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1. Introduction

A continuous linear operator T on a separable Banach space X is called hypercyclic if there is a hypercyclic vector x € X
for T which means that {T"x; n € N} is dense in X. There are a number of articles dealing with hypercyclic operators, for
a survey see e.g. [11,12].

Analogously, a family (T,),c; of continuous linear operators on X, is called hypercyclic if there exists an element x € X
such that {T,x; ¢ €I} is dense in X. In this case x is again called hypercyclic vector for the family (T,),c;. Apart from single
operators, there are various results on hypercyclic Co-semigroups, see e.g. [8,2,5,4,6,13,14,1,7].

A notion closely related to hypercyclicity is that of transitivity. A family of continuous linear operators (T,),c; on a Banach
space X is called transitive if for each pair of non-empty, open subsets U, V of X there is ¢ € I such that Tfl(U) NV #Q. It
was shown by Grosse-Erdmann that (T,),¢; is transitive if and only if (T,),c; is hypercyclic and the set of hypercyclic vectors
is dense [10, Satz 1.2.2 and its proof]. Moreover, Peris proved that a commuting family of continuous linear operators (T,),¢;
for which each T, has dense range is hypercyclic if and only if the set of hypercyclic vectors is dense [11, Proposition 1].
In particular, an arbitrary commuting family of continuous linear operators (T,),c; for which each T, has dense range is
hypercyclic if and only if it is transitive.

A family of continuous linear operators (T,),c; on a Banach space X is called weakly mixing if (T, @ T,),c; is transitive
on X @ X. And finally, a family of continuous linear operators (T):cr is called mixing if for each pair of non-empty, open
subsets U, V of X there is tp € R such that Tt_l(U) NV # @ for every t > to.

A cosine operator function on a Banach space X is a strongly continuous mapping C from the real line into the space of
continuous linear operators on X satisfying C(0) =id and the d’Alembert functional equation 2C(t)C(s) = C(t +5) + C(t — )
for all s,t e R. If T is a Co-group it is easily seen that C(t) := %(T(t) + T(—t)) defines a cosine operator function. The
generator of a cosine operator function is defined as Af :=lim;_¢ [%(C(t)f — f) for f € D(A), i.e. for those f for which the
limit exists. If T is a Co-group with generator (A, D(A)) then the cosine operator function defined by C(t) = %(T(t) +T(—t))
has generator (A2, D(A?)).
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Transitive cosine operator functions on Banach spaces were first considered by Bonilla and Miana in [3]. Among other
things they gave a sufficient condition for the translation cosine function on LZ (R) and Cy,, (R), respectively, to be transitive
and characterized when it is mixing. Moreover, they showed that there is a topologically mixing cosine operator function
on any separable infinite dimensional Banach space.

The paper is organized as follows. In Section 2 we show that at least for cosine operator functions stemming from
strongly continuous groups hypercyclicity and transitivity are equivalent. In Section 3 we give sufficient conditions for
hypercyclicity of cosine operator functions generated by second order partial differential operators on space of integrable
functions and continuous functions, respectively. Moreover, we show that under some mild additional conditions these
sufficient conditions are also necessary and that then hypercyclicity is equivalent to weak mixing. Furthermore, mixing of the
same cosine operator functions is characterized as well. Since the given conditions might be difficult to check for concrete
examples we concentrate on the one-dimensional case in Section 4 and considerably simplify the conditions characterizing
hypercyclicity and mixing. Several examples are given to illustrate the given results.

2. A general observation

In this short section we show that for cosine operator functions defined via a Co-group hypercyclicity is indeed equivalent
to transitivity. We begin with a general proposition.

Proposition 1. Let T be a Co-group on the Banach space X and define C(t) := %(T(t) + T(—t)), t € R. If the cosine operator function
C = (C(t))¢er is hypercyclic then o (T (t)*) = @ for all t > 0, where o, (T (t)*) denotes the point spectrum of the transpose of T (t).

Proof. Assume there is tg > 0 such that o}, (T(tg)*) # @. Let (A, D(A)) be the generator of T. Since T (tp) is one-to-one and
onto it follows from the spectral mapping theorem for the residual spectrum (cf. [9, Theorems IV.3.7 and 3.8]), that there are
L €0p(A*) and X' € X'\ {0} such that e € o, (T(t)*) and T(t)*x' =e'*x’ for all t > 0. From this we get C(t)*x" = cosh(tA)x’
for t > 0.

Let x be a hypercyclic vector for C. Then, since X' # 0 we get

K = {x'(C(t)x); t >0} = {cosh(t)x'(x); t >0} = {cosh(tr); t > 0}x'(x)

giving a contradiction. O

Corollary 2. Let T be a Cy-group on the Banach space X and let C(t) := %(T(t) + T(—t)), t € R. If the cosine operator function
C = (C(t))¢er is hypercyclic then the set of hypercyclic vectors for C is a dense Gg-set in X. In particular, C is hypercyclic if and only if
C is transitive.

Proof. We have C(t) = %(T(Zt) + id)T (—t). Because T(—t) is one-to-one and onto, C(t) has dense range if T(2t) + id has
dense range, i.e. if —1 ¢ o, (T(2t)*) which is true by the above proposition. Since C(s)C(r) = C(r)C(s) for all r,s e R it
follows from [11, Proposition 1] that the set of hypercyclic vectors for C is dense in X. From [3, Theorem 1.1] we obtain that
C is hypercyclic if and only if C is transitive. O

Remark 3. It seems to be still unknown whether for general cosine operator functions hypercyclicity and transitivity are
equivalent properties.

3. Characterizations of hypercyclicity and mixing in arbitrary dimensions

In this section we characterize when cosine operator functions generated by second order differential operators are
hypercyclic or mixing, respectively. Observe that by taking t = 0 in the d’Alembert equation we get C(s) = C(—s) for all
s e R so that C is hypercyclic (mixing) if and only if (C(s))s>0 is hypercyclic (mixing).

We consider an open subset £2 of R? and a locally Lipschitz continuous vector field F on £2 such that for every xp € £
the unique solution @(-, xg) of the initial value problem

x=F(x), x(0) =xg

is defined on R. Moreover, let h: 2 — R be a continuous function.

We call a locally finite Borel measure w on §2 p-admissible for F and h, if T(t)f(x) := exp(foth(w(r, x))dr) f(p(t, X)),
t € R, defines a Co-group on LP(u), where p € [1, 00).

For t € R we define the Borel measures vy :(B) := f(pH,B) hf du, where he(x) := exp(foth((p(r, X)) dr) for t € R. Note that
these are well defined since ¢(t, -) is a homeomorphism of £2 with ¢(t,-)~'(B) = ¢(—t, B) for each t € R and B C £2 Borel
measurable.

Moreover, a function p : 2 — (0, c0) is called Co-admissible for F and h, if T(t) defined as above gives a Cp-group on
Co,p(£2), where

Co.p(2):={f €C(2); Ve >0: {xe 2; |f(x)|p(x) > e} is compact]
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is equipped with the norm | f|| := supyco | f (x)|p(x). Since £2 is locally compact and p is locally finite the subspace C.(£2)
of compactly supported continuous functions is dense in LP(u). The same obviously holds for Co.p(£2).

As [13, Theorem 4.7, Proposition 4.12, Remark 3.10 and the remark following Theorem 4.11] one proofs the following
theorem which we give only for completeness’ sake. Observe that by our hypotheses we have ¢(t, £2) = §2 for all t € R
and that {h;(x)p(x) > §} N p(—t,K), § > 0, is always compact if p is upper semicontinuous. Recall that x — ¢(t,x) is
continuously differentiable if F is continuously differentiable. In case of existence we denote the Jacobian of x — ¢(t, x) by
Do(t, x).

Theorem 4. Let  be a locally finite Borel measure on §2 and let F and h be as above.

a) The following are equivalent.

i) u is p-admissible for F and h.

ii) vp ¢ has a p-density gp ¢ € L°°(w) and there are constants M > 1, w € R such that ||gp t]lco < Me®!! forall t € R.
b) Assume that u has a positive Lebesgue density p. If F is continuously differentiable the following are equivalent.

i) w is p-admissible for F and h.

ii) There are M > 1, w € R such that for t € R and A9-almost all x € 2

hf (0 p(x) < Me®lp(p(t. x)) |det Do (£, x)|.

where A% denotes d-dimensional Lebesgue measure.
c) Let p be p-admissible for F and h and assume that . has a positive Lebesgue density p. If F is differentiable a jt-density of vy ¢,
resp. Vp, ¢, is given by
p(p(=t, )| detDp(-t, )|
:Ohlit

)

resp.

p(p(t, ) det Dp(t, -)|
ph? '

d) Let p : 2 — (0, 00). Then i) implies ii).
i) p is Co-admissible for F and h.
ii) There are constants M > 1 and w € R such that for allt € R and x € §2

he(x)p(x) < Me®p(p(t, x)).

Moreover, if p is upper semicontinuous the above are equivalent.
e) Let F and h be twice continuously differentiable, . be p-admissible, and p Co-admissible for F and h. Let X be either LP (i) or
Co,p (£2). The generator of the cosine operator function on X defined via

(COf)x= %(ht(x)f(go(t, X)) +h_t () f(p(~t,%)))

is given by the closure of the operator

C2(2)— X,
d d d d
fe > FiFdjof + Z(ZhFj + ZFkaij) 3 f + <h2 + ZFjajh>f.
J.k=1 j=1 k=1 j=1

In particular, if F=acR? and h =« € R it follows that for a p-admissible measure 1, respectively a Co-admissible p,
the generator of the cosine operator function under consideration is the closure of the operator

()~ X, fr(a.V2fa)+2a(a, Vf)+a?f,

where V2 denotes the Hessian of f.

Theorem 5. Let u be p-admissible for F and h. For the cosine operator function C(t) := %(T(t) + T(—t)) with T(t)f(x) =
he(x) f (@(t, x)), among the following, i) implies ii) and ii) implies iii).

i) For each compact subset K of $2 there are sequences (L )nen and (L7 Ynen of Borel subsets of K and a sequence (tn)nen of positive
numbers such that for L, := L;f UL, one has

nango MK\ Lp) = nlir& Vp.t, (Ln) = nan;o Vp,—t,(Ln) =0
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and
Jm vp o, (Ly) = Jim vp o, (Ly) =o0.

ii) C is weakly mixing on LP (11).
iii) C is hypercyclic on LP (u).

Moreover, if for every compact subset K of £2 one has lim¢—. o (K N @(t, K)) = 0 the above are equivalent.

Proof. In order to show that i) implies ii) let Uj, Vj, j = 1,2, be open, non-empty subsets of LP(w) and fj € U;j N Cc(£2),
gi€V;NCc(2), j=1,2. Then K :=supp f1 Usupp f, Usupp g1 Usupp g2 is compact. Choose (L )nen, (Ly)Inen and (tp)nen
as in i) for K. We can assume without loss of generality that L} NL; = 0.

Setting forneN, j=1,2

Vin=he, (g (9tn, ) X+ (9(tn, ) +ht, g (#(=tn, )) X1 (9 (~tn, )

it follows from

1/p
lvinll < </hmgj((ﬂ(tn, '))’pX(p(ftn,Ln*) dﬂ) + (/hgtn|gj((/)(_tn, -))‘px(p(tn’”)du)

< gilloo(Vp.ea ()P + vp - (L) P)

(where by | - |lc we denote the sup-norm) that (f;jxr, + V;jn)nen converges to fj in LP(u).
Moreover,

1/p

1
Ctn)(fixt, +Vjn) =8&jXL, + E(htn(')fj((o(tn» N Xp=tn.L) + =, ) i (@ (=tn. ) X ta,Lo)
+ hor, (g (fﬂ(Ztn, '))X(p(—Ztn.Lf{) +h_2,()gj (@(—an, .))X(g(ztn,L;))?

so that

|CE (Fixe, +vim) — & <Ugjloon(K \ L)/ + ”f’#(vp,rn (L 4+ vp 6 (L))

4 LB o (1) 4 v, (1))

Hence, (C(tn)(fjXL, + Vjn) — &j)nen converges to g; in LP () which shows that C(t,)(Uj) NV;# ¢ for j=1,2 and suffi-
ciently large n, i.e. C is weakly mixing.

Obviously, ii) implies iii).

Now, assume that lim— oo (K N @(t, K)) = 0 for every compact subset K of £2. In order to show that iii) im-
plies i) let K be a compact subset of 2 and & € (0,1). By Corollary 2 there are v € LP(u) and t > 0 such that
v — xkllP < &? and ||C(t)v + xk|P < &? and without loss of generality we can assume that p(K N ¢@(2t, K)) < &% as
well as (K Np(=2t, K)) < &2.

By the continuity of the mapping LP (i, C) — LP(u,R), f — Re f and the fact that C commutes with it, we can assume
without loss of generality that v is real-valued.

Furthermore, for measurable subsets B C £2 we have ||C(t)(fxp)|l < IC(t)f]| for arbitrary t € R and all f € LP(u).
Obviously the mapping LP(u,R) — LP(u,R), f — fT, where f* :=max(0, f}, satisfies ||(f + g)F| < |If* + g*|l and
commutes with C so that for measurable A C 2

l(cor(v*xs))xal <[ (COV)| = [(COV = (=xi) + (=xi0) | <[ (COV = (=x)) | + | (=xi0 |

= [ (cOv - x0)"| <[ cOV+ x| < e¥P

and ||v — x| < &2 implies

Iv=xs|| <[v =T = e = v = x| <lixk = v+ | (=xi0 ™| = llxk — vl <P,

where v~ := max{0, —v}.

Setting L:=K N {|1 —v|]? <e}N {1+ COVIP < ¢} it follows that (K \ L) <2¢ as well as vip > 1 — &l/P > 0 and
CovyL<e’?P -1 <0.

Now, define L~ :={xeL; (T{t)v)(x) <&/P —1}and Lt :=L\L".



T. Kalmes /J. Math. Anal. Appl. 365 (2010) 363-375 367
Using the fact that [ fdvp ;= fhf(~)f(g0(t, -))du for positive, measurable f we obtain
&> [cox)|’ = / v (e, )P xe (e, )) du+ / P (v (p(=t,9)" xu(e(=t, ) du

N /(V+)p dvp.e + /(‘ﬁ)p dvp. > (1-&"/7)" (vp (L) + vp, (L),
L L

so that the first part of condition i) follows, since € was arbitrary.

By definition of L~ we have (T (t)v)(x) < &'/P —1 for x € L~ and it follows from (C(t)v);L < &!/P —1 that (T(=t)v)(x) <
€!/P —1 for x € LT. These inequalities give 1—&!/P < (T(t)v™);.~ which implies by bijectivity of ¢(—t, ) and he(¢(—t, ) =
1/h_[ that

1—e P < (TOVT)(9(=£,%) =ht(p(=t,0)v™ () = v~ X /h— ()

for x € ¢(t, L7). Analogously it follows that v=(x)/h;(x) > 1 — &!/P for x € p(—t, LT).
Using this, hr(x)hs(¢(r, X)) = hy+s(x) for all r,s € R, and the positivity of the operator T(—t) we have

(1—eP)Pvp o (LF) = /(1 —eVPYPRE () x1+ (9 (2t, %)) dju(x)
=/(1 — eVP)Ph 0 (96, %) X110 (9. %)) dpe ()

= / (1= eVP)Phl (0 Xp(_r.0+) (0 dvp e (X) < / (v7)P @) /R R (0 X p(—r.1+) (%) dVp ¢ (X)

/ h (v (0. 0))’ Xp—e.10) (9, %)) d ()

/ (TOVv™) @ du@ <27 / (cov )’ @duw
@(=2t,Lt) @(=2t,Lt)
=2 (COVT) X2 [
=2 (cO(v = v))xpeain |
=2 (COVF) xp—aeit) — (COV + XK) Xp—26.0+) + XKng(—26,1+) Hp
2P P|cwt | + 27| cov + xx|)” + 2P xknp-ae.i4)IP)
2P (262 4 (K Np(=2t, K)))
<2312,

NN

In the same way one shows
(1- gl/p)pvp,_ZI(L_) <23+ g2

so that the second part of condition i) follows as well. 0O

Remark 6. Note that in the above proof we did not need neither the strong continuity of t — T(t) nor the semigroup law
TOT(S)=T({E+5S).

In fact, we only need w4 to be a locally finite Borel measure on a locally compact, o -compact Hausdorff space §2 such that
T(t)f =h:t(-)f(e:(-)) is a continuous operator for every t from some index set, where h; is a positive continuous function on
£2 and ¢; a homeomorphism of §2. For example, one could equip §2 = Z with the discrete topology and a measure @ with
a positive counting density (8n)nez on Z, define ¢:(n) =n+t, n e Z, for all t € Z. Then T (t)(Xn)nez = (Xn+t)nez. Obviously,
T :=T(1) is a well-defined operator on ¢P(g8) if and only if sup,cz Bn/Bn+1 < co. An analogue of the above theorem then
reads that under the assumption of sup;cz Bn/Bn+1 < oo the sequence of operators (T" + T ")yen is hypercyclic on £,(Z, B)
if and only if for each finite subset K of Z there are a strictly increasing sequence (1n;);en of natural numbers and a sequence
(0)iey in {—1, 1} such that

lim = lim _p, = lim =0.
g Z ,Bk-&-nl I 00 kXI; ﬂk n I 00 Z ,3k+201n,
€

keK keK

From sup,,c7 Bn/Bn+1 < 0o it is easily deduced that the last condition is equivalent to that for every k € Z there are a strictly
increasing sequence (nj)jen of natural numbers and a sequence (o7)cy in {—1, 1} such that

lim ﬂk+m = lim ngfn, = lim ,3k+201n, =0
[ 00 [—-o00 [—o00

(compare [13, Example 2.7]).
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An obvious modification of the proof of Theorem 5 gives the following result.

Theorem 7. Let t be p-admissible for F and h. For the cosine function C defined by C(t) := %(T(t) + T(—t)) with T(t) f(x) =
ht (%) f (@(t, X)), the following condition i) implies ii).

i) For each compact subset K of §2 there are families (L );>0 and (L; )r>o of Borel subsets of K such that with L := L U L]
lim /.L(K \ L[) = lim Vp,t(L[) = lim vp,—t(Lt) =0
t—o0 t—o00 t—o00

and
. JF . —

tl_l)rgo vp2e(L) = tl_l)n;o vp,—2¢(L; ) =0.

ii) C is mixing on LP (w).

If additionally limy¢|— o (K N @(t, K)) = 0 for all compact subsets K of §2 the above are equivalent.

Corollary 8. Let . be p-admissible for F and h such that limys|— o (K N (¢, K)) = 0 for every compact subset K of £2.

a) If the cosine operator function C defined by C(t) := %(T(t) + T(—t)) with T(t) f (x) = he(x) f (@(t, X)) is hypercyclic on LP (i)
then the Co-semigroup (T (t))>0 is hypercyclic, too.

b) If the cosine operator function C defined by C(t) := %(T(t) + T(—t)) with T(t) f(x) = he(x) f (@(t, x)) is mixing on LP (1) then
the Co-semigroup (T (t))¢>0 is mixing, too.

Proof. From hypercyclicity, resp. mixing, of C it follows from Theorem 5, resp. Theorem 7, that
lim w(K\Ly) = lim vp¢ (Lp) = lim v, ¢ (Ly) =0
n—o00 n—oo t—o0
for suitable (t;)neny and (Lp)pen, resp.
lim p(K\ L) = lim vp¢(Ly) = lim vp (L) =0
t—o00 t—o00 t—o00
for suitable (L¢)¢>o. Applying [13, Theorem 4.10], resp. [13, Theorem 5.1a)], now gives the corollary. O

For the case of continuous functions one has the following result.

Theorem 9. Let p be a Co-admissible function for F and h on §2. For the cosine operator function C defined by C(t) := %(T(t) +T(=t))
with T (t) f (x) = ht(x) f (¢(t, X)), among the following i) implies ii) and ii) implies iii).

i) For every compact subset K of §2 there are sequences of positive numbers (tp)nen and open subsets (U nen, (U7 Inen of §2 with
K Cc U;f U U, forevery n € N such that

lim sup p(@(—ty, X)) — lim sup p(@(tn, X)) —0
=00 yeK hftn x) =00 yeK htn x)
as well as
lim  sup P(p(—2tn, X)) — lim sup p(p(2tn, X)) _
=0y eknuy  M-26,(%) n=oo, cknup 26 (0

ii) C is weakly mixing on Co ,(§2).
iii) Cis hypercyclic on Cp 5 (£2).

Moreover, if for every compact subset K of £2 limj¢|— oo SUPxe kg, k) £ (%) = 0 and infyex p(x) > 0 hold, the above are equivalent.

Proof. In order to show that i) implies ii) let W;, Vj C Co ,(§2) be open and non-empty, j=1,2. Let f; € W; N Cc(£2),
g €VjNC(£2), j=1,2, and define K := supp f1 U supp f U supp g1 U supp g2. Choose (U )nen, (U dnen, and (tp)nen as
in i) for K. Since K C U} U U, there are C*®-functions v, > 0 and v,; > 0 such that supp vy, C U7, suppy,; C U; and
¥, + ¥, =2 in a neighbourhood of K.

We define forne N and j=1,2

Vin =h,()gi(¢tn, )V (@(tn, ) + h—t, (Vg (@ (—tn, ), (9 (—tn, ).
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Then, v, € Co,p(£2) and taking into account that ;7 + v, =2 in a neighbourhood of K, a straightforward calculation
gives
1 _
Ctp)vjn= E(thn(')gj (f/)(2fn, ))Wn ((/)(Ztn, )) +h_2,()gj ((0(_2tn7 ))Wr;r ((/)(_Ztn’ ))) + &j-
Since hy, (9 (2ty, X)) = 1/h_3, (%) it follows that

sup hag, (%) |25 (9 2ta. %)) [V (92, X)) p) = sup  hyy, (%) gj(92ta. X)) ¥y (92ta. X)) p(x)
xef2 Xep(—2tn,K)

= SUII?thn (0 (—=2tn, %)) |gi | ¥y ) p(p(—2tn, %))
Xe
0 (@(—2tn, X))
<2|gjlle sUp ———=
]ooxel(ﬂUn_ h_a¢, (%)

and analogously

(92, %)
suph_ar, (%)) g (0 (=260, %)) [ (0(=260. ) p(X) < 2| gjlloc sup L=
xe2 xe](ﬂuﬂ+ h2tn (%)

which implies limy_, o C(ty)Vjn = g in Co p(£2).
In the same way one shows that limy_, o Vjn =0 in Co ,(£2).
Because

su£|htn @) fi(@(tn, 0) +h_t,®) fi(p(=tn, 0))| p(x)
Xe

< sup hy, | fi(@tn, 0)[o® +  sup  h_e, (] fi(@(—ta, 0)) | (%)
xe@(—tn,K) Xe@(tn,K)

—tn, tn,
<||fj||oo(sup”(<”( ) | gup PO x)))

xek  he, () xek  he, (%)
we have limy_, oo C(tp) fj =0 in Co ,(£2).
Altogether this gives
Jim (fj+vjn) = fj
and
lim Cty)(fj+vjin =g, j=1,2,
n—-oo
so that C(t;)(W;) NV ## for j=1,2 and sufficiently large n so that ii) follows.
Trivially, ii) implies iii).
Now we assume that limyt|—co SUPxeknp(t, k) 2 (%) = 0 and infyek 0 (x) > 0 hold for every compact subset K of £2. In order
to prove that iii) implies i) let K be a compact subset of 2 and ¢ € (0, infyex p(X)). Let f € Cc(§2) be such that 0 < f <1
and f =1 in a neighbourhood of K.

By Corollary 2 there are t > 0,v € Cq ,(£2) with ||[v — f|l <& and [|C(t)v + f|| < &. Without loss of generality we can
assume that

sup  p(X)+ sup px) <e,
xeMnNe(2t,M) xeMnNe(—-2t,M)

where M :=supp f.
As in the proof of Theorem 5 we can assume v to be real-valued and we obtain ||C(t)vt| <& and ||[v™|| <&.
Because of

e > ||[COV + f| = sup|CO)V + 1] p(x)
xeK

and the choice of ¢ we get

£ 1
VxeK: CHHvx) < — — 1< ——.
pXx) 2
In the same way one derives from € > ||v — f| that
& 1
VxeK:vix)>1— —— > —,
px) 2

ie.vt>1/2 on K.



370 T. Kalmes / J. Math. Anal. Appl. 365 (2010) 363-375

From this we obtain

1
e>|covt| = 5 sug(hf(x)vJ’(go(t,x)) +h_t v (p(—t, %)) p(x)

1
2—( sup  he()v* (p(t,0))p(x) + sup h_r(x)v+(s0(—t,x))p(x))

xep(—t,K) xep(t,K)
1 p(p(=t, X)) ple(t, x)))
> —| sup =+ sup .
8 (xel( h_t() xek  he(X)

Since T(t)v and T(—t)v are continuous functions it follows that the sets Ut :={x e £2; (T(t)v)(x) < —1/4} and U~ :=
{x e 2; (T(=t)v)(x) < —1/4} are open and because of C(t)v < —1/2 on K we have K cUTUU".
Because of ¢(t, ) and ¢(—t, -) are one-to-one and onto we obtain

v (x)
h_¢(x)

1
vxeo(t,UT): 5 <(TOv™)(p(—t,x) =

and

1 _
vxep(—t,U"): 5 <(T=0Hv7) (e, x) = ‘;lt((XX)).

Having in mind that h:(x)h_(¢(t,x)) =1 for every x € 2 we get

1 p(p(=2t,x))
2 xei(l:ﬁ%— h_2:(x)
1 sup plp(—t, X)) < u v () p(p(—t, X))

2 yeg(—t.knu-) -2 (@, %)~ xep—t.knu—) he(OR_2t(@(t, %))

he(p(—t,x)v—(p(t, p(—t, x)))
= _t,
XEW(—S:,III?DU*) he(@(—t, x))h_t (@(t, p(—t,X))) ,0(§0( X))

= sup  (TOV)(e(=t.0)p(p(-t. 1)
xep(—t,KNU™)

=  sup  (TOV)@p® <2  sup  (COVT)X)pE)
xep(—2t,KNU™) xep(—2t,KNU™)

=2 sup (Cot =v))xpx)
xep(—2t,KNU™)

<2( s (COVI@pm+  sup  [(COV+FRp0+  sup  [f®]pe)
xep(=2t,KNU™) xep(=2t,KNU™) xep(=2t,KNU™)

<2(covr+lcaw+l+ sup - pw)
xep(—2t,M)NM

< 6e.

In the same way one verifies

1 2t,
— sup M < be.

2 yeknut  har®®)

Since & was chosen arbitrarily small, i) finally follows. O
Obvious modifications of the above proof yield the next result.

Theorem 10. Let p be a Co-admissible function for F and h on $2. For the cosine operator function C(t) := %(T(t) + T(—t)) with
T(t) f(x) = hi(x) f (¢(t, x)), the following condition i) implies ii).

i) For every compact subset K of §2 there are open subsets (U:r)t)o, (U )e=o0 0of 2 with K C U[+ U U, foreveryt > 0 such that

lim sup POELY)) sup plet.x))
t=ooxek  h_t(%) t=ooxek  he(X)

as well as
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> vekny;  M-2e®) >0y eknuy  M2e®)
ii) Cis mixing on Cop ,(£2).
Moreover, if for every compact subset K of £2 limj¢|— oo SUPxeknp(t, k) £ (%) = 0 and infyek p(x) > 0 hold, the above are equivalent.
4. The one-dimensional case

In case of d =1, that is £2 C R, we can considerably simplify the conditions characterizing hypercyclicity, resp. mixing,
derived in the previous section. One tool for this will be the next lemma. For a proof see [14, Lemma 7]. In this section we
simply write d,¢(t, x) for the Jacobian of x — ¢(t, x).

Lemma 11. Let 2 C R be open and [a,b] C {F # 0}. Assume that p : 2 — (0, 00) is measurable and satisfies hf(x)p(x) <
Me®t p((t, X))|2¢(t, X)| for some constants M > 1, w > 0 and for every t > 0, x € [a, b].
Then thereis C > 0 such that 1/C < p(y) < C forall y € [a, b] and
he (p(—t.0)p(p(—t.0))[20(—t, O X0 (©) < ChY (p(=t, 1)) p (0 (=L, 1)) |20(—t, V)| X pe.0r V)
< C*h{ (p(—t.d)) p(@(—t.d)) |20 (—t. )| X, o (@)

as well as

heP©p(p(t. o)) |de(t, 0| < Ch P p(e(t. )| a0, )| < Ch P d)p (et d)) |t d)|
forallt >0, where c:=a,d :=b if Fq p; > O, respectively c :=b, d := a if Fjjq p) <O.

Now we come to a characterization of hypercyclicity on LP () which is more applicable in concrete situations than the
one given by Theorem 5. Recall that ™ denotes m-dimensional Lebesgue measure.

Theorem 12. Let £2 C R be open and F continuously differentiable. Assume the locally finite p-admissible measure (. has a positive
Lebesgue density p. Then the following are equivalent.

i) The cosine operator function C defined via

(COf)x = %(hr(x)f(ﬁﬂ(f, X)) +h-t () f(p(~t,%)))

is weakly mixing on LP (w).

ii) The cosine operator function C is hypercyclic on LP (1).

iii) A1 ({F = 0}) = 0 and for every m € N for which there are m different components 21, ..., 2m of 2 \ {F = 0}, for A\™-almost all
choices of xj € 2, j =1, ..., m, there are a sequence of positive numbers (t;)nen tending to infinity and a sequence (0y)nen €
{1, =1} such that

: -p
Lim he P xj)p((tn. %)) 029 (6. ) = 0.
; -p
Jim hop ) (9 (—tn, X})) 329 (—tn, x;) =0,
and
: -p
Mim hy 7 ()0 (¢ (20ntn, X)) 02 (200ntn, Xj) =0
forj=1,...,m.
Proof. That i) implies ii) is again trivial. In order to show that ii) implies iii) observe that ¢(t,x) = x if F(x) =0 so that
he(x) f (@(t, x)) = exp(th(x)) f (x) for every f € LP(u) on {F = 0}. From this it follows easily that C cannot be hypercyclic if
A ({F =0}) > 0. Hence, LP(u) = LP(£2 \ {F = 0}, ). Because of ¢(t, 2 \ {F =0}) C £2 \ {F =0} we can therefore consider
C on LP(£2\ {F =0}, u) rather than on LP(w). Obviously, C is hypercyclic on LP(§2 \ {F =0}, u) by ii). But for a compact
subset of §2 \ {F =0} we obviously have K N ¢(t, K) =¥ for |t| large enough, in particular limj—co (K Ne(t, K)) =0.

Let X1, ..., Xxm be from different components of §2 \ {F = 0} which, by Theorem 4b), we assume without loss of generality
to satisfy

he(x) p(xj) < Me® p(@(t, x)))|200(t, X))
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forallt>0,j=1,...,m. Since 2 is open there is r < 0 such that ¢(t, x;) is well defined for all t € [r,00), j=1,...,m and
the aforementioned inequality is valid for ¢(r, x;) in place of x;, too. For j=1,...,m we define K; :={¢(t, xj); 0 <t <1} if
F(x;j) > 0, respectively Kj {p(t,xj); r<t<O0}if F(xj) <0. Then the K;’s are compact intervals contained in §2 \ {F =0}
satisfying A(K;) > 0, since F(x;) #0, and K; = [xj, ¢(1,xj)] if F(xj) > 0, respectively K; = [x;, ¢(r,x)] if F(x;) <0. In
particular p(K;) > 0.

For the compact set K := Ulgjgm K; choose measurable subsets (LHnen, (Ly)nen and a sequence of positive numbers
(tn)nen according to i) of Theorem 5. Without loss of generality we can assume that L} N L, =¢ for all n € N. Set L, :=
LTulL;.

Since C is weakly mixing, it follows from Theorem 4b) that w > 0, because otherwise {||T(t)||; t € R} was bounded,
implying the boundedness of each orbit under C. Defining L, :=L}f UL; and L, j:=L,NKj, neN, 1< j <m, we obtain
from Theorem 4c) and Lemma 11 that for some constant C; > 0

he PP, Y1020 (tn. Y)] _
Uty (Ln ) = / VO 29 YR duay) = € P ) p (@t 1)) 929ty 1) 1L ).

Py)

Ln.j
Because limy_ 00 t(Ly, j) = w(Kj) > 0 it follows from limy_ o0 Vp ¢, (Ln, j) = 0 that
: -p
1im he P xj)p((tn. %)) |20 (tn, %)) [ =0

for all j=1,...,m and the continuity of (s, y) — hs(y), ¢, and d,¢ together with Lemma 11 imply that (ty)nen has to
converge to infinity.
Furthermore, we get from Theorem 4c) and Lemma 11

((0( tn, YD) p(@(—tn, ¥))|020(— fn,}’)|
Vp tn(Ln j):/

p(¥) au)

Ln.}‘
> Cihf (@(=tn, X)) p (@ (=t X)) |02 (—tn, X)) | 14 (Ln, ).
Observing that he, (¢(—ty, -)) = 1/h_, this shows by the same arguments as above that

1im he P ) p (e (=t X)) [ 820 (~tn. Xj)| = 0
Moreover, by the same reasoning we obtain for some other C; >0

Vp.26 (L) = Cihy %)) (9 (2tn, X)) 0200 . %)) | (L)
and
Vp,—Ztn(L;)> _Ztn(XJ)P(QO( Ztnsx] )|82§0( Ztnaxj)|/‘b( )

Since p(Ly) = u(L) + p(L;) tends to p(K) > 0 for n to infinity, iii) follows.

In order to show that iii) implies i) let K be a compact subset of §2. Since obviously LP(§2, u) = LP($2 \ {F =0}, u) and
o, 2\ {F=0})C £\ {F=0} for all t >0 we can assume without loss of generality that K C £2 \ {F =0}.

Therefore, there are finitely many intervals [aj,b;] C £ \ {F = 0} such that each [a;,b;] is contained in a different
component of 22\ {F =0} and K C ;¢ j<mla;,bjl. We define x; :=aj if Fjiq; p;) > 0, respectively x; :=bj if Fjq; ;) <0,
where without loss of generality we assume iii) to be true for xi,...,xn. Let (t))neny be a sequence of positive numbers
according to iii) for x1, ..., Xy. From Lemma 11 it follows that for some C; >0
m

¥ he P (D)@ (tn, Y)|020(tn., Y)]
py)

Vp—tn (K) <) vp, (1. bj1) da(y)
j=1

]_1[aj,ij

m
ZCJI'L [a]’bj tnp(xj)p((P(tnaXj))|32§0(tn,
j=1

so that limp_, o0 Vp 1, (K) =0
Analogously, one shows that limy_, o Vp ¢, (K) = limp_ 00 Vp 26,6, (K) = 0 as well. Setting LY =K, Ly ;=0 in case of
on=1and L} :=0, Ly := K in case of o, = —1 now shows that condition i) of Theorem 5 is satisfied so that i) follows. O

Using the same arguments one gets the following result.

Theorem 13. Let 2 C R be open and F continuously differentiable. Assume the locally finite p-admissible measure (& has a positive
Lebesgue density p. Then the following are equivalent.
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i) The cosine operator function C defined via

1
(COf)x = i(ht(x)f(QO(f, X)) +h_t () f(p(~t,%)))

is mixing on LP ().
ii) A1({F = 0}) = 0 and for every m € N for which there are m different components 21, ..., 2y, of 2 \ {F =0}, for A™-almost all
choices of x; € 2, j=1,...,m, there is a family (0¢)ter € {1, —1)R such that

lim AP () p (@t X)) d200(8, X)) =0,

tligloh:f(xj)p(fp(—f, X)) dp(—t,x)) =0,
and

tl_ljgo hz_(ﬁt(xj)P(WZUtt, Xj))02(20¢t, X)) =0
forj=1,...,m.

Using the next lemma instead of Lemma 11 one can derive analogously to Theorem 12 a result for the case of continuous
functions. A proof of the next lemma can be found in [13, Lemma 10].

Lemma 14. Let 2 C R be open and [a, b] C {F # 0}. Assume that p : 2 — (0, o) satisfies h¢(x) p(x) < Me®! p(¢(t, X)) for some
M>1,weRandallx €[a,b], t >0.
Then thereis C > 0 such that 1/C < p(y) < C forall y € [a, b] and
hf (p(—t.0)p(e(—t.0) Xp(t.2)(©) < Ch (p(—t. y)) p(@(—t. 1)) Xpt.2) (V)
< C?hE (p(=t, D) p((=t, D) Xg(t.2) (d)

as well as
hP©p(e(t.0) < Ch Pp(e(t. y) < Ch Pd)p(p(t.d))
forallt >0andall y € [a,b], where c:=a, d :=Db if F|jq p) > O, respectively ¢ := b, d :=a if F|jqp) <O.

Having at hand the above lemma the proofs of the next results are so similar to the one of Theorem 12 that we omit
them.

Theorem 15. Let 2 C R be open, F continuously differentiable and p be a positive function on §2 Co-admissible for F and h. Then
the following are equivalent.

i) The cosine operator function C defined via

(Corf) = %(ht(X)f(w(t, X)) +h_(x) f(p(—t,x)))

is weakly mixing on Co,p (£2).

ii) The cosine operator function C is hypercyclic on Co ,(£2).

iii) {F =0} =@ and for all x € £2, there are a sequence of positive numbers (tp)nen tending to infinity and a sequence (0p)neN €
{1, =1} such that

lim P@t) . P@ELX)
n—oco  h (X) n—oco  h_g (x)

and

lim P(@QRonty, X)) _o
n—>o00  hog (X)

Theorem 16. Let 2 C R be open, F continuously differentiable and p be a positive function on §2 Co-admissible for F and h. Then
the following are equivalent.

i) The cosine operator function C defined via

(CON® = 5 (10 (9. 9) +h-0 (p(~t. )

is mixing on Co 5 (£2).
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ii) {F =0} =0 and for all x € £2, there is a family (o¢)¢cr € {1, —1}F such that

i o(p(t, X)) — lim plp(—t,x)) _0
t—oo  he(x) t—oo  h_t(x)

and

lim p(@2ott, x)) —0
t—>00  hpgt(X)

For the special case of F=1 and h = 0 we obtain the so-called left translation group (T(t)f)(x) = f(x + t). Since the
generator of the corresponding cosine operator function is given by the closure of the operator

d2
CR) > 1P, [ —5f

it is closely related to the wave equation. For this special case we have the following corollary which should be compared
with [3, Theorem 2.2].

Corollary 17. Let w be p-admissible for F =1 and h = 0 on R, admitting a positive Lebesgue density p. Then for the cosine operator
function C defined by (C(t) f)(x) = %(f(x +t) + f(x —t)) the following are equivalent.

i) C is hypercyclic on LP ().
ii) For almost all x € R there are a sequence of positive numbers (t;)nen tending to infinity and a sequence (oy)nen € {1, —1}N such
that

lim p(x+t;) = lim p(x —t;) = lim p(x+ 2onty) =0.
n—oo n—oo n—oo

Clearly, if in the above corollary for p there are M > 1 and w € R such that for all t e R
p(x) < Me®!p(x + 1)

not only for almost all x but for all x (as is the case in [3, Theorem 2.2]) then ii) is equivalent to

ii’) There are a sequence of positive numbers (t;)nen tending to infinity and a sequence (0p)nen € {1, =1} such that

lim p(ty) = lim p(—t;) = lim pQRoyuty) =0.
n—oo n—o0 n—oo

Example (Perturbed wave equation). Let F=1, h=a € R and = A! on R. It follows that ¢(t,x) =x+t and h;(x) =
exp(a|t|) so that by Theorem 4b) A! is p-admissible for F and h for arbitrary p € [1, c0). By Theorem 4e) the generator
(A, D(A)) of the corresponding cosine operator function is given by the closure of the operator

QR —~LPG),  fr [/ +2af +o?f,
i.e. for f € D(A) we have

i COfx)= i C®) fx) + 2 0 COFX) +a*CH)f (%)
at2 X2 ax
in a generalized sense.

Since h;p(x) = exp(—pa|t|) it follows immediately from Theorem 12 that the cosine operator function is mixing, in
particular hypercyclic on LP(u) for every p € [1, oo) if and only if this is true for some p € [1, c0) if and only if o > 0.

In the same way one shows that p =1 is Co-admissible for F and h and that C is hypercyclic on Cp ,(R) if and only if
it is mixing if and only if « > 0.

Example (Exponential translation). Let £2 = (0,00) and F(x) =X, h =0, so that ¢(t,x) = xe. Let u be the measure on
(0, c0) with Lebesgue density o(x) = x(0,1)(X) + %X[Loo)(x). Using Theorem 4b) it is not hard to see that the locally finite
measure  is p-admissible for F and h. By Theorem 4e) the generator (A, D(A)) of the corresponding cosine operator
function is given by the closure of the operator

C20,00) > LP(A),  fi> (x> X f"(0) +xf' (%),
i.e. for f € D(A) we have

ﬁC(t)f X) —xzﬁc t)f () +x3C(t)f(x

at2 0= 9x2 ( ax )
in a generalized sense.
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Since lim;_, o0 p(xe")el = limi_ o0 p(xe et = lim;_ o p(xe2)e? = 0 for every x € (0, c0) it follows immediately from
Theorem 12 that the cosine operator function is mixing, in particular hypercyclic on LP(u) for every p € [1, 00).
Moreover, p is Co-admissible for F and h but it follows from Theorem 15 that C is not hypercyclic on Co , (0, 00).
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