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Abstract

The paper deals with the convergence of discrete approximations to optimization problems gov-
erned by neutral functional differential inclusions. The discrete approximations through Euler finite
difference are constructed and the convergence of discrete approximations is proved.
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1. Introduction

Let F : R%" x [a, b] = R” be a set-valued mapping, and jet R* x [a, b] — R" be a
nonlinear function. Consider the following optimization problem:

b
minimize J[x]:ga(x(a),x(b))—i—/f(x(t),x(t—r),fc(t),fc(t—t),t)dt (1.1)

a
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over a set of functions : [a — 7, b] — R”", which are absolutely continuous ¢n— 7, a]
andl[a, b] with a possible jump at= a and satisfy the following neutral functional differ-
ential inclusion:

X)) —A@Wx(t—1)e F(x(@),x(t —1),t), a.etela,b], (1.2)
x(t) =c(), tela—r,a), )
with the endpoint constraint
(x(a), x(b)) € 2 C R, (1.3)

wheres? is a closed set; > 0 is a delay, andi(¢) is an x n continuous matrix offa, b].
The above optimization problem is labell¢&). To solve and analyzéP) numerically,
discrete approximation through Euler finite difference turns out to be a useful tool. Such
an approach to optimization problems goes back to Euler, who used it to prove the classical
Euler—Lagrange equation in the calculus of variations. In this paper we construct discrete
approximationg Py) to (P) and prove the convergence of discrete approximations in the
sense described in the following.

In [6], Mordukhovich and Wang discussed the convergence of discrete approximations
and optimality conditions of (1.1) with the special cgse- f(x(¢), x(t — 1), t) Subject to
the following neutral functional differential inclusion in the so-called Hale form:

d/dt[x(t) — Ax(t —1)]€e F(x(t),x(t — 1),t), a.et¢€la,b],
x(t)=c(), tela—r,a),

whereA is a constant matrix. Note that in this case the trajectariesare not necessarily
absolutely continuous ofa, b], such are combinationst) — Ax(t — 7).

The general framework of this paper is based on Mordukhovich [4] for ordinary dif-
ferential inclusions, Mordukhovich and Wang [5] for delayed differential inclusions, and
Mordukhovich and Wang [6] for neutral functional differential inclusions in the Hale
form.

Let x(z) be a trajectory of (1.2). We assume thé&tx, y, r) is locally bounded, locally
Lipschitzian continuous around(t), and Hausdorff continuous a.e. émn b]. More pre-
cisely, the following assumptions are imposed throughout the paper:

(A1) There are an open s&t C R" and two positive number&g, mp such thatc(r) e U
foranyt € [a — 7, b]. Also, the sets (x, y, t) are closed and

F(x,y,t) CmpB,

F(x1,y1,1) C F(x2, y2,1) + £p(Ix1 — x2| + |y1 — y2!)B

forall (x, y), (x1, y1), (x2, y2) € U x U andt € [a, b].

(A2) There is a null se#d such thatF (x, y, -) is Hausdorff continuous ofx, 4] \ A uni-
formlyin U x U.

(A3) c() is continuous differentiable o — 7, a].
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Consider the averaged modulus of continuity for the set-valued maggingy, ¢) de-
fined by

b
T(F;h):= /O‘(F; t,h)dt,

where
o(F;t,h):=suplo(F;x,y,t,h) | (x,y) e U x U},
with
w(F;x,y,t,h)
:=suplhaugF (x, y, 1), F(x,y,t")) | (¢/.t") €[t —h/2,t + h/2] N [a, b},
where hau&F (x, v, t'), F(x, y,t")) is the Hausdorff distance between the s&ts, y, ")
andF(x, y, t”). Itis proved in [2] that: (F; h) — 0 ash — 0 under assumption (A2).

Let us construct discrete approximations to differential inclusion (1.2) (A9} Re-
placing the derivatives in (1.2) by the Euler finite differences

x(t)~ [x(t +h)— x(t)]/h, Xt—1)~ [x(t +h—1)—x(— r)]/h
implies the following discrete approximations to (1.2):

XN (tj+1) — A@j+D)xN (41— T)
€ xN(tj) — A(tj)xN(tj —7)+ hNF(xN(tj),xN(tj — 1), tj) fij =0,...,k,
XN(tj) =C(l‘j) fOI’j =—N,...,—1
1.4)
Here,N € N, the set of all natural numbetisy :=t/N,t; :==a+ jhy for j =—N, ...k,
wherek is a natural number determined by khy < b <a + (k+ Dhy, andsi1 :=b.

A collection of vectors(xy(¢;) | j = —N, ..., k + 1} satisfying (1.4) is called a dis-
crete trajectory, and the collectidfixy (rj+1) —xn(j)1/hn | j=—N, ..., k} is called a
discrete velocity.

The extended discrete velocities pn— z, b], denoted byt y (7), are defined as piece-
wise constant extensions of discrete velocitie$on t, a) and[a, b] respectively by

in@) = [xnjs) —xn )]/ by, tE€ltj, tjz1), j=—N,... k.
The extended discrete trajectories[an- 1, b], denoted by y (¢), are defined as piecewise
linear extensions of discrete trajectories[on- z, b]. Clearly,
t
xy () =x(a)+ /J%N(S)ds, t €la,b].

a
2. Convergence of discrete approximations
In this section, we consider the convergence of discrete approximations constructed in

Section 1. We prove that the extended discrete trajectories conveige) toniformly on
[a — 7, b], and the extended discrete velocities convergetpin L2-norm on[a — 7, b].



L. Wang / J. Math. Anal. Appl. 309 (2005) 474-488 477

Theorem 2.1. Assume that (¢) is a trajectory of(1.2) under hypothesg#\1)—(A3). Then
there is a sequence of solutions(tb4), zy(¢;), j = —N, ...,k + 1, such thatzy (o) =
x(a), the extended discrete trajectorieg () converge tax(z) uniformly on[a — t, b],
and the extended discrete velocitigg(r) converge tax(¢) in L2-norm on[a — 1, b] as
N — oo.

Proof. Let pon(¢) be an arbitrary sequence of functions[anb] s:uch thai;gog\{(t) is con-
stant on¢;, ¢;4+1) for everyj =0, ..., k, andpy (t) converges ta (1) — A(H)x(r — 1) as
N — oo in the norm ofL1[a, b]; such a sequence exists because of the density of step-
functions inL[a, b]. It follows from (A1) that fort € [a, b],

lon (O] <[5 — ADX( —1) — N (O] + |5 (1) — ADOX@ —T)| <L+ mp.
Let

b
&y = f|fc<r> —AX(t =) — PN ()] d1.

Thenéy — O follows from the construction opy (¢). Define discrete functionsy (),
j=-—N,...,k+1, as follows:
un(tj+1) — AEj+Dun(tj+1— 1)
[ =un(tj) — A)un(Et; —t)+hneon(), j=0,...,k,
un(t)) = x(t)), j=-N,...,0.
The extended discrete functions are
un(t) —A@uy (@ —7)
=i(a) — Al@i(@—1)+ [, pn(s)ds, t€la,b],
un () =5 (tj) + "D ¢y, t€ltj,1j41), (2.1)
j=—-N,...,-2,
U (t) = %(-p) + FOEER @ — 1y, 1€ [ig10).
LetEn () :=upn(t) — x(t). We are to show thd€y ()| — 0 uniformly on[a — 7, b] as
N — oo. To this end, defingy (¢) := |En(t) — A@)EN(t — T)|. FOr anyr € [a, b],

() = |un (@) — A@un(t — 1) — [X(1) — A@OX( — D]

t

< /|fc(s) C AW =) — pn(s)|ds < En.

a

then
[En (O] < yn @) + M[En( = T)| < yw () + Myn(t — ) + M?|En (1 — 27)]
<< yn () + Myn(t — 1) + M?|yn (t — 20)|
o M EN (t = (m + D)
whereM := maXeq.p) |A®)].

3
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Choose a sequengg — 0 asN — oo. (A3) implies the uniform continuity of(-) and
¢()yonfa — t,al, then|c(t) — c(®”)| < By and|c(¢) — ¢(t”)| < By for any sufficiently
large N and anyr’,t” € [tj,tj41] for j = —N, ..., —1. Similarly, the uniform continuity
of A(¢) on[a, b] implies that

|A() — AG")| < BN

for any sufficiently largeV and anyt’, 1" € [t;,tj41]1 for j =0, ... k.
Letm be an integer witlh — 7 < b — (m + 1)t <a. Thent — (m + D)t € [t;, tj41] for
somej € {—N,...,—1},and

c(tjy1) — c(t))
hn
<Jelty) —c(t = m+ D)| + |e(tj11) — c(t))| < 2Bw.

Sincem does not depend oN, one has that

|En (1 = m 4+ D1)| < [et)) + (t —tj) —c(t — (m+Dr)

|En®)| <En(L+ M+ +M™)+2M" By -0 asN — oo. (2.2)

Define

k
¢n = hy Y dist(pn (t); Fun (), un(tj — ). 1))

j=0
We have
¢ Lt

=) / dist(pn (1); F(un (1), un(t; —©),1;)) dt

Lj+1

+Z/ [dist(on (1;); F(un (), un(t; — 7),1;)) dt

j=07
—dist(pn (t); F (un (t)), un(t; — ), 1)) ] dt

¢l kot
Z[mst (o8 (1)) Fun (), un(tj —),1) dt+Zfo(F;t,hN)dt
=0 j=0;

& fjt+1

gz/dist(gaN(tj);F(uzv(tj),uzv(fj—T)vf))d“”(F;hN)'

j:O[j

(A1) implies that for any € [t;,1;41) (j =0,...,k),
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dist(pn (1)); F(un(t)), un(tj —1),1)) — dist(oy (t;); F(un @), un(t — 1), 1))
< dist(F(un(t)), un(t; —©),1), F(un (), un(t — 1), 1))
<Le(lun @) —un @]+ lun@j — 1) —un @ — 1)) (2.3)
and

[[un(tj) — AGpunt; — )] = [un (@) — ADun(t — 1)

t

/KJN(S)dS

I

It follows from (2.1) that

S@A+mp)tjyr—t) =Q+mp)hy :=ay.

luy ] < [A®un(t — D]+ |X(@) — Al@Fi(@ — )|+ b —a)L+mp)
<Mluy (@ —1)|+ M1
SM1(1+ M+ +M")+ M" et — (m + D7)
SMi(1+ M+ +M")+ M" My =K,
where
Mi=|3(a) - Al@ia—1t)|+b—a)A+mp),  Ma=mMaXeja—r.a|c)|.

Therefore,

lun (@) —un ()|
<|[un () — Atpun@; — )] — [un @) — A@uy (@ — )]
+ A (un ;= 1) —un @ = D) |+ [AG) = AD) |Jun t =)
<ay+Muy@—1) —un(t; —1)| + By |un(t — 1)
<(an +KBN) + Mlun(t —1) —un(tj — )| < -
<@y +KBV)(1+M+---+M™)
+M'"+l}uN(t—(m~|—1)r)—uN(tj —(m—l—l)r)‘
<y +KBN)(L+M + -+ M™) + M" By = by. (2.4)
Note that (2.3) and (2.4) imply

diSt(&)N(tj); F(MN(Z‘]‘), MN(tj - 1), l‘))
— diSt(pN(lj); F(uN(t), uny(t —r1), t)) < 2lpby. (2.5)
By (A1) and (2.2), for any € [¢;,t;41), j=0,...,k, we have

dist(pn (¢)); F(un (1), un(t — 1), 1)) — dist(py (1); F(X(@), X —1),1))
< dist(F(un (@), un(t — 1), 1), F(x(t),x(t — 1),1))
<L (|lun (@) = X@O] + Jun (t = 1) =X — 1))
<2ptn(L+M+-+M™)+ 20 M™ By (2.6)
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Taking into account (2.3)—(2.6), we get

dist(pn ()); F(un (), un(tj —7),1))
< 20pby +dist(pn (1)) F(un (@), un(t —1),1))
<20pby +20pEN(L+ M+ -+ M™) + 20p M™ By

+ dist(pn (1)); F(X(1), X(t — 1), 1))
SLppy + X0 — ADXE — 1) — pN (L)

’

where
iy = 2by + 26y (14+ M+ -+ M™) + 2M™ 1By
Therefore,
JAES]
Iv< ) / (IX@) = A@Z(t — 1) — on )| + Lren) di + T(F; hy)
j=0};

=&év+Llrunb—a)+t(F;hy) =Yy >0 (N — 00).

Since the functionsiy(t;), j = —N, ...,k + 1, may not be trajectories of (1.4). In
the following we construct trajectories of (1.4) which satisfy the required convergence
properties in Theorem 2.1. Define the trajectotigst;), j =—N, ...,k + 1 as follows:
zn (fo) = x(a),

N (tj) = c(t)), j=-—N,...,—1,
n(tj+1) — AUjrD)zN (41 — T)

=zn({t) — A@)an(; — 1)+ hyon(j), j=0,...,k,
un(tj) € Fan(t)), an(tj — T), 1)),
lun () — N ()]

=dist(pn(t;); Fn()),an@j—1),t), j=1,...,k+ 1.

Clearly,zy(z;) are trajectories of (1.4). Note that

tiv1) —c(t;
|zzv(t)—i(t)|= C(lj)‘i‘%(t_tj)_c(l) <2Bn
forte(t;,t;41), j=—N,...,—1, thenzy(r) converge toc(¢) uniformly on[a — 1, a).
J

Applying the mean value theorem fofr) on[z;, t;+1], we have

a 1 Un
/|z'N<r)—)é<r>|2= > f

J==Ny;

2

O

c(tjy1) —c(t))
N

1 Tj+1

=2 /|é(f7)—é(f)|2<rﬂN- @2.7)

Jj=—N tj
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Thereforey () converge toc(¢) in L2-norm onfa — 7, al.
In the following, we are to prove thaty () converge toc () in L2-norm on[a, b]. To
prove that, firstly, we need to shawy (¢;) € U for j =0, ..., k + 1 through mathematical

induction. The casg¢ = 0 is obvious due tdzy (10) — x(f0)| = 0. Assumezy (t;) € U for
[=0,...,i. Note that

lan (1) — un (ti41) |

= A4 Dzn (te1 — T) + v () — At zn (6 — T) + hy vy,
3 (A(t1+1)MN(fl+l — ) +un(ty) —Altpun(t; — ) + hNKJNz)|
SM|zy (041 — 1) —un (1 — O+ Mzn (6 — 1) —un (G — )|
+ |zn (1) —un @) + hy dist(pn,: F(zn (@), 2 (4 — 7). 1)),
}ZN(II) —“N(tl)|
< law(@-1) —un (-] + My (1-1-n) — un (t1-1-n))|
+ M|zn(t—n) — un (t—N)|
+ hy dist(pn,_,: F(zn(t-1), an (-1 — A)), 11-1),

aswell agzy (1) —un(t7)| = 0 forl <0, there exists a real numbgfr > 0 such that
o (t141) — un (t141) |

1
< Hhy Zdist(pN(tj); F(MN(IJ'), MN(tj — 1), tj)) < Hyn. (28)
j=0

It follows from (2.2) thatizy (f;+1) — X(141)| <&y + Hyn. Hencegy (f41) € U.
Employing (2.8),

k+1 k+1  j-1
D lanp) —un@p)| <Y H Y hydist(pn () F(un (), un(t — 7). 11))
j=0 j=0 =0

k
<(b-a)H Y _dist{py (t): Fun (). un(tj —1).1;)).

j=0 (2.9)

From the construction aofy (¢;) and (2.9), we have

b
f}izv(t) — AN — 1) — N ()| dt
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Lt
- /|zN(r)—A<r>zN(t—r>—gaN(z,-)|dr
j:O tj
Lt
= /|UN(fj)—KJN(Ij)|dt
j=0 tj

k
= ZhN dist(pn (1); F(zn (t)), 2n (tj — 1), 1))

j=0
k
= hydist(on @) Flun () un(t; —).15))
j:O
k
T ZhN[dist(pN(tj); F(zn(t)), zn(tj — 1), 1}))
i=0
— dist(pn (t)); F(un(t)), un(tj —1),1;))]
k
<yn + ZthNHZN(tj) —un@p]+len(t; — 1) —un(; = )]
=0
Syn+20b—a)Hlpyy :=0N.
Hence,
b
/\zN(t) — AN =) = [£(0) — A - )] |dr

b b
< /|2N<z> — ANt — 1) — (1) dt +/|£(z) — ADX(t — 1) — N ()| dt

<oy +E&n.
Note thatk(r) € U, zy(¢) € U, and (Al), we have
lin@®) = ADzNG =) <mp, 2@ = ADOX@ = D] <mp.
Hence

b
/\zN(t) — AN — 1) = [X(t) — A(X(t — t)]|2dt

b
= /!zw) — AN —1) = [x() = ADx( = D)]|

X |an (@) = AN =) +X(0) — ADx(t — 0| dt
<2mp(on +En). (2.10)



L. Wang / J. Math. Anal. Appl. 309 (2005) 474-488 483

Taking into account (2.10) and (2.7), we obtain
b
/izN(r) — k)| ar

b

< z/|zN(t> — AN — 1) = [¥(0) — A0 — )] dr

b
+2M/|ZN(I —0) =i —D)|’di

b

< 2f|zN(r) —AWENG - ) - [F0) — ADEG - D))

b
+4M/|z'N(t—r)—A(t—r)ZN(t—Zr)
—[ft =) — At — D)F(t — 20)] [Pt

b
+4M2/]z'N(t—21:)—)?(t—2t)‘2dt

<o <mp(L42M + -+ 2"M™) (on +En) + M) By — 0,

wherem is an integer such that— t < b — mt < a. Consequently, the extended discrete
velocitieszy (1) converge tox(¢) in L2-norm on[a, b] asN — co. To complete the proof
of the theorem, we need to show the uniform convergencs, ¢f) to x(-) on [a, b], this
exactly follows from

b
n'['laZ(]|ZN(t) — x| < vb—a(/
€la,

a

t

1/2
|2 () — fc(t)|2dt> -

3. Discrete approximationsto optimization problem

In this section, we construct a sequence of discrete optimization proljiemso (P)
and consider the convergence of optimal solution@gf). Hereafter, lek () be an optimal
solution to(P). Consider the following optimization proble@y) for eachN € N:

minimize Jy[xy]:= gp(xN(a),xN(b)) + |xN(a) — i(a)‘z
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xn(tjr1) — xn(t))
hy ’

k
+hy Z f(xN(tj)» xN(tj—N),

j=0

xy(tjr1-n) —xn(tj—N) )
, 1
hn

xn(tj+1) — xn(2))
hn

2
— x| dt, (3.1)

PRIES!
+> /
j=04;
subject to the following constraints:

XN (tj+1) — A(tj+1) XN (Ej+1-N)
€ XN(tj) — A(tj)xN(tj_N) + hNF(XN(tj),xN(tj_N), tj), Jj= 0,...,k, (32)

xn (t0) = x(a), (3.3)

xn(tj) =c(t)), j=-—N,...,-1, (3.4)

(xN(a),xN(b)) €y =2 +nnB, (3.5)

lxn () — x| <8, j=0,....k+1, (3.6)
wheres > 0 is a fixed number angly is any sequence such thagt — 0 asN — oo.

Clearly, zy(tj), j = =N, ...,k + 1, is a feasible solution tg@Py) from the proof

in Theorem 2.1. Seleat in (3.6) such thatc(r) + §B c U for all r € [a — 7,b] and

nn < 6.By (3.2)—(3.6) both the sgky (¢;) | j = —N, ..., k+ 1} and the set[xy (tj+1) —
xn())]/hn|j=0,...,k+1} are bounded. The classical Weierstrass theorem implies the
existence of an optimal solution, let it g (¢).

To deal with the convergence of optimal solutions &y ), we need an additional as-
sumption called the relaxation stability foP). Consider the following convexified neutral
functional differential inclusion:

X(@)—A@)x(t —t)€COF(x(t),x(t —1),1), a.etéela,b],
{X(t)=c‘(t), tela—r,a),

where “co” stands for the convex hull of the set. The corresponding relaxed prgilem
to (P) is the problem in which we minimize the following cost functional:

(3.7)

b
Jix] :=<o(x(a>,x<b>)+/fF(x<z>,x(z—r),m),

X(t—1),x(1) — A@D)x (1t — 7), 1) dt (3.8)

over all trajectories of (3.7) with the endpoint constraint (1.3). Here, the function
fr(x,y,z, w,v,t) is the convexification of the function

fF()C,y,Z,LU,U,f) ::f(x,y,z,w,t)—}-(S(v; F()C,y,t)),
in the v variable, and (v; F) is the indicator function of the sét(x, y, t).

Definition 3.1. The problem(P) is said to be stable with respect to relaxation if
inf(P) =inf(R).
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Obviously,(P) is stable with respect to relaxation if the séts, y, ¢) are convex. More
detailed discussion can be found in [1,3,4,6-8].

4. Convergence of optimal solutions

This section deals with the convergence of discrete optimization prob{@ms In
addition to previous assumptions, we also need the following additional hypotheses:

(A4) ¢(x,y) is continuous onx,y) e U x U, f(x,y,z, w,t) is continuous for a.e. €
[a, b] uniformly in (x, y,z,w) € U x U x R?*, and continuous ofix, y, z, w) €
U x U x R? uniformly in ¢ € [a, b].

(A5) f(x,y,z,w,t)Iisconvexin(z, w) fora.e.t € [a, b].

Theorem 4.1. Let x(¢) be an optimal solution t@¢P), (A1)—(A5) be fulfilled, and(P) be
stable with respect to relaxation. Then for any sequence of optimal solutjp@g), j =
—N,...,k+ 1, to (Py), the extended trajectoriegy () converge uniformly toc () on
[a — 7, b], the extended velocitiesy (1) converge toc(7) in the L2-norm on[a — 7, b] as
N — o0.

Proof. Note that

Inlzn] = e(an (@), zn (b))

v (tj+1) — zn ()
hn

)

k
+hy Zf(ZN(fj), an(tj-n),

j=0

IN({jr1-N) —ZN(tj—N) .
hy T

) =)
hy

Lt
+2/

j=0 tj

=N+ Db+ 13

It follows from (A4) and Theorem 2.1 that

I1 — ¢(x(a), X (b)),

k
L= hNZf(ZN(tj),ZN(th),

an(tjy1) —zn (@) an(tjri-nN) —an(tj—N) t<>
j=0

hy ’ hy o
Lj+1
= Z / Flan@p),an@ — o), 2n (@), 2y — 1), 1) dt

j=0 1



486 L. Wang / J. Math. Anal. Appl. 309 (2005) 474-488

Lt
+Z/[f(ZN(tj)7ZN(tj_T),ZN(I),Z'N(I_T)vtj)
jzotj

— flan@)an (@t — 1) v (@), 2n(t — 1), 1) ] dt

k
= Z / Flan @) an( — 1), 2n @), 2n(t — 1), 1) dt + T(f; hy)

b
- /f(i(t),i(t — 1), X(1),X(t — 7), 1) dt,

and
& tj+1 b
=Y / |in () — 30| di = /|2N(t) —%)[*dt - 0.
=04 a
Therefore,
IJnlzn] — J[x] asN — oc. (41)

Sincexy (¢;) is an optimal solution t@Py) andzy (¢;) is a feasible solution t6Py), then

Inlxn] < Inlzn] 4.2)
Hence,
limsupJy[iy] < J[X]. (4.3)
N—o00
Let
b

PN =/|ch(r) — i) dr.

a

Due to (2.7) and
b 1/2
n?a2<]|iN(t) — %) < «/b—a</|)LcN(t) —fc(t)|2dt> ,
t€la,
a

the proof will be complete if we show thaty — 0. Suppose that it is not the case, we can
find a constant > 0 and a subsequendg such thaipy, — c¢. Without loss of generality,
we may assume= lim py asN — oo. From (3.2), (3.4), and (3.6), bofh (1) andx v (¢)

are uniformly bounded ofu — 7, b]. Therefore, there exists an absolutely continuous func-
tionXx :[a — 7, b] — R" with

Xn(t) = x(¢t) uniformly on[a — z, b],
xn() — x(t) weaklyinL?[a — T, b]. (4.4)
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Thus, %y (1) — A(t)¥n(t — 7) converge tat(r) — A()i(t — t) weakly in L?[a, b]. The
classical Mazur's theorem implies th&tr) — A(1)xX(r — 1) € COF (X (¢), X(t — T), ). Con-
sequentlyx (¢) is a feasible solution to the relaxed probléR). From the definition off ,
we have

b
/fp()?(t),)?(t — 1), X(1), ¥(t — 1), ¥(t) — A()X(t — 7), 1) dt

b

g/f(i(z),)z(t—r),)%(t),)é(t —1),1)dt

k
<liminf hy Zof(xN(r,-mN(r,» — ), AN (), N (= T), 1)
J=

Since the integral functional
b
I[v] :=/|v(z) — k0| dt
a

is lower semicontinuous in the weak topology bf[a, b] due to the convexity of the
integrand inv. Then

b k fjit1
Z = 2 .
/}x(r)—x(r)| dtglgvnyng/
a =04

Taking into account (4.3) and (4.4), we have

Xn(tj+1) — xn(2))

Y
—x(1)| dt.
. x(1)

N

b
JIF] = ¢(¥(), (b)) + / FED,F@ 1), %@, %(t — 1), 1) dr

k
<o(E@, 20)) +liminf hy 3 f(En (). it =0, Iy 0. i@ = 1), 1))
j=0
<¢(¥(@), (b)) +liminf [JN[)EN] — (kN (@), i (b))

b

_ /|§N(t) —)Lc(t)|2dt:|

a

<J[x]—ec.

The assumption of relaxation stability implies= 0 and the proof is complete.C
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