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1. Introduction

The connection between one-dimensional birth-death models and orthogonal polynomials goes back to
the pioneering work of S. Karlin and J. McGregor [29-31]. In a series of papers they established an im-
portant connection between the transition probability functions of continuous-time birth-death processes
and discrete-time birth-death chains (in this order) by means of a spectral representation, the so-called
Karlin-McGregor integral representation formula. This representation is possible since the one-step transi-
tion probability matrix of the birth-death chain or the infinitesimal operator of the birth-death process are
tridiagonal matrices, so we can apply the spectral theorem to find the corresponding spectral measure associ-
ated with the process. Many probabilistic aspects can be analyzed in terms of the corresponding orthogonal
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polynomials, such as transition probabilities, the invariant measure or the recurrence of the process. In the
last 60 years, many other authors e.g. M. Ismail, G. Valent, P. Flajolet, F. Guillemin, H. Dette or E. van
Doorn, to mention a few, have studied this connection and other probabilistic aspects. For a brief account
of all these relations see [42].

A natural extension in this direction is the so-called quasi-birth-and-death (QBD) processes. The state
space, instead of Ny, is given by pairs of the form (n, k), where n € Ny is usually called the level, while
1 < k < r, isreferred to as the phase. Observe that the number of phases may depend on the different levels.
For a general setup see [4,36]. Now the QBD process, at each time step, is restricted to move only between
adjacent levels but transitions between phases are all possible. That means that the transition probability
matrix (discrete-time) or the infinitesimal operator matrix (continuous-time) of the QBD process is then
block-tridiagonal of the form (2.1) (see below), also known as a block Jacobi matriz. If r, = 1 for all n € Ny
then we go back to the classical birth-death chain. If r, = N for all n € Ny, where N is a positive integer,
then all blocks in the Jacobi matrix have the same dimension N x N. In this case, the spectral analysis
can be performed using matriz-valued orthogonal polynomials (see [11,19] for the discrete-time case and [12]
for the continuous-time case). In the last years, many new examples related to matrix-valued orthogonal
polynomials have been analyzed by using spectral methods (see [5,19-21,23,27,28]).

As it was mentioned in Section 5 of [5], a natural source of examples of more complicated QBD processes
may come from the theory of multivariate orthogonal polynomials. These polynomials can be defined in
terms of a positive linear functional £ which we assume it is expressible as integrals with respect to a
nonnegative weight function w with finite moments supported on some domain Q C R<. If we start with
a weight function w then the corresponding multivariate orthogonal polynomials satisfy d different three-
term recurrence relations (see (2.12) below). For each 1 < i < d, the coefficients of these recurrence
relations can be written in block tridiagonal form (or block Jacobi matrix) J; and have the same structure
as in (2.1) (see below). The goal of this paper is to find appropriate normalizations of the multivariate
orthogonal polynomials such that linear combinations of the corresponding Jacobi matrices J; of the form
T1J1+ - - -+ 74 Jg give rise to discrete or continuous-time QBD processes. In particular, we will study several
examples of bivariate orthogonal polynomials.

Multivariate orthogonal polynomials have appeared before in the literature in connection with probabilis-
tic and stochastic models. The first examples probably appeared in the study of some stochastic models in
genetics [32], Ehrenfest urn models [33] or linear growth models [34,39]. After that, many other authors like
P. Diaconis, R. Griffiths, F.A. Griinbaum or M. Rahman have found other connections between multivariate
orthogonal polynomials and probabilistic models like the multinomial distribution [13,16], Lancaster distri-
butions [17], composition birth-death processes [18] or poker dice games [26]. The multivariate orthogonal
polynomials involved in these applications are always discrete. Our approach is different since we will start
from very well known examples of bivariate continuous orthogonal polynomials and try to generate families
of QBD processes from certain linear combinations of the Jacobi matrices generated by these polynomials.

The paper is divided into two parts. First part (Section 2) comprises an extension of the results from
Section 5 of [5] for a particular class of bivariate orthogonal polynomials to the general setting. Besides, we
obtain other important results related with the invariant measure and the recurrence of the QBD processes.
In the second part, we will apply our results to several examples of QBD processes generated by bivariate
orthogonal polynomials. In Section 3 we consider product orthogonal polynomials such as the product Jacobi
and Laguerre polynomials and we show that the QBD processes have independent components. In Section 4
we will study a family of QBD processes associated with orthogonal polynomials on a parabolic domain.
The two components of the QBD process are now dependent. In particular, we will give an urn model
associated with one particular situation. In Section 5 we will study a family of QBD processes associated
with orthogonal polynomials on the triangle. The transitions between the bivariate states are much more
involved in this situation. Nevertheless, we will be able to give an urn model by considering a stochastic
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block LU factorization of the Jacobi matrix, in the same spirit as the one used in [24,25]. Finally, we finish
in Section 6 with some concluding remarks and suggestions for further research.

2. QBD processes and multivariate orthogonal polynomials

Let {Z; : t > 0} be a time-homogeneous Markov chain on the state space of pairs (n, k) where n € Ny is
usually called the level and 1 < k < r, is usually called the (n-dependent) phase. We say that Z; is a quasi-
birth-and-death (QBD) process if the only allowed transitions are between adjacent levels, but transitions
between phases are all possible.

If we have a discrete-time QBD process {Z; : t =0, 1,...} this condition is equivalent to

P [Zl = (nl,kl) | ZQ = (no,ko)] = 0, |TL1 — 7L0| > 1.

The one step transition probability matrix P has a block-tridiagonal form

By Ag O
Cl B, A1

P - 02 B2 142 B (21)
O

where A;, B; and C; are matrices of dimension r; X 7,41, 7; X r; and r; X r;_1, respectively. The symbol ()
stands for block zero matrices which fill the remaining entries. In the entries of the matrix A; we can find
the probabilities of all the different ways of moving up one level while going from any phase to any other
phase, starting at level . The number of phases r; depend on the level i. The same interpretation applies
for the coefficients B; (staying at the same level) and C; (moving down one level). If r; = 1 for all ¢ then
we recover the classical discrete-time birth-death chain on Nj.

Let us denote by ey the N-dimensional vector with all components equal to 1, i.e.

ey = (1,1,...,1)T, (2.2)

and we will also use the notation e = e. Since P is a stochastic matrix we have nonnegative (scalar)
entries and all (scalar) rows add up to one, i.e. Pe = e. In other words,

Bye,, + Age,, = e,,, Cie,_, +Bie, + Ae,,  =e., i>1 (2.3)

If we have a continuous-time QBD process then we will assume that there exists a conservative infinitesimal
operator A associated with the transition probability function P(t¢) and it has the same block tridiagonal
structure as in (2.1). That means that all off-diagonal (scalar) entries are nonnegative and all (scalar) rows
add up to 0, i.e. Ae = 0. In other words,

B()er0 + Aoerl = 0, Ciem_l + Bl-eri + Aiemrl = 0, ) Z 1.

The transition probability function P(t) with P(0) = I and P’(0) = A satisfies the Kolmogorov equations

Our goal is to relate transition probabilities matrices or infinitesimal operators of the form (2.1) with the
theory of multivariate orthogonal polynomials and viceversa. In particular, we will focus on examples already
known in the theory of multivariate orthogonal polynomials from which we can derive block tridiagonal
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matrices of the form (2.1) with probabilistic properties. If we start with (2.1) and we want to use the
spectral theorem for multivariate orthogonal polynomials, then we will have to assume several hypotheses,
as we will see now. This approach, already introduced in [5] for the case of bivariate orthogonal polynomials
and coefficients B,, = 0, A, upper bidiagonal and C,, lower bidiagonal, relies on the spectral theory
of commuting self-adjoint operators (see [14]) and it is different from previous approaches (see [34,39]).
Although we will be interested in finding QBD processes from very well known examples of bivariate
orthogonal polynomials, we will show the general case of multivariate orthogonal polynomials generated by
(2.1).

Let us denote by R[z1, ..., z4] the ring of polynomials with d € N. For each level n € N, the number of
phases will depend on n and d in the following form:

== ("0 (24)

n

This number is just the dimension of the space of all homogeneous polynomials of total degree m in

R[z1,...,24]. Let us assume that we can write P (or \A) in (2.1) in the following way

P=mnJi+- - +7ala, (2.5)
where 7, € R,i = 1,...,d (to be determined depending on the example) and J; are block tridiagonal
matrices of the form (2. ) with coefficients Cy41 ., Bn,i, An,i,t =1,...,d,n > 0, of the same dimension as in

P. We will denote by CT i1 Bny Ap,n 2> 0, the joint matrices assocnated with Cn+1 i BrisAnit=1,...,d,
i.e. the row block column vectors built from these coefficients. All these matrices are subject to the followmg
rank conditions:

rank(A4, ;) = rank(Cp, 1) = 4, (2.6)
rank(4,) = rank(CL, ) =rd_ ;. (2.7)
Since A, has full rank, it has a generalized inverse, which we denote by DI’ = (DI | --- DZ; 4)- Therefore,
we have
d
DYA, =) Dl A,i=1 (2.8)
i=1

From here we can construct recursively a family of multivariate polynomials (P,)n,>o where P, =
(Pry--es Pn,rg)T using Theorem 3.3.5 of [14], by the following formula:

P, (2 Z:cD z) + E Py (2) + FoP, i (2),
where
d
=2 DuibBus Z Dy iC i
Here x = (x1,...,24). Finally, in order to apply the spectral theorem for commuting self-adjoint operators,

we need to assume first the following commutativity conditions

JiJj:JjJi, for all i,j=1,...,d,
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and second that we can “symmetrize” in some way each one of the operators J;. For that, we will have to

assume that there exists a sequence of nonsingular matrices (S,,),>0, each of dimension 7¢ x r¢ such that
S, B,iS; "t is symmetric n >0, i=1,...,d, (2.9)

and
AniSni1Spy = SnSECl ., n>0, i=1,...,d (2.10)

Under all these hypotheses we can guarantee (see Theorem 3.5.1 of [14]) that there exists a positive
definite linear functional £ such that
‘C(Pt}P)]T) = OT@XT]W 7’ #j?
T -1 -1 T
L(P;P;) =17, 1" =S;5;.
If we assume that £ is expressible as integrals with respect to a (scalar-valued) nonnegative weight function
w(z) with finite moments supported on 2 C R?, then we have

/Pi(x)Pf(x)w(x)dx =0y, xr;, 177,

¢ (2.11)
/Pj<x)PJT(:c)w(x)dm =1;', It =897
Q
In particular, the multivariate polynomials (IP,),>0 satisfy the three-term recurrence relations
Jiz]P]n(l‘) = An,z’]P)n-&-l(x) + B»,M'Pn(x) + Cn,iIPn—l(x)a n > O, 1= 1, e ,d, P_l =0. (212)

The strong tool of the spectral theorem for commuting self-adjoint operators allows us to derive the
analogue of the Karlin-McGregor integral representation formula. If we have a discrete-time QBD process,
then this formula gives an expression of the (i,5) block of the matrix P" in terms of the multivariate
orthogonal polynomials. Indeed,

9

P! = /(7'1331 + - +Td$d)"Pi($)Pj‘T($)w(@d$ ;. (2.13)
Q

d

Observe that each block sz is of dimension r{ X r;i and the entries of this block give all probabilities

of moving from one phase to any other. In the case when the family of polynomials (P,),>0 is mutually
d

orthogonal (and therefore II; is a diagonal matrix with diagonal entries IL;,k = 1,...,7§) we have a

compact way of expressing these probabilities by the following formula
2!

d n
P[Z, = (5,3") | Zo = (i,i")] = (P}),, . =Hj,j// (mek> P; i (2)Pj js (x)w(x)dx. (2.14)
Q k=1

If we have a continuous-time QBD process then this formula gives an expression of the (4, j) block of the
transition function P(t) in terms of the multivariate orthogonal polynomials. Indeed,

P;(t)= /eXp ((mxy + -+ + Taxa)t) Pi(x)IP’]T(x)w(x)dx II;. (2.15)
Q
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d

Again, each block P; ;(t) is of dimension r{ x T? and if the family of polynomials (IP,),>0 is mutually

orthogonal, then we have
d
PIZi=(1.0)] Zo = (1)) = (Pis(t)), =i [ e (Z x) Pro (@) Py (w(e)de.  (2.16)
o k=1

The case of regular discrete-time birth-death chain can be found in [31], while the case of regular birth-
death processes can be found in [29,30].

On the contrary, if we have a nonnegative weight function w(x) with finite moments supported on some
domain Q C R? then it is possible to construct a family of multivariate polynomials (P,),>o satisfying
(2.12), where the coefficients can be computed in terms of the linear functional generated by the weight
function (see Theorem 3.3.1 of [14]). All examples we will see in this paper are of this form.

The sequence of “norms” (II;1),,>0 in (2.11), where each II,, is a nonsingular matrix of dimension rd x rd,
will play an important probabilistic role related with the concept of invariant measure associated with P
(or A), as we will see now. First, we will derive a formula to directly compute (II,),>0 in terms of the
coefficients A, ; and the generalized inverse of CT ;.

Lemma 2.1. Let (IL,), >0 be defined by (2.11). Then, for n > 1, we have

I, = 1o > GryinGrn—t,iy - Gin Aoin Aty Antiy s (2.17)
i1,0in €{1,...,d}

where Gy, = (G -+ Gp.a) is a generalized inverse of CL = (Cp 1 -++ Cpn.a)T. Moreover, the representation
is independent of the choice of the generalized inverse G,,.

Proof. From (2.10) we have IT,,_1A,,—1,; = C,%Hn. Written in terms of the joint matrices we have

anl
crm, = Ay (2.18)
anl

Now, multiplying on the left by a generalized inverse G,, of CL' (so that G,,CT = I) we get

d
IL, = ZGn,ianlAnfl,ia n > 1.

i=1

Iterating this formula we get (2.17). For the invariance of the representation, consider the singular-value
decomposition of CI given by

cr-wr| %] v,

d

where W,,, A,, and U,, are dré_| x dr? |, r% x r? and r? x rd

¢ matrices, respectively. A generalized inverse

is then given by

Gn = UT [A_l An,l] Wn7

n n

> 1 for

where A, is any ré x (drd_; — r?) matrix. Observe from the definition (2.4) that drd_; — rd

n—1
n,d > 2. GG,, can be written as
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Gn=Ul[A;Y O] Wu+ UL [O Ana] W,

n n

The first part of G, is the so-called pseudo inverse or the Moore-Penrose inverse, which is unique. Multiplying
this G, on the left in (2.18) and using again II,,_1A,_1,; = C’g’iﬂn, we conclude that the second part of
the sum in G,, must vanish, so formula (2.17) is independent of the choice A, 1. O

Remark 2.2. Observe that IIp in (2.17) is a number which can be taken as 1 if we assume that the spectral
measure w(z) is a probability measure.

Remark 2.3. Similarly, using a generalized inverse DI of A, (see (2.8)) we can derive a formula for the

-1

sequence of norms (II

Jn>0. Indeed,

Hﬁl = Hal Z Dgfl,ilDT

’Il*Q,’L‘g
z‘l,...,i"e{l,...,d}

T ~T AT T
o DO,inCLin 0277:71—1 - C

n,i1 )

and, again, this is independent of the choice of the generalized inverse DI

Remark 2.4. For the univariate case of birth-death chains, the matrices II,,,n > 0, are now numbers, which
are usually called the potential coefficients. They can be written as

ao...an_l
=1 mm=—— nx1,
Cl...cn

where we denote here m, =1I,,, a, = A, ; and ¢, = C,,; (there is only one index i).

Theorem 2.5. Let P be the transition probability matriz given by (2.1). Define the sequence of matrices I1,,
n>1, as in (2.17) with Iy = ([, w(x)dz)~". Consider the following row vector

™= (HO; (Hlerl)T; (H2er2)T; T )’ (219)

where ey and r, are defined by (2.2) and (2.4), respectively. Then m is an invariant measure for the
discrete-time QBD process P, i.e. all components of 7 are nonnegative and

7P =m. (2.20)

Proof. From (2.5) we can see that A,, = Z;j’:l TiAp i, By = Z?Zl 7;By,; and C,, = Zle 7;Chi. To prove

(2.20), we have to check that
By + (Iye,, )" Cy =Ty,
and
(I, _1e,, )TA, 1+ (e, ) B, + (Hn+1ern+1)TCn+1 = (e, ), n>1.

The first equality holds using IlgAg = CTII; (see (2.10)), that II,, are symmetric matrices and the fact that
P is stochastic (see (2.3)). Therefore

11y Bg + 671,11_[{01 =1IyBy + e,TlAgHO = Ho(Boero =+ Aoerl)T = Il,.

Similarly, for n > 1, and using additionally (2.9), we get
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T T T T T T pT T T
e. 1, 1A, 1+e. II,B,+ er,L+1Hn+1Cn+1 =e, C,l,+e. B,Il,+e A 1L,

Tn Tn+1
T
= (Cnern,l + Bnern + Anern+1) I, = eznan = (Hnern)T-
Also observe that by [41, Lemma 5.6] all components of 7 are nonnegative. O

Remark 2.6. The same result holds for continuous-time QBD processes, where now 7 satisfies w.A = 0.

Remark 2.7. The previous theorem was proved in [27] for QBD processes with a constant number N of
phases for each level, i.e. 74 = N, for all n > 0.

Remark 2.8. The invariant measure 7 in (2.19) will become an invariant distribution if

(o) Tn
Z Z (Hnern)]r < 0.

n=0 j=1

Finally, let us talk about the concept of recurrence. The definition of recurrence that we will use here is
an extension of the one used in [11,12]. Consider first the case of discrete-time QBD processes. Then, using
(2.13) and Lebesgue’s theorem, we have

H;;(z) = Z P! = Z /(T1x1 + 4 ded)”z”Pi(z)IP’jT(x)w(x)da: I1,
n=0 n=0 Q
-/ 1 Pu()B] (2)u(a)dr | T
B 1—z(nz + -+ Tazq) AN IS A

Q

Observe that each block (i, j) is a matrix of dimension 7§ x r?. A state (i,1), where i € Ng and 0 <1 < r¢,

%

is recurrent if and only if

o0

E e?Pﬁiel = lim ¢} H, ;(2)e;
0 z—1

n—=

1
T T
=e Pi(z)P; (z)w(x)dz | Il;e; = oo,
: /1—(ﬁxl+-~-+mwd) (@B (z)u (@) :
Q
for some 0 < I < r¢, where e/ = (0,...,0,1,0,...,0) is the I-th canonical vector in R"*. If we assume that

the discrete-time QBD process is irreducible, then it is enough to study recurrence at one single state, for
instance the state (0,0). In this case we have ¢ = 1,Py(x) = 1 and Iy = 1. Therefore the discrete-time
QBD process is recurrent if and only if

/ W@, -, 7a) dxy---drg = oco. (2.21)
J 1—(mz+ -+ 7axq)
Otherwise it is transient. From the Karlin-McGregor representation (2.13) for ¢ = j = 0, it is possible to
see that the discrete-time QBD process is positive recurrent if and only if it is recurrent and the spectral
weight w has a jump at least at one point 2° = (29,...,29) such that 720 + - - + 7429 = 1.

Similar results hold for continuous-time QBD processes, but using (2.15) instead. Indeed, the continuous-
time QBD process is recurrent if and only if
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/ w(z1,...,2q) dzy - dzg = oo, (2.22)
T1Z1 + -+ TaTd

and it is positive recurrent if and only if is recurrent and the spectral weight w has a jump at least at one
point 2% = (29,... ,:rg) such that 720 + -+ + deg =0.

3. QBD processes associated with product orthogonal polynomials

One simple way to generate examples of bivariate orthogonal polynomials is by considering product
weight functions w of the form

w(z,y) = wi(x)wa(y),

where wy and wsy are two one-variable weight functions. It is well known (see Proposition 2.2.1 in [14]) that
the bivariate polynomials defined by

Pn,k(x7y) = pnfk(x)Qk(y)a 0 < k < n,

form a mutually orthogonal basis with respect to w, where (p,), and (g,), are sequences of orthogonal
polynomials with respect to w; and ws, respectively. Observe that, in this case, 72 = n + 1 where r? is

defined by (2.4). We will use the vector notation so we define

]P)n(xay) = (P’I’L,O(xa y)7 Pn,l(xa y)a ey Pn,'n(x7y))T ) n Z 0.

According to Theorem 3.3.1 in [14], we have that the sequence (P,,),>0 satisfies the following three-term
recurrence relations:

l‘IP’n(x,y) = An,IPn+1(33a y) + Bman(x,y) + Cn,lpn—l(xy y),

(3.1)
Yy Pn(xa y) = An,Q]P)n—O—l(xa y) + Bn,QPn (.’t, y) + Cn,2Pn—1(xa y)a
where A,, 1, Ay, 2 are matrices of dimension (n+1) X (n+2), By, 1, By, 2 are matrices of dimension (n +1) x
(n+1), Cy 1, Cy 2 are matrices of dimension (n+1) x n and they satisfy the rank conditions (2.6) and (2.7).
From these recurrence relations we can define the block Jacobi matrices

BO,l AO,l O BO,Q A072 O
Cin Bip A Cip DBia Aip
Jl o 0271 Bg,l Ag,l ’ ‘]2 - 0272 BQ,2 AQ,Q . (32)

If we have the three-term recurrence relations satisfied by the polynomials (py,), and (gn)n, i-e.

TPp = QpPpi1 + bnpn +cppn-1, p-1=0,
Tqn = dnqn+1 + BnQn + 6nqn71> q-1= 07

then we have that the coefficients A, ;, B, Cn,t = 1,2, in (3.1) are given by



10 L. Ferndndez, M.D. de la Iglesia / J. Math. Anal. Appl. 499 (2021) 125029

[ an O 0] by, O n O
Anl— . 3 Bn,1: ) Cn,l— O ’
C1
LO ap 0] LO bo | 0 .- 0
- - (3.3)
_ N - - _ 0
0 ao O bo O &, ©
An,2 - ) Bn,2 — ) Cn,2 -
- = 0
L0 O Qn | LO by | _O én_

These are the simplest examples since both variables are separated. Now, we will see a couple of examples
related with QBD processes.

8.1. Product Jacobi polynomials

Let Q%O"ﬁ)(z) be the family of Jacobi polynomials normalized in such a way that Qﬁfx’ﬁ)(l) = 1. They
are orthogonal with respect to the (normalized) Jacobi weight (or Beta distribution)

I'a+B+2)
Ma+1)I(B+1)

w(z) = xo‘(lfx)ﬁ, ze€l0,1], «,B8>-1,

and they satisfy the following three-term recurrence relation

QI () = QD (@) + PP QD () + eV Q (),

where
g — B+ lnta+Bt1)
C2n+a+B+1)2n+a+8+2)
BB = 1 gle) _ o) (3.4
cﬁf’ﬁ) _ n(n + «a)

Cn+a+B)2n+a+p+1)

Let us define an inner product on the square S = [0, 1] x [0, 1] by

Na+ﬁ+mrw+5+2

9 = r DTGB )+ 0T

/ F(@ )@ v)a (1 - 2Py (1 - y)°dudy,

which is normalized in such a way that (1,1) = 1. For 0 < k < n the set of polynomials

Quilz,y) = QP (@)Q0 (y), (3.5)

constitutes a basis of the space of orthogonal polynomials of degree n with @, 1(1,1) = 1. The vector of
polynomials Q, = (Qn,0,Qn1,---, Qn’n)T satisfies the three-term recurrence relations

X Qn(xa y) = An,lQn-{-l(Tf’ Z/) + Bn,l@n(xa y) + Cn,lQn—1($7 y),

Yy Qn(xa y) = An,2@n+l(xa y) + Bn,QQn(IE, y) + Cn,2@n71(x7 y)a
where Am,Bnl,C’m,i = 1,2, are given by (3.3) (for a, = a% ’ﬁ),bn = bg{x’ﬁ),cn = c%a’ﬁ), and a, =
aﬂé),?) = p09 & k9 ). Observe that the Jacobi matrices J; and Jy are both stochastic matrices.

77L_
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Now, let us consider a Jacobi matrix of the form (2.5), i.e. P = 71.J; + 72.J3. Since J; and Jz are both
stochastic matrices, the Jacobi matrix P is always a stochastic matrix if and only if ., = 1 — 77 and
0 <7 < 1. For simplicity we will call 7 = 7. Therefore,

P=rJi+(1—-71)J2, 0<7<1,

can be regarded as the transition probability matrix of a family of discrete-time QBD processes. Thus, the
Karlin-McGregor representation formula (2.13) for the (4, j) block entry of the matrix P is given by

pPp;=C /[Tﬂf + (1= 7)y]" Qi y)QF (w,y)a* (1 — )y (1 —y) dady | 11,
S

where

B Ta+ B8+ 2)T(y+d+2)
S Tla+ DB+ DI(y+ DTS+ 1)’

and II; is a diagonal matrix whose entries are given by

Q

2
j - +1);-k(0+ D
Mp =25 k=0,1,... o= 8D
7,k ija Oa ) y I 04k (]—k)'k'
S CxT(—-k+a+)IG—k+8+1D(k+~v+ 1) (k+0+1)
PR 22k ta+ B D)2k A+ 0+ 1) - kITG —k+a+t B+ DET(k+y+o+1)

)

From (2.14) and (3.5) we can derive a separated expression for all probabilities, given by

n 1
(P),, =C x 1 (Z) (1 — ) / @D (@) QD) (x)a (1 — 2)Pda
k=0 0

1

< | [ QW@ it H - gy
0

According to Theorem 2.5 we can construct an invariant measure 7 for the QBD process given by (2.19).
The family of discrete-time QBD processes is recurrent (see (2.21)) if and only if

dxdy = oco.

/ (1 —2)Py’ (1 —y)°

l—7m2—(1-7)y

After some computations, it turns out that, if 0 < 7 < 1, this integral is divergent if and only if 5+ < —1.
If 7 =1 the divergence is equivalent to 5 < 0 and if 7 = 0 the divergence is equivalent to § < 0. Otherwise
the QBD process is transient. The QBD process can never be positive recurrent since the spectral measure is
absolutely continuous and does not have any jumps. From the shape of the coefficients A,, ;, By, ;,Cp i,i = 1,2
a diagram of the possible transitions of the QBD process generated by P is given in Fig. 1.

An interpretation of this QBD process in terms of urn models may be stated as follows. Consider two
independent urn models for the scalar Jacobi polynomials (see [22], or more recently [24]). The first urn
model depends on the parameters «, 8 and the second urn model depends on the parameters ~,d, where
a, 3,7,9 are assumed to be nonnegative integers. The parameter 7 may be interpreted as the probability
of heads of a (possible biased) coin which we tose before starting the QBD process. The state space of the
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)00
C(3,0)/—\)~ an— > (5,2)3(6,3):\/..
() | ]
C(Q,O)M R (4,2)2(573):\/..
() | ]
C(I,O)C(Q,l)C(B,Q) — Sun >
() | ]
C;,o)/ﬂ(&)/ﬂ%;):;‘(z;)v...

Fig. 1. Diagram of all possible transitions of the discrete-time QBD process corresponding with the product Jacobi polynomials on
a square.

discrete-time QBD process {Z; : t = 0,1,...} is given by all pairs (n, k) where n € Ny and 0 < k < n. The
numbers n — k and k can be interpreted as the number of blue balls in each of the two independent urn
models, being n the total number of blue balls in both models. From a state (n, k) there are five possible
transitions between the states, except when we are in states of the form (n,0) and (n,n), where we only
have 3 possible transitions (see Fig. 1). These five transitions are given by

P[Z =(n+1,k+1)| Zo= (n,k)] = (1 —7)al"?,
P[Z = (n+1,k) | Zo = (n, k)] = 7a'™,
P[Zi = (n—1,k) | Zo = (n, k)] = 7D, (3.6)
P(Zi=(n—1,k=1)| Z = (n,k)] = (1-7)cf"”,
P[Z) = (n,k) | Zo = (n, k)] = 70\™%) + (1 — o,

where the coefficients a,,, by, ¢, are given by (3.4). This means that the increase or decrease of one blue ball
at the first urn model (and no changes in the second urn model) only depends on n — k (and «, ). On
the other hand, the increase or decrease of one blue ball at the second urn model only depends on k (and
v, ). Therefore both components behave independently. Observe that since we are assuming that «, 8,7, §
are nonnegative integers, the QBD process {Z; : t = 0,1,...} can only be (null) recurrent if and only if
7 =1,8 =0 (i.e. the second urn is ignored and 8 = 0) or 7 = 0,5 = 0 (i.e. the first urn is ignored and
0 = 0). Otherwise, the QBD process is transient.
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Remark 3.1. Observe that we could have relabeled the states in the form (h, k), h, k € No, where h =n —k,
and in this way it is more clear that the transitions act independently on both components. This relabeling of
the states keeps the same transitions in the diagram in Fig. 1, but it will considerably change in the examples
of orthogonal polynomials on a parabolic domain and on the triangle in Sections 4 and 5, respectively.

Remark 3.2. In the previous situation we have normalized the polynomials at the upper right corner (1,1)
of the square S = [0, 1] x [0,1] in such a way that @, x(1,1) = 1. It is possible to see that we can also get
probabilistic interpretations of this example if we normalize the polynomials at any corner of the unit square.
For instance, if we choose to normalize the polynomials in such a way that @, x(0,0) = 1, then we will obtain
a two-parameter family of continuous-time QBD processes with infinitesimal generators A = 71J1 + oo,
with 71,75 > 0 (observe that the coefficients in J; and Jo will change after the normalization of the
polynomials). The same can be done for the points (1,0) and (0,1) where now we will get one-parameter
families of discrete-time QBD processes where the free parameter will depend on the values of «, 3,~, 6. We
will see a similar situation later in Section 5.

3.2. Product Laguerre polynomials

Let LE{")(x) be the classical family of Laguerre polynomials normalized in such a way that

LE)(0) = <n+a>.

n
They are orthogonal with respect to the (normalized) Laguerre weight (or Gamma distribution)

1
'UJ(Z’) = mxae_x, S [0,00), o > —].,

and they satisfy the following three-term recurrence relation
—e L () = al L7 () + B0 L (@) + O LY, (),

where

W =n i1, B = @ntatl), d=nta (37)

Let us define an inner product on the first quadrant C = [0, 00) x [0, 00) by

1
Mo+ TG +1) )

(f,9) = flz,y)g(z, y)z®yPe " Ydady,

which is normalized in such a way that (1,1) = 1. For 0 < k < n the set of polynomials

Qui(z,y) = L' () L7 (), (3.8)

constitutes a basis of the space of orthogonal polynomials of degree n with

0 1(0,0) = (n—/;+a> (k:ﬂ)

The vector of polynomials Q,, = (Qn,0,@n1,- - ,an)T satisfies the three-term recurrence relations
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—Z Qn(m7 y) = An,lQn+1($7 y) + Bn,lQn(m7 y) + Cn,lanl (337 y),
) Qn(xv y) = An,2Q7L+1 (.13, ?J) + Bn,2@n(x7 y) + C’n,QQn—l (l‘, y)a

where A, ;, Bni,Cn,i,i = 1,2, are given by (3.3) (for a, = ag{l),bn = bg{l),cn = c,(f“)7 and @, = a%ﬂ),f)n =
b ),En = cf )). Observe that the Jacobi matrices J; and J are both the (nonconservative) infinitesimal

operator of a continuous-time (diagonal) QBD process. Now, let us consider a Jacobi matrix of the form
(2.5), i.e. A= 71J1 + 12J2. The Jacobi matrix A is always the infinitesimal operator of a continuous-time
QBD process if and only if 71,75 > 0. Thus, the Karlin-McGregor representation formula (2.15) for the (4, j)
block entry of the transition function matrix P(t) is given by

1
T(a+ DB+ 1)

P;;(t) = /6’(“””7’”@(:1?7y)Q]T(x,y)x“yﬁE’z’ydxdy I,

where II; is a diagonal matrix whose entries are given by

D(a+ DB+ 1)(j — k) k!

I, = :
TG —k+a+ D)I(k+B8+1)

k=0,1,...,].

As before, from (2.16) and (3.8) we can derive a separated expression for all probabilities, given by

(Pii(1), 5 =Ty / LD, (@) LY ()2 e da / e LD ()L (y)y e dy
0 0

According to Theorem 2.5 we can construct an invariant measure 7 for the QBD process given by (2.19).
Finally, the family of continuous-time QBD processes is recurrent (see (2.22)) if and only if

xyPe——Y
/ yidxdy = 00.

After some computations, it turns out that, if 7,7 > 0, this integral is divergent if and only if a + 5 < —1.
If 7 = 0 the divergence is equivalent to 5 < 0 and if 75 = 0 the divergence is equivalent to o < 0. Otherwise
the QBD process is transient. Again, the QBD process can never be positive recurrent since the spectral
measure is absolutely continuous and does not have any jumps. A diagram of the possible transitions of the
QBD process generated by A is similar to the one given in Fig. 1, but without self-transitions.

An interpretation of this QBD process is similar to the situation considered in the previous case of
product Jacobi polynomials, but changing the urn models by two independent linear growth models, similar
to the models studied in [34,39]), but in these papers both components are dependent of each other. The
parameters 71,75 > 0 may be interpreted as an initial preference of choosing either one of these linear
growth models. Again, the state space of the continuous-time QBD process {Z; : t > 0} is given by all pairs
(n,k) where n € Ng and 0 < k¥ < n and now n — k and k can be interpreted as the number of elements
in the population in each of the models. From a state (n, k) there are four possible transitions between the
states, except when we are in states of the form (n,0) and (n,n), where we only have 2 possible transitions
(see Fig. 1). As in (3.6), during an interval (¢,t + h) of infinitesimal length h > 0, the infinitesimal birth
and death rates of the process are given by
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PlZiyn=Mn+1,k+1)]| Z = (n, ]—Tgak h+ o(h),

n, ]—7’1&( ) Wb+ o(h),

k)
P [Zysn = (n+1,k) | Zy = (n, k)
k)] = m1c™, b+ o(h),
k)

) (

) (
P(Ziyn=(n—1,k) | Z = (n,

) (

PlZisn=mn—-1,k—-1)|Z; = ]—Tgck h+0(h)

n,

where the coefficients a,, by, ¢, are given by (3.7). Again we can see from the coefficients that both compo-
nents behave independently. Now, if we assume that we do not ignore any of the populations (i.e. 71,72 > 0),
it is possible that the QBD process is (null) recurrent if we choose negative a, 8 such that a + § < —1.
Another important observation now is that there is a positive probability that the QBD process is killed if
the process is located at one of the states of the form (n,0) or (n,n) for n > 0 (i.e. the boundary in the
grid in Fig. 1).

Remark 3.3. Observe that we could have taken another normalization of the polynomials @, x(x,y) in (3.8)
in such a way that @, x(0,0) = 1. In that situation, the coefficients of the three-term recurrence relation
for the new normalized Laguerre polynomials are a%a) =n+a+l1, b,(f‘) —(2n+a+1),c (O‘) = n. Then,
we will obtain another family of continuous-time QBD processes. The only difference is that this model is
conservative, meaning that the process will evolve always in time and will never stop, unlike the case we
studied before.

Remark 3.4. It is also possible to consider product Jacobi-Laguerre polynomials, in which case the region
is given by the strip S = [0,1] x [0, 00). After a proper normalization of the polynomials, it is possible to
see that the only corner for which we get a probabilistic interpretation of this example is (0,0), but not
(0,1). This is due to the fact that the coefficients of the three-term recurrence relation for the Laguerre
polynomials are unbounded, contrary to the coefficients for the Jacobi polynomials.

4. QBD processes associated with orthogonal polynomials on a parabolic domain

In [35], T. Koornwinder studied analogues of Jacobi orthogonal polynomials in two variables. In particular,
he established seven different classes of bivariate orthogonal polynomials, some of them obtained by using
a construction defined by Agahanov in [2]. One of these classes are orthogonal polynomials on the domain

R={(z,y) eR? :¢? <2 < 1},
bounded by a straight line and a parabola. For o, 8 > —1, the inner product is given by the integral

Fla+ B8+ 3)

<ﬂg%:¢fma+n T(5+1)

/fa:y gz, y) (1 — )%z —y 1B de dy,

where the weight is normalized in such a way that (1,1) = 1. A mutually orthogonal basis of polynomials
{Pnx : 0 <k <n} can be obtained from a modified product of Jacobi polynomials in this way

Prateng) = PO 20 - 1) a2 0D (1) (11)

Here P> (t) are the standard Jacobi polynomials (see [1, Chapter 22] or [43]). For «, 8 > —1, the Jacobi
polynomials are orthogonal with respect to the weight function

Wap(t) = (1 —)*(1 4 1)”, —l1<t<1, (4.2)
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and they satisfy the properties

Py = (1) < peo e o (M) < cpp By

n n! n n!

We look for a basis of polynomials {Q, 1 : 0 < k < n} satisfying Q x(1,1) = 1 so, if we denote

(a+1)p—r (B+ 1k

a,B+k+1/2 s
o = Pa(11) = PO ) PO () = S

(4.4)

and we define Q,, x(z,y) = o, }chk(x, y), the condition holds. We can use vector notation and the vector

polynomials Q,, = (Qn,0,Qn.1,-- -, Qn’n)T satisfy the three-term recurrence relations

X Qn(‘ra y) = An,lQn-ﬁ-l(:Ea y) + Bn,l@n(xa y) + Cn,lQn—l(xv y)a
Yy Qn(xa y) = An,ZQn-l-l(xa y) + Bn,2@n(£7 y) + Cn,QQn—l(m7 y)a

where the Jacobi matrices have a special shape (see [14,37]). On one side, the matrices A, 1, Bp1 and C, 1
are diagonal matrices:

Gn,0 0
An,l = n,1 R
npn 0
i T (4.5)
bn,O €n,0
Cn
bn,l o1
anl = ) Cn 1=
Cn,n—1
bn n ’
' | 0 0 |
On the other side, the matrices A, 2, Bn 2 and C), o are tridiagonal matrices:
M(2)  5(3) 7
0@ bno buo
wo o MORTCIINC)
a(1)1 ol )1 a 3)1 n,1  On1 n,1
An72 — n, "fh '77/7 . , Bn72 _ ' ’
R n (2) 3)
a(l) a(2) a(S) bn,n—l bn,n—l bn,n—l
n,n n,n n,n bgll)n bg?n
- P 3 L _ 3 ) .
2 o
)
Cn,2 - .
6511,21—2 0512,21—2 6513,21—2
07(11,3171 0512,2171
I chh

The elements in the coefficients A,, 1, By,1 and C,, 1 are given by
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o = (n—k+a+1)(n+a+ﬂ+3/2)7 k=01, .n
’ (2n—k+a+B+3/2)

p =kt D—k+tatl) (nta+f+1/Qm+6+1/2)
T T @n—k+a+ B+3/2), @n—k+tatfr1/2, @ oo

=K+ B+1/2) B ~
e ey R ¥ 108 =0,1,...,n—1,

while the elements in the coefficients A,, 2, By 2 and C,, 5 are given by

QSL:O, kilv"'an7 a(g)io, k:(),l,...,n,

n,k —

a® _ (k+28+1)(n+a+8+3/2) L o1 .
ke 2k +284+1)2n—k+a+ B+3/2) T
kT (2k+28+1)(2n —k+a+ B +3/2) e
b, =0, k=0,1,...,n, (4.7)
¢ = (k+25+1)(n—Fk) C k=01,...,n—1,
kT (2k4+28+1)(2n—k+a+ B+3/2)

k 1/2
& T k=1,

T @kt28+)2n—k+a+B+3/2)
C'ELQ,LZO) k:0,1,~«~;n_]~, CSL:Oa ]{,‘:071,...,711—2.

Similar results hold when we normalize the polynomials @, at the point (1,—1). The only change is to
multiply o, 5 in (4.4) by (—1)*. Observe that the previous coefficients are not separable in the variables n
and k, unlike the case of product orthogonal polynomials.

Tt is possible to see that the Jacobi matrices J; and Jo in (3.2) are indeed both stochastic matrices.
Therefore, we get discrete-time QBD processes (the first one being trivial). For instance, a diagram of the
possible transitions of the QBD process generated by Js is given in Fig. 2.

Now consider a Jacobi matrix of the form (2.5), i.e.

P = 7'1J1 + TQJQ.

Since J; and Jy are both stochastic matrices, the Jacobi matrix P is a stochastic matrix if and only if
79 =1—7 and 0 < 7y < 1. For simplicity, we will call 7 = 77. Therefore

P=7r/i+(1—-7)J2, 0<7<1, (4.8)

is always a family of discrete-time QBD processes. Thus, the Karlin-McGregor representation formula (2.13)
for the (7, ) block entry of the matrix P is given by

Py = 0| [+ (1 Qe )@ )1 — 0o — o) dody | 1,
R

where

Dla+ B+ 3)
Val(a+1)I(B+1)’

C:
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0
(3,0) (,1)/_\..

.

— — —
(LO) -~ (27 1) -~ 373) (E’B) -~ o
(OO)/N(ll)/_N(ZZ)/_N?)&) (44)/_\“

Fig. 2. Diagram of all possible transitions of the discrete-time QBD process corresponding with Ja for the orthogonal polynomials
on a parabolic domain.

and II; is a diagonal matrix whose entries can be computed using (2.17) (for IIy = 1). Indeed, we have, for
k=0,1,...,7,

VTQE+28+1)2j —k+a++3/2)T(j+a+5+3/2)T(k+26+1)T (g—k+a+1)
22817 (j + B+ 3/2)T(a + B+ 5/2)(a + )T(B + 1)(j — k)!k!

Hj,k: =

From (2.14) and (4.1) we can derive a separated expression for all probabilities, given by

C X H -/ n n
pry  _Oxly B — )k
( "’J)Z'vﬂ' 0i,i' 04,5 kz_o<k>T e

» / koti! /245 /2y n—k plesSHiTH ) (g I)Pj(f’jl;HjUrD(23C -1

R

x PO (%) PP (%) (1-2)%— y2)5dxdy> .

According to Theorem 2.5 we can construct an invariant measure 7 for the QBD process given by (2.19).
Finally, the family of discrete-time QBD processes is recurrent (see (2.21)) if and only if

[

l—1z—(1-"1)y

After some computations, it turns out that, if 0 < 7 < 1, this integral is divergent if and only if a+ 3 < —1.
If 7 = 1 the divergence is equivalent to o < 0. Otherwise the QBD process is transient. Again, the QBD
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process can never be positive recurrent since the spectral measure is absolutely continuous and does not
have any jumps.

4.1. An urn model for the orthogonal polynomials on a parabolic domain

In this section we will give a probabilistic interpretation of one of the QBD models introduced in the
previous subsection. For simplicity, we will study the case of the discrete-time QBD process (4.8) with
7 =0, so that P = J; (see Fig. 2). Assume that «, 8 are nonnegative integers. Consider {Z; : t = 0,1,...}
the discrete-time QBD process on the state space {(n,k) : 0 < k < n,n € Ny} whose one-step transition
probability matrix is given by P = J (see (4.6) and (4.7)). We have two urns A and B and, at every time
step t = 0,1,2,..., the state (n, k) will represent the number of n blue balls in urn A and the number of
k blue balls in urn B. Now, in urn B we add/remove red balls until we have k + 28 + 1 and draw one ball
from the urn at random with the uniform distribution. We have two possibilities:

(1) If we get a blue ball then we add/remove balls in urn A until we have 2n — 2k + 2« + 2 blue balls and
2n + 28 + 1 red balls. Then we draw again one ball from urn A and we have two possibilities:
o If we get a blue ball then we leave urn A with n blue balls and urn B with k£ — 1 blue balls and start
over. Therefore, joining both steps, we have

) - - k 20n —k+a+1)
P[Zy = (n,k 1)|Z0—(nvk)]_25+2k+14n—2k+2a+26+3.

Observe that this probability is given by bfllgc in (4.7).
o If we get a red ball then we leave urn A with n — 1 blue balls and urn B with & — 1 blue balls and
start over. Therefore, joining both steps, we have

k 2n+265+1
2= =Lk =11 2o = (k) = g I — 2k + 20+ 25 + 3

Observe that this probability is given by cs;c in (4.7).
(2) If we get a red ball then we add/remove balls in urn A until we have 2n + 2a + 25 + 3 blue balls and
2n — 2k red balls. Then we draw again one ball from urn A and we have two possibilities:
o If we get a blue ball then we leave urn A with n + 1 blue balls and urn B with k£ 4+ 1 blue balls and
start over. Therefore, joining both steps, we have

k+23+1 2n+20+28+3
Plav=m+ Lkt )2 =0k = o T — 2%k 120 125 13

Observe that this probability is given by aﬂ in (4.7).
o If we get a red ball then we leave urn A with n blue balls and urn B with k + 1 blue balls and start
over. Therefore, joining both steps, we have

E+28+1 2n — 2k
P2y = (nk+1)| Zo = (n, k)] = :
2=kt 1) 20 = (o) = g T dn — 9k + 2 + 2513

Observe that this probability is given by bS’L in (4.7).

Therefore from a state (n, k) there are four possible transitions between the states, except when the number
of blue balls in urn B is zero, i.e. the state (n,0), in which case we only have two transitions, or when
the initial state is (0,0) where the only transition is to (1,0) with probability 1 (see Fig. 2). Since we are
assuming that o and 8 are nonnegative integers, this urn model will always be a transient process.
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5. QBD processes associated with orthogonal polynomials on the triangle

Orthogonal polynomials on the triangle were first introduced by Proriol in [40] and after that they have
been studied by several authors. The classical inner product on the triangle

T?:={(z,y) eR*:a+y<1,2>0,y>0}
is given by

T(a+B+~v+3)
(a+ DI(B+ 1)I(y + 1

(F.9)= ¢ )T[ Fleo) o) ey (L~ 2~ y) dr, By > L

Some results about this inner product and different bases of orthogonal polynomials with respect to it can
be found in [14, pp. 35]. For 0 < k < n, we can define

o 2
Py (@,y) = PRI 90 1) (1 2)F P (% - 1) , (5.1)

where P,E("’ﬁ)(t) is the standard Jacobi polynomial orthogonal with respect to the weight function (4.2).
Then {P, 1 : 0 <k < n} is a basis of the space of orthogonal polynomials of degree n, and the square norm
of the polynomial P, j, denoted by v, j, is given by

m+k+a+B+v+2)k+B8+7+1)(a+ 1) B+ (Y+ 1)k (B+7+2)n+tk
(n—kECn+a+B+7+2)2k+B8+7+1)(B+7+2)k(a@+B+7+3)ntk

Un,k =

These polynomials satisfy the three term recurrence relations (3.1) and the matrix coefficients of these
relations are of the same form as in (4.5) and (4.6). Now we will normalize the polynomials in such a way
that all of them equal 1 at one of the boundary points of the support of the measure. The boundary in this
case is formed by all points in the border of the triangle, but it turns out that not all of these boundary
points lead to a probabilistic model. We have found that normalizing at the vertices (0,1) and (0,0) gives
coefficients of the three term recurrence relation with probabilistic interpretations. The problem with the
vertex (1,0) is that P, x(1,0) =0 for k = 1,...,n (see (5.1)) so it is not possible to normalize the way we
are looking for.

5.1. Normalization at the point (0,1)
Using (4.3), let us denote

n—k (0‘ + Dn—t (7 + 1k

2k 1, )
O = Pa(0,1) = RIS (1) PO = (-1 R

and let us define the polynomials Q,, x by Qn.x(z,y) = U;}CPn,k(ac,y). This new basis of orthogonal poly-
nomials {Qn x,0 < k < n} satisfies @, x(0,1) =1 for all n > 0 and 0 < k < n. The inverse of the square
norms I, in (2.11) is diagonal matrices with diagonal entries given by

Uz,k

M= —* k=0,1,...,n (5.2)
Un,k

The vector of polynomials Q,, = (Qn.0, @n1,-- - Q,m)T satisfies the three-term recurrence relations
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—T Qn(aj7y) = An,lQn+1(x7y) + Bn,lQn(xay) + Cn,lanl(xny
y@n(ajv y) = An,ZQn-‘rl(xa y) + Bn,ZQn(mv y) + Cn,QQn—l(xa y)v

where the elements in the coefficients A, 1, Bp1,Cn1 (see (4.5)) are given by

n—k+a+l)n+k+a+8+v+2)
(2n+a+B+7+2):

bk =—(ank+cnk), k=0,1,....n
(n—k)n+k+B+y+1)

Cnk = , k=0,1,...,n—1,
T T @it at+ B+ 1)

Qp k. = s k’:O,l,...,’n,

the elements in coefficient A4, 2 (see (4.6)) are given by

a (n—k+a+1)k(k+05)

N ) 71’ oy by
ok = Bt at B+ 2@k 6 1) n
2 2
(2) ﬁ -7 Qn k
=\ ) k:(),l,..., s
i ( @k+6+v+m@k+ﬁ+w) 2 "
SO _ (ntkrat Byt pktyt DBty
" Cnt+a+B+y+2)2@2k+6+7+1) ’ » e T
the ones in coefficient B,, » are
pD _ 2k(k+B)(n—k+a+1)(n+k+B8+7+1) .
kT 2k +B+7) 2 2nd+a+B+y+1)2n+a+B+y+3) T
2—9" 1+ b
dm 04 B = ) .
Rk+B+72k+B+v+2)) 2 n
b(3)_2(n—k)(n+k+a+ﬁ+7+2)(k+7+1>(k+5+7_~_1) o .
and in Cj, 2
A (n+k+B+7)2(k+ Bk L
n,k 2n+a+ﬂ+7+1) (2k+ﬂ+'y)2’ RN (R
ﬂ2772 )an
1+ —77 k‘:O,l,..., —1’
( k+B+~v+2)2k+B+7)) 2 n
) _ (k=1 (k+B+y+1)(k+7+1) L

7“*(%+a+ﬁ+v+w(%+ﬁ+v+nf

21

(5.3)

(5.4)

(5.5)

(5.7)

It is possible to see that all entries of A,, 2, By 2, Cy 2 are nonnegative numbers. Evaluating the equations
(5.3) at the point (0,1) we get that the Jacobi matrix Jy in (3.2) is a stochastic matriz. Therefore we get a
nontrivial and non homogeneous discrete-time QBD process. In Fig. 3 we can see a diagram of the possible

transitions of this discrete-time QBD process.

The Jacobi matrix J; also has a probabilistic interpretation. Indeed, observe that the coefficients a,, i, ¢y &
are always nonnegative (and bounded by 1) and a,, t+bs x4, x = 0. That means that J; is the infinitesimal
operator of a continuous-time QBD process. Since all coefficients are diagonal that means that transitions
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N

Fig. 3. Diagram of all possible transitions of the discrete-time QBD process corresponding with Jo for the orthogonal polynomials
on the triangle.

between phases are not possible. Therefore, for each phase k, the QBD process is a regular continuous-time
birth-death process.
Now consider a Jacobi matrix of the form (2.5), i.e.

P:7'1J1+7‘2J2. (58)

We want to give P a probabilistic interpretation. For that there are at least two possibilities, either a
continuous or a discrete-time QBD process. If we want to have a continuous-time QBD process then we
need Pe = 0 and nonnegative off-diagonal entries. But this is possible if and only if 7, =0 and 7, > 0, i.e.
a scalar multiple of J;, which has all diagonal coefficients and the QBD process is trivial.

If we want to have a discrete-time QBD process then we need Pe = e and nonnegative (scalar) entries.
This is possible if and only if 79 = 1 and the parameter 7 is chosen in such a way that all entries of
P are nonnegative. For simplicity, we will call 7 = 77. Bearing in mind the shape of the coefficients
ApiyBni,Cni,mn > 0,0 = 1,2, in (4.5) and (4.6) and looking at their entries in (5.4)—(5.7), the entries
of P = 7J; 4+ J5 are nonnegative if and only if
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Tk + af}ﬂ >0,

T(Cn e+ Cni) < bgﬂ, forall n>0, k=0,1,...,n.

TCnk + 0(2} >0,

n
In other words,
T > —Df’v,

1 forall n>0, k=0,1,...,n,
ngf”<1+ )

where

D@7:1(1+ F - ) (5.9)
k 2 Rk +B4+~7+2)2k+B8+7))" '

From (5.4), we observe that

a?— (2k+B+v+1)2 )

1
ik tenr=—-(14+
ok T Ok 2( @n+a+B+y+1)(2n+a+p+7+3)

On one hand, we have

1/2, if B%>+2
: By | —
oglklgn{Dk } B P 82 < A2,
B+vy+2
On the other hand, it is possible to see that
Ka .y if a<—(B+v+1),
n€Np,0<k<n Qn kT Cnk 246+ ol
— if > 1
ar1 o e B+y+1,
where
o — (B+y+1)?
Kaopy=1 ( ! )

A+ (a+3)(at+BEy+1)

Combining these two relations we have that the entries of P = 7J; 4+ Jy are nonnegative (and therefore P
is a stochastic matrix) if and only if the upper bound of 7 is given by

Kaopn/2, if 2>~%2 and a< —(B+7+1),
1/2a if ﬁ22 2 and QQS(ﬁ+7+1)2’
B+y+2 _
_ f 2> 2 d 1
Yoty Az anda>fry+l
R L (5.10)
) <% and a < —(B+~+1),
B+v+2 pE <y B+v+1)
B+1 e s , ,
o if <~ and o < (B+v+1)3,
B+v+2 B <y (B+y+1)
1
o ) if f2<9? and a>B+v+1,
a+1
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while the lower bound of 7 is given by

_1/25 1f ﬁQ Z 727
T> 1 (5.11)
fﬁ;’ i B2 <2,
B+v+2

Therefore, for all values of 7 in the range (5.10) and (5.11), we have a family of discrete-time QBD process
with transition probability matrix P = 7.J; + Jo. Thus the Karlin-McGregor representation formula (2.13)
for the (7, ) block entry of the matrix P is given by

noo__ F(OL+B+7+3) _ nam . T a, B(1 _ .

where II; is a diagonal matrix with entries given by (5.2). From (2.14) and (5.1) we can derive a separated
expression for all probabilities, given by

0 T(a+B+7+3) L x~(n bk
P, = : —1
( w)z',a' Do+ DI(B+ D0y +1) 04055 = \k (=1

—k p(20'+B+7+1, 2j'+B+7+1,
% /xa+kyﬁ+n kPi(_zi, Y+1,0) (2z — 1)pj(_fj, v O‘)(Qm -1)
T

()) y (7) i, i’
ph) (2L 1) plnps Y q)\a- i1 — ¢ — ) Vdedy ) .

According to Theorem 2.5 we can construct an invariant measure 7 for the QBD process given by (2.19).
Finally, the family of discrete-time QBD processes is recurrent (see (2.21)) if and only if

¥
dxdy = oo.

/xayﬁ(l —z—y)

l-y+712

After some computations it turns out that, in the range of the values of 7 in (5.10) and (5.11), this integral
is divergent if and only if « +v < —1. Otherwise the QBD process is transient. The QBD process can never
be positive recurrent since the spectral matrix is absolutely continuous and does not have any jumps.

5.2. Normalization at the point (0,0)

In this case, using again (4.3), the coefficients oy,  are given by

a+ 1)k (B+ 1)k

Ok = Pa(0.0) = PEIHHTH Ly PO () = (-1 TR

Therefore, the polynomials @ k(z,y) = agﬁ}an)k(x,y) satisfy @, x(0,0) = 1 for all n > 0 and
0 < k < n. The inverse of the square norms can be computed as in (5.2). The vector of polynomials
Qn=(@no,Qnis---, Qn,n)T satisfies now the three-term recurrence relations

—T Qn(x,y> = An,lQn+1(x7y) + Bn,l@n(xvy) + Cn,lanl(xvy)v

(5.12)
-y Qn(xa y) = An,2Qn+1 (Z‘, y) + Bn,?Qn(m7 y) + Cn,2Qn71 (-77’ y)
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The coefficients of (4.5) and (4.6) are exactly the same as in the previous case, i.e. (5.4)—(5.7) interchanging

B by 7, except for the coefficients afi, bg€ and CSLa where it appears a minus sign (but not interchanging

B by 7).

In this case we have, evaluating at (0,0) in (5.12), that Jye = Jye = 0. J; is the same matrix as before, so
it represents a trivial continuous-time QBD process. Nevertheless, although Joe = 0, Jo does not generate
a continuous-time QBD process itself since af}c < 0 and CSL <0.

Consider now the Jacobi matrix

A= T1J1 + T2,

In order to have a continuous-time QBD process (now it can not be a discrete-time QBD process) we need
that Ae = 0 (which is always satisfied) and all nonnegative off-diagonal entries. This holds if and only if
72 > 0 and
TiGn,k + TQCLSL >0,
' forall n>0, k=0,1,...,n.
T1Cnk + Tchf}c >0,

This is equivalent to

T > T max {Df”y},

0<k<n
where, D,f’”’ is defined by (5.9). In other words
a2 if B2 <92,
I PSR (5.3
B+~y+2 '

If 5 = 0 then we need 7, > 0. A diagram of the possible transition for this continuous-time QBD process
is the same in Fig. 3, but without self transitions.

Therefore, for all values of 71 and 7o in the range (5.13), we have again a family of continuous-time QBD
process with infinitesimal operator matrix A = 71J; + 72J2. Thus, the Karlin-McGregor representation
formula (2.13) for the (i, j) block entry of the transition function matrix P(t) is given by

F(la+p+v+3)

Pl = 5 DG+ TG + 1)

/67(71r+7'2y)t(@i(x’y)@f(x’ y)ajo‘yﬁ(l — T — y)”dxdy I1;,

where II; is a diagonal matrix with entries given by (5.2). From (2.16) and (5.1) we can derive a separated
expression for all probabilities, given by

(P (t)) _ F(OZ+5+’Y+3) de‘/
J i35 F(Oé + 1)1_‘(6 + 1)F(’Y + 1) o-i;i’a-j,j’

% /e—(le-i-sz)txayBPi(EZ;JrﬁJr’H»LOL) (2£E . 1)Pj(3jj’,+5+’)/+l,a)(2x . 1)

T

(7.8) 2y (7.8) 2y i+ )
x P 1) P, 1)(1- 1—2—y)'dady | .
¢ <\/1—m > J ( 11—z )( @) ( v —y)ldedy
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According to Theorem 2.5 we can construct an invariant measure 7 for the QBD process given by (2.19).
Finally, the family of continuous-time QBD processes is recurrent (see (2.22)) if and only if

2l
dxdy = oo.

/xayﬁ(l —z—y)
T1T + ToY
T

After some computations it turns out that, in the range of the values of 7 in (5.13), this integral is divergent
if and only if a + 8 < —1. If 7, = 0 and 7; > 0 the divergence is equivalent to a < 0. Otherwise the QBD
process is transient. The QBD process can never be positive recurrent since the spectral measure is absolutely
continuous and does not have any jumps.

5.8. An urn model for the orthogonal polynomials on the triangle

In this section we will give a probabilistic interpretation of one of the QBD models introduced in Sec-
tion 5.1. For simplicity, we will study the case of the discrete-time QBD process (5.8) with 7y =0 and 7 =1
(therefore P = J3).

As we can see from (5.5)—(5.7), the probability coefficients are quite complicated and depend on three
parameters «, (3,7, apart from the level n and phase k. However, we managed to find an urn model for this
QBD process by decomposing it into two simpler urn models. For that, we will try to get a stochastic block
LU factorization of the Jacobi matrix J,. The spirit of this method is the same as the one used in [24,25].
Write Js in (3.2) as

So O Yo Xo O
Ry S5 Yi X5

JQ - RQ SQ Y2 X2 - JLJU. (514)
O O

A direct computation shows that

An,2 =S5Xn, n=>0,
Bpo=R, X\ 1+ 5,Y,, n=>0, (5.15)
Cn,2 =R,Y,—1, n=>1
Since A, 2, By, 2, Cp 2 are matrices of dimension (n+1) x (n+2), (n+1) x (n+1) and (n+1) x n, respectively,
we have that X,,,Y,, are matrices of dimension (n + 1) x (n +2) and (n + 1) x (n + 1), respectively, and

Sp, Ry, are matrices of dimension (n+1) x (n+ 1) and (n+ 1) X n, respectively. We found that one solution
of equations (5.15) is given by coefficients X,,, Y, Sp, Ry, where

r,,(2) (3) 7

2 3 Yno Yn,o0

"o n @ G

2 3 Yn1l Yn1
x( ) x( ) ) ’
n,l n,1
Xn = , 7 3 Y, = ' . )
' 2) (3)
m(2) $(3) Ynn—1 Ynn-—1
n,n n,n 2)
L Yn,n |

and
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- @ }
M@ 1 "'n,0
n,0 ,,,(1)1 r 2)1
O R
S = y o= O N
(1) (2) n,n—2 n,n—2
Sn,n—l Sn,n—l (1) (2)
(1) (2) Tnn—1 Tnn-1
L Sn,n sn,n_ r(l)
The elements in X,,,Y,, are given by
.17(2): n—k+a+1)(B+k+1) k=01 n
R 2n4 o+ B+y+3)(B+y+2k+2) e
B _ m+k+a+B+7v+3)(v+k+1) k=01 "
T Qnta+B+y+3)(B+y+2k+2)] R (5.16)
J2) = (n+k+B+7+2)(B+k+1) E— 01 '
R 2n4a+ B+ +3)(B+7+2k+2) e
o (n—k)(y+k+1) =01 m—1
R 2n4a+ B+y+3)(B+y+2k+2) B ’
while the elements of S, R,, are given by
8(1): k(n7k+0z+1) E—1. n
mkT On4a+ B+ +2)(B+y+2k+ 1) e
@ _(tktatBHy+2)(B+y+k+l) o
mE 2n4a+ B+ +2)(B+y+2k+1) R (5.17)

RO E(n+k+p+~v+1) =1 .
F2nt+a+B+y+2)(B+y+2k+1) e
(n—k)(B+y+k+1)

Cn+a+B8+7+2)(B+v+2k+1)

Observe the important simplification of these elements compared with (5.5)—(5.7). Another important ob-
servation is that Jy and Jy are also stochastic matrices, so each one of them is again a discrete-time QBD
process.

Remark 5.1. The stochastic LU factorization in (5.14) is not necessarily unique, but it is certainly one that
simplifies all computations significantly. Similar considerations apply if we take into account a stochastic UL
factorization. It is possible to see that the elements of the factors X,,,Y,,, S,, R, for the UL factorization (at
least one) are the same as the ones of the LU factorization but replacing 8 by 8 — 1. For more information
about stochastic UL or LU factorizations see [24,25].

From now on, we will assume that «, 3,7 are nonnegative integers. Consider {Z; : ¢ = 0,1,...} the
discrete-time QBD process on the state space {(n,k) : 0 < k < n,n € Ny} whose one-step transition
probability matrix is given by the coefficients A, 2, By 2,Cr2 in (5.5)—(5.7) (see also (3.2) and (4.6)).
Consider the LU block factorization (5.14) Jo = Ji,Jy. Each of these matrices Jy, and Jy will give rise to an
urn experiment which we call Experiment 1 and Experiment 2, respectively. At every time step ¢t =0,1,2, ...
the state (n, k) will represent the number of n blue balls inside the k-th urn Ag, k = 0,1,...,n. Observe
that the number of urns available goes with the number of blue balls at every time step. All the urns we
use in both experiments sit in a bath consisting of an infinite number of blue and red balls.
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Fig. 4. Diagram of all possible transitions of the discrete-time pure-death QBD process generated by the Jacobi matrix Jp,.

Experiment 1 (for J) will give rise to a discrete-time pure-death QBD process {Zt(l) :t=0,1,...} on
{(n,k) : 0 <k <n,n € Ny} with diagram given by Fig. 4. The initial state is (n, k), where n is the number
of blue balls inside the k-th urn Ag. Remove all the balls and put k blue balls and k+ 5+ + 1 red balls in
the urn Ag. Draw one ball from the urn at random with the uniform distribution. We have two possibilities:

(1) If we get a blue ball then we remove/add balls until we have n—k+a+1 blue balls and n+k+S+~y+1 red
balls in the urn Aj. Then we draw again one ball from the urn at random with the uniform distribution
and we have two possibilities:

o If we get a blue ball then we remove all balls in urn A and add n blue balls to the urn A;_; and
start over. Therefore, joining both steps, we have

k n—k+a+l
PzW =mk-1)]2Y = k)| = .
1=, ) 257 = (n, )} Bryt2k+l2ntatBryte

Observe that this probability is given by 553 L in (5.17).
e If we get a red ball then we remove all balls in urn Ay and add n — 1 blue balls to the urn A;x_; and
start over. Therefore, joining both steps, we have

k n+k+pB+v+1
PIZzZY =m-1k-1)]2Y =mnk)]| = .
=0-1 ) 1257 = (n, )} BHy+2k+12n+a+B+y+2
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Observe that this probability is given by TSL in (5.17).

(2) If we get a red ball then we remove/add balls until we have n+k + a+ 8+~ + 2 blue balls and n — k red
balls in the urn Aj. Then we draw again one ball from the urn at random with the uniform distribution
and we have two possibilities:

o If we get a blue ball then we remove/add balls in urn A until we have n blue balls in urn Ay and
start over. Therefore, joining both steps, we have

_ Bry+k+lntk+a+B+y+2
B+y+2k+1 2n+a+B+v+2

P20 = (k) | 28 = (n, )]

Observe that this probability is given by SSL in (5.17).
o If we get a red ball then we remove/add balls in urn Ay, until we have n — 1 blue balls in urn Ay and
start over. Therefore, joining both steps, we have

Bty t+k+1 n—k
B+y+2k+12n+a+B+7+2

P|ZzY = -1,k | 2" = (n,k)

Observe that this probability is given by rfi in (5.17).

Experiment 2 (for Jy) is similar but it will give rise to a discrete-time pure-birth QBD process {Zt(2) :
t=0,1,...} on {(n,k) : 0 <k <n,n € Ny} with diagram given by Fig. 5. Again, the initial state is (n, k),
where n is the number of blue balls inside the k-th urn Ax. Remove all the balls and put £+~ + 1 blue balls
and k+ 8+ 1 red balls in the urn Ay. Draw one ball from the urn at random with the uniform distribution.
We have two possibilities:

(1) If we get a blue ball then we remove/add balls until we have n + k + a + 5 + v + 3 blue balls and
n — k red balls in the urn Aj. Then we draw again one ball from the urn at random with the uniform
distribution and we have two possibilities:

o If we get a blue ball then we remove all balls in urn Ay and add n + 1 blue balls to the urn A4
and start over. Therefore, joining both steps, we have

oy tk+1 nt+kta+B+y+3
B+v+2k+2 2n+a+8+~v+3

P2 =(n+1,k+1)| 20 = (n.k)

Observe that this probability is given by x(SL in (5.16).

n,
o If we get a red ball then we remove all balls in urn A and add n blue balls to the urn Ag,; and

start over. Therefore, joining both steps, we have

+k+1 n—k
P|Z2® = k+1)| 27 = (n,k)| = .
= N2 = b = e S 2o at B ry 13

Observe that this probability is given by yf’;c in (5.16).

(2) If we get a red ball then we remove/add balls until we have n—k-+a+1 blue balls and n+k+8+v+2 red
balls in the urn Aj. Then we draw again one ball from the urn at random with the uniform distribution
and we have two possibilities:

o If we get a blue ball then we remove/add balls in urn Ay until we have n + 1 blue balls in urn Ay
and start over. Therefore, joining both steps, we have

B+k+1 n—k+a+1

Plz? = 1Lk) | 29 = (n, k)| = :
1=+ 1LE) [ Z7 = (nk) Bryt2k+22ntatBty+3
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Fig. 5. Diagram of all possible transitions of the discrete-time pure-birth QBD process generated by the Jacobi matrix Jy .

Observe that this probability is given by xg;v in (5.16).
o If we get a red ball then we remove/add balls in urn Ay until we have n blue balls in urn Aj and
start over. Therefore, joining both steps, we have

B+k+1 nt+k+pB+v+2

P |2 = (n,k) | 257 = (n, k)| = :
1 (n. k) | Zo (n, k) B+y+2k+22n+a+B+~v+3

Observe that this probability is given by yff}c in (5.16).

The urn model for Jo will be the composition of Experiment 1 and then Experiment 2. Combining all
possibilities we have the transition probabilities for the QBD process {Z; : t = 0,1,...}. Indeed

P(Zi=(n+1k-1)|Z = (nk)] = s )2l | =al),
(2) (2) (2)

P[Zl (n+1 k |Z0 ]_Snkxn?);c 1+ nkxnk_ n,k?

n,

(2 1 2 1
]_Snkynzc 1+r7(13€x1(1)1k 1_b’EL;€7

2) (2 3 2) (2 2
I = satihos st e =00

) (n, k)
) (n, k)
P(Zi=(n+1k+1)| Zo = (n,k)] = s ol = o),
P[Zy = (n,k—1)|Zo = (n, k)

) (n, )

]P)[ (a |Z()—7’l,
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P[Z1 = (nk+1)| Zo = (n,k)] = syl + 732l =00,

P[le(n—17k)|Z0 nkyn 1,k— nkyn lk_c ko

(3)

(
P(Zi=(n—1k—1)|Zo= (k)] =r" =),
(

(n, k)] = nkyfzg)lk_c ke

)

)
k) = ry@ @O 2)

P[Z = (n—1,k+1)| Z = (nk)

As we showed before, and since we are assuming that «, 5,y are nonnegative integers, the urn model derived
by this discrete-time QBD process is always transient.

A similar continuous-time QBD process could have been derived for the normalization of the polynomials
at the point (0,0) in Section 5.2, but now with two parameters 71, 75 subject to the restrictions in (5.13).

6. Concluding remarks and further research

In this paper we have studied several examples of bivariate orthogonal polynomials related to discrete
or continuous-time QBD processes. Also, we gave probabilistic models for them in terms of, mainly, urn
models. All examples are constructed according to certain normalization of the polynomials at one of the
“corners” of the support of orthogonality. This restriction seems to be important in order to have recurrence
relations with probabilistic interpretations (like the situation of scalar birth-death chains), but not all points
in the boundary (including corners) lead to coefficients which may be interpreted as a QBD process, as we
saw, for instance, in the case of orthogonal polynomials on the triangle. One open problem could be trying
to explain why this restriction is needed in order to construct a QBD process.

Certainly, we have analyzed other examples of bivariate orthogonal polynomials. In particular, the seven
different classes studied by T. Koornwinder in [35]. But we have not found any probabilistic interpretation
in terms of QBD processes in any of them. The two main reasons for that are:

(1) The bivariate orthogonal polynomials {P,  : 0 < k < n} (any way of constructing them) can not be
normalized at some interesting point (a,b) at the boundary of the support of orthogonality such that
P, ;(a,b) =1 for all n € Ny and 0 < k < n, since they may vanish at that point for some degree of the
polynomials. In this situation, we can not proceed in the same way as we have proceeded through this
paper. It is possible, though, that there may exist another normalization of the polynomials such that
the coefficients of the three-term recurrence relations can be linearly combined in such a way that they
lead to a probabilistic interpretation (for instance, for the product Laguerre polynomials in Section 3.2),
but we have not found any nontrivial situation where this happens.

(2) It is possible to normalize the bivariate orthogonal polynomials {P,, 1 : 0 < k < n} at certain point (a, b)
at the boundary (or inside) the support of orthogonality such that P, x(a,b) = 1 for all n € Ny and
0 < k < n, but there are no possible linear combinations of the two corresponding Jacobi matrices such
that they lead to a QBD process. This is the situation, for instance, for the product Jacobi-Laguerre
polynomials at the point (0,1) (see Remark 3.4) or any other example normalized at some point which
is not a “corner” of the support of orthogonality.

There is one iconic example that we have not been able to find any probabilistic interpretation for,
namely orthogonal polynomials on the unit disk. We have tried several definitions and normalizations of
the polynomials, but it seems that neither of them works out due to some of the two reasons mentioned
above. We believe that the problem with this example may lie in the fact that the unit disk does not have
any “corners”.

There are many examples of bivariate orthogonal polynomials that have not been considered in this paper,
like, for instance, the two families of Koornwinder polynomials (see Sections 2.7 and 2.9 of [14]) or some
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families of Krall or Sobolev type bivariate polynomials (see for example [3,6-10,15,38,44]), where a Dirac
delta is added at one (or several) points of the support of orthogonality or some other more complicated
situations. Also we have not considered examples of multivariate orthogonal polynomials for d > 3. For
instance, three-dimensional examples, like the unit ball, the unit sphere or the simplex. In this case we have

d = 3 in (2.4) and we will have diagrams similar to the one in Fig. 3, but now the number of phases is

(”;2) Certainly some of the previous problems will be dealt with in future publications.
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