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1. INTRODUCTION

The hydrodynamic model for semiconductor devices is a generalization
of the drift diffusion model. It consists of a set of Euler equations with
certain source terms and a Poisson equation for electrical potential; see
[9]. After appropriate scaling, the three-dimensional system can be written
as

pi+V-(pu) =0,
1 u
u+Uu-Viu+—-—vp -V = — —, (1.1)
p T
Adp=p—1I(x),
where p > 0 is the electron density, u = (u, v, w) the electron velocity, and
¢ the electrical potential. The constant 7> 0 is the velocity relaxation
time, and I(x) is the given smooth density of positive background ions

(doping profile). p = p( p) is a given function with p’(p) > 0.
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The hydrodynamic model of semiconductors has been studied in the
literature. A general mathematical survey of the model can be found in [9].
In the case of one space dimension, the existence of steady-state solutions
in the transonic case was proved in [4]. For the time-dependent system, the
existence of a local smooth solution was proved by using Lagrangian
coordinates in [13], and the global existence of weak solutions was estab-
lished in [14] by the Gudunov scheme and compensated compactness
technique, with p(p) = C,p? 1 <y <5/3. For y = 1, the existence of
global solutions for the isothermal hydrodynamic—elliptic system was ob-
tained in [10] by entropy methods. The existence of weak solutions and
their relation with the drift diffusion equations was studied in [8]. In the
multi-dimensional case, the only result is the existence of a steady-state
solution in [2].

In this paper, we will study the non-steady-state solutions of the model
in the three-dimensional space and show the existence of local solutions to
the initial boundary value problem.

We assume that at the initial time ¢ = 0 the distribution of ( p,u) is
known

(pWh-o=(poUo)(x), x€Q, (1.2)

where Q is a bounded domain in R® with smooth boundary.
At the boundary d(), we assume that

u- Vl,;g) =0, (13)
Vo - vlyq =0, (1.4)

where v is the outward unit vector normal to the boundary 9€). Physically,
(1.3) means that the walls are streamlines and there is no current flow
through 9Q, and (1.4) is a Neumann condition for the electrical potential
¢ which means that the electrical field is tangential to ¢(). That is, the
semiconductor device is totally insulated; see [5] for details.

From a mathematical point of view, we can also consider other boundary
conditions for the potential ¢, such as the Dirichlet boundary condition. It
turns out that the problem is much easier for those other standard
boundary conditions than for the Neumann condition, because the exis-
tence of a solution for the Poisson equation with Neumann condition
requires extra compatibility.

We consider the initial boundary value problem

Py + (pu)x1 + (pU)xz + (PW)x3 =

01
, u
pu, + puu, + pou, +pwu, +p'(p)p, = p(qﬁx1 - ;),
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12
pU+ puy + povy, + pwoy, +p'(p)py, = p(% N ?),

w
W, + quXl + pUWXz + pWWXS +p,( P)Px3 - p(('bxs N 7),

Agp=p—I(x), (1.5)
(pru,v,w)li=0 = (g, g, Vg, Wo), (1.6)
(u,v,w) - vlyo =0, (1.7)

Vo - v|0 = 0. (1.8)

Introduce the vector U = (p, u, v,w) and the matrices

1 0 0 0 u p 0 0
2 2
u
o 2 0 o o 22 0 o
p p
2 2
= = u
AU =1y o p—, o |+ ) 0 0 p—, 0
p
2 2
u
o 0o o 2 0 0 o 2=
p
v 0 p 0
2
U
op—,o 0
p
A,(U) = v , 1.9
O U (19)
p
2y
0 0 op—,
p
w 0 0 p
2
w
op—,o 0
A, (U) = Zw
W=y o P
2
w
pO Op—,
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Then the problem (1.5)-(1.8) can be rewritten as

A(U) 3,U + A(U) 3,U + A,(U) 0,U + Ay(U) 4,U = Hy(U, D),
A =H2(U)'
U(x,0) = Uy(x),
(u,v,w) - vln =0, V¢ - vlyo =0,

(1.10)

where H, and H, are sufficient smooth functions of their arguments in
the relevant domain. In particular, the first four equations form a hyper-
bolic symmetric system for U.

Because the boundary d() is characteristic with respect to the hyper-
bolic system (1.10) under the boundary condition (1.7), we need to use the
partially tangential Sobolev spaces.

Let D, be a complete set of differential operators which are tangent to
the boundary 9Q (see [3]), and let D be the usual differential operators
which are in all directions at 9(). For an integer m > 0, define the space

E,=E,(Q)={Wel*Q); D:D'Wel?i+2j<m}, (111)
with norm
wis = Y [IDiDWI dx, (1.12)
i+2j<m
and the space
E, ;= {W(t,x); WeL”([0,T)E,_,),0<s<m}, (1.13)
with norm

m 1/2
WAl 7= sup ( ||r9,sW(t)|Ifns) : (1.14)
0

0<t<T \s=

For an even number 2m, spaces E,,, have the following embedding
property [1]:

E, (Q) CCI(Q), m=j+2.

In this paper, we prove the existence of a classical solution for the initial
boundary value problem (1.10) in the space E,, ; with m > 4and T < 1.

The existence of classical solutions always requires compatibility condi-
tions at (¢, x) € {0} X 9Q (refer to [6].
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The initial data U, are_ called kth-order compatible if there is an
approximate solution (U, ), such that (U, ) satisfies the initial and
boundary conditions (1.6)—(1.8) and such that

Ay(0) 0,0 + 4(0) 3,0 + A(0) 0,0 + 4,(0) 9,0 — H(U, Do)

=F, = 0(t" 1), (1.15)
A — H,(U) = F, = O(t*1).

The Neumann condition (1.4) implies that we need to solve the following
Neumann problem of the Poisson equation with parameter ¢:

A¢>=P—1(X)

Vo vlog = (1.16)
Problem (1.16) is solvable if and only if (see, e.g., [12])
fﬂ(p—l(x))dx=0. (1.17)

In particular, (1.17) must be satisfied by the initial value p,.
Now we are ready to state the main theorem of the paper as follows:

THEOREM 1.1. Assume that:

1. = (pg, Uy, Vg, Wy) € C(Q).
2. U is compatible up to order 2m with integer m > 3, i.e., there exists
sufficient smooth functions U, gb such that (1.15) is satisfied.

3. The initial value p, satisfies (1.17); i.e.,

[ podx = [ I(x) dx.
Q Q
Then there exists T > 0 such that (1.5)—(1.8) have a classical solution (U, ¢),
with
UECl([O,T] XQ), d)EC([O,T],CZ(Q)),

and U, D¢ € E,,, ;.

Remark 1.1. U, € C*(Q) is assumed to simplify the discussion (see [7])
and can be obviously relaxed.
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Remark 1.2. The solution ¢ for (1.16) is unique only up to a constant,
and problem (1.10) contains only D¢. We will consider only the norms for
D¢ in the paper.

The plan of the paper is as follows. In Section 2, we linearize the
problem (1.10) and derive the energy estimate. And then, in Section 3, we
use the linear iteration to establish the existence of the solution. The
appearance of condition (1.17) is a completely new feature in the iteration.
We first prove that (1.17) at ¢t = 0 implies (1.17) for all ¢ € [0, T'], and then
we introduce an error term e, at every step in the iteration scheme to
validate (1.17). Finally, we show that e, converges to 0.

2. LINEARIZED PROBLEM AND A PRIORI ESTIMATE

Let (V, ) denote the perturbations of (U, ¢) and consider the lin-
earized problem of (1.10) for (V, ¢) at (U, ¢)

Ay(U) 0V + A,(U) 0.V + A,(U) 3,V + A5(U) 3,V = F,,

Ay =F,, (2.2)
V-0 =0, (2.2)
(V2. Vs Vi) - vlan = 0, (2.3)
Vip- vlsa =0, (2.4)
where
F,€eE,, F,€eE,, ;
and

JiF,l,0=0, 0<j<2m-—1. (2.5)

It follows from (2.2), (2.1), and (2.5) that the smooth solution V(t, x)
satisfies

Vo =0, 0<j<2m. (2.6)

THEOREM 2.1. Assume that

/QFZ dx =0 (2.7)
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forallt = 0. Then there exists a 8 > 0 such that, forall |U — Uy |l 20,7 < 8,
the solution (V, ¢r) of (2.1)—(2.4) satisfies the energy estimates

WV W 2w, 7 < CT IFyll 3m 7, (2.8)

DY N om. 7 < Coll Fy ll 5 7, (2.9)

where the constants C, and C, depend only on 6.

Proof. We cover Q by a finite family of open sets %, so that either
% ccQor % nQis Ct diffeomorphic to {x, > 0} N {|x| < 1} with §Q
mapping to {x, = 0}.

Choose a finite partition of unity 1 = X ¢, subordinate to this cover and
let (V, ¢) = Lo,(V, ) = Z(V, ¢,). Changing coordinates in the boundary
patches yields functions (V, )° x; defined on {x; > 0} N {|x| < 1}, which
we continue to call (V, ), where y; are diffeomorphisms.

Thus, by the standard localization technique, it suffices to derive the
estimate for each (7, ) supported in a small coordinate patch. The
estimate for an interior patch %, Cc Q is straightforward since there is no
boundary conditions. We will consider only the boundary patches. A
change of independent variables reduces the problem to the case (refer to

[11D
QO=R3, supp(V,¢) c{lxl<land x;, >0}, 9Q={x;x, =0}.

In this case, D, is generated by x,d,, d,,, and 4, (refer to[3]). Since D,

is a 2Iinear combination of x,d,, x{a2,... x1d, 6., 92,...,4., and
Oy 05 - Oy, it suffices to prove
Y Ixtalafar a;VIg < CT I Fyll3mr  (2.10)

k+tr+s+2j—1<2m, [<j

and

) i) ok a7 o;Dwlls < CNNFyll 3m . (211)

k+r+s+2j—1<2m, <)

Since ¥V and  in (2.1) are not coupled, (2.10) and (2.11) can be
established separately.

Proof of (2.11). Applying 3} to (2.1) and (2.4), we obtain
Adjp = 3F,,
V() - vlso = 0.
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This is the Neumann problem for the Poisson equation. By assumption
(2.7) on F,, there is a solution unique up to a constant such that 4 D¢
satisfies (see [12])

Y oDyl < C Y 19;F,lI5 < CUFy l 5m. 7. (2.12)

s<2m s<2m

For the special case j = 0, (2.11) is valid just as in (2.12) by applying the
operator ‘7xk2 d;.9; t0(2.1) and (2.4). And we have the same estimate as in
(2.12)

Y ke arDylls < ClF, lll 5 7 (213)

k+r+s<2m

The estimate for normal derivatives a/ can then be obtained obviously
from the differential equation (2.1). Thls concludes the proof of (2.11).

Proof of (2.10). We prove (2.10) by induction on i =j — 1 and 0 <
i <m.

e For i =0, let V,,, =x{d] 3% . 4;V. Then, from (2.1), V,,, satisfies

Agd Vs + A0,V

Jksr + AZ ﬁx v

jksr + AB(?X vV

jksr = ]ksr' (214)
where
Fiy = Aox{8]0107,07(A3'F,)

x1Yx,

+{ 410, Vieew — Ao 0105 30 57 (Ag 410,V )}

1%," jksr 1% %, %3

{A &x I/]ksr AOxZ{O’),vjlax];&xr3afg(A(J_lA2asz)}
X3 jksr

+{ A58 Vixor = Aox{al 0k 070} (A5 450V} (215)

Taking the inner product of (2.14) over Q with V. and then integrating
by parts using the fact that supp V' < {|x| < 1, x, > 0} yields

(9<I/ksr!"é1 I/jkvr> <Vkrr’ ]kgr>|x1—0

ks,,((aAo) + (0, A41) + (d,4,) + (0, 43) Wies
+ 2{Fyyr Visr?- (2.16)

Since u = 0 at x; = 0 in A4, of (1.9), we have

<Vksr' jksr>|X1:0 = 2prj(9)f1(9xkz L?xgatsVl ' a)(llaxkz axr3&tSV2|X1:0'
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which is obviously 0 if j > 0. If j =0, since (2.3) is simply V|, -0 =0,
99! 9’ V,l,~0 = 0. Therefore, we also have (Vj,, AV )i -0 =0
Therefore, from (2.16), we have

31V ()IE < Vi (DI + 1 Fy ()13 (217)

Here and in the following, we will use C to denote any constant which is
independent of ¢ for t < T.
By Gronwall’s inequality and using the fact that 1, .|,—o = 0, we obtain

t
Viesr (18 < € [11F,(7)15 dr. (2.18)

Now we need to estimate ||Fj,(t)llo. A" is bounded in the expression
(2.15) for p, > 8, > 0 and & < 1. So it is easy to obtain the estimates

Ix{Aqal ok a7 a;(Ag *Fy)lls < CNFylll 2.7

X2 X3

1450, Vi — Aox{dl ok al,0: (A A, 0.1 )

0, 01,
< Cj+k+r2+‘,s§2m||x{[7){1(7x’<2(9;3(9,31/(t)||3,

1430, Vi — Aoxidl ok o7 67 (Ag*A50, V)IIg
<C X xalafale V(o).

jtk+r+s<2m
The second term of (2.15) consists of two kinds of terms
W, =x{olofa00V,  where j, <}, (2.19)
and
W, =x{d]* 9202072V, where s, + k, +r, +j<2m — 1. (2.20)
Obviously, we have

w5 < Y i akaravile. (2.21)

1%x1 %%, Yx3
jtk+r+s<2m
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To estimate W,, we notice that

u p 0 O v 0 p O
P’ - 0 0 0
A4, =, " C A= P ]
0 0 u O p
0 0 0 u 0 0 0 v
w 0 0 p
0 w 0 0
A;4,=| 0 0 w 0
p_ 0O 0 w
p

and u = 0 on x; = 0. Therefore, the last two components of vector W, can
be controlled by

Y lx{a] a%a; 0V llo.

Xp " X3
jtk+r+s<2m

For the first two components of W,, we have

aVy+ud Vy + pd, V, + (termsof g, Vand 4, V) = (A, 'F,),,
P .
Vv, + ?0le1 +ud V, + (termsof g Vand 9, V') = (Ag*Fy),.
(2.22)

Since p’ >0, p> 0, and ul,,—o =0, .V, and o, V, can be expressed in
terms of 4,V, 4.V, 4.V, and F; from (2.22).

Thus, the first two components of W, can be expressed as linear
combinations of

Jaj gko+tlqry gs J 9J gk grot+las J aJ gk qgry gs,+1 Jaj gkyqry s
xjol okt Yooy, x{al olear oV, x{alakiaas VY, x]al koo Fy,

which in turn can be controlled by

Ix{al ok ar a7V IG5, IIx]al ok oy o:F,lg.

Xp U3 X2 X3
Therefore, the first two components of W, are controlled by

Ix{alakar a7V N, Ix]alaf oy o Fyllo.

X2 "X3 X2 " X3



HYDRODYNAMIC MODEL OF SEMICONDUCTORS 247

Summarizing the estimates of all terms of (2.15), we obtain

||F,-ks,||§sc(|||F1|||%m,T+ > llx{a;ﬁ"ﬂ'a;V||é). (2.23)

X2 " X3
jtk+r+s<2m

So, from (2.18) and (2.23), we have

Y W (0l

jtk+r+s<2m

T
scjo(|||Fl|||§m,T+ > ||V,-ks,(7)||é)d7.

jtk+r+s<2m

Again, by Gronwall’s inequality,

T
Y ||V,-ks,(t)||ésc/O N Fylll 3 7 dz = CT I Fylll 2,7 (2.24)

jtk+r+s<2m

This finishes the proof of (2.10) for i =j — [ = 0.

e Assuming (2.10) for 0,1,2,...,i — 1, we proceed to prove (2.10)
for i.

Apply the operator x;d! """ 9} 9/ 3 to the first two equations of (2.1).
Then the first two components of

x1alrokar o' v (2.25)

X2 X3
can be expressed as linear combinations of the following terms:

I 9gl+i=19k+1q9r 9s I 9l+i—19k qr+1gs
xol =k Y gy, xlol ik oy,

x1alH ok or of W, xial 0k of 0 F .
By the induction assumption, the first three terms can be controlled by
T Fylll gm,r. Since F = O(t?*™~1), the last term is controlled by
tlll x10l =0k o7 0 Fy NIl o4, which in turn is controlled by T [Il Fy lll 2, 7.

Applying x19/"9k 4] 47 to the last two equations of (2.1),

p p
Vs +ud Vy+vd Vs + ?agil +wi, Vy = — (F1)s,
(2.26)

! !

p p
&La +’”&ML1 +-UdhLa +-_;_JQLG +-MH&3L; = ;;5(51)4
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we obtain

(9, +ud, +vd,, +wd, )x10. 0% 0! 9}V = Gy,
(2.27)
(d, + ud, + vd,, +wd, )xjal* 9k or 97V, = G,,

where G, and G, consist of

Xp X3

xjalrokor o) (p Fl),xla”'a a7} (p Vl),
p p?

[xilL&xl:lax];axrB&;Y Ué)xz]VSAY [xi&xl:io')x];axraaig'W&xa]VSA’
I 9l+iqk
[x1a!7 0k ol o7 ud, |Vs .

(2.27) is a system for x19/ "9} 9/ 3°V; and x19/ "9} 47 3°V,. Since u = 0 at
x, = 0, we can derive an energy estimate for its solution by integration by
parts without incurring any boundary terms:

X107 0% 07 0V 4(£)llo < CTIGy 4llo. 7 (2.28)

X " X3

Now let us estimate the terms in G, and G,. First of all, we obviously have

< ClIIF M 2m, 7,

p!
x1alr ok a7 a( 2F1)
p 0

X2 7X3

< CT I Filll am, 7
0

X2 " X3

X109k al 97 (p—za Vl(t))
p 2

[x10/ 0k ol 07 vd, Vs, and [x10.7 9% o7 a7, wd, IV, , are either standard
lower-order terms of (2.28) or the terms W|th Xx- derivative one order lower,
which are estimated by the induction assumption.

The term [x19/*9) 9 97, ud, 1V 4 is a linear combination of the follow-

ing terms:

X100k ol 02V 4 X100 0V,

X " X3

8l+l+l(9xzaxr3 l(? V3 " al+l+l&x26x (?S lV
The first term is a standard lower-order term of (2.27); the other terms can
be estimated through another induction on k£ + r + s > 0. Consequently,
from (2.28) we have

Ixia! 0% a7 a:V3 4o < CT N Fylll 2,7 (2.29)

X2 xa

This proves (2.10) for i and completes the proof of Theorem 2.1.
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3. SOLUTION TO THE NON-LINEAR PROBLEM
In this section, we will use the linear iteration to establish the existence

of a solution for (1.10) and conclude the proof of the main theorem 1.1.
The solution is constructed through the iteration scheme

3
A(U*) o, UM + 3 A,(U*) é’ij"*l = H,(U*, D¢*),

j=1
Ad*tt = Hy(U*) — e, (3.1)
U0, x4, x5, x3) = Up( x4, X5, X3), (3.2)
(U3 US 1 U - vloa = 0, (3.3)
Vo vl =0 (3.4)

for k =0,1,2,..., with
Ut=0, ¢°=4¢, (3.5)

with (U, &;) being the approximate solution.
The term ¢, in (3.1) is taken as

1
e, = @fQ(Ulk(x) —I(x))dx, k=0,1,2,..., (3.6)

so that the initial boundary value problem for ¢**? is well-posed (up to a
constant). _
For all U* such that [|U* — U ||| 2,0+ < 8, the problem (3.1)—(3.4) can
be solved in [0, T'] with
Gj(UF Y = U)lieo=0, 0<j<2m, (3.7)
d(D*** = DP)li-o =0, 0<j<2m-—1. (3.8)
As usual (see, e.g., [6, 7]), we first show that certain high-order norms of

(U*, D¢*) are bounded and then prove that, in a lower-order norm, the
map (U*, D¢*) — (U**1, D$**1) is a contraction.

LemmA 3.1 (Boundedness in High Norm). Let L = [,[I(x)|dx + 38.
There exist Ty = To(8, L) > 0 such that, for T < T,

NUt = UMl g, < 8, Il D*** — D¢l g7 <L (3.9)
forallk =0,1,2,....
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Proof. We prove by induction on k. Let V' = Ut — U°, = ¢p**1 —
¢°. Then (V, ¢) satisfies

3
Ay (U*) oV + X A,(U*) oV
j=1

= H,(U*, D$*) — H\(U°, D¢°) — F, (3.10)
+(A(U°) = Ay(U*)) 9,U° + i (Aj(UO) —Aj(U")) d,U°,

Ay =Hy(U*) —Hy(U°) = F, e, = (p* = 0°) —F, — ¢,
together with the homogeneous initial and boundary conditions. Since
UktY,_o = U%,-¢ = U, and consequently D¢*|,_o = D$°|,—, the right-
hand side of the first equation in (3.10) is 0 at ¢ = 0. From (2.8) we have

IV ll2mr < CT, (3.11)

where C depends only on §.
On the other hand, for T < 1, we obviously have

I(p* = p°) = Fylll o7 < 26. (3.12)

And for ¢, we have

nwummfsmpﬂmmT+£yumdxsa+&uunma«ma

Taking T, < 1 and combining (3.11)—(3.13), we obtain (3.9).

Lemma 3.1 implies that the iteration (3.1)—(3.4) can proceed infinitely
and all the norms [[|U**tll,,,  and || D¢**t — D@ ||l 2, + are uni-
formly bounded.

LEmMMA 3.2 (Contraction in Low Norm). There exist constants Ty, r,, 15,
and a with 0 < T, < T,, ry +r, <1, such that, forall T < T},

U 2 = U g r <  IIUSHY = UMMl + 1, NS = UL, 7,y
(3.14)

I D**2 = DG*Ill o7 < a1 U* = U]l (3.15)

forallk =1,2,....
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Proof. Let VK =UM1—U* and % = ¢ — ¢k k=0,1,2,....
Then, from (3.1), (¥, %) satisfies

3
A(UY) o V* + Y A(U*) o, V"

= H,(U*, D$*) — H(U*"*, D¢p* 1)
—(Ao(U*) = Ay(U* 1)) 9,U* (3.16)

- gl(Aj(Uk) —A;(U* 1)) o, U,

Ayt = Hy(U*) — Hy(U*™ ") — (e — ¢,_y).

From the uniform boundedness in Lemma 3.1 and the Banach algebra
property of the space E, ;, one can easily obtain that, for any 0 < 7' < T,

Il H(U*, Do*) — H(U*™*, D" ) lll 2.7
< B,(IV* g + I Dy iz 7). (3.17)

3
I(Ag(U*) — Ag(U*Y)) a,U* + 'Z (A;(U*) —A4,(U* ) 3, U 2,7

SBZ |||Vk_1|||Z,T- (318)
Since H,(U*) — H,(U*" ') = p* — p*~1 and

llew = exsllor < [ I p* = p* =22, 7 d,
Q
we have
Il Hy(U*) — Hy(U*™Y) = (ex —ep_1) o < By lIVE 2l 7. (3.19)
Applying energy estimates (2.8) and (2.9) to the system (3.16), we obtain
I DG*** = D Il 5,7 < C, By IIVE Il o, 7 (3.20)
and
U = UMl 2,7 < CT((By + By) IVl 2,7 + C Byl Dyr* Ml 2, 7)
=CT NV llor + CT NV 2l 7. (3.21)

Choose T; such that CT, < 1/2and let &« = C,B;, r, =r, = CT,. This
completes the proof of Lemma 3.2.
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Proof of Main Theorem 1.1. It follows immediately from Lemma 3.2 by
taking summation of (3.14) that

YUt = U 2,7, < o (3.22)
k=1

This in turn implies that

s

I1D$*** = D"l 5,7, < o=
k

1

Therefore, there exists (U, ¢) belonging to E,,, , such that

k”m (|||Uk =Ullzr + Il D* — D¢”|2,T1) = 0.

Since ¢, = [(U}(x) — I(x)) dx /||, there exists e € E,,, 7, such that
klim e, —ell2z, =0. (3.23)

Obviously, E,,, » € H,, with H, being the classic Sobolev space. By the
Nirenberg interpolation inequality

Wil < VI "I, (3.24)

where || - ||, denotes the classical Sobolev norm of the space H,. Thus, from
Lemmas 3.1 and 3.2, we get that, for any s < m,

,('L”L(“Uk — Ulls + ID¢* — D¢ll;) =0
and
k"fl”e" —elly=0.
For m > 3, we have by the standard Sobolev embedding theorem
(U*, Do*,e,) = (U, Dp,e)  inC([0,T,],C*(Q)). (3.25)
Therefore, (U, D¢, e) satisfies in the classical sense the following
Ag(U) 9,U + Ay(U) a,U + A,(U) 3,.U + Ay(U) 3, U = H(U, D),
Ap=p—1I(x)—e. (3.26)

It remains to prove that e = 0. Since U = (U, U,, U;, Uy) = (p, u, v, w),
we have from the first equation of (3.26)

p,+ (pu)s, + (pv)x, + (pw)s, = 0. (3.27)
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Therefore,
[ pdc+ [V-(pu)ds=0.
Q Q

By the divergence theorem, we obtain

/th dx + fm( pu) - vdS = 0. (3.28)

Since U - v|,q = 0, (3.28) implies

ﬁtfﬂpdx = fﬂpt dx = 0.

Consequently,

fﬂpdx = /on dx = fQI(x) dx. (3.29)

Therefore, we have

e = /JL”lcek = kII_IIL fQ(Ulk — I(x)) dx/|Q| = j;)( po — I(x)) dx/1Q| = 0.
(3.30)

That is, U = (p,u,v,w) and ¢ satisfy (1.5)-(1.8) in the classical sense.
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