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1. Introduction

In his master thesis [5], N. Sieben introduced the notion of a crossed product by an action of an inverse semigroup on a
C*-algebra using covariant representations. We will present here another definition, inspired by the definition of the crossed
product by a partial action. There is only one difference: we will need to take a quotient that isn’t necessary in the case of
partial actions of groups. And for this, we will show that, under certain conditions over the algebra, the algebraic crossed
product is associative, and this part is very similar to what Dokuchaev and the first named author did in [1].

Associated to a partial action « of a group G and to the group itself, Sieben constructed a certain inverse semigroup Sg,
and showed that the crossed product of « is isomorphic to the crossed product of a certain action of S¢. Here, we present
an analogous result, but using an inverse semigroup that depends only of the group G. It is the semigroup S(G) introduced
by the first named author in [2].

Recall that a semigroup is a set S with an associative operation.

Definition 1.1. An inverse semigroup is a semigroup S such that, for any r € S, exists a unique r* € S such that rr*r =r and
r*rr* =r*. We call r* the inverse of r.

Example 1.2. For any set X, the set I(X) of partial bijections of X (that is, bijections between subsets of X), is an inverse
semigroup. In fact, by the Wagner-Preston Theorem [4], any inverse semigroup is isomorphic to an inverse subsemigroup
of I(S).
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Definition 1.3. Let G be a group with unit e. We define S(G) to be the universal semigroup generated by {[g]: g € G} under
the following relations, for g, h € G:

(i) [g7"Iglh1 =g "lighl,
(i) [gl[h1[h~1]1=[ghl[h~ '],
(iii) [glle]l=1[g].

Note that [e][g] = [gg~'1[g] =[g][g~'1lg] =[g]lg~'g] = [glle] = [g], and then S(G) is a semigroup with unit [e].
The following is a universal property enjoyed by S(G):

Proposition 1.4. Let S be a semigroup and f : G — S be any function such that, for all g, h € G:

(i) feHf@fh)y=f(g~"f(gh),
(ii) f(@fh)fh=N = f(gh)f(h™),
(iii) f(g)f(e) = f(g).

Then there exists a unique homomorphism T : S(G) — S such that the diagram below commutes:

f

G——=S§

7

S(G)

In what follows we will recall some facts about S(G), referring the reader to [2] for more details. For g € G, define
Eg = [g]lg~']. Is not difficult to see that £g = 8§ and [h]eg = ggplh], for g, h € G. Another interesting propriety is that any
element s € S(G) admits a decomposition

$=E8s;...65,18],

where n > 0 and s1,...sy, g € G. This decomposition is unique, except for the order of the sj. We will call it the standard
form of s.

We may construct an anti-automorphism * on S(G), such that [g]* := x([g]) = [g~!] and, for any s € S(G), s* is the
inverse (in the sense of inverse semigroups) of s.

With this we may conclude that the inverse is unique, and so S(G) is an inverse semigroup.

In the definition of crossed product by an action of an inverse semigroup that we will present, we will use the natural
partial order of inverse semigroups, defined as follows: given elements s and t of an inverse semigroup S we say that

s<t <« s=tf, forsomeidempotent f S.
Example 1.5. Take an idempotent | =g, ... &, [j] € S(G), with Iy, ...I;, j € G. By the uniqueness of decomposition of S(G),

is not difficult to see that j must be the unit of the group. So I=¢), ...&,. Now, for r =&, ...¢&p[h] and s =&, ... &5, [g]
in S(G), if s <r we have that s =rf, for some f € S(G) idempotent. Then f =¢y, ..., and we have that:

Esy .. Espl8l=6r ...Er,[N]EF, ... €5 =&r, ... ErEnf, - - Enf, [h].
By the uniqueness of the decomposition in S(G), it follows that g =h and {s1,...,Sm} ={r1,..., ™, hf1,..., hfx}. So, the
difference between s and r are some &'s.
2. Actions

Let G be a group.

Definition 2.1. A partial action o of G on an associative algebra A is a pair

({Dg}gec’ {Olg}gec)

where, for each g € G, Dy is a ideal of A and ag: D,—1 — D is a isomorphism satisfying, for g,h € G:

g
(i) D, = A,

(ii) O{g(Dg—l N Dp) =DgN Dgp,

(iii) og oty (x) = agp(x), ¥x € Dp—1 N Dp-1g-1.
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Definition 2.2. A partial action of G on a C*-algebra A is a partial action such that, for all g € G, Dg is a closed ideal of A
and o is a x-isomorphism.

We call (A, G, o) a (C*-)partial dynamical system if ¢ is a partial action of the group G in the (C*-)algebra A.

Definition 2.3. Let S be an inverse semigroup with unit e. We say that 8 is an action of S in the algebra A if for each s€ S
exists an ideal Es of A and an isomorphism Ss : Es+ — Es such that, for all r,s € S, Br o Bs = s and E. = A.

We note that the composition 8, o Bs referred to above is only defined on the set of points x in the domain of g for
which gs(x) lies in the domain of B;. Is easy to verify that (85)~ ! = Bs+.

Proposition 2.4. Let B be an action of the inverse semigroup S in the algebra A. Then, for s, t € S, we have that Es C Es.
Proof. By definition it follows that:
Est =Dom(By+s) = Dom(Be fs+) = B (Et N Es) = Bs(Ee NEs) CEs. D
For the case of actions of S(G) we have:
Proposition 2.5. Let 8 be an action of S(G) on the algebra A. Then, for g, h € G, we have that Ejgjjn) = Ergn) N E[g).
Proof. Using the last proposition, it follows that:

Ergin = Eqgig—11g1n = Ergig—11em = Plel (Eg-1yigm N Erg—1)
= Brg1(Ble- (E[gh]ﬁf[glmf 11) = Big1(Big-1)(Egh N Erg)) = Ergm N Eg. O

Definition 2.6. An action of the inverse semigroup S on a C*-algebra A is an action of S on the algebra A such that, for all
se S, Es is a closed ideal of A and B is a x-isomorphism.

In [2], the first named author shows that for any group G and any set X, there exists a bijection between the set of
partial actions of G on X and the set of actions of S(G) on X.

This result extends to the case of actions on an algebra or on a C*-algebra as we shall now see. We begin with the
following:

Proposition 2.7. Let G be a group and let B be an action of S(G) on the algebra A. Then ({E(g)}gec. {Bgl}gec) 1S a partial action of G
on A.

Proof. Item (i) and (iii) are obvious. Item (ii) follows from Bg) o Bin) = Big)n) and Proposition 2.5. O
The converse result follows by the universal propriety of S(G).

Proposition 2.8. Let o = ({Dg}gec, {0tg}gec) be a partial action of the group G on the algebra A. Then
f:G—I(A),
g = ag
satisfies (i)-(iii) of Proposition 1.4.

Proof. The result follows easily of items (ii) and (iii) of the definition of partial action. O

With this, we have an unique homomorphism

B:S(G) — I(A),
S+ Bs

such that fjg =«
Now, for s1,...,sp, heG, let s=¢;,...€5,[h] = [h]e,rls1 o Ep-ig, € S(G) be in the standard form. Note that

/35 = ﬁ[h]ﬂ[h—lsl]ﬂ (h=1sp—1 ﬁ[(h Is)~11 = Olhah’lsla(hflsl)*l .. .Ol(hfls")fl = ah|Dh*151 m'“mthlsn .
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So we conclude that Eg :=dompfs = D1 N DhqSl N -+ N Dpg, . Since s* = [h_1]851 ...&s,, we have E;:=dompfs =
DpNDs, N---NDs,.
Let us find the range of Bs:

Bs(Esx) = ap(Dp-1 ﬂDthl n---N Dlrls") Coap(Dp-1N thlsi) =Dy N Dy, Vi.
So Bs(Es+) € DN Ds, N---N Ds,. If we change h by h™" and s; by h~'s;, we conclude that Bs(Es«) 2 Dy N Ds, N---N Dy, S0
Bs(Es ) =ap(Dp-1 N Dp-15, N---N Dp-15,) =DpN Ds; N---N Dg, = Es.

So, for all s€ S, Bs: Es+ — Es is an isomorphism, E; is an ideal and since Eje) = D, = A, we have that 8 is an action of S(G)
on A.
Observe that, for r = [rq][r2]...[rn] € S(G) (not necessarily in the standard form), B = o o,... 00, Ex =
Drn—l al Drn—lrn—_l1 Nn---N DTn_lr;_]yuT_l and E; =Dy, N Dyyry N+~ N Dpyry.ye
So, it is easy to see that the following theorem holds.

Theorem 2.9. Let G be a group and A be an algebra. Then there is a bijection between the partial actions of G on A and the actions
of S(G) on A.

Now, if we have an action 8 of S(G) on the C*-algebra A, Proposition 2.7 implies that ({E{g)}gec, {Big1}gec) is a partial
action of G on the algebra A. But E[g| is closed and Bg) preserves . S0 ({E[g1}gec, {Big1}gec) 1S a partial action of G on the
C*-algebra A.

Conversely, if & = ({Dg}gec, {®g}gec) is a partial action of G on the C*-algebra A, we construct an action g of S(G)
on the algebra A. But intersection of closed ideals is a closed ideal, and ag preserve *. So B is an action of S(G) on the
C*-algebra A. So we may extend Theorem 2.9:

Theorem 2.10. Let G be a group and A a C*-algebra. There is a bijection between the partial actions of G on A and the actions of S(G)
on A.

3. Algebraic crossed product
Consider a partial action o of the group G on the algebra A.

Definition 3.1. We define the algebraic crossed product of o as

finite
Ax&G:[ Zag8g: ageDg},
geG

where 8 are symbols, with addition defined in the obvious way and the product being the linear extension of
(agdg)(andn) = ag(ctg-1(ag)an)dgh.

Notice that a,-1(ag)an € Dg-1 N Dp, S0 atg(ag-1(ag)an)dgn € Dg N Dgp, so the multiplication is well defined.
For the case of actions of an inverse semigroups a similar construction may be performed, but it is just a first step in
the definition of the algebraic crossed product.

Definition 3.2. Let 8 be an action of the inverse semigroup S on the algebra A. Define

finite
L= { ZaS(SS: as € ES},

seS

where §s are symbols, with addition defined in the obvious way and the product being the linear extension of

(arér)(asés) = Br (ﬂr—l (ar)as)5rs-

In [1], Dokuchaev and the first named author found conditions under which A x4 G is associative, and they presented
an example to show that associativity may fail (Proposition 3.6). Based on this example we may easily construct an action
of S(G) such that L is not associative. We therefore need to know under which conditions L is associative.

We begin by recalling the definition of the algebra of multipliers.

Definition 3.3. The algebra of multipliers of a K-algebra A is the set M(A) of all ordered pairs (L, R), where L and R are
linear operators on A such that, for a,b € A:
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(i) L(ab) = L(a)b,
(i) R(ab) =aR(b),
(i) R(@)b = aL(b).

For (L, R), (L',R") € M(A), k € K, we define:

k(L, R) = (KL, kR),
(LR + L, R)=(L+L,R+R",
(L,RY(L',R"y=(LoL,R oR).
We say that L is a left multiplier and R is a right multiplier of A.
We will show that the operation of multiplication on L is associative when the ideals E; associated with the action

B are (L, R)-associative, that is, when Lo R" =R’ o L for all (L,R),(L’,R") € M(E;) (for more details about the algebra of
multipliers see [1]).

Theorem 3.4. Let 8 be an action of the inverse semigroup S on the algebra A. If the ideals E are (L, R)-associative, then the operation
of multiplication of the set L defined in Definition 3.2 is associative.

Proof. Letr, s, t €S and a, € E;, as € Es, a; € E¢.
We want to prove that
ar8r(as85ardt) = (ardrasds)ardy,
that is:
Br (ﬁr* (ar)Bs (ﬂs* (as)at))(srst = Brs (,Bs*r* (ﬂr (ﬂr* (ar)as))at)5rst-
Analyzing the right side:

Brs(Bs+r+ (Br (Br= (ar)as) ac) 8rst = Brs (Bs+ (Br+ (Br (Br+ (@r)as)) )ac) Srst
= Brs(Bs+ (Br= (ar)as)ac) Srst
= Br(Bs(Bs: (Br-(ar)as)a) ) Srst.
So we need to prove that:
Br(Br (@) Bs (Bs+ (as)ar)) = Br (Bs(Bs (Br(ar)as)ar)).
Applying B+ in both sides of equality by the left:
Br (Br(Br-(ar) Bs (Bs+ (@s)ac))) = Br= (Br (Bs (Bs+ (Br(ar)as)ar)) )
and it is equivalent to:
Bre(ar) Bs(Bs (as)ar) = Bs(Bs+ (Br(ar)as)ar).
Because B+ : E; — E;+ is an isomorphism, the above condition is equivalent to:
aps(Bs(as)ar) = Bs(Bs-(aas)a;), Va € Ep, ag € Es, a; € Ey.

Denoting Rg, : Es« — Es+ the right multiplier by a; in Es< and L, : Es — Es the left multiplier by a in E;, the last equation is
equivalent to:

Lq o Bs o Rq, 0 Bs+(as) = Bs o Rq, 0 Bs+ 0 Lg(as), Va € Ew+, as € Es, ar € E.

Now, Bs o R, o Bs+ is a right multiplier of Es, and because E; is (L, R)-associative, the last equation holds.
So the multiplication of L is associative. O

So, let us suppose that the ideals E related with the action 8 of S on A are (L, R)-associative.

Definition 3.5. Let 8 be an action of the inverse semigroup S on the algebra A. Consider N = (ad; —aé;: a € E;,r <t), that
is, the ideal generated by ad, — ad;. We define the algebraic crossed product of 8 as

Aan:i.
B N
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Note that r <t implies r = ti, for i idempoten_t. So, by Proposition 2.4, E; C E;.
We will denote the elements of A x% S by asds, where asd; € L.

Lemma 3.6. Let 8 be an action of S on A. Forry,...,1y, g, h € G, we have:

(1) adgyn) = adigny, for a € Eqgyiny,
(2) aasrl e8] = adig), fora e Eer1 e lgl-

Proof. (1): Well, [g][h] = [g][h1[h~'1[h] = [ghl[h~'][h]. As [h—'][h] is idempotent, [g][h] < [gh] and $O ad{g)in] — ad(gh] € N.

(2): Note that &, ...&,[g8] = [gleg-1p, ... and the results follows because & €4-1,, Is idempotent. O

g7l gl g

So, we may now state the main result of this section:

Theorem 3.7. Let « be a partial action of the group G on the algebra A. Consider the action B related with o by Theorem 2.9. Then
AxLG=A ><1“ﬂ S(G).

Proof. Define
(p:A>4‘&G—>A>4‘/§S(G),
adg — ad[g), linearly extended.

Let us prove that ¢ is an isomorphism. It is well defined and using the lemma above we may prove that it is a homomor-
phism, because:

@ (a8g)@ (bdy) = (ad1g)) (bdny) = Bigi (Big-1)(@b)Sigin) = Bigi (Big-1(@b)digny,
¢((@dg)(bsp)) = ¢ (ag (ozgq (@)b)dgn) = ag(ag,1 (@)b)dign = Brg) (ﬁ[g,l](a)b)a[gh].

To show that ¢ is bijective we will present an inverse for it. For s1,...s,, g € G consider s = ¢s, ...&5,[g] € S(G) and the
function y such that y(s) = g. Is very easy to show that y is a homomorphism between the inverses semigroups S(G)
and G. Note that y(s*) =g~ ! =y (s)~!. So we may define:

¥:L—> AxSG,
ads > ady sy, linearly extended.

Note that v is a homomorphism and using Example 1.5 we see that ¥ (N) =0.
So we may extend i to the homomorphism

VA x4 SG)—> AxGG,
ads > ady(s), linearly extended.

As it is obvious that v/ and @ are inverses one each other, the theorem holds. O

4. Crossed product

Let A be a C*-algebra with unit and let & be a partial action of a group G on A. For g € G and ag € Dy, define in A %} G
the following operation *:

(agdg)* = ag-1(ag)8,-1, linearly extended:
finite *  finite
geG geG

It is easy to show that A x% G with * is a x-algebra. Considering the following norm in A x¢ G, we have that it is
a normed x-algebra:

finite finite
Y agdg| =) lagll,
geG 1 geG

where the norm in the right side is the norm in A.
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Given a Banach x-algebra B, its enveloping C*-algebra is the completion of B/kerps with respect to ps(x) =
sup{|lo(x)||: p is a representation of B}.

To define the crossed product by a partial action o of G on A, we want to take the enveloping C*-algebra of A xg G.
But this is not a Banach x-algebra. So we need to show that its representations are contractive. With this purpose, let 7 be
a representation of A x§, G. For ag € Dy:

H”(agfsg)Hz = |7 (agdg)*m(agsy) | = |7 ((agdg)*(agdy))| = |7 (g1 (azag)se)|-

Now, note that otg-1(agzag)de € Ade, and Aé, is a C*-algebra (isomorphic to A). Then:

|7 (@gdg)|* = | (erg-1 (a3ag)3e) | < erg-1 (a5a5)5e | = lerg-1 (a5ag) | = |azag]| = llag.

So, we have that:

finite finite finite finite
”( > ag3g> < Imagdn| < D llaglh=| > ag5g
g€t get geG geG

So we may take the enveloping C*-algebra of A x§, G to define the crossed product.
Definition 4.1. The crossed product algebra A x¢ G, is the enveloping C*-algebra of the x-algebra A x§, G.

Let us denote the elements of A x G as classes of the elements of A x% G, agdg.

To define the crossed product by an action g8 of an inverse semigroup S on A, we want to do the same, that is, take the
enveloping C*-algebra of A x{ S.

So, for r € S and a, € E;, define in A x‘/’s S:

(@;8r)* = Br(ay)ér+, linearly extended.

We may easily see that A ><1 S is a x-algebra. Also define a norm

finite finite
D asss| =Y lasll.
seS 2 ses

It is easily seen that A m% S is a normed x-algebra.
Proposition 4.2. Every representation p : A ><]73 S — B(H) is contractive.

Proof. A representation p of A ><1“ S is one of L such that p|y =0.
Let s€ S and a; € E;. As s*s < e (e the unit of S), it follows that

”/0((1355)”2 = ||P(ﬂs5s)*/)(as5s)” = ”p((asfss)*(as(SS)) H = “p(ﬂs* (a:as)ss*s) ”
 Ip(Be (@030 < lezac] =l

For any element Y "M q 5, e L:

finite finite finite finite
p( Z ‘1555) < Z Hp(asss) H Z lasll = Z ‘1585
seS seS seS seS

So p is contractive. O

Definition 4.3. The crossed product by the action g of the inverse semigroup S on the C*-algebra A, denoted A xg S, is the
enveloping C*-algebra of the x-algebra A ><1‘1ﬂ S.

Note that to construct A xg S, we do two quotients. So, we will denote its elements like a;8;, where a.8; € L.

Also note that A xg S is just the completion of (A x% S)/kerps, with respect to ps(x) = sup{||p(x)||: o representation of
A x‘é S

Let o be a partial action of the group G on the C*-algebra A. Consider the action 8 of S(G) on A related by the
Theorem 2.10.

Theorem 4.4. The C*-algebras A x4 G and A xg S(G) are isomorphic.
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Proof. For g€ G and ag € Dg, define

¢:Axg G— AxgS(G),

agdg — dgdg), linearly extended.

Obviously ¢ is well defined and, using Lemma 3.6, we see that it is a homomorphism. Also it is easy to check that ¢
preserves .
Then, by the universal property of A xy G, it follows that there exists a unique x-homomorphism ¢ : A Xy G — A x5 S(G)

such that the diagram below commutes, that is, ¢ (agdg) = agdig).

Ax%G—L o AxgSG)
[] =
|+
Axy G
Let
finite
K= [ Z asds: as € ES].
seS(G)
Using the homomorphism y : S(G) — G that we define in Theorem 3.7, consider
w:K—> AxygG,
asds > asdy sy, linearly extended.

Now take M the ideal of K generated by as; — ad;, where a € E; and r < t. [s easy to see that @ is a homomorphism and,
using Example 1.5, we see that w(M) = 0.
So we may define

¢:Ax%S(G)— AxaG,
as8s > a5y (s), linearly extended.

By Lemma 3.6, 5 is @ homomorphism easily checked to preserve . Then, by the universal property of A xg S(G) there
exists a unique x-homomorphism ¢ : A xg S(G) — A x4 G such that the diagram below commutes,

Ax4SG)—L A, G
Hl 7
AxpS(G)

that is, $(asds) = dsdy(s)-
Obviously @ o @ = Idax,s() and @ o ¢ = Idax,c, and the theorem is proved. O

5. Covariant representations

The crossed product by an action of an inverse semigroup was introduced by Néandor Sieben in [5] in 1994. In this
definition, he used covariant representations of an action. We will outline his definition and we will show that our definition
is equivalent to his. See [5] for further details on Sieben’s work.

Definition 5.1. Let 8 be an action of the inverse semigroup S on the C*-algebra A. A covariant representation of g is a triple
(r,v,H) where m : A— B(H) is a representation of A on the Hilbert space H and v :S — PIso(H) is a map preserving
products, such that, for s € S:

(i) vs(a)vss = (Bs(a)) for all a € Eg+ (covariance condition),
(ii) vs has initial space span{m (Es+)H} and final space span{m (Es)H}.

The set of covariant representations of (A, S, 8) is denoted CovRep(A, S, B).
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Let B be an action of the unital inverse semigroup S on the C*-algebra A. Define
L=|xel'(S,A): x(s) € Es},

with norm, scalar multiplication and addition inherited of (s, A).
For x, y € L, the product x x y is defined by:

xxy)($) =Y Br(Bre (x()) y (D).

rt=s
Also define x* to be the element of I1(S, A) such that:
X5(s) = Bs(x(s)*).

The operations are well defined and T is a Banach x-algebra.

Definition 5.2. If (;r, v, H) € CovRep(A, S, B), define m x v ‘IT— B(H) by

(T x V)(x) = Zn(x(s))vs.

seS

We have that 7 x v is a x-homomorphism.
Sieben defines the crossed product by an action of inverse semigroup as follows.

Definition 5.3. Let 8 be an action of the unital inverse semigroup S on the C*-algebra A. Define a seminorm ||.||. on T as
[Xlc = sup{ || (r x V)(®)||: (7T, v, H) € CovRep(A, S, B)}.

Consider I ={x € I: |Ix|lc = 0}. The crossed product of 8 is the C*-algebra obtained by the completion of the quotient f/l
with respect to ||.||c.

We want to prove that the above definition is equivalent to Definition 4.3. The first step is to show that in the above
definition, we may take the L instead of L.

Lemma 5.4. Let E C F be linear spaces and let ||.||; and ||.||> be two norms over F such that there exists k > 0 such that, for all x € F,
Ix]l2 < k||x||1. Suppose that E is dense in F with respect to ||.||1. Then the completions of E and F with respect to ||.||2 are isomorphic.

Proof. For i = 1,2 denote E the completion of E with respect to ||.|l;, and the same for F. The function T : (E, ||.|2) — F2,
that includes an element of E in F and then put them in F2, is a linear r isometry, and then is uniformly continuous. So we
may extend it to the isometry T:E2>F2Is easy to see that F € Ran(T).

Now, as T is an isometry and E? is complete, Ran(T) is complete with respect to |.|2. Then, Ran(T) =F2and T is an
isomorphism between E2 and F2. O

So, consider L C L. In T we have defined a norm

Ixlla=Y"|

seS

and a seminorm
lIxllc =sup{||(m x vV)(x)|: (,v, H) € CovRep(A, S, B)}.

Note that we may take the completion of T with respect to the seminorm ||.||c, and this is equal to the completion
of L/(ker|.|lc) with respect to the norm ||.|lc.
Also note that, for x € L and (;r, v, H) € CovRep(A, S, B):

[ x| = Zn X(s))v Z| (x(9))vs| < Z”” x(s)) [ sl
seS seSs seSs
< Ir )| < X [x) ] = lxla.
seS seS

and then ||x||c = sup || (T x V)(X)| < ||X]lq. As T is the completion of L with respect to ||.||q it follows, by the previous lemma,
that in Sieben’s definition we may take L instead of L.
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Observe that by the Cohen-Hewitt Factorization Theorem [3, Theorem 32.22], it is easy to show that span{m (I)H} =
m(I)H, for any closed ideal I of a C*-algebra A.
So, if we show that

IXllc = ps (%),

for all x € L (remember that ps(x) = sup{||p(x)||: p representation of A x% S} is the seminorm used to define A xg S), we
have proved that the two definitions of crossed product by an action of inverse semigroup are the same. To this, consider
the next theorem.

Theorem 5.5. Let p be a representation of L on the Hilbert space H. Then p|y =0 < p = x v for some (mw,v,H) €
CovRep(A, S, B).

Proof. (<) Let p =7 x v and take ad, — ad; a generator of N, that is, r = ti, for i idempotent. For a € E; = E;; C E; and
heH:

padr —adp)(h) = (w x v)(@éy — ady)(h) = w(@vr(h) — 7 (@ve(h)
= (@vi(h) — w(@ve(h) = m (@vive(h) — w@ve (h).
Denote K; = 7 (E;)H. Then H = K; & (K;)~+, and let us split the proof in cases:
ve(h) € Kj: As i is idempotent, it follows that it is the identity in K;j. So vj(v¢(h)) = v¢(h) and then:
m(@vive(h) — w(@ve(h) = (@ve (h) — (@ (h) =0.
ve(h) € (K;)1: Note that 7w (E;) =0 in (K;)* and then:
w(a)vjve(h) — m(a)ve(h) = 0.

So p(N) =0.
(=) Suppose that p|y =0. So, for r <t and a € E;, p(as;) = p(aéd;). Define
w:A — B(H), v:S — B(H),
a— p(ade), s +— limy p(uyés), {u,}approx.identity of Es,

where lim, denotes the strong operator limit.

Let us prove that (7, v, H) € CovRep(A, S, B). It is obvious that 7 is a representation.

To show that v is well defined, let s € S and consider {u,} an approximate identity for Es. As B¢ : Es — Eg is an
isomorphism, we know that {Bs(u;)} is an approximate identity of Eg. As H = w (Es+)H @ (7 (Es«)H)™, we will split the
proof. If h € m(Es«)H, then h = 7 (a)k = p(ade)k, for a € Es+, k € H. So:

vs(h) =1im p (u85)(h) = lim p (u85) p (@8e) (k) = lim p (Bs (Bs- (1)) ds) (k) = p (Bs(@)85) (k).
If h e (;m (Es+)H)L, we have that (h, p(Es<8¢)H) = (h, m (Es+)H) = 0. So:

(p(Bs+ (Vun)de) (h), H) = (h, p(Bs: (v/un)8e)H) =0,
that implies p(Bs«(/u,)8e)(h) = 0. Then:

li}:ﬂp(uxss)(h) = li{n /0[,85 (ﬂs* (V) Bs+ (\/ﬂ))as](h) = li{n P[(«/U—)\Bs) (lgs* (\/ﬁ)fse)](h)
= lim p(V/11:85) p (Bs+ (v/t1)8e) () = 0.

So v is independent of the approximate identity taken. As p is contractive (Proposition 4.2):

Ivsl = 1im p(usds) | =tim| pu85) | < Him sl < lim s <1,

and then vs € B(H). So it is well defined.
To show that vy is a partial isometry (with initial space 7 (Esx)H and final 7 (E5)H), first let us show that v = v« Let
{u,} be an approximate identity of Es. Then, for k1,k, € H:

(k1. vsr (k2)) = (k1. li{H p(up8s) (k) = li{n(k1 L p(U;850) (kz)) = li?l(ﬁ(uxcss*)*(kl), k2)

= (1im p (Bs(u)85) (ko). kz) = (vs (ko). k).

S0 v = vgx.
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Let us show that v}vs is a projection over m(Es)H, because we already see that v =0 in (m (Es+)H)*. Then, let
h=m(a)k e m(Es«)H and {u, } be an approximate identity of Es«:

Vi vs(h) = vss (0 (Bs(@)89) (1) = lim p(uy 85:)p (Bs(@)85) ()
= Him p (B (Bs(1ty ) B (@)3ses) () = p(adses) ()
= p(ase) (k) = h,

because p|y = 0. Then vy is a partial isometry with initial space 7 (Es<)H. Doing the same to vsv, we conclude that 7 (Es)H
is the final space of vs.

Let us split the proof that v is a homomorphism in two cases. Firstly take h € w(E¢+s«)H. Then h = p(ade)(k), a € Egrsx
and k € H. Let {u,} be an approximate identity of Es. Using the first part of the proof of that v is well defined we have:

vsu(h) = vsv; (p(ade) (k) = vs p(Be (@8 ) (k) = lipp(uxasm(ﬁt(a)at)(k)
= li}:ﬂ 0 (Bs(Bs: () Br (@) st ) (k) = li}{“ o (uxBs(Be(@))dst) (k)
= p(Bst (@)3st) (k) = vt ().

Now let h € (7w (E=s+)H)L. We have that v (h) = 0. Let us show that vsv(h) = 0. Take {u;} an approximate identity of Es
and {uy} of E;. Well, Bs(Bs« (u))uy) € Bs(Esx N E¢) = Egc and by the Cohen-Hewitt Factorization Theorem, Bs(Bs+(uy)uy) =
Xy, X,y € Eg. By hypothesis:

(p(Bers+ (1)8e) (h), H) = (h, p(Br+s+ (¥)8e)H) = (h, 7t (Be=s+ (¥)) H) = 0,
that implies p(Bexs+(¥)8e)(h) = 0. As

P (Bs(Bs+ Wty )8st) (W) = p(xySse) (h) = p(xst) p (Bees+ ()¢ ) (1) = 0,
taking {u,} C Es and {u,} C Es+ their approximate identities, it follows that:

vsve () = lim o (u;.85) lim p (ue80) (h) = l)hilgp(ﬂs(ﬂs* (U)ue)dst) (h) = 0.

So Vg = vs1; and v is a homomorphism.
Finally, we need to prove the covariance condition, that is, that vsm(a)vsx = 7w (Bs(a)). Let a € Es« and {uy}, {uy} be
approximate identities of Es. Then:

VsTT (@) Vsx = li{II P (Uzds)p(ade) li;n P (,35* (uy)as*) = l)hlr)l} P (Uds)p (aﬂs* (uy)5s*)
= l)\lr}r) 1Y (ﬁs (,33* (u;)apBs+ (uy))(sss*) = lkm; p(ukﬂs(a)uyfsss*)
= )0(,85(‘1)553*) = P(ﬂs(a)se) = 77(,33(‘1)),

because p|y =0. O

By the previous theorem we have, for x € L:
[Xllc =sup{| (T x v)(®)||: (r, v, H) € CovRep(A, S, B)}
= sup{|p(x)|: p representation of L equals zero in N}
=sup{| p()|: p representation of A X S} = ps(x).
So we conclude that:

Theorem 5.6. The definition of crossed product by an action of inverse semigroup in a C*-algebra that we present is equivalent to that
introduced by Sieben in [5].
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