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1. Introduction

The purpose of this work is to derive LP — LP and LP — L9 bounds for a class of non-Markovian time inhomogeneous
transition operators gs:. These Feynman-Kac type transition operators play a role in the analysis of sequential MCMC
methods, see [5,11]. In the time-homogeneous case, the class of operators considered here is precisely that of transition
functions of symmetric Markov processes.

In general, let

e (X) = th exp(—He (X)) o(x), t >0,
denote a family of mutually absolutely continuous probability measures on a finite set S. Here Z; is a normalization con-
stant, and (t,x) — H(x) is a given function on [0,00) x S that is continuously differentiable in the first variable. For
instance, if H;(x) = tH(x) for some function H : S — R, then (u¢)>0 is the exponential family corresponding to H and fto.
We assume that S is finite to keep the presentation as simple and non-technical as possible, although most results of this
paper extend to continuous state spaces under standard regularity assumptions.
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Note that if H; =0 for all t > 0, then u; = o for all t > 0. In this case, the measures are invariant for a Markov
transition semigroup (p¢)e>o, i.e.

Digis =, VE=5=0,

if, for example, the generator satisfies a detailed balance condition w.r.t. wo. Here p;_; stands for the adjoint of the matrix
Dt—s, ie.

(Pi_stts)(¥) = (UsPe-)(¥) = Y sX)Pe—s(x. y).

xe$S

It is well known that in this time-homogeneous case, L? and LP — L7 bounds for the transition operators p; follow from
Poincaré inequalities (i.e. spectral gap estimates) and logarithmic Sobolev inequalities w.r.t. the measure (g, respectively.
We refer to [18] and references therein for more background and results on corresponding bounds for time-homogeneous
Markov chains (see also [1-3,8,10,16]). Such bounds are exploited in the mathematical analysis of Markov Chain Monte
Carlo (MCMC) methods for approximating expectation values w.r.t. the measure g, see e.g. [7,9,17] and references therein,
as well as the above references.

We now introduce the class of non-Markovian, time-inhomogeneous transition operators for which we will prove corre-
sponding LP and LP — L9 bounds. Let L, t > 0, be generators (Q -matrices) of Markov processes on S satisfying the detailed
balance conditions

e Le(X, y) = e (N Le(y, %), V=0, x,y€S. (M
In particular, £ =0, ie,
/ﬁtf due = Z(Ltf)(x)p,t(x) =0 forall f:S— Randt>0, (2)
xeS
where
(Le )X =Y Lex, y) ).
yes

We assume that £;(x, y) depends continuously on t, and we fix a continuous positive function t +> A;. For 0 < s <t < oo,
let gs¢(x, y), X,y € S, denote the solutions of the backward equations

9
- &qs,t(& ) =As(Lsqs,) (X, ¥) — Hs(X)gs,c (%, ¥), se€[0,t],

with terminal condition q; (X, y) = 8x,y, where
Hi (%) := a10 (x)—aH aHd
tX) ==y g Kt =5t FYad Mt

denotes the negative logarithmic time derivative of the measures ;. Since the state space is finite, the solutions are unique.
For f:S — R, qsf satisfies the backward equation

9
_g%,tf =AsLsqst f — Hsqse f, s€[0,t], (3)

with terminal condition g f = f.
As a consequence of the detailed balance condition (1) and the backward equation (3), it is not difficult to verify that
the invariance property

G5 e s = [t (4)

holds for all t > s > 0, see Proposition 2 below.
Moreover, it can be shown that g f is also the unique solution of the corresponding forward equation

a
&qs,tf:qs,t()\tﬁtf_Htf)a tefs, 00), (5)
with initial condition qs s f = f. As a consequence, a probabilistic representation of q; ; is given by the Feynman-Kac formula

(Gs.0 ) (%) = s y[e™ s HrX04 £ (x)] forallxe s, (6)

where (X¢)¢>s is a time-inhomogeneous Markov process w.r.t. Ps x with generators A¢£L; and initial condition X = x Ps x-a.s.,
see e.g. [12,14]. Let
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(Pst /%) = Es,x[f(xt)] (7)

denote the transition operators of this process.

In Theorems 6, 8 and 11, and Corollary 10 below, we derive LP and LP — L7 bounds for the non-Markovian operators s ;.
This is partially similar to the case of time-homogeneous Markov semigroups, but some important differences occur. In
particular, since the operators g in general are not contractions on L, the resulting LP bounds depend crucially on the
value of p.

Remark 1. (i) The non-Markovian transition operators qs. arise naturally in the analysis of sequential Markov Chain
Monte Carlo methods. For a detailed description of sequential MCMC methods and related stochastic processes we refer
to [5,11].

(ii) Evolution operators such as ¢s, also in continuous time and space, have been investigated intensively (see e.g.
the monograph [14] and references therein). However, they are usually considered in LP spaces with respect to a fixed
reference measure. In the applications to sequential MCMC methods we are interested in, the time-varying measures ju; are
given a priori, and the analysis on the corresponding LP spaces is crucial. Moreover, a setup with time-varying reference
measure is more natural in many respects. In particular it provides a generalization of the LP theory of symmetric Markov
semigroups.

(iii) There are several generalizations of symmetric time-homogeneous Markov semigroups to the case of time-
dependent reference measures. One possibility is to consider time-inhomogeneous Markov semigroups with infinitesi-
mal generators satisfying (1). However, these semigroups usually do not satisfy the invariance property (4). Alterna-
tively, there exist time-inhomogeneous Markov processes with transition semigroup satisfying (4). However, the corre-
sponding generators depend on H; in a non-local way, since increasing the mass at one point and decreasing the
mass at another point requires an additional drift of the process between the points. This illustrated in the ex-
ample below. The third possibility, that we consider here, is to replace the Markov semigroup by a Feynman-Kac
semigroup as defined above. Although these semigroups do not correspond to a classical Markov process, they can
be approximated by a stochastic approach combining Markov Chain Monte Carlo and importance sampling concepts,
cf. [5,11].

Example. To illustrate our setup and, in particular, the last remark, we consider a simple situation where the weights of
the underlying measure w, vary only at two points: suppose that S ={0,1,2,...,n} for some n €N, o is the uniform
distribution on S, and

. . 1
pe (i) = po(i) = "
forallt >0and i=1,2,...,n— 1. Hence only the weights 1;(0) and u;(n) are not constant in ¢t and %ut(n) = —%/Lt(O),
i.e. mass is transferred from O to n and viceversa. We describe three types of transition operators satisfying the invariance
property (4) in this situation.

(i) Suppose that (in contrast to our setup above) g5 are the transition functions of an ordinary time-inhomogeneous
Markov process on S with generators £; satisfying L (x, y) = 0 whenever |x—y| > 1, i.e. the process only jumps to neighbor
sites. An elementary computation based on the forward equation shows that in this case the invariance property (4) holds
for all 0 <s <t if and only if

d
Le(y—1,y)—Le(y,y—D =0+ 1)Eut(0)

for all y € {1,2,...,n} and t > 0. Hence to compensate for the change of measure at two points, a global drift growing
linearly with the distance of the two points is required. This is inconvenient for the numerical applications we are interested
in, see [11].

(ii) A second possibility (consistent with our setup) would be to choose

He(X) 5
X,y
s (X)

This corresponds to the case A; =0 for all t > 0 in the framework introduced above, i.e. the underlying Markov process does
not move at all. In this case LP bounds for the operators qs; depend on the L* norm of the relative density ps(x)/us(X),
which is also inconvenient for the applications we are interested in.

(iii) A third possibility (again consistent with our setup above) is to choose for £; the generator of a Random Walk
Metropolis Chain with respect to the measure i, i.e.

Qs (X, y) =

1 e Ui (%) ; —
amin(as. 1), iflx—yl=1,

0, if|x—y|>1,

‘ct(xa y) = { (8)

and to define g5 by (3). Our first main result, Theorem 6 below, shows that in this case for p > 2, the L? bound
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1Gs.¢ £ llp sy < 240 Fllee o)

holds for all 0 <s<t and f:S — R provided A; is large enough.

The remaining content of the paper is organized as follows: in Section 2 we collect some properties of the propaga-
tors gs.: that are frequently used in subsequent sections. Sections 3 and 4 deal with LP? bounds under the assumption that
global Poincaré inequalities hold. In Section 5 we apply the results to derive LP estimates on a subset that is invariant
w.r.t. the underlying dynamics from Poincaré inequalities on this subset. Finally, in Section 6 we prove an L? — L7 estimate
assuming that a (time-dependent) logarithmic Sobolev inequality is satisfied.

2. Preliminaries and notation

We shall denote throughout the paper the expectation value of a function f :S — R with respect to a measure v on S
by

(fv) :=/fdv=2f(x)v<x>.

XxeS

The positive and negative part of a function f are defined, respectively, by

ff=max(f,0), f~ =max(—f,0),

sothat f=fT—f~.
Fort >0 and f,g:S — R, the Dirichlet form & (f, g) corresponding to the self-adjoint operator £; on L2(S, i) is given
by

1
&(f, 8= —/fﬁrgdut =5 D (FW) = FX)(8) — 8(0) Lo, y) e (X). (9)
X,y€S

We shall also use the shorthand notation & (f) =& (f, f).
Note that by the definition of H; one immediately has

t

m(X)=eXD(—/H5(X)dS)Mo(X), (10)
0
and
(Ht, ue) =0, Vt>0. (11)

In fact, since u¢(S) =1 for all t > 0, one has

ad d
(e, ) == 3 e 10g fe(¥) = =2 7 e () =0.

xe$S xe$S
As a consequence of (11),

H—a’H aH
t—at t ot ty Mt |-

In the following proposition we collect some properties of the operators gs which will be used throughout the paper.

Proposition 2. Forall0 <s <t <u,

(1) gs.tqr,u = qs,u (Chapman-Kolmogorov equation).
(ii) If f > 0, then qs ¢ f > O (positivity preserving property).
(iii) If f > 0, then gs ¢ f < exp(fst maxxes Hy (x)dr)ps.c f (pointwise estimate).
(iv) g5 (s = pe (invariance).
(V) 1gs,e fll 1) < ||fHLl(M1[) ([L1 bound).
(Vi) 11gs,e fllLeus) < exp(’% J; maxxes H (X)dr) || fll1p () (rough LP bound).
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Proof. (i) is a consequence of the Markov property of the process (X;, Ps ), and (ii), (iii) are immediate by the Feynman-Kac
representation (6). Similarly, (iv) is an elementary consequence of (10), (3), and (2), which imply

9
£<qs,tf, Ms) =—(Hsqst f, bs) — As{Lsqs,e f ihs) + (Hsqs,t f, pus) =0,

and hence (qs.f, [ts) = (qe.c f. e) = (f. pe) for all f:S — R and s € [0,¢].
In order to prove (v), take f > 0. Then, by (ii) and (iv),

||q$,tf||L1(Ms) ={qstf. pus) = {f, Usqs,t) = (f, ey = “f”L‘(Mr)'
The general case follows by the decomposition f = f* — f~ with f*, f~ >0, and using the linearity of s .
Finally, (vi) is a consequence of (iii) when p = oo, and of (v) when p = 1. The assertion for general p € [1, c0] then
follows by the Riesz-Thorin interpolation theorem, see e.g. [4, §1.1.5]. O
3. Global L? estimates
Setting

K[::{f:SaR:/fdut:O, f;éO},

let

1

Ce:= sup /fz due
fex & (f)

denote the (possibly infinite) inverse spectral gap of L, and define

2

1
At := sup
YT ek &)

g2 o 1 /
/( Hp) f2du, B¢ -—fSéIIICJt St(f)‘s H. fdue

Thus C¢, A¢ and B; are the optimal constants in the global Poincaré inequalities

Varm(f)gct-&(f), Vf:S—> R, (12)
2
—/m(f—/fdut) dpe < Ac-E(f), VF:iS—R, (13)
2
'/Hffduf <Bi-&(f). VfiSoR, (14)

where Var,,, denotes the variance w.r.t. pi.
Our aim in this section is to bound the LP — LP norms of the operators ¢ in terms of the constants A, By and C;.

Remark 3. (i) There exist efficient techniques to obtain upper bounds for C;, for example the method of canonical paths,
comparison methods (see e.g. [18]), as well as decomposition methods (see e.g. [15]). Variants of these techniques can be
applied to estimate A; and B; as well.

(ii) Clearly, one has

Ar < Cr-max H; (x), (15)
xeS
B < C¢ - Vary, (Hp), (16)

so an upper bound on C; yields upper bounds on A; and B;.

Example (continued). In the situation of example (iii) above, suppose that

d
= e (x
lqe e ()] <1
e (%)
for all x € S. Then one can prove the upper bounds

}Ht(X)| =

Ar<4(n+1),  Be<8(n+1)

for all t > 0 (see Appendix A). On the other hand, in this case the inverse spectral gap C; is of order n?.
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Let us start with a basic estimate.

Lemmad4. Foralls >0and f : S — R, one has

—stfzdus S AE() +2BY2|(f, o) |E(H)2. (17)

Proof. Set fs = f — (f, is). Then, observing that (Hs, its) =0 and &(fs) = &(f), (13) and (14) imply

—stfsz«s:—st(jsz+(f,ﬂs)2+2js(fsﬂs>)dﬂs

S AES(F) +2|(f, s |B2E(F)'2,

which proves the claim. O
In the following proposition we establish an integral inequality for the LP (us) norm of qs f.

Proposition 5. Let p > 2 and assume that

As > pAs/4, Vsel0,t].
Then foralls € [0,t] and forall f: S — R,

B,
(|qs,tf|",us><(|f|",m)+p<p—1)/m((qr,t|f|)"/2,ur>2dr. (18)

Proof. Recalling (10), the backward equation (3) allows us to write, for f:S — Ry and r € [0, t],
a _
“ar /(Qr,tf)p dur=p /(Qr,tf)p 1()trl:rqr,tf — HeGr e f)dpr + / Hy(qre )P dpay

= _P)Lrgr(qhtf’ (Qr,tf)pil) -(p-1 / Hy(qre f)P dpar,
where we have used the definition of the Dirichlet form &; in the second step. Applying the inequality

4p-1 )
p?
(see e.g. [6, p. 242]), we obtain

C4p-1)
p

&g, 9P ) > &(9P?), Vo:S—RT (19)

0
~3r / @ HPdpr < A& (@ e P2, @re HP?) = (p = 1) / Hr(qrc )P dper.

Estimate (17) combined with the previous inequality yields

-1
P . ) 4n, — PANE (@re /YP?) +2(p — DBY2|((@re P2, )& (@r e HP)2,

0
“ar /(Qr,tf)p dpr < —

hence also, using the elementary inequality —ax + 2bx!/2 < b?/a, where a, b, x >0,

p(p — )Br(

p/2 ,, \?
)\r — pAr (Qr,tf) ’:u'T> .

——/(qrrf)"du <

Integrating this inequality from s to t with respect to r we get, recalling that q;f = f,

(@s.eHPps) < (FP, Mf)+p(p—l)/ <(Qr[f) P2\ dr.

4r —
Since |qs.¢ f| < gs,|f|, the claim is obtained applying the above inequality to the positive function |f|. O

We can now prove our first main result.
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Theorem 6. Let t > 0 and p > 2. Assume that

p p(p+3)
As > ZAS gt

foralls € [0, t]. Then we have, forall s € [0,t] and f : S — R,

B; (20)

(1) Ngs,e Fller ey <240 f o
(i) Igs.eflleeuey < UFNLogaey + 2720 Fll o2 -

Proof. By Proposition 2(v) we have that (i) always holds for p = 1. Let us now prove that, for p > 2, (i) holds provided (20)
is satisfied and (i) holds with p replaced by p/2. In fact, in this case we have
2 2
(@rel F)P%, ) < 2PP3(1 FIP/4, 1) <2P/3(1F1P2, i), ¥re o, ¢l
Then (18) implies
t

B 2
P < IfIP, 2P/Ap(p 1 /_f P2 P dr.
(Igs.cFIP, ws) (117, pae) + 2P 4p(p — 1) 4Ar_pAr(lfl M)
S
A simple calculation shows that, by (20),
‘ B 1
/ PP ar< . 1)
4\ — pAr p+3

N

Therefore, by the elementary inequality

-1
P=" 1, wp>2,

27PMA <
p+3

we obtain

1
2P qs e fIP, pus) < 27PIIFIP, ) + IZ?W’/Z, e)

-1
<2 PP )+ B (1 )

p+3
< (|f|p!l‘Lt),

thus proving our claim.

If (20) is satisfied for p =2, then (i) holds with p =1, hence with p = 2. The Riesz-Thorin interpolation theorem then
allows to conclude that (i) holds for all p €[1,2].

If (20) is satisfied for some p > 2, then it also holds for all smaller values of p, including p = 2. Choosing n € N such
that p := p2™" € [1, 2], we conclude that (i) holds for p, hence by induction it also holds for p = p2". The proof of (i) is
thus complete.

Let us now prove (ii): by (18), (21) and (i) we have, noting that (p —1)/(p +3) <1 for all p > 2,

B

t
(1gs.e FIP, ps) < (I FIP, pae) + p(p — 1)/ " dr sup ((arel 1), eV
J 4rr — pAr refs,t]

p—1 p/2 2
g pa ’
(1F1P, pe) + 3 rzl[lsg]((qr,tlfl) )

<(IF1P, pae) + 2241 F1P2, e,

which implies (i), in view of the elementary inequality (a+b)/? <a'/P +b'/P, witha, b>0. O

Example (continued). In the situation of example (iii) above, provided the assumption on H; made above is satisfied,
condition (20) is fulfilled if

A= (1T+2(p+3)t)pn+1).
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4. Improved LP bounds for functions with x; mean zero

127

It is well known (see e.g. [18]) that for a time-homogeneous reversible Markov semigroup p; with stationary distribu-

tion w, one has

1pefllzy < e Sz

for all f:S — R with (f, u) =0, where the exponential decay rate C is the inverse spectral gap. Similar bounds hold for

other LP norms with p € [2, c0). The purpose of this section is to prove related bounds for gs f if (f, ) =0.

Let us start with a proposition, which can be seen as an analogue of Proposition 5, asserting that an exponential decay

of order y of (|qs.t f|P/?, uus) implies exponential decay of the same order for (|qs.f|P, its).

Proposition 7. Let p > 2 and y > 0, and assume that

1
s > %Aﬁx%ss n gcs, Vs € [0, ]

for some k > 0. Then we have, forall s € [0,t] and f : S — R,

1
(1gs.e fI%, 1s) < eV 12, pe) + <1 + E)“ —e VI (f, pe)?

and
t

1
(1gs,c fIP, pas) < €779 <<|f|”, fae) + (; + y) [ e’ g, FIP2, ) dr>.

N

Proof. By (3), (10), and the definition of &, we obtain, similarly as above,
B

By the Poincaré inequality (12), we have

/(QS,tf)z dus < Cs - gs(CIs,tf) + (st f, Ms)z-

Moreover, by (17),

- f Hq(@se )% dits < AsEs(@se )+ 2B (s, f ts)] - E6(@s. )72

hence, by (22),

0
‘&‘”H f 1s.c 12 dpas < =¥ 9 @hs — ¥ Cs — ADE(@s.e f) + 267 TIBY?[(qs.e f 145)|Es (s, )1

+ Ve)/(tis) (st f Ms)z

Bs _ _
P R— 4 G L s)? PAGD) L g)?
2hs — Y Cs — As @l 1) +¥ Gs.cf ps)

1
< (; + y)e”“”(ﬁ e)?.

—gey“‘s)f Iqs,rflzdus=—Ze”“‘s’ks&(qs,ff)—e”“‘”/HS'(qs,tf)zdus+ye”“‘5’/(qs,tf)2dus.

(22)

(25)

Here we have used that (qsf, is) = (f, ¢) as in Proposition 2. We obtain (23) integrating the previous inequality with

respect to s.
Let us now prove (24): appealing again to (3) and (10), we obtain, in analogy to the derivation of (25),

9
—ge”t‘s)/ g5, fIP dps = —pe? 9 asE(1as.c f1P " sgn(@s,c ). ds.e f) —(p—l)ey“‘”/Hslqs,tfl"dus

+yer / Igs.c 1P dpes.

Since forall ¢:S— R and x, y € S,

B0 — M) (|| sgnp ) — [o[P " seng ) = (6| = 6N (e [P = le[P),
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taking into account that the off-diagonal terms of Ls(x, y) are nonnegative, we obtain by (9) that

55(|Qs,tf|p71 sgn(qs,c f), QS,tf) > (c/‘s(|(]s,tf|p71 ) |qg,tf|)7

hence also, thanks to (19),

_ 4p-1)
55(|Qs,tf|p ! sgn(qs,c f), QS,tf) > 7255(|QS,tf|p/2)-
p

Proceeding now as in the proof of Proposition 5 we get

0 _ _of4(p—1)
—gey“ s) / Iqs.c f1P dps < —e? ”("sz—ycs—(p—l)As>€s(|qs,tf|P/2)

1/2

_ _ 2
+2(p — De? TIB (g5 F1P72, 1)Es (105, £1772) 7 + e 9 lgs c fIP/2, 1as)

< (p_l)zBs
S 4as(p—1)/p—yCs— (p — DA

1 _ 2
< (; +V>6V“ Nigs,e 172, s

_ 2 _ 2
e’ N 1qs ¢ fIP/2, pus)” + ve? TN Iqs FIP/2, us)

The last estimate holds by (22), since 2(p — 1)/p > 1. We obtain (24) integrating the previous inequality with respect
tos. O

As a consequence we obtain the following result.

Theorem 8. Let t, o, B > 0. Then for all f : S — R such that (f, i) = 0, we have:

(i) If As > 3 As + aCs for all s € [0, ], then

1956 f 112 ) <€ M Fllp20,)-

(ii) If p=2" for some n € N and

p p—1 p
As > ZAS +ﬁTBS +a5c5, Vs € [0, t],

then

IGs.¢ fllp sy < €702+ @B fllip () -

Proof. Since (qsf, s) = (f, ur) =0, assertion (i) follows from (23) in the limit « | 0.
(ii) We shall prove by induction on n that if

p p(p—1)
hs > ZAs+ KT Bs+ %cs, Vs € [0, ]

for some k, y > 0, then

1/2—-1/p
Igs,e f Il (g < eV E/P (2 + H) I FllLp (o) - (26)

This implies (ii) by choosing y =«ap and « = B/p. For n=1, i.e. p =2, (26) holds by (i). Now suppose (26) holds for n — 1.
Then for r € [0, t],

1 p/4-1
(|qr,tf|"/2,ur><e*V“*”(2+E) (IF1P72, ),

hence (24) yields
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t

(1gs,c 1P, pus) < e 79 <<|f|p,uf>+ (k' +7y) / e’ N1, f1P%, ) dr)

s
-1

< e—)/(t—s)<|f|p, Mt)(l n K y"‘ |4 (1 _ e—y(t—s))(z +K—1y—1)p/2—2>

<e 72+ ) )PP, we),
and thus (26). O

Remark 9. For general p > 2, exponential decay of the LP(us) norm of qs ¢ f with (f, ) =0 follows from the above result
by the Riesz-Thorin interpolation theorem, in analogy to situations already encountered before.

Example (continued). In the situation of example (iii) above, provided the assumption on H; made above is satisfied, one
has to choose As of order n? in order to guarantee exponential decay of Gs,e f Il (1us)-

5. LP estimates on invariant subsets

The aim of this section is to show that one can still obtain LP estimates for the transitions operators gs: on a subset
S C S that is invariant w.r.t. the underlying Markovian dynamics, i.e.

Le(x,y)=0, V(x,y)€S x S°. (27)

Instead of Poincaré inequalities on S, we then only have to assume corresponding inequalities on the subset S. The results
stated below are then a consequence of the global bounds derive above, and they are relevant for the applications studied
in [11].

Let us define, for t > 0, the conditional measure

_ - medxn$)
= S)i=——F
fue (%) = pe (x]S) 5

and set H; := H; — (Hy, fi;). Note that (H;, fi;) =0, and

t t

/ltocutaexp(—/Hsds>,u0aexp(—/l:lsds),ug on§,
0

0

where “o” means that the functions agree up to a multiplicative constant. Thus the conditional measure fi; can be repre-
sented in the same way as u; with H; replaced by H;. Assumption (27) implies that £; also satisfies the detailed balance
condition with respect to [i;:

Pe)Le(x, ) = e (V) Le(¥,X), VE=0,x,y€S. (28)
Let

~ " 1 "
&(f)= —/fﬁtfdm =5 3 (F0) — F®)*ele(x. )

X,y€S

denote the corresponding Dirichlet form on L2(S, ji;). Note that, by (27), only the summands for x, y € S contribute to the
sum.
As a consequence of Theorem 6(i) and Theorem 8 we obtain:

Corollary 10. Assume that (27) holds and that L; satisfies the inequalities
Varg, (f) < Ce& ().
~ - 2 - ~ o~
_/Ht(f —(f. i) djie < Ace(f),
y 2
[ Fesai

< Bi&(f)
forall f:S — R. Then the following assertions hold true for all t, o, B > 0:
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(i) Letp = 2.If

S P; , PPH3) ¢
4As—thBS

forall s € [0, t], then

21/4Mt( )

gs.e fllee g < ||f||LP(;Lt)

S

forall f:S— Randse][0,t].
(i) If

1-~ ~
As = EAS + aCs
foralls € [0, t], then

—o((t s) lu’t(s)

Igs.e fll 2y < —=lfllr2¢)

s (S)
forall f:S— Rwith (f, fi) =
(iii) If p =2" and
ZA5+,3 Bs+0(pcs

foralls € [0, t], then

_ we(S)
Igs,e fllip iy <e %92+ 1/ap)!/? t(~Hmem)

S

forall f:S— Rwith (f, i) =0.

Proof. Let g denote the transition operators defined via the backward equation (3) with H; replacing H;. By the detailed
balance condition (28) and the assumptions, the operators §s satisfy the LP bounds from the previous sections with H;
replacing H¢, under the conditions on Ag, As, Bs and C; stated above. Now note that by a simple calculation based on (10),

He(x) = He(X) + (He, fie) = He(x) + he(S),  Vx €S,

where

~ d -
ht(S) = ——lo, S).
¢(S) i g e (S)
Hence for any function f:S — R and for all x € S, we have

Q5.0 () = e~ s ®drg £ (x) = MtES; Gs.e f (X).

Ms

The assertions now follow applying Theorem 6(i) and Theorem 8 to gs(f. O

In particular, it is worth pointing out that sufficiently strong mixing properties on the component can make up for an
increase of the weight of the component as long as one is only looking for bounds for ¢s.f on functions f such that

(f, i) =0.
6. Logarithmic Sobolev inequalities and L? — L7 estimates

We finally obtain an LP — L9 estimate for qs; from logarithmic Sobolev inequalities for the Dirichlet forms &, by an
adaptation of the classical argument that a log Sobolev inequality implies hypercontractivity (see e.g. [13] or [6, §6.1.14]).
This generalizes well-known results for time-homogeneous Markov chains, for which we refer to e.g. [8,18], to the time-
inhomogeneous setting.
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Theorem 11. Suppose that each of the measures (¢, t > 0, satisfies a logarithmic Sobolev inequality with constant C [Ls >0,ie.
f 2
/r log<—) dyue < €5 - &) (29)
2 )

forallt >0and f : S — R. Then, for 1 < p < q < oo, one has

t
Gs,e fllLages) < eXP( /maXHF dr) 1 fILe o)
S

forall f:S— Rand 0 < s <t suchthat

t

A 1 -1
/—rdr>—logq )
crs 4 "p-1

r
N

Proof. Let us set

_ _t —
s f(x) = e~ s mdes Hr@drg £y 0 <5<t

which satisfies the backward equation

d _ _ -
_g%.tf =AsLsqs,t f — (Hs + max H; )QS,tf~

Let p:[0,t] — ]1, +oo[ be a continuously differentiable function. By computations similar to those carried out in the proof
of Proposition 5, we obtain, noting that Hs + maxH; >0,

_ ps—1 0 _ d _ )
_pSHQS,tf”Lps(/LS)%”Qs,tf”LPS(us) = _£ f(%,tf)p dps

= —Dshs '&(@s,tf)ps_], C_Is,tf) —(ps—1 /(Hs + maXHs_)(EIs,tf)ps dus

Ds —

N

_ _ 1 _
- P; f(%,tf)ps log(qs,¢ f)dps < —4 )\sgs((QS,tf)pS/z)

- g— f (@s.c /)P 10g(Gs.c /)P diss
S

for all f:S— Ry, where pj :=dps/ds. Choosing

t

p$=l+(P—l)exp<4/kr/d'sdr>,

N

we have p; = —4(ps — 1)A5/C5LS, hence the log Sobolev inequality (29) implies

0 Gs.c f1l <0
s qs,t JLps (us) S
for all s €10, t[. Therefore we can conclude

_ t _
max H; dr efs max H; dr

t -
1qs.c f llLps (o) = €75 18s.c £ llLps (g < I f 1 ey

forall se[0,t]. O

Appendix A

In this Appendix A we prove bounds for the constants A, B¢, C; in the situation of example (iii), for a fixed t > 0. Let us
briefly recall the setup: we have S ={0,1,...,n}, io is the uniform distribution on S, (i) = we(i) forall 1<1<n -1,
and L; is defined by (8). Denoting the derivative of w; with respect to time by p;, we have p;(i)=0forall 1<1<n—1
and p;(n) = —u(0). We are going to assume, without loss of generality, that 1;(0) > 0. Then we have
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0, 1<ig<n—1,
/(3 ’
‘ @) 141(0) P
—He() = B0 | iy 20, 1=0, (30)
/"l’f(l) M;(n) .
mm S0, i=n.
In this situation we can prove the following estimates for n € N.
Lemma 12. Let A;, B; and C; be the constants defined in (12)-(14). Then one has
Ar < —4H (0)(n + 1),
B < 4(He(0)* + Hi(m?)(n + 1),
n—4)% n+1
¥ < G < nmax + 2], VYn>4.
48(n +1)2
Proof. To derive the upper bound for A;, we observe that by (9) and (1) we have
n—1 5
&(H)=) (Fli+1)— f) a) (31)
i=0
for all f:S— R and t > 0, where
A () = e L i+ D =3 min (e (), pe( + 1)),
and, by (30),
2 2
— [ = (o) dae < =) (£ © = () O (32)

Moreover, by (31), we have

n

2
(fO) = (f, o))’ = ( (f (k) — f@)m(k))
0

k=
-1

n 2
:< (fa+D—f@) Y. N«t(k)>
i=0

k=i+1

=

n—1 1 n 2
<& — k . 33
Af)éat(l)( D )) (33)

k=i+1
Noting that
3 Min(, (1e(0), =0,
(i) =1 s i=1,...,n—2, (34)
ymin(hy, pe(m), i=n-—1,

(32) and (33) imply

n—1 n 2
1
Até—Ht(O)E —af(i)< E Mt(k)> Ht(0)

i=0 k=i+1
< —2H; (0)pe(0)(max(n + 1, e (0) 1) + (1= 2)(n + 1) + max(n + 1, e () ~") e (m))
< —2H(0)(n(n + 1)1 (0) 4+ 2) < —4H (0)(n +1).

The upper bound for B; can be obtained in a similar way: since (H¢, u¢) =0, we have
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’/Htfdﬂt

‘/Ht (f. o)) dpee

‘/Ht —(f o) due

= He(02(f(0) — (f, 1)) 11 (0) + Hem?(F (1) — (f, f1e)) e 0)
<4(He(0)? + Hem)?)(n+ 1)

by an analogous computation as above.
To prove the upper bound for C; note that, for f:S — R and 0 <k < ¢ <n, we have

-1 2 -1
(FO) - f0)* = ( S (fia+1) - f(i))) <=0 Y (Fi+1) - f)™.
i=k i=k
Hence, for t >0,
j— 1 . 2
var, (f) =5 MZZjO(fw) — F(0)” ey e (0)
=Y (£ — £00)* ey (©)
k<t
n—1
<Y (Fa+1) - ) Z Z (€ — ke (k) e (0)
i=0 k=0 ¢=i+1
n—1
<n Y (FG+1D) = FO) pe(0 1, i) et + 1,0 +2, ... n})
i=0
<nmax((n+1)/2,2)&(f).
The last estimate holds by (31), (34), and because
pme({0, 1, i) pue(fi+1,i+2,...,n)) < %, YO <i<n.

We have thus proved that C; <nmax((n+1)/2,2).
Conversely, choosing f(i)=ifor 1<i<n-—1, f(0)=1, and f(n) =n — 1, we have

-1 1
&(f)= Zat(l) m
by (31) and (34), and
n—1 n-—1
Var,, ()= > €=k pek)pe(0)
k=1 t=k+1
n—-2 n 4
(n—4)
8(n+1)2 2}; 96+ 1)2°

which proves the lower bound for C;. O
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