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1. Introduction

Let (X,| - ||) be a Banach space over F (F denotes the real field R or the complex field C) and let
B = (e,)52; be a semi-normalized Schauder basis of X with constant K}, and with biorthogonal functionals
(ef)>,, ie, 0 < inf, ||le,]| < sup, |len|| < oo and Kj = supy [|Sn(2)]|/]|z]] < oo Va € X, where Sy (z) =
Zévzl e;(z)e; denotes the algorithm of the partial sums.

As usual supp (z) = {n € N : e’ (z) # 0}, given a finite set A C N, |A| denotes the cardinality of the
set A, P4 is the projection operator, that is, PA(Zj aje;) = ZjeA ajej, Pae =Ix — Pa, 1ca =), c s Entn

with |e,| = 1 (where ¢, could be real or complex), 14 = > _, e, and for A, B C N, we write A < B if

neA
maxX;c4 ¢ < minjep J.

In 1999, S.V. Konyagin and V.N. Temlyakov introduced the Thresholding Greedy Algorithm (TGA) (see
[7]): given & = "2, ef(x)e; € X, we define the natural greedy ordering for x as the map p : N — N such

that supp (z) C p(N) and so that if j < k then either |e:;(j)(a:)| > |6:(k) (z)| or \e:(j)(:c)\ = |e;(k) (z)| and

p(3) < p(k). The m-th greedy sum of x is

gm(x) = Z 6;(3‘) (x)ep(j)v

j=1
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and the sequence of maps (%,,)55_ is known as the Thresholding Greedy Algorithm associated to % in X.
Alternatively we can write 9, (z) = > pca, (o) €k(T)er, Where Ay (z) = {p(n) : n < m} is the greedy set
of x: mingea, (2) € ()] > maxpga, (2) lef ()]

To study the efficiency of the TGA, S.V. Konyagin and V.N. Temlyakov introduced in [7] the so called
greedy bases.
Definition 1.1. We say that % is greedy if there exists a constant C' > 1 such that
|z — Gn(z)|] < Copm(z), Vo € X,Vm € N,
where o,,(z) is the m-th error of approximation with respect to %, and it is defined as

T — E anén

neC

om (T, B)x = om(z) = inf {

:|C:m,aneﬂ?}.

Also, S.V. Konyagin and V.N. Temlyakov characterized greedy bases in terms of wunconditional bases
with the additional property of being democratic, i.e., ||[14|| < Cq4||15|| for any pair of finite sets A, B with
|A] < |B|. Recall that a basis # in X is called unconditional if any rearrangement of the series Y~ , e (z)e,
converges in norm to x for any x € X. This turns out to be equivalent the fact that the projections P4 are
uniformly bounded on all finite sets A, i.e. there exists a constant C' > 1 such that

| Pa(x)]| < Clz|, Vo€ Xand VACN.

Another important concept in greedy approximation theory is the notion of quasi-greedy bases introduced
in [7].

Definition 1.2. We say that % is quasi-greedy if there exists a constant C' > 1 such that
|z — %n(2)|| < Cllz||, Vo € X,¥Ym € N. (1)
We denote by C, the least constant that satisfies (1) and we say that Z is Cy-quasi-greedy.

Subsequently, P. Wojtaszczyk proved in [8] that & is quasi-greedy in a quasi-Banach space X if and only
if the algorithm converges, that is,

lim ||z —9,(2)] =0, Vx e X.
m—r o0

One intermediate concept between greedy and quasi-greedy bases, almost-greedy bases, was introduced
by S.J. Dilworth et al. in [5].

Definition 1.3. We say that % is almost-greedy if there exists a constant C' > 1 such that
|z — 9 (z)|| < Com(z), Vo € X,¥Vm € N, (2)

where 6, (2, B)x = om(x) := inf{||x — Pa(z)|| : |A| = m}. We denote by Cy; the least constant that satisfies
(2) and we say that 9B is C,-almost-greedy.

In [5], the authors characterized the almost-greedy bases in terms of quasi-greedy and democratic bases.

Theorem 1.4 ([5, Theorem 3.3]). B is almost-greedy if and only if B is quasi-greedy and democratic.
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We will use the notion of super-democracy instead of democracy. This is a classical concept in this theory.
Definition 1.5. We say that £ is super-democratic if there exists a constant C' > 1 such that
[1eall < Clyall; (3)

for any pair of finite sets A and B such that |A| < |B| and any choice |¢| = || = 1. We denote by Csq4 the
least constant that satisfies (3) and we say that % is Cs4-super-democratic.

Remark 1.6. It is well known that in Theorem 1.4 we can replace democracy by super-democracy (see for
instance [1, Theorem 1.3]).

On the other hand, S.J. Dilworth, N.J. Kalton and D. Kutzarova introduced in [3] the concept of semi-
greedy bases. This concept was born as an enhancement of the TGA to improve the rate of convergence.
To study the notion of semi-greediness, we need to define the Thresholding Chebyshev Greedy Algorithm:
let A,,(z) be the greedy set of x of cardinality m. Define the m-th Chebyshev-greedy sum as any element
CYm () € spand{e; : i € Ap(x)} such that

|z — €Y m(x)|| = min ¢ ||z — Z anen|| :an €F
n€Am ()

The collection {69, }5°_; is the Thresholding Chebyshev Greedy Algorithm.
Definition 1.7. We say that % is semi-greedy if there exists a constant C' > 1 such that
|z — €Y m(z)|| < Cop(z), Yz € X,¥m € N. (4)
We denote by C; the least constant that satisfies (4) and we say that & is Cs-semi-greedy.
In [3], the following theorem is proved:
Theorem 1.8 ([3, Theorem 3.2]). Every almost-greedy basis in a Banach space is semi-greedy.

In this paper we study the converse of this theorem. In [3], the authors established the following “converse”
theorem:

Theorem 1.9 (/3, Theorem 3.6]). Assume that B is a semi-greedy basis in a Banach space X which has finite
cotype. Then, B is almost-greedy.

The objective here is to show that the condition of the finite cotype in the last theorem is not necessary.
The main result is the following:

Theorem 1.10. Assume that & is a Schauder basis in a Banach space X.

a) If % is Cq-quasi-greedy and Csq-super-democratic, then % is Cs-semi-greedy with constant Cs < Cq +
40,Clq.

b) If B is Cs-semi-greedy, then A is Csq-super-democratic with constant Csq < 2(C5Kyp)? and C,-quasi-
greedy with constant Cy < Kp(2 + 3(KpCs)?).
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Remark 1.11. S.J. Dilworth et al. ([3]) proved the item a) with the bound Cy = O(CZCy), where Cy is the
democracy constant. Here, we slightly relax this bound proving that Cs = O(C;Csq).

Corollary 1.12. If & is a Schauder basis in X, A is almost-greedy if and only if B is semi-greedy.
2. Preliminary results

To prove Theorem 1.10, we need the following technical results that we can find in [1] and [5].
2.1. Convezity lemma

Lemma 2.1 ([1, Lemma 2.7]). For every finite set A C N, we have

co({l.a: el =1}) = {Z Znen : |2n| < 1},
neA

where co(S) = {3°7_, ajzj i x; € 8,0<0a; <1,5°7 a5 =1,n€ N}

As a consequence, for any finite sequence (z,)neca with z, € F for all n € A,

E Zn€n

<n
< max |z, p(|A]),
neA

where ©(m) = SUp| 4=, |c|=1 [ 1eal|-
2.2. The truncation operator
For each o > 0, we define the truncation function of z € F as
To(2) = asgn(2), |z| > a, Ta(z) =2, |2| < a.

We can extend T, to an operator in X by
To(z) = Z To(ej(x))e; = aler, + Pre(z),
i=1

where I'y, = {n : [e},(z)| > a} and €; = sgn (¢](x)) with j € I',. Hence, this is a well-defined operator for
all x € X since I',, is a finite set.

This operator was introduced in [3] to prove Theorem 1.8 showing that for quasi-greedy bases, this
operator is uniformly bounded. A slight improvement of the boundedness constant was given in [1].

Proposition 2.2 (/1, Lemma 2.5]). Assume that A is Cy-quasi-greedy basis in a Banach space X. Then, for
every a > 0,

[T ()] < Collzl], Vo € X.

We shall also use the following known inequality from [5].
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Lemma 2.3 (/5, Lemma 2.2]). If B is a Cy-quasi-greedy basis in X,

r%ig lef (@) 1ec|l < 2C, ||z, Vo € X,VG greedy set of x, (5)
j

with & = {sgn (e} (v))}.
3. Proof of the main result

Using the lemmas of Section 2, we prove Theorem 1.10.

Proof of Theorem 1.10. First, we show the proof of a). Suppose that Z is C,-quasi-greedy and Cy4-super-
democratic. To show the semi-greediness, we will follow the same procedure as in the proof of [4, Theorem 4.1]
and [3, Theorem 3.2]. Take x € X and z = ), _ 5 a;e; with | B| = m such that ||z —z|| < o (x)+0, for 6 > 0.
Let A,,(z) the greedy set of z of cardinality m. We write z —z := > .~ | y;e;, where y; = ef(z) —a; fori € B
and y; = e} (z) for ¢ ¢ B. To prove that # is semi-greedy we only have to show that there exists w € X so
that supp(z —w) C Ap(x) and |Jw|| < cf|z — 2| for some positive constant c. If o = maxj¢g 4

nz(I) |e;k (x)|’ we

take the element w as is defined in [3]:

w = Z To(yi)ei + Pac (x)(z) = ZTa(yi)ei + Z (e (z) — Talyi))e:
1€A, (x) 1=1 1€B\ A (x)

Of course, w satisfies that supp (z — w) C A,,(z) and we will prove that ||w|| < (Cy 4+ 4C,Cs)||z — z||. To
obtain this bound, using Proposition 2.2,

1D Talyileill < Collz — 2. (6)

=1

Taking into account that |ef(x) — To(yi)| < 2« for i € B\ Ay, (), using Lemma 2.1,

> (@) - Talw)e| < 200(B\ An@)) <2 _min [ej(r = 2)le(lAn(@)\B). (7
i€B\ A (2) JEAM(z

To improve the bound of Cy as we have commented in Remark 1.11, based on ([6, Lemma 2.1]), we can find
a greedy set I' of x — z with the following conditions:

« [Tl =[B\ An(z)],

* minjeq,, (2)\5 € (@ — 2)| < minjer [€](z — 2)].
Hence, using ¢ = {sgn (e}(z — z))} and Lemma 2.3,

jednn le5(@ = 2)le(IB\ Am(2)]) < Coamin e (@ — 2)||[Ler|| < 2CCaall = 2. (8)
Thus, using (6), (7), (8), the basis is Cs-semi-greedy with constant Cs < (Cq + 4C;Csa).
Now, we prove b). Assume that % is Cs-semi-greedy.
Super-democracy can be proved using the technique of [3, Proposition 3.3]. Indeed, take A and B with
|A] < |B] and |e|] = |n| = 1. Select now a set D such that |D| = |A|, D > (AU B) and define z :=

loa+ (1 +0)1p with 6 > 0. It is clear that ¢p|(z) = (14 6)1p. Then,
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3

Iz =€ b1 (2)]| =

1.4+ Z cie;

icD

where the scalars (¢;);ep are given by the Chebyshev approximation. Then,

eall < Kplllea + Y cieill < KyCoopy(2) < KuCull(1 4+ 6)1p).
€D

If 6 goes to 0,
[1eall < CsK|1p]|- (9)

The next step is to obtain that ||1p| < 2K,C;s|/1,5]. For that, we take the element y := (14 0)1,5 + 1p
with 6 > 0. Then, ¥|p|(y) = (1 + 6)1,5. Hence,

ly — €45yl =

Z die; +1p

i€B

)

where as before, the scalars (d;);cp are given by the Chebyshev approximation. Using again the semi-
greediness,

I1p]l < 2K, Y die; + 1p]| < 2C.Kyoy5(y) < 2C.Ky||(1 4 0)1,5].
i€B

Taking § — 0, we obtain that
1o <2CK|1,5]- (10)
Using (9) and (10),
[1eall < 2(CsK3)? |11yl

Hence, the basis is super-democratic with constant Cyy < 2(CsKp)2.

To prove now the quasi-greediness, we will present a more elementary proof than in [3, Theorem 3.6] that
works for general Banach spaces: take an element z € X with finite support and A,,(x) the greedy set of
x with cardinality m, take D > supp (z) with |D| = |A,,(x)| = m and define z 1= — %, (x) + (6 + a)1p,
where § > 0 and @ = minjca,, (2) €} (z)|. Then, since A,,(2) = D,

Iz = CGm(2)l| = & = Gn(x) + Y fies

ieD

)

for some scalars (f;);ep given by the Chebyshev approximation. Then,

lz =% (@) < Ko ||& = Gul(2) + ) fies

ieD

S KbCSCT7n(Z) S KbCGHx + (5+ Ot)].DH

Taking § — 0,

[ = %n(2)]| < KpCslz + alp|| < KoCs([|2 + [lalpl]))- (11)
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Select now y := 3.4 (€] () +0g5)€e; + 3 cac (o) €5 (¥)e; +alp, with § > 0 and e; = sgn (€] (x)) for
Jj € Am(z). Then, since 4,,(y) = >_;c, () (€] () + 02;5)e;, using Chebyshev approximation,

ly=CGmll =1 > ae+ > ei(a)e;+alp

JEAm () jGA‘;n(l')

Hence,

lalp| < 2K, Z a;e; + Z e;(z)ej +alp|| < 2KpCs04,(y)
JEAM () JEAS, (z)

<2GC || Y (@) e+ > el(n)e;
JEAm () JEAS, ()
Taking § — 0, ||alpl| < 2K,Cs||z||. Using the last inequality and (11),
|2 = G ()| < FCs (||| + 25, C|[]) < 3(KpCs)?|])-

Thus, ||z — %, (2)|| < 3(K,Cs)?||z| for any finite x € X and m < |supp (z)|.

For the general case, we take z € X and A,,(z) the greedy set of x with cardinality m. We can find a
number N € Nsuch that A,,(z) C {1, ..., N}. Then, since %,,(z) = % (Sn(z)), applying that & is Schauder
and quasi-greedy for elements with finite support,

Iz = G (@)l < & = Sn (@)l + [[Sn (@) = G ()]
= ||z — Sn(@)]| + |Sn (2) — G (Sn(2))]|
< 2Ky |z || + 3(KpCs)?||Sn (2))
< Ky (2 4 3(KpCs)?) 2.

This completes the proof. O
Proof of Corollary 1.12. The proof follows using Theorem 1.10, Theorem 1.4 and Remark 1.6. O

Remark 3.1. In [2, Section 6-Question 3], the authors ask the following question: if a basis Z satisfies
Property (A) and the inequality (5), is & semi-greedy? We recall that & satisfies Property (A) if there is
a positive constant C, such that

&+ Teall < Callz + 1],
for any z € X, A, B such that |[A| = |B| < 0o, ANB =0, (AUB) Nsupp (z) =0, |e] = |n] = 1 and
max; e} (x)| < 1. The answer is not due to the example in [1, Subsection 5.5] of a basis % in a Banach

space such that # satisfies the Property (A) and (5), but is not quasi-greedy, hence is not almost-greedy
and using Theorem 1.10, £ is not semi-greedy.

4. Open questions

As discussed in [8] (see also [4]), one can define the Thresholding Greedy Algorithm and the Thresholding
Chebyshev Greedy Algorithm in the context of Markushevich bases, that is, {e;,ef} is a semi-normalized
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biorthogonal system, X = span{e; : i € N}X and X* = span{e; : i € N}LU . In section a) of Theorem 1.10, it
is enough to work with Markushevich bases instead of Schauder bases. However, in the item b), seems to
be necessarily to use that 4 is Schauder to prove the result.

Question 1: Is it possible to remove the condition to be Schauder in section b) of Theorem 1.107

Another interesting problem is to establish if almost-greediness implies the condition to be Schauder.
Of course, if A is greedy then & is Schauder since greediness implies unconditionality. As far as we know,
all of examples of almost-greedy bases in the literature seem to be Schauder bases, but we don’t know if
almost-greediness implies that 4 is Schauder or not.

Question 2: If & is an almost-greedy Markushevich basis, is it necessarily Schauder in some order?
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