J. Math. Anal. Appl. 473 (2019) 786-802

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Models of Lie algebra sl(2, C) and special matrix functions by o |

Check for

means of a matrix integral transformation

Ravi Dwivedi, Vivek Sahai*

Department of Mathematics and Astronomy, Lucknow University, Lucknow 226007, India

ARTICLE INFO ABSTRACT
Article history: In this paper, we present four models of irreducible representations of special
Received 25 December 2017 complex Lie algebra si(2,C) from the special matrix functions point of view.

Available online 7 January 2019

These models, which involve differential operators, are transformed into matrix
Submitted by L. Fialkow

difference—differential operators using an integral transformation motivated by the
integral representation of beta matrix function. We also obtain the matrix identities

Keywords: . ° - - ; -
Lie algebra si(2,C) involving one or two variable special matrix functions.
Matrix functional calculus © 2019 Elsevier Inc. All rights reserved.

Special matrix functions
Matrix integral transforms

1. Introduction

Lie theoretic techniques to find special functions identities are available in the literature. In particular,
Govil and Manocha [4] have exploited models of Lie algebras si(2) and G(0,1) to find special function
identities using an integral transformation, which is motivated by beta integral transformation. Also, Khan
and Ali [8,9] used models of Lie algebras G(0,1) and K5 to obtain results involving Hermite polynomials
and Laguerre-Hermite polynomials. In general, the use of Lie theoretic techniques provide a natural, unified
and efficient framework for a general treatment of a wide range of special functions arising in mathematical
physics.

Recently, models of certain Lie algebras have been studied from the special matrix polynomials point
of view. Khan and her coworkers [10,11] have used the Lie algebraic techniques to find matrix identities
involving the Hermite and Laguerre matrix polynomials. Jédar and Cortés [6] have considered the matrix
analogue of Gauss hypergeometric function o F; and gave its convergence conditions and integral represen-
tation. Authors [2] have found the convergence conditions of the generalized Gauss hypergeometric matrix
function, Appell matrix functions and the two variable Kampé de Fériet matrix function. In addition, in-
tegral representations of Appell matrix functions were also determined. In the present paper, we apply the
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representation theory of the Lie algebra si(2,C) to matrix hypergeometric functions. In particular, we con-
struct models of Lie algebra sl(2, C) acting on the space of Gauss hypergeometric matrix function o F. These
models are in terms of differential operators. Using a matrix integral transformation, which is motivated
by the integral representation of beta matrix function, we obtain another set of models of s/(2,C) in terms
of matrix difference—differential operators acting on the hypergeometric matrix function 3F5. The whole
exercise leads to new matrix identities involving one and two variable hypergeometric matrix functions. The
section-wise treatment is as follows.

In Section 2, we review the part of matrix functional calculus that is needed in the sequel. In Section 3, we
elaborate the representation theory of the special complex Lie algebra si(2,C). In Section 4, we introduce
a matrix integral transformation that help us to upgrade the differential models of si(2,C) to matrix
difference—differential models of si(2,C). In Sections 5-8, we present new models of Lie algebra s/(2,C) and
using the representation theory, find matrix identities, which are believed to be new.

2. Preliminaries

Let C™" be the vector space of all r x r matrices with entries from C. For A € C"™*" o(A) denotes the
spectrum of A. The spectral abscissa of A is given by a(A) = max{R(z) | z € 0(A) }, where R(z) denotes
the real part of z € C. If S(A4) = min{ R(z) | z € 0(A) }, then S(A) = —a(—A). A square matrix A € C"*"
is said to be positive stable if 3(A) > 0. If f(z) and g(z) are holomorphic functions of z € C, defined
in an open set  of the complex plane, and A € C™*" with o(A) C €, then using the matrix functional
calculus [1], we have f(A)g(A) = g(A)f(A). Furthermore, if B € C"™*" such that o(B) C Q and AB = BA,
then f(A)g(B) = g(B) f(A).

The reciprocal gamma function I'"(z) = 1/I'(z) is an entire function of z € C. The image of I'"1(2)
acting on A, denoted by I'"1(A), is a well defined matrix. If A+nl is invertible for all integers n > 0, where
I denotes the r x r identity matrix, then the reciprocal gamma matrix function is defined as [5]

I A)=AA+D)---(A+(n—-1)DT YA +nl), n>1. (2.1)

The matrix analogue of Pochhammer symbol (A),, A € C"™*" is given by

1, ifn=0
(A)n = . (2.2)
A(A+T)---(A+(n—-1I), ifn>1
This gives
(A), =T7YA) T(A +nl), n>1. (2.3)
. A, .. A, 1 1
We shall use the notation I B for T'(Aq) - - T(Ap) T=H(Bq) - - T 1(By).
1,5 Dg
If A e C™" be such that R(z) > 0 for all eigenvalues z of A, then I'(A) can be expressed as [5]
I'(A) = / et dt. (2.4)
0

Furthermore, if P and ) are positive stable matrices in C"*", then the beta matrix function is defined as

B(P,Q) = /tP—I (1—1)9 1at. (2.5)
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If PQ = QP, then we have [6]
B(P,Q) =T(PT(QI (P +Q). (2.6)

Following special matrix functions will be used throughout this work. The generalized hypergeometric matrix
function is defined as

_ _q 2"
pFo(Ar, ..., Apy By, ..., Bgy2) = Z(Al)n o (Ap)n (B! (Bq)nl R (2.7)
n>0 :
The Appell matrix functions Fi, F5, F3, F, are defined by

1 €T

Fl [A7 B7 B/; C, .1?, y] = Z (A)m‘i‘n(B)m(B/)n(C)ern m' TL' Y (28)
m,n>0 ’
B B ™ yn
Fy[A, B, B C,C;x, yl = mzn;O(A)m+n(B)m(B/)n(C)ml(cl)”1 ‘mlnl’ (2.9)
A) (AN (B) i (B)n(C);0
Fg[A,A/,B,B/; C;x,y] _ Z ( ) ( ) ( Tr)L' n(' ) ( )m+n ™ yn’ (210)
m,n>0 o
(Amtn(B)m4n(C)m! (C)at
m,n>0
The Kampé de Fériet matrix function is defined as
' [ A: B, C
mi1ing,n ) .
.F’rnz:ng,ngl <D . E, F,-'L'a y)
m ni n ma n2 n5 ™ y"
= Z H(Ai)ern H(Bi)m H(CZ)n H(Dl);zlﬂz H(EZ)r_nl H(Fz)il min!’ (2‘12)
m,n>0 i=1 i=1 i=1 i=1 i=1 i=1
where A abbreviates the sequence of matrices Ay, ..., Ay, , etc. For convergence of these special matrix
functions, see [2].
3. Lie algebra sl(2,C)
The complex Lie algebra si(2,C) = L[SL(2,C)], the Lie algebra of the complex Lie group
SL(z,C)z{(Z Z) :a,b,c,de(C,ad—bc:l}7 (3.1)
consists of all 2 x 2 matrices
@ @
= <Oé; —()2(1> , O1,009,03 € C, (32)

having [12]

g"= (8 _01)’ g = (—01 8)7 9= (162 —?/2) (3.3)

as its basis.
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These basis elements obey the commutation relations
(%971 =+g", 97,971 =2¢". (3.4)
Let p be a representation of sl(2,C) on the complex vector space V and let

JT=plg"), T =plg7), J°=p(g"). (3.5)

Then the linear operators J*, J~, J° obey the commutation relations (3.4).
The operator

C=JrJ +J°J° - J° (3.6)

commutes with every operator p(«a), a € si(2,C).

For complex numbers «, 3,y where ~ is neither zero nor a negative integer, Rainville [14] has shown that
the hypergeometric function oF(a, 8;7; ) satisfy exactly 12 differential recurrence relations which allows
one to raise or lower the parameters «, 3, . For example

(20, + a) 2 F1 (a0, B3 75 2) = a o F1 (e + 1, B 5 ),

raise the parameter a. However, this operator depends upon « leading to the computation of quantities

such as D"(a) oF; or [exp D(«)] oF; rather complicated. To overcome this, Miller [13] introduced new

variables s, u,t associated with the parameters a, 3, respectively and defined functions fos,(s,u,t,z) =

o Fy (v, B;y; ¢) s“uPt7. This leads to 12 differential operators independent of the parameters a, 3, 7.
Analogously, we define matrix functions fagc by

fape(s,u,t,z) = 9F1(A, B; C; 2) sA uB ¢

_ i (A)n(B)n(C)y" o 54 B O,

n!
n=0

where A, B, C are commuting matrices in C"*" and C + kI is invertible for all integers k > 0. It can be
easily verified that the differential operators

EA = 5[20, + 50),

Ea=s'z(1 = 2)0, + td; — 505 — zud,),
EB = 5[0, + ud,],

Ep =u'[2(1 - 2)0, + td; — ud, — 280,
E¢ = t[(1 — 2)0, — 8Os — udy, + to4],

Eo =t [~20, — t0; + 1],

EAC = st[(1 — 2)0, — s0,],

Eac = s 't 2(1 — 2)0, — zud, +td; — 1],
EBC = ut[(1 — 2)0. — ud,],

Epc =u "t 2(1 - 2)0, — 280, +t; — 1],
EABC — sutd,,

Eapc = s u " z(z — 1)0, + 280 + 2ud, — t0; — 2z + 1], (3.7)
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satisfy the relations

E*fapc = AfatiBos

Esafapc =(C—A)fa-1BC:

E® fapc = Bfastic

Epfapc = (C—B)fap-1c,

Efapc = (C = A)(C = B)C ' fapcsr,
Ecfapc =—(C—1)fapc-1,

EAYfapc = A(B = C)C ™ fayr B o1,
Eacfapc =(C—=1I)farpc-1,

EBC fapc = (A—C)BC™ ' fapircst,
Epcfapc =(C —I)fap-1c-1,

EABC fape = ABC™ fair po1 o+,

Eapcfapc=—(C—I)fa_rp-1c-1- (3.8)
Finally the operators
Ja =805, Jp=udy,, Jo =10 (3.9)
satisfy
Jafapc = Afapc, JBfapc =B fapc, Jc fapc=C fapc. (3.10)

Let V' be the vector space having basis
{fatkr Bir c4mr | k,1,m € Z}.

We note that from the operators (3.7) and (3.9), each of the triplet viz.

1 1
{JH,07,J° ={EA Ea, Ja4 — 5JC}, {EP Ep, Jg — 5JC}

1 1 1 1 1 1 1
{E° Ec, Jo — §JA - §JB - 5}, {E4Y Eac, §JC + §JA — §JB - 5}
1 1 1 1 1 1 1
{EBC,EBC, §Jc—§JA+§JB_§}7 {EABcaEABC7 EJA+§JB_§} (311)

satisfy the commutation relations (3.4) and hence give us a representation of the Lie algebra si(2,C). Among
these six models of representation of si(2,C) given in (3.11), precisely four models viz. [15]

1 1 1 1
{E4 Ea, Ja — §JC}’ {EC,Ec, Jo — §JA — §JB - 5},

1

1 1 1 1 1 1
{EAC,EAC, §JC+§JA*§JB*§}, {EUL‘BC'7EZ4BC'7 §JA+§JB*§} (312)

are distinct and are capable of obtaining interesting matrix function identities.
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4. Integral transforms of matrix functions

In this section, we introduce an integral transformation based on the integral representation of beta
matrix function [5].

For positive stable matrices B, C' and C’' — B’, define

h(B',C' z) =1[f(vz)] =T <B, CC,"? B,) /UB’*I (1 =) 5~ f(vz) dv. (4.1)
0

From (4.1) we have the following transforms:

I[vf(vz)] = B'C' " Epc W(B',C', ),
1[0, f(vz)] = (C' — I) Lo v h(B',C', )
=(B'—=I)"YC" 1)Ly 20, h(B',C’,x), provided B’ — I is invertible,
1[vd, f(vx)] = B' AW(B',C", x)
=20, h(B,C' ),
I[v2, f(vz)] = B (B'+ I)C'"" A Epic h(B',C', x)
=B ¢ ' Ep 28, W(B',C', 1), (4.2)

where

Eph(B',C',z)=h(B' +1,C',x),
Ly h(B,C',z) = h(B' —1,C",2),
Epcr = Ep Ecr,
Lp¢r = Lp Lev,
A=Ep 1,
v =1I-Lg. (4.3)

5. Models of representation D (—%C, A)

In this section, we have given two models of irreducible representation of si(2, C) connected via an integral
transformation defined in (4.1). We also obtain the matrix identities involving the Kampé de Fériet matrix
function and hypergeometric matrix functions 3F5 and o F.

Let A, B, B', B”, C, ¢’ and C” be commuting matrices in C"*" such that each C + kI, C' + kI and
C" + kI are invertible for all integers k& > 0. Then, as suggested by (3.12), we give models of the irreducible
representations of sl(2,C), explicitly, along with the group action of SL(2,C). We begin with the model
arising from the triplet {E4, E4, J4 — %JC}. Consider the following model of representation D (f%C, A)
of si(2,C):

Jt = 5(20, + s0,),
J™ =512(1 — 2)0, + td; — 505 — zud,,),

1

~t0, (5.1)

0 _ —
J¥ = 50, 5
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with basis functions as
f)\ZQFl(A,B;C;Z)S)\UBtC, A=A AXI, ... (5.2)
The action of the J-operators on f) is given by
J = A, J7 = (C=Nfr-r,
JOf\ = <)\ — ;0) I, (JTT=+JT° -~ JOf\ = %C (;C — I> fa (5.3)
Indeed,
[JO, J%] = £J%, [J*, 7] =2J° (5.4)

We now determine the multiplier representation [T'(g)f](s,u,t,2) on the space F of all matrix functions
analytic in the neighborhood of (sg,uo, to,0). The group action of SL(2,C) is given in terms of the Lie
algebra action by

T(g) = exp <—2J+> exp (—cdJ ™) exp (TJO) . e =d, (5.5)

where

g(‘; Z) € SL(2,C), ad—bc=1.

The multiplier representation induced by the J-operators (5.1) is given by

(5.6)

Ti(9)f(s,u,t,2) = f (as+c u(as + ¢) ts o ) |

d+bs’ as+c(1—2)" as+c’ (d+bs)(as+c(l—z))

To obtain a model of D (—%C, A) in terms of matrix difference—differential operators, we put z = vz, v € R.
As a result, (5.1) turn into

Jt = s(vd, + s0s),
J™ =57 (v(1 —vx)d, + tdy — 505 — vrud,),

1
J? = 50, — §t8t, falvx) =9 F1 (N, B; C;vx) SuBtC, N=A A+T,.... (5.7)

Theorem 5.1. Let p be the irreducible representation of sl(2,C) on the representation space V having basis
functions {fx | A € S} in terms of Lie algebra operators {J*,J~,J°}. Then the transformation I induces
another irreducible representation p of sl(2,C) on the representation space W = IV having basis functions
{ha =1 fr | A € S} in terms of Lie algebra operators {K+ =LJtI'', K- =1J"T'', K =1J'T'}.

The proof of the above theorem follows from the fact that if the operators {J*,J~,J°} and matrix
functions fy satisfy equations (5.3) and (5.4), then so does the operators { K, K—, K’} and matrix func-
tions hy.

Using Theorem 5.1 we can transform the model (5.7) as

KT =1Jt1"!' = s(x0y + s0s),
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K =1 T!'=sYa- B'C’_leB/cr)aw +t0y — 505 — B’C”_la:EB/c/uau),
1
K =1J1"! = 50, — §t6t,
with basis functions
ha(B',C' x) =1[fr(vz)] = 3F> (\,B,B";C,C";z) s*uPtC, N=A A+1,....

The K-operators (5.8) and basis functions hy satisfy (5.3) as well as (5.4).
The multiplier representation induced by the K-operators on the space W = LF is

[T{(g9)h)(B',C" ) = L T1(9) T fl(s, ust, 2).
To obtain the identities, it is easy to verify that the matrix function
F = Fy(A,B",B;C",C, 5, 2) s"uPt¢
satisfies
47— 7070 _ 10 1 (1
(J I+ J°J —J)F:§C 50—[ F
as well as
1
[J0J0 — gt —(B" + 5C - A)JT — (I4+24 - C - C")JOIF
1 , 1
=(A- 50)(C’ + §C—A—I)F.
In addition, the function
G=(1-5"1,R <A,B;C; %_(9) sAuPtC
satisfies both
+ 7- 0 70 0 1 1

and
JOJO — gt — (%C - A) JT—(I+24—- C)JO} G=(A- %C)(%C —-A-1)G.

Therefore the matrix function

satisfies both

793

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
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as well as

[K°K° - KTK° — (B" + %C—A)K* —(I+24—-C—C"K"H,

—(A- %C)(Cu %C’—A—I)Hl, (5.19)
and the function
Hy = (1—s)""3F, (A, B.B':C,C"; %) sAuBe¢ (5.20)
satisfies
(K"K~ + K°K° - KOH, = %c (;c - I) H, (5.21)
and

[K°K® - KTK° — (%C — A)KT — (I+24 - C)J°|H,
1
=(A- %C)(icfAfI)Hz. (5.22)

This leads to the expansions [7,16]

Ti(9)H; = Z Rin(9)hatnr, i=1,2. (5.23)

n=—oo

Theorem 5.2. Let A, B, B’, B”, C, C' and C" be commuting matrices in C™*" such that a(A) < 1,
a(B") < B(C"),a(B) + a(B') < B(C) + B(C"). Then the following matriz generating function holds

21 (A:B,B’;B” T ws) (1— )4

i

F

[=)

; f:C,C’;C’“;l—s’l—s

= E (A?n oFy (—nI,B";C";w) 3Fy (A+nl,B,B';C,C";x)s",
n!
n=0

Is| <1, |&/(1—s)| + [ws/(1— s)| < 1. (5.24)

Proof. Using (5.10) and (5.23) for i = 1, we get

g2 (A BB B s as+c) (as+e)
=L\ 0,0 (d+bs)(as + (1 —x)) d+bs d+ bs

as+c(1—x) B as+c C
X( u(as + ¢) > ( ts )

= Rin(9) hatnr- (5.25)

n=0

To obtain the matrix element Rj,(g), put x = 0, a = 1, d = 1, ¢ = 0 and using the commutativity of
matrices, we get
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(A)n

n!

Rin(9) = oFy(—nl, B";C"; w), (5.26)

where w = %. Putting Ry, (g) in (5.25) gives the required identity (5.24). O

Theorem 5.3. Let A, B, B’, C, C' be commuting matrices in C™*" such that a(A) < B(C),a(B) + a(B') <
B(C"). Then the following matriz generating function holds

c\A-C _ 210 B, B 1 A;— xs cx
1 _) 1—c— AF,' 3 ) ) ; ’
( +s (1=c—s) 1:1;0 C':Ci— " (s+e)(l—c—3s) s+c

N T(A+nIY(A)
Z I'(n+1)

2Py (A4+nl, A-C+ (n+1)I;(n+1)I; ¢

x 3Fy (A+nl,B,B';C,C';x)s",

(s+c)(1—c—y9) +

(s +¢)

E‘<1, e+ s < 1, I <1. (5.27)

Proof. Using (5.10), (5.23) for ¢ = 2, and proceeding as in the above theorem, with a =1, d =1, b = 0, the
identity (5.27) can be easily obtained. O

In (5.27), the terms corresponding to n = —1,—2,..., are well defined in view of the relation

3 1 . .
klgrilm2F1 (A+KI, A-C+ (k+1)I;(k+1I; ¢
(A=) (A-C—(1-1I)

- g LoR (A, A= C+ I (14 DI o) . (5.28)

6. Models of representation D(C, —3 (A + B + I))

This section consists of two models of representation D(C, —%(A+B+1I)) of Lie algebra sl(2, C) connected
via the integral transformation (4.1). We also give the corresponding matrix generating functions.
Consider the model arising from the triplet {E, E¢, Jo — 3J4 — 3Jp — 3}, given by

Jt =t((1 - 2)0, +t0; — 505 — udy),
J™ = —t7Y20, +t0, — 1),

1 1 1
0 _ _ = _ I
JY =10, 2533 2u6‘u i
fa=2oF (A, B; \;2)sMuBt), N=C, C=+1,.... (6.1)

The action of the J-operators on f) is
TP =2 A=A A= B)far, J === Dfar1
JOfr = (A— %(A+B+I)> Ias
(JTT+JJ0 = J0f\ = i(A—B—FI)(A—B—I)fA. (6.2)

Indeed the J-operators satisfy (5.4).
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The operators (6.1) induce the following multiplier representation:

TQ(g)f(Sa u, t, Z)

"d+bt’ t S

(a5 (sta o utaon), S50, LR (o )Y

Putting z = vz in (6.1) and using Theorem 5.1, the following K-model is obtained:

KT =t((C' = 1)(B' = I)"'Lpici0, — x0, + 10y — 595 — ud,,),

K~ = —t Y20, +t0; — 1),
1 1 1
0 __ _ _ _ _
K —t@t 2885 2U8u 2,

ha(B',C' ) = 3Fy (A, B, B';\,C";z) s™Bt, N=C, C+1,....

The matrix operators (6.4) with basis functions (6.5) satisfy (5.4) and

K hy =AY\ = A)(\ = B)hx,r, K hy=—(\—1)hy_r,

K°hy, = (A - %(A+ B+ I)> h,

(KTK~ + K°K° — K%h, = i(A —~B+1)(A—B—1I)hy.
The multiplier representation induced by the matrix operators (6.4) on the space W = LF is

[T5(g)h)(B', C" ) = L Ta(9) T fl(s, ust, 2).

The matrix function

F=F3(A,A",B,B",C; 2, t)s"uPt¢

satisfies
(JTT+J°9° - JOF = i(A ~B+I)(A-B-I)F
as well as
[J°J°+J‘JO+ (erﬂ —C) J —(2C—A—B—A"—B"—1)J°} F
= [#(CJrI) - (# - C’) (A” +B"+1— # - A”B”)] F.
Therefore

— . /. " ",
] A P

satisfies both

1
(K"K~ + K°K° - KO H = 1A=B+D(A-B-DH

(6.9)

(6.10)

(6.11)

(6.12)
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and
[KOKO + K K+ (’“;Wr - C) K —(2C-A-B-A"-B"- I)KO] H
- [%(c +1)— (# - C’) (A” B AEBEL A”B”)] H  (6.13)
Using the expansions
Tr(g)F = i in(9) fotnr, (6.14)
T3(9)H = i in(9)hcqnr (6.15)

we can obtain matrix generating functions, stated in the following theorems.

Theorem 6.1. Let A, A”, B, B”, C be commuting matrices in C"*" such that a(A”)+a(B") < 2, B(C) > 1,
a(A) + a(B) < 2. Then the following matriz generating function holds

(1 + %)C_I ;3 (A,A”,B, B";C; (1 + %) z,c+ t)

B i r( A" +nl,B" +nl,C

A" B" C+nl (n—l—l)])2F1(A//+nI’BI/+nI5(n+1)I§C)

n=—oo

X oF1 (A, B;C +nl;2)t", |c/t| < 1, |e+t| < 1, max{|(1 + ¢/t)z|, |c+ |} < 1. (6.16)

Theorem 6.2. Let A, A”, B, B', B"”, C, C" be commuting matrices in C™*" such that a(A") + a(B") < 2,
B(C) > 1, a(A) + a(B) + a(B’) < B(C"). Then the following matriz generating function holds

—:A B ,B;A" B" (1+C) Ly
c:C"— 1)5c

S

c\NC—T
(1+5) F
t 9
i F( A" +nl,B" +nl,C

- A" B",C +nl (n+1)1> 2F1 (A" +nl, B" +nl; (n + 1)1;)

n=—00
x 3Fy (A,B,B';C +nl,C';x)t",
le/t] <1, e+t <1, max{|(1 + ¢/t)z|, |c+¢|} < 1. (6.17)

Using (6.3), (6.7), (6.14), (6.15) and proceeding exactly in the same manner as in Theorem 5.2, the matrix
identities given in (6.16) and (6.17) can be easily obtained. The terms corresponding to n = —1,—2, ...,
are well defined in view of the relation (5.28).

7. Models of representation D(A, C, —%A, —%(B + C +1))
We now consider the model arising from the triplet {E4¢, E4c, %JC + %JA — %JB — %} We have

Jt =st((1 - 2)0, — s0;),
J™ =51 2(1 = 2)0, — 2ud, +td; — 1),
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1 1 1 1
o_ + 2 _ = _ =
JY = Qtat—i— 2585 2u8u X

along with the basis functions
fr=2Fi(A—CH\ B; \; 2)sA 2 uBtr, Ax=0C,C+1,..., (7.2)

as a model of representation D(A4,C,—3A,—3(B+C +1)).
Action of the J-operators (7.1) on basis functions (7.2) is given by

J+f)\ =1 (A=C+ XN (B—=XNfoasr,
J =N =1)fr_1,

1
JOf = <)\+2(ABCI)) Fas
1
(JTT +JJ° =IO f = Z(A+B —CH+ID(A+B—-C—1)fr. (7.3)
The computation of the group action from the Lie derivatives (7.1) gives

c

o)t = (a- 5) £

st

s sut (dz — bst)(ast — c))

c
t— = 7.4
“bst ast—cz’ s (d — bst)(ast — cz) (7.4)

Using Theorem 5.1, the J-model (7.1) induces the following K-model:

Kt =st((B'=I1)""(C' = I)Lpc/ 0y — 20, — $0;) ,
K- =s 4! (SU(I - B’C'ileB«c/)é)z — B'C”fleB/c/uau + 10 — ].) s

1 1 1 1
KO =3 5°oUs — J WUy — 3 .
2t8t + 288 2u6 5 (7.5)
along with the basis functions
ha(B',C" ) = 3F5(A—C+ X\, B, B; \,C'; 2)s* P uBr N=C,C+1,.... (7.6)

Indeed the K-operators (7.5) satisfy (7.3). The multiplier representation induced by the K-operators (7.5)
on the space W = LF is

[T3(9))(B',C" ) = L T3(9) I f](s,u, . 2). (7.7)
The function
F = F\(A,B,B"; C; z, st)s*uPt¢ (7.8)
satisfies
(J5T7 4+ 10— J)F = (A + B~ C) ~ I)F. (7.9)

It therefore follows that

21 A: B,B'; B";
H= F111201 (C' ’C,f fx,st) sAuBtC (7.10)
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satisfies
(K"K~ + K°K° - KOH = i((A +B-C)?-1)H. (7.11)
The expansions
T3(g)F = Y in(g)foins, (7.12)
Ty(9)H = > in(9)hctnr (7.13)

lead to the following matrix identities under special cases:

Theorem 7.1. Let A, B, B” and C be commuting matrices in C™*" such that a(A) < B(C), «(B) < 1,
a(B") < 1. Then the following matriz generating function holds

z2(1—w)

(1-w) 11 —wz)"BF (A,B, B";C T

(1 - w)y)

o0

A+nl,B" +nl,C

= I ’ ’ Fi(A 1,B" I; I —
n;m (A,B”,C+n[,(n+1)]>2 1(A+nl, BT 4 nl; (n+ DI —wy)
X oF1(A+nl,B;C +nl;2)y",

lw| < 1, lwz| < 1, <1, |[(1—-w)y|l <1 (7.14)

1—wz

Proof. Using Equations (7.4), (7.12) and particular values a = 1, d = 1, b = 0, the matrix elements i, (g)
are given by

, A+nl,B" +nl,C
Zn(g):P 1"
A,B",C+nl,(n+1)I

> oFi(A+nl,B" +nl;(n+1)[; —wy), (7.15)

which leads to the matrix identity (7.14). O

Theorem 7.2. Let A, B, B’, B”, C and C’ be commuting matrices in C™*" such that a(A) < B(C), a(B)+
a(B') < B(C") + 1, a(B”) < 1. Then the following matriz generating function holds

(1—w)C—’F(3><_” Ai— B,B'": —B";—

Lo _,_,_;x<1—w>,y<1—w>7wm>

B i r A+nI,B"+nl,C
N AB" . C+nl,(n+1)I

) oF1(A+nI, B" +nl;(n+ 1)I; —wy)
n=—o00

X 3Fy(A+nl,B,B;C +nl,C";z)y",
lw| < 1, |2(1 —w)| + |wz| < 1, |y(1 —w)| <1, (7.16)

where F®) is a matriz analogue of general triple hypergeometric function, defined by
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-2 A;—; B,B': —;B";—
3 ( iy C',;f’; ’C”: 7’;7;’7 ;x(l—w),y(l—w),wx)
= Y. WainB)msp(Bmtn (B ()l (€)1l
m,n,p>0
1—w))™(y(1 —w))" P
(0= w) ™ (1 w)) " wa)y —
m! n!p!
Proof. Using Equations (7.7), (7.13) and the result
1-— .
I|(1-wz)"BF(A,B,B"C; % (1—w)y)| = F®, (7.18)
the matrix identity (7.16) can be obtained easily. O
The terms corresponding to n = —1,—2,..., are well defined in view of the relation (5.28). For conver-

gence of hypergeometric matrix functions of several variables, see [3].
8. Models of representation D(A, B, C, —%(A + B+ C))

In this section, we give a model of irreducible representation of sl(2,C) arising from the triplet
{EABC E,pc, %JA + %JB — %} and find the corresponding matrix generating function. Consider

JT = sutd,,
J =s T (2(2 — 1)0, — t0; + 2805 + zudy, — 2 + 1),

JO = %(388 + ud, — 1),
fAa=2Fi(A=C+XNB—-CH+X\\2)s BN N =0, C+1,.... (8.1)
The action of the J-operators on f) is given by
JT =AY A=C+N(B—-C+Nfar,
J =—A\—=1D)fr_1,
JV = %(2)\+A+B—20—I)fA,
(JYT=+J%0° —JOf\ = i(A—B—i—I)(A—B—I)f,\. (8.2)

The multiplier representation Ty of SL(2,C) induced by the J-operators (8.1) is:

(Ta(9) fl(s,ust, 2) = (a * M) i

sut
t — -1
w flas— S au— 0 (B3N g psur) (a— CU)). (8.3)
ut st asut — cz sut

Putting z = vz in the model (8.1) and using the transformation I, we get the following transformed model:

K" =sut(B'—I)"Y(C" = I)Lpic/0,,
K™ =s'w it Y a(B'C' 2Epc — )0y + B'C' '2Epic(s0s + udy — 1) — t8y + 1),
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K° = %(385 + udy — 1),
ha(B',C' x) = 3F5(A—C 4+ X\, B —C+ X\ B\ C2) s O B-CHA A (8.4)
Indeed, the K-operators (8.4) satisfy (8.2). The function
F =3F (A, B;C; z + sut)s uPtC (8.5)
satisfies
(JTT= +J°J° - JO)F = %(A ~B+1)(A—-B-1I)F.

It therefore follows that

10 A, B: B'; —;
H= Ff:'ll;’g ( c. o - x,sut) sAuBt¢ (8.6)
satisfies
(K"K~ + K°K° - KOH = i(A ~B+1)(A—-B-1I)H. (8.7)
The expansion
[Tu(9)F(s,u,t,2) = > pulg)foint (8.8)

gives a matrix generating function relation stated in the following theorem.

Theorem 8.1. Let A, B, C be commuting matrices in C™*" such that a(A) + a(B) < B(C). Then the
following matriz generating function holds

) o5 s o0 )0

= Y T(A+nDI(B+nal)T(C)IH (AT BT HC +nl)T (1 +n)I
X o (A+nl,B+nl;(1+n);c)oFi(A+nl,B+nl;C+nl;2)y", (8.9)
1—
lez/yl < 1,]e(1 — 2)/y| < 1, (1+ A ; Z)) (z4y—cz)| <1.

The terms corresponding to n = —1, -2, ..., are well defined in view of the relation (5.28).

The expansion arising from the K-operators does not lead to an elegant identity and is therefore not
included.
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