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1. INTRODUCTION

The hydrodynamic model for semiconductor devices is a generalization
of the drift diffusion model. It consists of a set of Euler equations with
certain source terms and a Poisson equation for electrical potential; see
w x9 . After appropriate scaling, the three-dimensional system can be written
as

r q = ? r u s 0,Ž .t

1 u
u q u ? = u q =p y =f s y , 1.1Ž . Ž .t r t

Df s r y I x ,Ž .

Ž .where r ) 0 is the electron density, u s u, ¨ , w the electron velocity, and
f the electrical potential. The constant t ) 0 is the velocity relaxation

Ž .time, and I x is the given smooth density of positive background ions
Ž . Ž . Ž .doping profile . p s p r is a given function with p9 r ) 0.

1This work was supported in part by ONR under Grant N00014-91-J-1291.
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The hydrodynamic model of semiconductors has been studied in the
w xliterature. A general mathematical survey of the model can be found in 9 .

In the case of one space dimension, the existence of steady-state solutions
w xin the transonic case was proved in 4 . For the time-dependent system, the

existence of a local smooth solution was proved by using Lagrangian
w xcoordinates in 13 , and the global existence of weak solutions was estab-

w xlished in 14 by the Gudunov scheme and compensated compactness
Ž . gtechnique, with p r s C r , 1 - g - 5r3. For g s 1, the existence ofp

global solutions for the isothermal hydrodynamic]elliptic system was ob-
w xtained in 10 by entropy methods. The existence of weak solutions and

w xtheir relation with the drift diffusion equations was studied in 8 . In the
multi-dimensional case, the only result is the existence of a steady-state

w xsolution in 2 .
In this paper, we will study the non-steady-state solutions of the model

in the three-dimensional space and show the existence of local solutions to
the initial boundary value problem.

Ž .We assume that at the initial time t s 0 the distribution of r, u is
known

<r , u s r , u x , x g V , 1.2Ž . Ž . Ž . Ž .ts0 0 0

where V is a bounded domain in R3 with smooth boundary.
At the boundary ­ V, we assume that

<u ? n s 0, 1.3Ž .­ V

<=f ? n s 0, 1.4Ž .­ V

where n is the outward unit vector normal to the boundary ­ V. Physically,
Ž .1.3 means that the walls are streamlines and there is no current flow

Ž .through ­ V, and 1.4 is a Neumann condition for the electrical potential
f which means that the electrical field is tangential to ­ V. That is, the

w xsemiconductor device is totally insulated; see 5 for details.
From a mathematical point of view, we can also consider other boundary

conditions for the potential f, such as the Dirichlet boundary condition. It
turns out that the problem is much easier for those other standard
boundary conditions than for the Neumann condition, because the exis-
tence of a solution for the Poisson equation with Neumann condition
requires extra compatibility.

We consider the initial boundary value problem

r q ru q r¨ q r w s 0,Ž . Ž . Ž .x x xt 1 2 3

u
ru q ruu q r¨u q r wu q p9 r r s r f y ,Ž .t x x x x xž /1 2 3 1 1 t
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¨
r¨ q ru¨ q r¨¨ q r w¨ q p9 r r s r f y ,Ž .t x x x x xž /1 2 3 2 2 t

w
r w q ruw q r¨w q r ww q p9 r r s r f y ,Ž .t x x x x xž /1 2 3 3 3 t

Df s r y I x , 1.5Ž . Ž .
<r , u , ¨ , w s r , u , ¨ , w , 1.6Ž . Ž . Ž .ts0 0 0 0 0

<u , ¨ , w ? n s 0, 1.7Ž . Ž .­ V

<=f ? n s 0. 1.8Ž .­ V

Ž .Introduce the vector U s r, u, ¨ , w and the matrices

u r 0 0¡ ¦1 0 0 0¡ ¦
2 2r r u

0 0 0 r 0 0
p9 p9

2 2r r uA U s , A U s ,Ž . Ž .0 10 0 0 0 0 0
p9 p9

2 2r r u
0 0 0 0 0 0¢ § ¢ §p9 p9

¨ 0 r 0¡ ¦
2r ¨

0 0 0
p9

2r ¨A U s ,Ž .2 r 0 0
p9

2r ¨
0 0 0¢ §p9

1.9Ž .

w 0 0 r¡ ¦
2r w

0 0 0
p9

2r wA U s .Ž .3 0 0 0
p9

2r w
r 0 0¢ §p9
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Ž . Ž .Then the problem 1.5 ] 1.8 can be rewritten as

A U ­ U q A U ­ U q A U ­ U q A U ­ U s H U, Df ,Ž . Ž . Ž . Ž . Ž .0 t 1 x 2 x 3 x 11 2 3

Df s H U ,Ž .2

U x , 0 s U x ,Ž . Ž .0

< <u , ¨ , w ? n s 0, =f ? n s 0,Ž . ­ V ­ V

1.10Ž .

where H and H are sufficient smooth functions of their arguments in1 2
the relevant domain. In particular, the first four equations form a hyper-
bolic symmetric system for U.

Because the boundary ­ V is characteristic with respect to the hyper-
Ž . Ž .bolic system 1.10 under the boundary condition 1.7 , we need to use the

partially tangential Sobolev spaces.
Let D be a complete set of differential operators which are tangent tos

Ž w x.the boundary ­ V see 3 , and let D be the usual differential operators
which are in all directions at ­ V. For an integer m G 0, define the space

E ' E V s W g L2 V ; Di D jW g L2 , i q 2 j F m , 1.11Ž . Ž . Ž .� 4m m s

with norm

5 5 2 < i j < 2W s D D W dx , 1.12Ž .Ým H s
Viq2 jFm

and the space

s ` w xE s W t , x ; ­ W g L 0, T , E , 0 F s F m , 1.13� 4Ž . Ž .Ž .m , T t mys

with norm

1r2m
2sA A 5 5W s sup ­ W t . 1.14Ž . Ž .Ým , T mystž /0FtFT ss0

For an even number 2m, spaces E have the following embedding2 m
w xproperty 1 :

E V ; C j V , m G j q 2.Ž . Ž .2 m

In this paper, we prove the existence of a classical solution for the initial
Ž .boundary value problem 1.10 in the space E with m G 4 and T < 1.m , T

The existence of classical solutions always requires compatibility condi-
Ž . � 4 Ž w x.tions at t, x g 0 = ­ V refer to 6 .
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The initial data U are called k th-order compatible if there is an0
˜ ˜ ˜ ˜Ž . Ž .approximate solution U, f , such that U, f satisfies the initial and

Ž . Ž .boundary conditions 1.6 ] 1.8 and such that

˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜A U ­ U q A U ­ U q A U ­ U q A U ­ U y H U, DfŽ . Ž . Ž . Ž . Ž .0 t 1 x 2 x 3 x 11 2 3

ky1˜s F s O t ,Ž .1

ky1˜ ˜ ˜Df y H U s F s O t .Ž .Ž .2 2

1.15Ž .

Ž .The Neumann condition 1.4 implies that we need to solve the following
Neumann problem of the Poisson equation with parameter t:

Df s r y I x ,Ž .
1.16Ž .

<=f ? n s 0.­ V

Ž . Ž w x.Problem 1.16 is solvable if and only if see, e.g., 12

r y I x dx s 0. 1.17Ž . Ž .Ž .H
V

Ž .In particular, 1.17 must be satisfied by the initial value r .0
Now we are ready to state the main theorem of the paper as follows:

THEOREM 1.1. Assume that:
`Ž . Ž .1. U s r , u , ¨ , w g C V .0 0 0 0 0

2. U is compatible up to order 2m with integer m ) 3; i.e., there exists0
˜ ˜ Ž .sufficient smooth functions U, f such that 1.15 is satisfied.

Ž .3. The initial ¨alue r satisfies 1.17 ; i.e.,0

r dx s I x dx.Ž .H H0
V V

Ž . Ž . Ž .Then there exists T ) 0 such that 1.5 ] 1.8 ha¨e a classical solution U, f ,
with

1 w x w x 2U g C 0, T = V , f g C 0, T , C V ,Ž .Ž . Ž .

and U, Df g E .2 m , T

`Ž . Ž w x.Remark 1.1. U g C V is assumed to simplify the discussion see 70
and can be obviously relaxed.
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Ž .Remark 1.2. The solution f for 1.16 is unique only up to a constant,
Ž .and problem 1.10 contains only Df. We will consider only the norms for

Df in the paper.

The plan of the paper is as follows. In Section 2, we linearize the
Ž .problem 1.10 and derive the energy estimate. And then, in Section 3, we

use the linear iteration to establish the existence of the solution. The
Ž .appearance of condition 1.17 is a completely new feature in the iteration.

Ž . Ž . w xWe first prove that 1.17 at t s 0 implies 1.17 for all t g 0, T , and then
we introduce an error term e at every step in the iteration scheme tok

Ž .validate 1.17 . Finally, we show that e converges to 0.k

2. LINEARIZED PROBLEM AND A PRIORI ESTIMATE

Ž . Ž .Let V, c denote the perturbations of U, f and consider the lin-
Ž . Ž . Ž .earized problem of 1.10 for V, c at U, f

A U ­ V q A U ­ V q A U ­ V q A U ­ V s F ,Ž . Ž . Ž . Ž .0 t 1 x 2 x 3 x 11 2 3

Dc s F , 2.1Ž .2

<V s 0, 2.2Ž .ts0

<V , V , V ? n s 0, 2.3Ž . Ž .­ V2 3 4

<=c ? n s 0, 2.4Ž .­ V

where

F g E , F g E1 2 m , T 2 2 m , T

and

j <­ F s 0, 0 F j F 2m y 1. 2.5Ž .ts0t 1

Ž . Ž . Ž . Ž .It follows from 2.2 , 2.1 , and 2.5 that the smooth solution V t, x
satisfies

j <­ V s 0, 0 F j F 2m. 2.6Ž .ts0t

THEOREM 2.1. Assume that

F dx s 0 2.7Ž .H 2
V
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A Afor all t G 0. Then there exists a d ) 0 such that, for all U y U - d ,2 m , T0
Ž . Ž . Ž .the solution V, c of 2.1 ] 2.4 satisfies the energy estimates

A A 2 A A 2V F C T F , 2.8Ž .2 m , T 2 m , T1 1

A A 2 A A 2Dc F C F , 2.9Ž .2 m , T 2 m , T2 2

where the constants C and C depend only on d .1 2

Proof. We cover V by a finite family of open sets UU , so that eitheri
1 � 4 � < < 4UU ;; V or UU l V is C diffeomorphic to x G 0 l x - 1 with ­ Vi i 1

� 4mapping to x s 0 .1
Choose a finite partition of unity 1 s Ýw subordinate to this cover andi
Ž . Ž . Ž .let V, c s Ýw V, c s Ý V , c . Changing coordinates in the boundaryi i i

Ž . � 4 � < < 4patches yields functions V, c ( x defined on x G 0 l x - 1 , whichi 1
Ž .we continue to call V , c , where x are diffeomorphisms.i i i

Thus, by the standard localization technique, it suffices to derive the
Ž .estimate for each V, c supported in a small coordinate patch. The

estimate for an interior patch UU ;; V is straightforward since there is noi
boundary conditions. We will consider only the boundary patches. A

Žchange of independent variables reduces the problem to the case refer to
w x.11

3 < < � 4V s R , supp V , c ; x - 1 and x G 0 , ­ V s x ; x s 0 .� 4Ž .q 1 1

Ž w x. iIn this case, D is generated by x ­ , ­ , and ­ refer to 3 . Since Ds 1 x x x s1 2 3

is a linear combination of x ­ , x 2­ 2, . . . , x i ­ i , ­ , ­ 2 , . . . , ­ i , and1 x 1 x 1 x x x x1 1 1 2 2 2

­ , ­ 2 , . . . , ­ i , it suffices to provex x x3 3 3

5 l j k r s 5 2 A A 2x ­ ­ ­ ­ V F CT F 2.10Ž .Ý 0 2 m , T1 x x x t 11 2 3
kqrqsq2 jylF2 m , lFj

and

5 l j k r s 5 2 A A 2x ­ ­ ­ ­ Dc F C F . 2.11Ž .Ý 0 2 m , T1 x x x t 21 2 3
kqrqsq2 jylF2 m , lFj

Ž . Ž . Ž .Since V and c in 2.1 are not coupled, 2.10 and 2.11 can be
established separately.

Ž . s Ž . Ž .Proof of 2.11 . Applying ­ to 2.1 and 2.4 , we obtaint

D­ sc s ­ sF ,t t 2

s <= ­ c ? n s 0.Ž . ­ Vt
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This is the Neumann problem for the Poisson equation. By assumption
Ž . s2.7 on F , there is a solution unique up to a constant such that ­ Df2 t

Ž w x.satisfies see 12

5 s 5 2 5 s 5 2 A A 2­ Dc F C ­ F F C F . 2.12Ž .Ý Ý0 0 2 m , Tt t 2 2
sF2 m sF2 m

Ž . Ž .For the special case j s 0, 2.11 is valid just as in 2.12 by applying the
k r s Ž . Ž .operator ­ ­ ­ to 2.1 and 2.4 . And we have the same estimate as inx x t2 3

Ž .2.12

5 k r s 5 2 A A 2­ ­ ­ Dc F C F . 2.13Ž .Ý 0 2 m , Tx x t 22 3
kqrqsF2 m

The estimate for normal derivatives ­ j can then be obtained obviouslyx1
Ž . Ž .from the differential equation 2.1 . This concludes the proof of 2.11 .

Ž . Ž .Proof of 2.10 . We prove 2.10 by induction on i s j y l and 0 F
i F m.

v
j j k r s Ž .For i s 0, let V s x ­ ­ ­ ­ V. Then, from 2.1 , V satisfiesjk sr 1 x x x t jk sr1 2 3

A ­ V q A ­ V q A ­ V q A ­ V s F , 2.14Ž .0 t jk sr 1 x jk sr 2 x jk sr 3 x jk sr jk sr1 2 3

where

F s A x j­ j ­ k ­ r ­ s Ay1FŽ .jk sr 0 1 x x x t 0 11 2 3

q A ­ V y A x j­ j ­ k ­ r ­ s Ay1A ­ V½ 5Ž .1 x jk sr 0 1 x x x t 0 1 x1 1 2 3 1

q A ­ V y A x j­ j ­ k ­ r ­ s Ay1A ­ V½ 5Ž .2 x jk sr 0 1 x x x t 0 2 x2 1 2 3 2

q A ­ V y A x j­ j ­ k ­ r ­ s Ay1A ­ V . 2.15Ž .½ 5Ž .3 x jk sr 0 1 x x x t 0 3 x3 1 2 3 3

Ž .Taking the inner product of 2.14 over V with V and then integratingjk sr
� < < 4by parts using the fact that supp V ; x - 1, x G 0 yields1

² : ² : <­ V , A V y V , A V x s0t jk sr 0 jk sr jk sr 1 jk sr 1

² :s V , ­ A q ­ A q ­ A q ­ A VŽ . Ž . Ž . Ž .Ž .jk sr t 0 x 1 x 2 x 3 jk sr1 2 3

² :q 2 F , V . 2.16Ž .jk sr jk sr

Ž .Since u s 0 at x s 0 in A of 1.9 , we have1 1

² : < 2 j j k r s j k r s <V , A V s 2 r x ­ ­ ­ ­ V ? ­ ­ ­ ­ V ,x s0 x s0jk sr 1 jk sr 1 x x x t 1 x x x t 21 11 2 3 1 2 3
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Ž . <which is obviously 0 if j ) 0. If j s 0, since 2.3 is simply V s 0,x s02 1
k r s < ² : <­ ­ ­ V s 0. Therefore, we also have V , A V s 0.x s0 x s0x x t 2 jk sr 1 jk sr1 12 3

Ž .Therefore, from 2.16 , we have

5 5 2 5 5 2 5 5 2­ V t F C V t q F t . 2.17Ž . Ž . Ž . Ž .0 0 0t jk sr jk sr jk sr

Here and in the following, we will use C to denote any constant which is
independent of t for t F T.

<By Gronwall’s inequality and using the fact that V s 0, we obtaints0jk sr

t2 25 5 5 5V t F C F t dt . 2.18Ž . Ž . Ž .0 H 0jk sr jk sr
0

5 Ž .5 y1Now we need to estimate F t . A is bounded in the expression0jk sr 0
Ž .2.15 for r G d ) 0 and d < 1. So it is easy to obtain the estimates0 1

5 j j k r s y1 5 2 A A 2x A ­ ­ ­ ­ A F F C F ,Ž . 0 2 m , T1 0 x x x t 0 1 11 2 3

5 j j k r s y1 5 2A ­ V y A x ­ ­ ­ ­ A A ­ V 0Ž .2 x jk sr 0 1 x x x t 0 2 x2 1 2 3 2

5 j j k r s 5 2F C x ­ ­ ­ ­ V t ,Ž .Ý 01 x x x t1 2 3
jqkqrqsF2 m

5 j j k r s y1 5 2A ­ V y A x ­ ­ ­ ­ A A ­ V 0Ž .3 x jk sr 0 1 x x x t 0 3 x3 1 2 3 3

5 j j k r s 5 2F C x ­ ­ ­ ­ V t .Ž .Ý 01 x x x t1 2 3
jqkqrqsF2 m

Ž .The second term of 2.15 consists of two kinds of terms

W ' x j­ j1­ k1­ r1­ s1V , where j F j, 2.19Ž .1 1 x x x t 11 2 3

and

W ' x j­ jq1­ k 2­ r2­ s2V , where s q k q r q j F 2m y 1. 2.20Ž .2 1 x x x t 2 2 21 2 3

Obviously, we have

5 5 2 5 j j k r s 5W F x ­ ­ ­ ­ V . 2.21Ž .Ý0 01 1 x x x t1 2 3
jqkqrqsF2 m
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To estimate W , we notice that2

u r 0 0 ¨ 0 r 0
p9 0 ¨ 0 0

u 0 0y1 y1 p9A A s , A A s ,r0 1 0 2 0 ¨ 0
r0 0 u 0� 0 � 0

0 0 0 u 0 0 0 ¨

w 0 0 r

0 w 0 0
y1 0 0 w 0A A s .0 3

p9� 00 0 w
r

and u s 0 on x s 0. Therefore, the last two components of vector W can1 2
be controlled by

5 j j k r s 5x ­ ­ ­ ­ V .Ý 01 x x x t1 2 3
jqkqrqsF2 m

For the first two components of W , we have2

­ V q u­ V q r­ V q terms of ­ V and ­ V s Ay1F ,Ž . Ž .t 1 x 1 x 2 x x 0 1 11 1 2 3

p9
y1­ V q ­ V q u­ V q terms of ­ V and ­ V s A F .Ž . Ž .t 2 x 1 x 2 x x 0 1 21 1 2 3r

2.22Ž .

<Since p9 ) 0, r ) 0, and u s 0, ­ V and ­ V can be expressed inx s0 x 1 x 21 1 1
Ž .terms of ­ V, ­ V, ­ V, and F from 2.22 .t x x 12 3

Thus, the first two components of W can be expressed as linear2
combinations of

x j­ j ­ k 2q1­ r2­ s2V , x j­ j ­ k 2­ r2q1­ s2V , x j­ j ­ k 2­ r2­ s2q1 V , x j­ j ­ k 2­ r2­ s2 F ,1 x x x t 1 x x x t 1 x x x t 1 x x x t 11 2 3 1 2 3 1 2 3 1 2 3

which in turn can be controlled by

5 j j k r s 5 2 5 j j k r s 5 2x ­ ­ ­ ­ V , x ­ ­ ­ ­ F .0 01 x x x t 1 x x x t 11 2 3 1 2 3

Therefore, the first two components of W are controlled by2

5 j j k r s 5 5 j j k r s 5x ­ ­ ­ ­ V , x ­ ­ ­ ­ F .0 01 x x x t 1 x x x t 11 2 3 1 2 3
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Ž .Summarizing the estimates of all terms of 2.15 , we obtain

5 5 2 A A 2 5 j j k r s 5 2F F C F q x ­ ­ ­ ­ V . 2.23Ž .Ý0 2 m , T 0jk sr 1 1 x x x t1 2 3ž /
jqkqrqsF2 m

Ž . Ž .So, from 2.18 and 2.23 , we have

5 5 2V tŽ .Ý 0jk sr
jqkqrqsF2 m

T 2 2A A 5 5F C F q V t dt .Ž .ÝH 2 m , T 01 jk srž /0 jqkqrqsF2 m

Again, by Gronwall’s inequality,

T2 2 25 5 A A A AV t F C F dz s CT F . 2.24Ž . Ž .Ý 0 H 2 m , T 2 m , Tjk sr 1 1
0jqkqrqsF2 m

Ž .This finishes the proof of 2.10 for i s j y l s 0.

v Ž . Ž .Assuming 2.10 for 0, 1, 2, . . . , i y 1, we proceed to prove 2.10
for i.

l lqiy1 k r s Ž .Apply the operator x ­ ­ ­ ­ to the first two equations of 2.1 .1 x x x t1 2 3

Then the first two components of

x l ­ lq i­ k ­ r ­ sV 2.25Ž .1 x x x t1 2 3

can be expressed as linear combinations of the following terms:

x l ­ lq iy1­ kq1­ r ­ sV , x l ­ lq iy1­ k ­ rq1­ sV ,1 x x x t 1 x x x t1 2 3 1 2 3

x l ­ lq iy1­ k ­ r ­ sq1V , x l ­ lq iy1­ k ­ r ­ sF .1 x x x t 1 x x x t 11 2 3 1 2 3

By the induction assumption, the first three terms can be controlled by
A A Ž 2 my1.T F . Since F s O t , the last term is controlled by2 m , T1

A l lqiy1 k r sq1 A A At x ­ ­ ­ ­ F , which in turn is controlled by T F .0, t 2 m , T1 x x x t 1 11 2 3
l lqi k r s Ž .Applying x ­ ­ ­ ­ to the last two equations of 2.1 ,1 x x x t1 2 3

p9 p9
­ V q u­ V q ¨­ V q ­ V q w­ V s F ,Ž .t 3 x 3 x 3 x 1 x 3 1 321 2 3 3r r

2.26Ž .
p9 p9

­ V q u­ V q ¨­ V q ­ V q w­ V s F ,Ž .t 4 x 4 x 4 x 1 x 4 1 421 2 3 3r r
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we obtain

­ q u­ q ¨­ q w­ x l ­ lq i­ k ­ r ­ sV s G ,Ž .t x x x 1 x x x t 3 31 2 3 1 2 3
2.27Ž .

l lqi k r s­ q u­ q ¨­ q w­ x ­ ­ ­ ­ V s G ,Ž .t x x x 1 x x x t 4 41 2 3 1 2 3

where G and G consist of3 4

p9 p9
l lqi k r s l lqi k r sx ­ ­ ­ ­ F , x ­ ­ ­ ­ ­ V ,1 x x x t 1 1 x x x t x 12 21 2 3 1 2 3 2ž / ž /r r

l lqi k r s l lqi k r sx ­ ­ ­ ­ , ¨­ V , x ­ ­ ­ ­ , w­ V ,1 x x x t x 3, 4 1 x x x t x 3, 41 2 3 2 1 2 3 3

l lqi k r sx ­ ­ ­ ­ , u­ V .1 x x x t x 3, 41 2 3 1

Ž . l lqi k r s l lqi k r s2.27 is a system for x ­ ­ ­ ­ V and x ­ ­ ­ ­ V . Since u s 0 at1 x x x t 3 1 x x x t 41 2 3 1 2 3

x s 0, we can derive an energy estimate for its solution by integration by1
parts without incurring any boundary terms:

5 l lqi k r s 5 5 5x ­ ­ ­ ­ V t F CT G . 2.28Ž . Ž .0 0, T1 x x x t 3, 4 3, 41 2 3

Now let us estimate the terms in G and G . First of all, we obviously have3 4

p9
l lqi k r s A Ax ­ ­ ­ ­ F F C F ,2 m , T1 x x x t 1 121 2 3 ž /r 0

p9
l lqi k r s A Ax ­ ­ ­ ­ ­ V t F CT F .Ž . 2 m , T1 x x x t x 1 121 2 3 2ž /r 0

w l lqi k r s x w l lqi k r s xx ­ ­ ­ ­ , ¨­ V and x ­ ­ ­ ­ , w­ V are either standard1 x x x t x 3, 4 1 x x x t x 3, 41 2 3 2 1 2 3 3
Ž .lower-order terms of 2.28 or the terms with x-derivative one order lower,

which are estimated by the induction assumption.
w l lqi k r s xThe term x ­ ­ ­ ­ , u­ V is a linear combination of the follow-1 x x x t x 3, 41 2 3 1

ing terms:

x l ­ lq i­ k ­ r ­ sV , x l ­ lq iq1­ ky1­ r ­ sV ,1 x x x t 3, 4 1 x x x t 3, 41 2 3 1 2 3

x l ­ lq iq1­ k ­ ry1­ sV , x l ­ lq iq1­ k ­ r ­ sy1V .1 x x x t 3, 4 1 x x x t 3, 41 2 3 1 2 3

Ž .The first term is a standard lower-order term of 2.27 ; the other terms can
be estimated through another induction on k q r q s G 0. Consequently,

Ž .from 2.28 we have

5 l lqi k r s 5 A Ax ­ ­ ­ ­ V F CT F . 2.29Ž .0 2 m , T1 x x x t 3, 4 11 2 3

Ž .This proves 2.10 for i and completes the proof of Theorem 2.1.
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3. SOLUTION TO THE NON-LINEAR PROBLEM

In this section, we will use the linear iteration to establish the existence
Ž .of a solution for 1.10 and conclude the proof of the main theorem 1.1.

The solution is constructed through the iteration scheme

3
k kq1 k kq1 k kA U ­ U q A U ­ U s H U , Df ,Ž . Ž . Ž .Ý0 t j x 1j

js1

Df kq1 s H U k y e , 3.1Ž . Ž .2 k

U kq1 0, x , x , x s U x , x , x , 3.2Ž . Ž . Ž .1 2 3 0 1 2 3

kq1 kq1 kq1 <U , U , U ? n s 0, 3.3Ž .Ž . ­ V2 3 4

kq1 <=f ? n s 0 3.4Ž .­ V

for k s 0, 1, 2, . . . , with

0 ˜ 0 ˜U s U, f s f , 3.5Ž .

˜ ˜Ž .with U, f being the approximate solution.
Ž .The term e in 3.1 is taken ask

1
ke s U x y I x dx , k s 0, 1, 2, . . . , 3.6Ž . Ž . Ž .Ž .Hk 1< <V V

kq1 Žso that the initial boundary value problem for f is well-posed up to a
.constant .

k k ˜A A Ž . Ž .For all U such that U y U - d , the problem 3.1 ] 3.4 can2 m , T
w xbe solved in 0, T with

j kq1 ˜ <­ U y U s 0, 0 F j F 2m , 3.7Ž .Ž . ts0t

j kq1 ˜ <­ Df y Df s 0, 0 F j F 2m y 1. 3.8Ž .Ž . ts0t

Ž w x.As usual see, e.g., 6, 7 , we first show that certain high-order norms of
Ž k k .U , Df are bounded and then prove that, in a lower-order norm, the

Ž k k . Ž kq1 kq1.map U , Df ¬ U , Df is a contraction.

Ž . < Ž . <LEMMA 3.1 Boundedness in High Norm . Let L s H I x dx q 3d .V

Ž .There exist T s T d , L ) 0 such that, for T F T ,0 0 0

A kq1 0 A A kq1 0 AU y U F d , Df y Df F L 3.9Ž .2 m , T 2 m , T

for all k s 0, 1, 2, . . . .
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Proof. We prove by induction on k. Let V s U kq1 y U 0, c s f kq1 y
0 Ž .f . Then V, c satisfies

3
k kA U ­ V q A U ­ VŽ . Ž .Ý0 t j x j

js1

k k 0 0 ˜s H U , Df y H U , Df y FŽ . Ž .1 1 1 3.10Ž .
3

0 k 0 0 k 0q A U y A U ­ U q A U y A U ­ U ,Ž . Ž . Ž . Ž .Ž . Ž .Ý0 0 t j j x j
js1

k 0 ˜ k 0 ˜Dc s H U y H U y F y e s r y r y F y eŽ . Ž . Ž .2 2 2 k 2 k

together with the homogeneous initial and boundary conditions. Since
kq1 < 0 < k < 0 <U s U s U and consequently Df s Df , the right-ts0 ts0 ts0 ts00

Ž . Ž .hand side of the first equation in 3.10 is 0 at t s 0. From 2.8 we have

A AV F CT , 3.11Ž .2 m , T

where C depends only on d .
On the other hand, for T < 1, we obviously have

k 0 ˜A Ar y r y F F 2d . 3.12Ž .Ž . 2 m , T2

And for e , we havek

A A A k A < < < <e F r q I x dx F d q I x dx. 3.13Ž . Ž . Ž .2 m , T 2 m , T H Hk
V V

Ž . Ž . Ž .Taking T < 1 and combining 3.11 ] 3.13 , we obtain 3.9 .0

Ž . Ž .Lemma 3.1 implies that the iteration 3.1 ] 3.4 can proceed infinitely
A kq1 A A kq1 0 Aand all the norms U and Df y Df are uni-2 m , T 2 m , T

formly bounded.

Ž .LEMMA 3.2 Contraction in Low Norm . There exist constants T , r , r ,1 1 2
and a with 0 - T F T , r q r - 1, such that, for all T F T ,1 0 1 2 1

A kq2 kq1 A A kq1 k A A k ky1 AU y U F r U y U q r U y U ,2, T 2, T 2, T1 2

3.14Ž .

A kq1 k A A k ky1 ADf y Df F a U y U 3.15Ž .2, T 2, T

for all k s 1, 2, . . . .
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Proof. Let V k s U kq1 y U k and c k s f kq1 y f k, k s 0, 1, 2, . . . .
Ž . Ž k k .Then, from 3.1 , V , c satisfies

3
k k k kA U ­ V q A U ­ VŽ . Ž .Ý0 t j x j

js1

s H U k , Df k y H U ky1 , Df ky1Ž . Ž .1 1

y A U k y A U ky1 ­ U kŽ . Ž .Ž .0 0 t 3.16Ž .
3

k ky1 ky A U y A U ­ U ,Ž . Ž .Ž .Ý j j x j
js1

Dc k s H U k y H U ky1 y e y e .Ž . Ž . Ž .2 2 k ky1

From the uniform boundedness in Lemma 3.1 and the Banach algebra
property of the space E , one can easily obtain that, for any 0 - T F T ,2, T 0

A k k ky1 ky1 AH U , Df y H U , DfŽ . Ž . 2, T1 1

A ky1 A A ky1 AF B V q Dc , 3.17Ž .Ž .2, T 2, T1

3
k ky1 k k ky1 kA AA U y A U ­ U q A U y A U ­ UŽ . Ž . Ž . Ž .Ž . Ž .Ý 2, T0 0 t j j x j

js1

A ky1 AF B V . 3.18Ž .2, T2

Ž k . Ž ky1. k ky1Since H U y H U s r y r and2 2

A A A k ky1 Ae y e F r y r dx ,2, T H 2, Tk ky1
V

we have

A k ky1 A A ky1 AH U y H U y e y e F B V . 3.19Ž . Ž . Ž . Ž .2, T 2, T2 2 k ky1 3

Ž . Ž . Ž .Applying energy estimates 2.8 and 2.9 to the system 3.16 , we obtain

A kq1 k A A ky1 ADf y Df F C B V 3.20Ž .2, T 2, T2 3

and

A kq1 k A A ky1 A A ky1 AU y U F C T B q B V q C B DcŽ .Ž .2, T 2, T 2, T1 1 2 2 3

A ky1 A A ky2 As CT V q CT V . 3.21Ž .2, T 2, T

Choose T such that CT - 1r2 and let a s C B , r s r s CT . This1 1 2 3 1 2 1
completes the proof of Lemma 3.2.
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Proof of Main Theorem 1.1. It follows immediately from Lemma 3.2 by
Ž .taking summation of 3.14 that

`
kq1 kA AU y U F `. 3.22Ž .Ý 2, T1

ks1

This in turn implies that
`

kq1 kA ADf y Df F `.Ý 2, T1

ks1

Ž .Therefore, there exists U, f belonging to E such that2 m , T1

A k A A k Alim U y U q Df y Df s 0.Ž .2, T 2, T1 1
kª`

Ž kŽ . Ž .. < <Since e s H U x y I x dxr V , there exists e g E such thatk V 1 2 m , T1

A Alim e y e s 0. 3.23Ž .2, Tk 1
kª`

Obviously, E ; H with H being the classic Sobolev space. By the2 m , T m m
Nirenberg interpolation inequality

5 5 5 51ysr m 5 5 sr mV F V V , 3.24Ž .s 0 m

5 5where ? denotes the classical Sobolev norm of the space H . Thus, froms s
Lemmas 3.1 and 3.2, we get that, for any s - m,

5 k 5 5 k 5lim U y U q Df y Df s 0Ž .s s
kª`

and

5 5lim e y e s 0.sk
kª`

For m ) 3, we have by the standard Sobolev embedding theorem

k k w x 1U , Df , e ª U, Df , e in C 0, T , C V . 3.25Ž . Ž . Ž .Ž . Ž .k 1

Ž .Therefore, U, Df, e satisfies in the classical sense the following

A U ­ U q A U ­ U q A U ­ U q A U ­ U s H U, Df ,Ž . Ž . Ž . Ž . Ž .0 t 1 x 2 x 3 x 11 2 3

Df s r y I x y e. 3.26Ž . Ž .
Ž . Ž .It remains to prove that e s 0. Since U s U , U , U , U s r, u, ¨ , w ,1 2 3 4

Ž .we have from the first equation of 3.26

r q ru q r¨ q r w s 0. 3.27Ž . Ž . Ž . Ž .x x xt 1 2 3
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Therefore,

r dx q = ? r u dx s 0.Ž .H Ht
V V

By the divergence theorem, we obtain

r dx q r u ? n dS s 0. 3.28Ž . Ž .H Ht
V ­ V

< Ž .Since u ? n s 0, 3.28 implies­ V

­ r dx s r dx s 0.H Ht t
V V

Consequently,

r dx s r dx s I x dx. 3.29Ž . Ž .H H H0
V V V

Therefore, we have

k < < < <e s lim e s lim U y I x dxr V s r y I x dxr V s 0.Ž . Ž .Ž .Ž .H Hk 1 0
kª` kª` V V

3.30Ž .

Ž . Ž . Ž .That is, U s r, u, ¨ , w and f satisfy 1.5 ] 1.8 in the classical sense.

REFERENCES

1. S. Alinhac, Existence d’ondes de rarefaction pour des systemes quasi-lineaires multi-di-
Ž .mensionnels, Comm. Partial Differential Equations 14 1989 , 173]230.

2. P. Degand and P. A. Markowich, A steady state potential flow model for semiconductors,
Ž .Ann. Mat. Pura Appl. 1993 , 87]98.

3. K. O. Friedrichs, Symmetric positive linear differential equations, Comm. Pure Appl.
Ž .Math. 11 1958 , 333]418.

4. I. M. Gamba, Stationary transonic solutions of a one-dimensional hydrodynamic model
Ž .for semiconductors, Comm. Partial Differential Equations 17 1992 , 553]577.

5. I. M. Gamba and C. S. Morawetz, A viscous approximation for a 2-D steady semiconduc-
tor or transonic gas dynamic flow: Existence theorem for potential flow, Comm. Pure

Ž .Appl. Math. 49 1996 , 999]1049.
6. G. Ganser, X. Hu, and D. Li, Solutions for a 2-dimensional hyperbolic]elliptic coupled

Ž .system, SIAM J. Math. Anal. 27 1996 , 1024]1037.
7. H. Hattori and D. Li, Solutions for two-dimensional system for materials of Korteweg

Ž .type, SIAM J. Math. Anal. 25 1994 , 85]98.



LI AND QIAN254

8. P. Marcati and R. Natalini, Weak solutions to a hydrodynamic model for semiconductors
Ž .and relaxation to the drift-diffusion equation, Arch. Rational Mech. Anal. 129 1995 ,

129]145.
9. P. A. Markowich, C. Ringhofer, and C. Schmeiser, ‘‘Semiconductor Equations,’’

Springer-Verlag, ViennarNew York, 1990.
10. F. Poupaud, M. Rascle, and J. P. Vila, Global solutions to the isothermal Euler]Poisson

Ž .system with arbitrarily large data, J. Differential Equations 123 1995 , 93]121.
11. J. Rauch, Symmetric positive systems with boundary characteristic of constant multiplic-

Ž .ity, Trans. Amer. Math. Soc. 291 1985 , 167]187.
12. F. Treves, ‘‘Basic Linear Partial Differential Equations,’’ Academic Press, New York,

1975.
13. B. Zhang, On a local existence theorem for a simplified one-dimensional hydrodynamic

Ž .model for semiconductor devices, SIAM J. Math. Anal. 25 1994 , 941]947.
14. B. Zhang, Convergence of the Godunov scheme for a simplified one-dimensional hydro-

Ž .dynamic model for semiconductor devices, Comm. Math. Phys. 157 1993 , 1]22.


	1. INTRODUCTION
	2. LINEARIZED PROBLEM AND A PRIORI ESTIMATE
	3. SOLUTION TO THE NON-LINEAR PROBLEM
	REFERENCES

