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This paper investigates the optimal recovery of a class F∞ of infinitely differentiable 
functions on [−1, 1] in Lp[−1, 1]. We obtain strong equivalences of the sampling 
numbers of F∞ in Lp[−1, 1], 1 ≤ p < ∞, and even equality in L∞[−1, 1]. We prove 
that the Lagrange interpolation algorithms In,p, 1 ≤ p ≤ ∞, based on the zeros of 
the polynomial of degree n with the leading coefficient 1 of the least deviation from 
zero in Lp[−1, 1] are strongly asymptotically optimal for 1 ≤ p < ∞, and optimal 
for p = ∞.
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1. Introduction and main results

Let F be a Banach space of functions defined on a compact set D that can be continuously embedded 
in C(D), BF is the unit ball of F , and G (� F ) is a normed linear space with norm ‖ · ‖G. We want to 
approximate functions f from BF by using a finite number of arbitrary function values f(t) (standard 
information) for some t ∈ D. We consider only nonadaptive information. For x = (ξ1, . . . , ξn) ∈ Dn, we use 
Ix the nonadaptive information operator, i.e.,

Ix(f) := (f(ξ1), f(ξ2), . . . , f(ξn)) ∈ Rn, f ∈ F.

We say that An = ϕ ◦ Ix is an algorithm based on the information operator Ix, where ϕ is an arbitrary 
mapping from Rn to G. We also consider linear algorithms, i.e., algorithms of the form

Alin
n (f) = ϕlin ◦ Ix(f) :=

n∑
j=1

f(ξj)hj , hj ∈ G, ξj ∈ D, j = 1, . . . , n.
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We use an algorithm An to reconstruct functions from BF . The worst case error of the algorithm An for 
BF in G is defined by

e(BF,An, G) := sup
f∈BF

‖f −An(f)‖G.

For a given x = (ξ1, . . . , ξn) ∈ Dn, the worst case error for BF in G based on the information operator 
Ix is defined by

e(BF, Ix, G) := inf
ϕ

sup
f∈BF

‖f − ϕ ◦ Ix(f)‖G,

where the infimum is taken over all mappings ϕ from Rn to G.
We define the linear sampling numbers and the sampling numbers of BF in G by

glin
n (BF,G) := inf

Alin
n

e(BF,Alin
n , G),

and

gn(BF,G) := inf
An

e(BF,An, G) = inf
x∈Dn

e(BF, Ix, G),

respectively. If there exists an information operator Ix∗ and a mapping ϕ∗ such that the algorithm A∗
n =

ϕ∗ ◦ Ix∗ satisfies

e(BF,A∗
n, G) = gn(BF,G),

then we call Ix∗ the nth optimal information and A∗
n the nth optimal algorithm.

The sampling numbers are closely related to many classical approximation problems such as width and 
information-based complexity, and they have a wide range of applications in numerical analysis. The aim 
of studying the sampling numbers is to find optimal or nearly optimal information, construct optimal or 
nearly optimal algorithms according to the known standard information, and determine orders (or values) 
of the sampling numbers.

In recent years, the study of sampling numbers has attracted much interest, and a great number of 
interesting results have been obtained (see [1–3,7–12,17,19–21,23–30]).

This paper investigates the sampling numbers of a class F∞ of infinitely differentiable functions on [−1, 1]. 
Approximation of infinitely differentiable multivariate functions has been investigated in [5,13,14,16,18,22,
24,31,32].

We remark that, in most cases, we can achieve only weak equivalences (orders) of the sampling numbers. 
In this paper, we obtain strong equivalences of the sampling numbers of F∞ in Lp := Lp[−1, 1], 1 ≤ p < ∞, 
and even equality in L∞[−1, 1].

Denote the spaces of functions with nth order continuous derivative on [−1, 1] using Cn[−1, 1], n =
1, 2, . . . , respectively. For 1 ≤ p ≤ ∞, let Lp ≡ Lp[−1, 1] be the space of measurable functions defined on 
[−1, 1], for which the norm

‖f‖p :=
{( ∫ 1

−1 |f(x)|p dx
)1/p

, 1 ≤ p < ∞,

ess supx∈[−1,1]|f(x)|, p = ∞

is finite. The space F∞ of infinitely differentiable functions on [−1, 1] is defined as

F∞ =
{
f ∈ C∞[−1, 1]

∣∣ ‖f‖F∞ = sup ‖f (n)‖∞ < ∞
}
.

n∈N0
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We set

En,p := inf
g∈Pn−1

‖xn − g(x)‖p, 1 ≤ p ≤ ∞,

where Pn represents the space of all algebraic polynomials of degree at most n. Furthermore, let Wn,p ∈
Pn (1 ≤ p ≤ ∞) satisfy

‖Wn,p‖p = En,p and Wn,p(x) = xn + c1x
n−1 + · · · + cn.

Wn,p is unique (see [4, Chapter 3, Theorem 6.1, p. 75, Theorems 10.8 and 10.9, p. 86]) and has n zeros

−1 < ξ1,p < ξ2,p < · · · < ξn,p < 1 (1.1)

in (−1, 1) (see [4, Chapter 3, Theorems 6.1, 10.8 and 10.9]), which means that

Wn,p(x) =
n∏

k=1

(x− ξk,p). (1.2)

Let In,pf be the Lagrange interpolation polynomial of a function f : [−1, 1] → R based on the nodes 
ξ1,p, . . . , ξn,p, i.e.,

In,pf ∈ Pn−1, In,pf(ξk,p) = f(ξk,p), k = 1, 2, . . . , n.

It is known that In,pf has the explicit expression

In,pf(x) =
n∑

k=1

f(ξk,p)�k,p(x), (1.3)

where

�k,p(x) = Wn,p(x)
(x− ξk,p)W ′

n,p(ξk,p)
,

and Wn,p is given by (1.2).
For x = (ξ1, . . . , ξn), −1 ≤ ξ1 < ξ2 < · · · < ξn ≤ 1, if

ξk = −ξn+1−k, k = 1, 2, . . . , n,

then we call the information operator Ix the symmetric information. We define

g̃n(BF∞, Lp) := inf
Ix symmetric

e(BF∞, Ix, Lp)

= inf
Ix symmetric

inf
ϕ

‖f − ϕ ◦ Ix(f)‖p, (1.4)

where the first infimum is taken over all symmetric information. We can define g̃lin
n (BF∞, Lp) similarly.

Now we can formulate our main results as follows.

Theorem 1.1. For 1 ≤ p < ∞, we have

lim n!
glin
n (BF∞, Lp) = lim n!

gn(BF∞, Lp) = 1. (1.5)

n→∞ En,p n→∞ En,p
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The Lagrange interpolation algorithm In,p given by (1.3) is a strongly asymptotically optimal (linear) algo-
rithm.

Theorem 1.2. For 1 ≤ p ≤ ∞ and n ∈ N we have

g̃n(BF∞, Lp) = g̃lin
n (BF∞, Lp) = En,p

n! . (1.6)

The Lagrange interpolation algorithm In,p given by (1.3) is an optimal (linear) algorithm for g̃n(BF∞, Lp).

Theorem 1.3. For p = ∞ and n ∈ N we have

gn(BF∞, L∞) = glin
n (BF∞, L∞) = En,∞

n! . (1.7)

The Lagrange interpolation algorithm In,∞ given by (1.3) is an optimal (linear) algorithm.

We use the Lagrange interpolation algorithms In,p, 1 ≤ p ≤ ∞, based on the zeros of Wn,p, the polynomial 
of degree n with the leading term xn of the least deviation from zero in Lp[−1, 1], to give the upper bounds 
of glin

n (BF∞, Lp). The key of proving Theorems 1.1–1.3 is to prove the lower bounds. We shall show that 
for any ξ1, ξ2, . . . , ξn ∈ [−1, 1], there exists a function f0 ∈ BF∞ for which f0(ξ1) = · · · = f0(ξn) = 0 and

‖f0‖p ≥ En,p

n!(1 + 1
n )

,

which gives the lower bound of gn(BF∞, Lp). If ξ1, ξ2, . . . , ξn ∈ [−1, 1] are symmetrical, then we have a 
better estimate

‖f0‖p ≥ En,p

n! ,

which gives the lower bound of g̃n(BF∞, Lp). For p = ∞ we can use the Chebyshev alternation theorem to 
obtain the equality of gn(BF∞, Lp).

The paper is organized as follows. In Section 2, we give some necessary lemmas. The proofs of Theo-
rems 1.1, 1.2 and 1.3 will be given in Section 3.

2. Lemmas

Let x1, x2, . . . , xn be n distinct points in [−1, 1]. Then, the Lagrange interpolation polynomial Inf of a 
function f : [−1, 1] → R based on the knots {xk}nk=1 is defined by

Inf ∈ Pn−1, and Inf(xk) = f(xk), k = 1, 2, . . . , n.

The classical Lagrange interpolation formula gives

Inf(x) =
n∑

k=1

f(xk)�k(x),

where

�k(x) = Wn(x)
(x− xk)W ′ (xk)

, Wn(x) =
n∏

(x− xk).

n k=1
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Lemma 2.1. (See [15].) Let f ∈ Cn[−1, 1]. Then, the remainder Rnf(x) := f(x) − Inf(x) for the Lagrange 
interpolation polynomial based on knots x1, x2, . . . , xn ∈ [−1, 1] can be represented in the form

Rnf(x) = f(x) − Inf(x) = f (n)(ξ)
n! Wn(x), x ∈ [−1, 1], (2.1)

for some ξ ∈ [−1, 1] depending on x and the knots x1, . . . , xn.

Let −1 < ξ1,p < ξ2,p < · · · < ξn,p < 1 be given by (1.1) and Wn,p is given by (1.2). Then, Wn,p is odd if 
n is odd, and even if n is even. We obtain that (here [x] represents the integer part of x)

Wn,p(x) = xn + c2x
n−2 + c4x

n−4 + · · · + cn−2[n/2]x
n−2[n/2], (2.2)

and the zeros of Wn,p is symmetrical, i.e.,

ξk,p = −ξn+1−k,p, k = 1, 2, . . . , n.

Hence, the Lagrange interpolation algorithm In,p given by (1.3) is a linear algorithm based on symmetric 
information. It follows that

gn(BF∞, Lp) ≤ glin
n (BF∞, Lp) ≤ e(BF∞, In,p, Lp), (2.3)

and

g̃n(BF∞, Lp) ≤ g̃lin
n (BF∞, Lp) ≤ e(BF∞, In,p, Lp). (2.4)

The following lemma gives the upper bound of the worst case error e(BF∞, In,p, Lp) of the Lagrange 
interpolation algorithm In,p for 1 ≤ p ≤ ∞.

Lemma 2.2. For 1 ≤ p ≤ ∞, we have

e(BF∞, In,p, Lp) ≤
En,p

n! . (2.5)

Proof. Let f ∈ BF∞. Then, we have ‖f (n)‖∞ ≤ 1. It follows from (2.1) that, for x ∈ [−1, 1],

|f(x) − In,pf(x)| = |f (n)(ξ)|
n! |Wn,p(x)|, x ∈ [−1, 1], (2.6)

for some ξ ∈ [−1, 1] depending on x and ξ1,p, ξ2,p, . . . , ξn,p. Since ‖f (n)‖∞ ≤ 1, we obtain that

|f(x) − In,pf(x)| ≤ |Wn,p(x)|
n! , x ∈ [−1, 1].

It follows that

‖f − In,pf‖p ≤ ‖Wn,p‖p
n! = En,p

n! . (2.7)

Lemma 2.2 is proved. �
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Now let ξ1, ξ2, . . . , ξn be n arbitrary distinct points in [−1, 1], −1 ≤ ξ1 < ξ2 < · · · < ξn ≤ 1. Consider the 
function

g(x) =
n∏

k=1

(x− ξk) = xn −Axn−1 + c2x
n−2 + · · · + cn. (2.8)

The next lemma gives the exact value of ‖g‖F∞ .

Lemma 2.3. Let g be given by (2.8). Then, we have

‖g‖F∞ = n!
(

1 + |A|
n

)
, (2.9)

where A = ξ1 + · · · + ξn. Specifically, if ξ1, ξ2, . . . , ξn are symmetrical, i.e.,

ξn+1−k = −ξk, k = 1, 2, . . . , n,

then A = 0 and hence

‖g‖F∞ = n!.

Proof. First, we note that

g(n)(x) = n!, g(n−1)(x) = n!
(
x− A

n

)
.

The above two equalities mean that

‖g(n)‖∞ = n!, ‖g(n−1)‖∞ = n!
(

1 + |A|
n

)
.

Hence, to show (2.9), it suffices to prove that, for k = 2, 3, . . . , n, we have

‖g(n−k)‖∞ ≤ n!
(

1 + |A|
n

)
.

Since g has n different zeros, then by the Rolle theorem and the Vieta theorem, we know that g(n−k), k =
1, 2, . . . , n has k different zeros

−1 < ξ
(n−k)
1 < ξ

(n−k)
2 < · · · < ξ

(n−k)
k < 1, k = 1, 2, . . . , n,

which satisfy the following equality

1
k

k∑
j=1

ξ
(n−k)
j = A

n
.

By ξ(n−k)
1 < · · · < ξ

(n−k)
k for k ≥ 2 and the above equality, it follows that

ξ
(n−k)
1 <

A

n
< ξ

(n−k)
k , k = 2, 3, . . . , n.

It is easy to show that
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g(n−k)(x) = n(n− 1) · · · (k + 1)
k∏

j=1
(x− ξ

(n−k)
j ).

For arbitrary x ∈ [−1, 1], we have

∣∣∣x− ξ
(n−k)
j

∣∣∣ ≤ 2, j = 2, . . . , k − 1, and
∣∣∣(x− ξ

(n−k)
1

)(
x− ξ

(n−k)
k

)∣∣∣ ≤ 2
(

1 + |A|
n

)
,

which means that, for x ∈ [−1, 1],

∣∣∣∣
k∏

j=1
(x− ξ

(n−k)
j )

∣∣∣∣ =
∣∣(x− ξ

(n−k)
1

)(
x− ξ

(n−k)
k

)∣∣ k−1∏
j=2

∣∣x− ξ
(n−k)
j

∣∣ ≤ 2k−1
(

1 + |A|
n

)
.

It follows that, for k = 2, 3, . . . , n,

‖g(n−k)‖∞ ≤ n!
k! 2k−1

(
1 + |A|

n

)
.

Since 2k−1 ≤ k !, we have for k = 2, . . . , n,

∥∥g(n−k)∥∥
∞ ≤ n!

(
1 + |A|

n

)
.

Lemma 2.3 is proved. �
Concerning the worst case error for BF∞ in Lp based on a given information operator Ix, x =

(x1, . . . , xn) ∈ [−1, 1]n, we have the following lemma.

Lemma 2.4. (See [21, Lemma 4.3] or [27, p. 71].) For x = (ξ1, ξ2, . . . , ξn) ∈ [−1, 1]n, we have

e(BF∞, Ix, Lp) := inf
ϕ

sup
‖f‖F∞≤1

‖f − ϕ ◦ Ix(f)‖p

= sup
‖f‖F∞≤1,

f(ξ1)=f(ξ2)=···=f(ξn)=0

‖f‖p. (2.10)

3. Proofs of Theorems 1.1–1.3 and some remarks

Proof of Theorem 1.1. Let 1 ≤ p ≤ ∞. We shall show the following inequalities

En,p

n!(1 + 1
n )

≤ gn(BF∞, Lp) ≤ glin
n (BF∞, Lp) ≤

En,p

n! , (3.1)

from which (1.5) follows directly. To prove (3.1), due to (2.3) and (2.5), it suffices to prove that

gn(BF∞, Lp) ≥
En,p

n!(1 + 1
n )

. (3.2)

For arbitrary ξ1, . . . , ξn ∈ [−1, 1], we set A = ξ1 + · · ·+ ξn and consider the function g(x) given by (2.8). 
Then, it follows from Lemma 2.3 that (2.9) holds. Now, we set
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f0(x) = g(x)
‖g‖F∞

= g(x)
n!(1 + |A|

n )
.

Then, f0 ∈ BF∞ and

f0(ξ1) = f0(ξ2) = · · · = f0(ξn) = 0.

It follows from Lemma 2.4 that, for x = (ξ1, ξ2, . . . , ξn) ∈ [−1, 1]n,

e(BF∞, Ix, Lp) ≥ ‖f0‖p = ‖g‖p
n!(1 + |A|

n )
. (3.3)

Let

En,A,p := inf
h∈Pn−2

‖xn −Axn−1 − h(x)‖p. (3.4)

Clearly, we have

En,A,p ≥ inf
h∈Pn−1

‖xn − h(x)‖p = En,p, (3.5)

and

‖g‖p = ‖xn −Axn−1 + c2x
n−2 + · · · + cn‖p ≥ En,A,p. (3.6)

It follows from the definition of gn(BF∞, Lp), (3.3), and (3.6) that

gn(BF∞, Lp) = inf
Ix

e(BF∞, Ix, Lp) ≥ inf
A∈R

En,A,p

n!(1 + |A|
n )

. (3.7)

To prove (3.2), by (3.7), it suffices to show that, for all A ∈ R,

En,A,p

1 + |A|
n

≥ En,p

1 + 1
n

. (3.8)

If A = 0, then by (3.4), we have

En,0,p = inf
h∈Pn−2

‖xn − h(x)‖p = ‖Wn,p‖p = En,p ≥ En,p

1 + 1
n

. (3.9)

For A 
= 0, according to [4, Chapter 3, Theorem 6.1, p. 75, Theorems 10.8 and 10.9, p. 86], there exists 
a unique polynomial h0 ∈ Pn−2 of best approximation to the continuous function xn − Axn−1 in Lp such 
that

En,A,p = ‖xn −Axn−1 − h0(x)‖p. (3.10)

Clearly, by the unicity of the best approximation polynomial, we obtain that

En,−A,p = En,A,p = ‖xn + Axn−1 − (−1)nh0(−x)‖p. (3.11)

Hence, for A 
= 0, we have
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En,A,p = 1
2
(
En,A,p + En,−A,p

)
= 1

2
(
‖xn −Axn−1 − h0(x)‖p + ‖xn + Axn−1 − (−1)nh0(−x)‖p

)
≥ 1

2
∥∥(xn −Axn−1 − h0(x)

)
−

(
xn + Axn−1 − (−1)nh0(−x)

)∥∥
p

= |A|
∥∥∥∥xn−1 + h0(x) − (−1)nh0(−x)

2A

∥∥∥∥
p

≥ |A| inf
h∈Pn−2

‖xn−1 − h(x)‖p = |A|En−1,p. (3.12)

We note that, for some h1 ∈ Pn−2

En−1,p = ‖xn−1 − h1(x)‖p ≥ ‖xn − xh1(x)‖p ≥ En,p. (3.13)

It follows from (3.5), (3.12), and (3.13) that

En,A,p ≥ max{|A|, 1}En,p.

Since the inequality

max{|A|, 1}
1 + |A|

n

≥ 1
1 + 1

n

holds for all A 
= 0, we obtain (3.8). Theorem 1.1 is proved. �
Proof of Theorem 1.2. Let 1 ≤ p ≤ ∞. To prove (1.6), due to (2.4) and (2.5), it suffices to prove that

g̃n(BF∞, Lp) ≥
En,p

n! . (3.14)

For any symmetric ξ1, . . . , ξn ∈ [−1, 1], we consider the function g(x) given by (2.8). Then, it follows 
from Lemma 2.3 that ‖g‖F∞ = n!. We set

f0(x) = g(x)
‖g‖F∞

= g(x)
n! .

Then, f0 ∈ BF∞ and

f0(ξ1) = f0(ξ2) = · · · = f0(ξn) = 0.

It follows from Lemma 2.4 and (3.3) that, for symmetric x = (ξ1, ξ2, . . . , ξn) ∈ [−1, 1]n,

e(BF∞, Ix, Lp) ≥ ‖f0‖p = 1
n!‖g‖p

≥ 1
n! inf

h∈Pn−2
‖xn − h(x)‖p = En,0,p

n! = En,p

n! . (3.15)

By the definition of g̃n(BF∞, Lp) and (3.15), we have that

g̃n(BF∞, Lp) = inf
Ix symmetric

e(BF∞, Ix, Lp) ≥
En,p

n! ,

proving (3.14). Theorem 1.2 is proved. �
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Proof of Theorem 1.3. To prove Theorem 1.3, due to (2.3) and (2.5), it suffices to prove that

gn(BF∞, L∞) ≥ En,∞
n! . (3.16)

It follows from (3.7) that

gn(BF∞, L∞) ≥ inf
A∈R

En,A,∞

n!(1 + |A|
n )

, (3.17)

where En,A,∞ is given by (3.4). Hence, to prove (3.16), by (3.17), it suffices to prove that, for arbitrary 
A ∈ R,

En,A,∞ ≥
(

1 + |A|
n

)
En,∞. (3.18)

For n = 1, it is easy to verify that (3.18) holds with equality. In the following, we consider n ≥ 2. If 
A = 0, then from (3.9), we know that (3.18) holds with equality. For A 
= 0, it follows from [4, p. 75] that

En,∞ = 1
2n−1 , Wn,∞(x) = Tn(x)

2n−1 , ξk,∞ = cos (2k − 1)π
2n , k = 1, . . . , n, (3.19)

where Tn is the nth Chebyshev polynomial of the first kind, i.e.,

Tn(x) = cos(n arccosx).

From (3.19) it follows that

En,∞ = 21−n, En−1,∞ = 22−n = 2En,∞.

From above equalities and (3.12), it follows that,

En,A,∞ ≥ |A|En−1,∞ = 2|A|En,∞.

If |A| ≥ 1
2− 1

n

, then

En,A,∞ ≥ 2|A|En,∞ ≥
(

1 + |A|
n

)
En,∞,

showing (3.18).
Next, we assume 0 < |A| < 1

2− 1
n

. Without loss of generality, we assume A > 0. Consider the function

T̃n(x) = cosn arccos
x− A

n

1 + A
n

= Tn

(
x− A

n

1 + A
n

)
∈ Pn.

Then, by (3.19), T̃n has the expression

T̃n(x) = 2n−1
((

x− A
n

1 + A
n

)n

+ c2

(
x− A

n

1 + A
n

)n−2

+ · · · + c2[n/2]

(
x− A

n

1 + A
n

)n−2[n/2])

= 2n−1

(1 + A
n )n

(
xn −Axn−1 + c2x

n−2 + · · · + cn
)
.
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If 0 < A ≤ n tan2 π
2n , then the extreme points of T̃n given by

xk = A

n
+ cos kπ

n
+ A

n
cos kπ

n
, k = 1, . . . , n

belong to [−1, 1]. In fact, for n = 2,

0 < x1 = A

2 ≤ tan2 π

4 = 1, and x2 = −1.

For n > 2, we have xn = −1, and for k = 1, . . . , n − 1,

|xk| ≤
A

n
+ cos π

n
+ A

n
cos π

n
= A

n

(
1 + cos π

n

)
+ cos π

n

≤ tan2 π

2n 2 cos2 π

2n + cos π
n

= 1.

We note that

xk − A
n

1 + A
n

= cos kπ
n
, k = 1, 2, . . . , n,

which means that

T̃n(xk) = (−1)k‖T̃n‖∞ = (−1)k, k = 1, 2, . . . , n.

According to the Chebyshev alternation theorem (see [4, Chapter 3, Theorem 5.1]), we obtain that

(1 + A
n )n

2n−1 T̃n(x)

is the polynomial of degree n with the leading two terms xn − Axn−1 of the least deviation from zero in 
C[−1, 1]. It follows that

En,A,∞ =
(1 + A

n )n

2n−1 ≥
(

1 + A

n

)
21−n =

(
1 + A

n

)
En,∞, (3.20)

which leads to (3.18).
Finally, assume that n tan2 π

2n < A < 1
2− 1

n

. Let α, β satisfy

α > β > 0, α + β = 1, (α− β)A = n tan2 π

2n.

α, β are unique. Indeed,

α = 1
2

(
1 +

n tan2 π
2n

A

)
, β = 1

2

(
1 −

n tan2 π
2n

A

)
.

By (3.11), (3.19), and (3.20), we have

En,A,∞ = αEn,A,∞ + βEn,−A,∞

≥ ‖(α + β)xn − (α− β)Axn−1 − αh0(x) − β(−1)nh0(−x)‖∞



JID:YJMAA AID:123689 /FLA Doctopic: Real Analysis [m3L; v1.279; Prn:20/11/2019; 11:53] P.12 (1-14)
12 H. Wang, G. Xu / J. Math. Anal. Appl. ••• (••••) ••••••
≥ En,n tan2 π
2n ,∞ = 21−n

(
1 + tan2 π

2n

)n

≥ 21−n
(
1 + n tan2 π

2n

)
≥ 21−n

(
1 + π2

4n

)

≥ 21−n

(
1 + A

n

)
=

(
1 + A

n

)
En,∞,

where in the second-to-last inequality we used the inequality tan x > x for x ∈ (0, π2 ), and in the last 
inequality we used π

2

4 ≥ 1
2− 1

n

> A.
Hence, (3.18) holds for all A ∈ R. The proof of Theorem 1.3 is completed. �

Remark 3.1. One can rephrase (1.5) as strong equivalences

glin
n (BF∞, Lp) ∼ gn(BF∞, Lp) ∼

En,p

n! as n → ∞,

for arbitrary fixed p, 1 ≤ p < ∞. The novelty of Theorems 1.1 and 1.3 is that they give strong equivalences 
of gn(BF∞, Lp) as n → ∞ for arbitrary fixed p, 1 ≤ p < ∞, and even the equality of gn(BF∞, Lp) for 
p = ∞.

Remark 3.2. Now, we give three classical examples to show our results.
For p = ∞, the Lagrange interpolation polynomial In,∞f of a function f is given by

In,∞f(x) =
n∑

k=1

f(ξk,∞)�k,∞(x),

where

�k,∞(x) =
(−1)k+1

√
1 − ξ2

k,∞Tn(x)

n(x− ξk,∞) , k = 1, . . . , n.

From Theorems 1.2 and 1.3, and (3.19), it follows that

e(BF∞, In,∞, L∞) = gn(BF∞, L∞) = g̃n(BF∞, L∞) = 1
2n−1n! .

For p = 1, it follows from [4, pp. 87-88] that

En,1 = 1
2n−1 , Wn,1(x) = Un(x)

2n , ξk,1 = cos kπ

n + 1 , k = 1, . . . , n,

where Un is the nth Chebyshev polynomial of the second kind, i.e.,

Un(x) = sin(n + 1)θ
sin θ

, x = cos θ.

In this case, the Lagrange interpolation polynomial In,1 is given by

In,1f(x) =
n∑

k=1

f(ξk,1)�k,1(x),

where
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�k,1(x) =
(−1)k+1(1 − ξ2

k,1
)
Un(x)

(n + 1)(x− ξk,1)
, k = 1, . . . , n.

Furthermore, from Theorem 1.2, it follows that

e(BF∞, In,1, L1) = g̃n(BF∞, L1) = En,1

n! = 1
2n−1n! .

For p = 2, we have (see [15, p. 205])

Wn,2(x) = 2n(n!)2

(2n)! Pn(x) =
n∏

k=1

(x− ξk,2), (3.21)

where Pn is the nth Legendre polynomial, i.e.,

Pn(x) = 1
2nn!

dn

dxn
(x2 − 1)n.

In this case, the Lagrange interpolation polynomial In,2f is given by

In,2f(x) =
n∑

k=1

f(ξk,2)�k,2(x),

where

�k,2(x) = Pn(x)
(x− ξk,2)P ′

n(ξk,2)
, k = 1, . . . , n.

From [6, p. 18], one obtains

‖Pn‖2 = 21/2
√

2n + 1
. (3.22)

By Theorem 1.2, (3.21) and (3.22), we have

e(BF∞, In,2, L2) = g̃n(BF∞, L2) = En,2

n! = 2n+1/2n!
(2n)!

√
2n + 1

.

Remark 3.3. One may conjecture that, for 1 ≤ p < ∞,

gn(BF∞, Lp) = En,p

n! .

However, this conjecture is likely wrong. As fact, the inequality

En,A,p ≥
(

1 + |A|
n

)
En,p

does not hold for all A ∈ R and n ∈ N. Indeed, if n = 1 and A ∈ (0, 1), then

E1,p =
(

2
p + 1

)1/p

, (1 + A)E1,p =
(

2
p + 1

)1/p

+
(

2
p + 1

)1/p

A,

and
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E1,A,p =
(

(1 + A)p+1

p + 1 + (1 −A)p+1

p + 1

)1/p

=
(

2
p + 1

)1/p

+ O(A2), as A → 0 + .

Hence, for sufficiently small A > 0, we have

E1,A,p < (1 + A)E1,p.
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