary. Choose and fix k = k(1) € N such that g, < 7 and doo (g™, g) < 1.
By (5.7), there is j2 € N, depending on x, 1, and k, such that d(g](-k)(x),g(k)(m)) < n for all j > j2, and so,
(5.4) implies

d(f;(x), 9()) < d(f;(2), 9" (@) +d(g}" (2), g™ (@) + d(9®) (), g(=))
< ex +d(g\ (@), g™ (@) + doo (9, 9)

j
<n+n+n=3n forall j>j2

Thus, we have shown that a suitable subsequence {f;, }7°, of the original sequence {f; 721 converges
pointwise on I? to the function g € B(I%; M). Applying Lemma 6 and setting f = g, we conclude that

TV.(f,1°) < lim inf TV.(fj,, I2) < limsup TV (f;, I%) = v < o0
— 00

j—o0
for all € > 0. This completes the proof of Theorem 2. 0O

A simple consequence of Theorem 2 is as follows. Assume that assumption (b) in Theorem 2 is replaced by
condition lim;_, | f;(I2)| = 0. Then a subsequence of { f;} converges pointwise on I? to a constant function.
In fact, given € > 0, there is jo = jo(¢) € N such that |f;(I%)| < ¢ for all j > jo, and so, Lemma 5(c) implies
TV.(fj,1%) = 0 for all j > jo. This yields

v. = limsup TV (f;, 12) < sup TV.(f;,12) =0 for all £ > 0.

Jj—oo Jj=Jjo

By Theorem 2, a subsequence of { f; } converges pointwise on I? to a function f € M such that TV, (f, I?) =
0 for all £ > 0. Now, Lemma 5(b) gives |f(I%)| = 0, i.e., f is a constant function on I?.

In order to compare Theorems 1 and 2, we suppose that, in Theorem 1, g; = ¢ is a constant function for
all j € N. Let uj;,v;,u € M, uj #v; (j € N), be such that u; - v and v; — v in M as j — oo, and define
the sequence {f;} C M I3 of Dirichlet-type functions by

wj if xq € [a1,b1] and x5 € [as, by| are rational,

fi(x1,22) = {

v; otherwise.
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Clearly, |f;(I2)| = d(uj,vj) — 0 as j — oo, and so, as it was shown above, Theorem 2 can be applied to the
sequence { f;}. On the other hand, we already have V21 (f;(-,a2)) = oo (e.g., if ay is rational), which implies
TV(fj,1%) = oo for all j € N, and so, Theorem 1 is inapplicable.
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