J. Math. Anal. Appl. 396 (2012) 58-69

Contents lists available at SciVerse ScienceDirect

Journal of Mathematical Analysis and
Applications

journal homepage: www.elsevier.com/locate/jmaa == ==

Average control of Markov decision processes with Feller transition
probabilities and general action spaces”

0.L.V. Costa?, F. Dufour?*

2 Departamento de Engenharia de Telecomunicagdes e Controle, Escola Politécnica da Universidade de Sdo Paulo, CEP: 05508 900-Sdo Paulo, Brazil
b Université Bordeaux, IMB, Institut Mathématiques de Bordeaux, INRIA Bordeaux Sud Ouest, Team: CQFD, 351 cours de la Liberation, 33405 Talence Cedex, France

ARTICLE INFO ABSTRACT
Artidf—’ history: This paper studies the average control problem of discrete-time Markov Decision Processes
Received 2 December 2011 (MDPs for short) with general state space, Feller transition probabilities, and possibly

Available online 9 June 2012

! non-compact control constraint sets A(x). Two hypotheses are considered: either the cost
Submitted by Hans Zwart

function c is strictly unbounded or the multifunctions A, (x) = {a € A(x) : c(x,a) < r}are
upper-semicontinuous and compact-valued for each real r. For these two cases we provide
new results for the existence of a solution to the average-cost optimality equality and
inequality using the vanishing discount approach. We also study the convergence of the

Keywords:
Markov Decision Processes
Average cost

General Borel spaces policy iteration approach under these conditions. It should be pointed out that we do not
Feller transition probabilities make any assumptions regarding the convergence and the continuity of the limit function
Non-compact action set generated by the sequence of relative difference of the «-discounted value functions and
Policy iteration the Poisson equations as often encountered in the literature.
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1. Introduction

There exists nowadays an extensive literature on discrete-time Markov Decision Processes (MDPs for short). Without
attempting to present an exhaustive panorama of this vast field of research, the interested reader may consult a significant
list of references on MDPs in the survey paper [1], the papers [2-9] and the books [10-16]. For the general state X and
control Borel spaces A(x) most of the works on the average control of MDPs assume that the cost function c satisfies some
kind of restricted-growth unbounded condition, (that is, for some function w(x) > 1, SUPea Ic(x, @)] < w(x), and that
Qw(x,a) < Bw(x) + b for some 0 < B < 1 and constant b), the control action set A(x) is compact valued, the transition
probabilities Q (-|x, a) are strongly continuous, and that the stationary policies give rise to geometric ergodic transition
kernels. For instance, recently these kinds of assumptions have been considered in [2] to derive new conditions based on
two inequalities which yield the existence of an average optimal deterministic stationary policy. However, as pointed out
in[13] there are several important examples where some of these conditions are not satisfied. For instance, the quadratic cost
associated to the LQG control problem does not satisfy the restricted-growth unbounded condition as pointed out in [17].
Due to that different combinations of assumptions have been considered in the literature.

The objective of this work is to study the optimality equations (equality and inequality) and the policy iteration algorithm
for the average control problem of MDPs in general Borel spaces under a set of assumptions that, as far as the authors are
aware of, had not been considered previously. We consider Feller transition probabilities and possibly non-compact control
constraint sets A(x). Two hypotheses are considered: either the cost function c is strictly unbounded or the multifunctions
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Ar(x) = {a € A(X) : c(x,a) < r} are upper-semicontinuous and compact-valued for each real r. Our approach is partially
based on the notion of generalized liminf of some sequence of functions, so that the limit function always exists and is
lower semi-continuous, which yields the existence of an optimal selector. In this way there is no need to assume that the
sequence of functions converges. For the inequality and equality optimality equations a similar approach was considered
in [6] but, unlike the present paper, under the framework of compact valued control sets A(x), the cost functions satisfying
arestricted-growth unbounded condition, and that stationary policies give rise to geometric ergodic transition kernels.

The first main result of this paper is to provide new results for the existence of a solution to the average-cost optimality
inequality (ACOI for short) and equality (ACOE for short) using the vanishing discount approach, under the hypotheses
previously described. For the ACOE it is supposed that stationary policies give rise to positive Harris recurrent transition
kernels (instead of geometric ergodic as in most of the previous papers). To the best knowledge of the authors, the existence
of solutions to the ACOE in the context of not necessarily compact action spaces, weak Feller transition kernels and strictly
unbounded cost functions has been discussed only in [9]. In [9], the author assumes that the state space is locally compact
and that there exists a sequence of relative difference of the «-discounted value functions having the property to be
equicontinuous. Here we work with a general Borel state space and we do not assume such continuity property but, on
the other hand, we suppose a positive Harris recurrent property for the transition kernels. Moreover, it must be pointed out
that our existence result for the ACOE does not guarantee any regularity property for the solution. To this end, we provide
a technical condition implying that there exists a solution to the ACOE which is lower semi-continuous. Compared to the
conditions imposed in [9], our result appears to be different and complementary.

The second main result of our work gives conditions for the convergence of the so-called policy iteration algorithm (PIA
for short). The PIA has been considered for the strictly unbounded case in the Refs. [7,13]. In [7], the author works under some
stability assumptions such as a uniform accessibility hypothesis to ensure that the sequence given by the solutions of the
Poisson equations converge to a continuous limit function leading to the convergence of the PIA. In [13], the authors follow
another approach based on the existence of a continuous limit function of a suitable subsequence of the Poisson equations.
Here we follow a similar approach as in [13], but we assume a weaker hypothesis, see Eq. (46) in Assumption F. We prove
that the PIA converges to the minimum average cost as defined in item (a) of Definition 11.1.1 in [14]. Again, compared to
the conditions imposed in [7,13], our result appears to be different and complementary.

Notice that our results are derived without making any assumptions regarding the convergence and the continuity of
the limit function generated by the sequence of relative difference of the «-discounted value functions and the Poisson
equations as often encountered in the literature.

The paper is organized as follows. In Section 2 we introduce the notation, definitions, problem formulation, some of the
main assumptions and some auxiliary results. Section 3 presents the main results regarding the existence of a solution to
ACOI and ACOE. Finally the PIA is dealt with in Section 4.

2. Problem formulation and auxiliary results

The main goal of this section is to introduce the notation, definitions, problem formulation, and some of the main
assumptions that will be used throughout the paper. We also present some auxiliary results that will be useful along the
paper.

We follow closely the notation in [ 13]. We recall that X is a Borel space if it is a Borel subset of a complete and separable
metric space, and its Borel o -algebra is denoted by 8B (X). For X, Y Borel spaces, the family of all stochastic kernels on X given
Y is denoted by £ (X|Y). £ (X) denotes the set of all probability measures on (X, B(X)). Moreover, £ (X) is considered as a
topological space equipped with the weak topology. The Dirac measure centered on a fixed point x € X is denoted by &,.

We will denote by M(X) the set of measurable functions from X to R. For w € M(X) with w : X — [1, 00), referred to
as weight function, and u € M(X), we define the w-norm of u as [|u||,, = supyex ‘:f(’;))' . A function u is said to be w-bounded
if |lu|l, < oo (bounded if ||u|| < oo where || - || is the sup-norm). The set of w-bounded (bounded respectively) measurable
functions defined on X is denoted by B,, (X) (B(X) respectively). We denote by C(X) the set of bounded continuous functions
from X to R, and by L, (X) the set of non-negative lower semi-continuous functions from X to R. For Q a stochastic kernel
on X given Y, a probability measure u € £ (X) and v € M(X) we defineQuv : Y — Ras

Quy) = / v(@)Q(dzly), (1)
X
and w(v) as
n(v) = / v(@)u(da), )
X

provided that the corresponding integrals are well defined and finite.
As in Definition 2.2.1 of [13] we consider a five-tuple for a Markov control model

(X,A, (AKX € X}, Q, c) (3)
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consisting of

(a) a Borel space X, representing the state space;

(b) a Borel space A, representing the control or action set;

(c) a family {A(x)|x € X} of non-empty measurable subsets A(x) of A, where A(x) denotes the set of feasible controls or
actions when the system is in state x € X, and with the property that

K :={(x, a)|x € X, a € A(x)} (4)

is a measurable subset of X x A. Moreover K contains the graph of a measurable function from X to A;
(d) a stochastic kernel Q on X given K
(e) a measurable functionc : K — R.

We need the following definitions.

Definition 2.1 (See Definition 2.3.1 of [13]). @ denotes the set of all stochastic kernels ¢ in £ (A|X) such that p(A(x)|x) = 1
for all x € X, and F stands for the set of all measurable functions f : X — A, satisfying that f (x) € A(x) for all x € X.

Definition 2.2. For ¢ € @ and f € F we define the Markov kernels Q,(C|x) := Q(C|x, ¢(x)) = fA(X) Q(Clx, a)p(x, da)
and Qs (C|x) := Q(Clx, f(x)) for any C € B(A) and x € X. Similarly we set ¢, (x) == c(x, p(x)) := fA(X) c(x, a)p(x, da) and
cr(x) == c(x,f(x)) forany x € X.

To introduce the optimal control problem we are concerned with, it is necessary to introduce different classes of control
policy.

Definition 2.3. Define Hyp = X and H, = K x H,_; forn > 1. A control policy is a sequence 7 = {m,} of stochastic
kernels w, on A given H, satisfying the following constraint: for all h, € H, and n > 1, m,(A(x,)|h;,) = 1, where
h, = (xo, ao, ..., Xn_1, Gy_1, Xn). Let IT be the class of all policies. A policy # = {7} is said to be a randomized stationary
policy if there exists ¢ € @ such that w,(-|h,) = ¢(-|x,), and it is denoted by ¢*°. A policy & = {7} is said to be a stationary
policy if there exists f € F such that m,(:|h;) = ;) (), and it is denoted by f°.

According to a standard convention, we identify IF (respectively, ¢ ) with the class of all stationary (respectively, randomized
stationary) policies. Therefore, we have F C @ C II. Let (§2, ) be the canonical space consisting of the sample path
£2 = (X x A)* and the associated o -algebra . For any policy 7 € IT and any initial distribution v on X, it can be defined
a probability, labeled P7, and a stochastic process {(x;, a;)}rey Where {x;};en is the state process and {a;};ey is the control
process satisfying for any B € 8(X), C € 8(A) and h; € H; witht € N, P (xo € B) = v(B), P} (a; € C|h;) = 7;(C|h;), and
PT (x¢+1 € Blh:, a;) = Q(BIx¢, a;), see for example [13, Chapter 2] for such a construction. The expectation with respect to
P is denoted by E7 . If v = §, for x € X, we write P} for P} and ET for E].
We consider the long run average cost problem, defined for any initial distribution v on X, as

V() = nig]flV(v, ), (5)
where
1 n—1
Vv, m) = nll)rgo EELT (Z c(x, at)) (6)
t=0

and for notational simplicity we set V(x) = V(8y), V(x, 1) = V (6, ).
In what follows we define, for each r > 0, the multifunction A,(-) : X — Aas

A(x) ={aecAX) :c(x a) <r). (7)

We consider the following conditions.

Assumption A.

A.1 Q is weakly continuous on K.
A2 A()isus.c.

and the following assumptions on the cost function.

Assumption B.

B.1 c(-, -) is Ls.c. on K and non-negative.
B.2 One of the two following conditions hold:
(a) c(-, -) is strictly unbounded on K, that is, there exists an increasing sequence of compact sets K, 1 K such that
limy,, o0 inf(x g)exe €(x, @) = o0.
(b) for each r > 0 the multifunction A, () : X — A defined in (7) is u.s.c. and compact-valued.
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We have the following 2 auxiliary lemmas.

Lemma 2.4. Suppose Assumptions B.1and B.2(a) hold. Then the mapping c is inf-compact, that is, A; (x) is compact for any x € X
andr € R.

Proof. Consider x € X. Since c is lower semi-continuous on K, A, (x) is closed in A(x) for any r € R. Consequently, {x} x A, (x)
is closed in K. Denote K, = {(x,a) € K : c(x,a) < r}. From Assumption B.2(a), there exists n € N such that K, C K,.
Therefore, it follows that the closure of K, is compact. However, since {x} x A;(x) C K;, we get that {x} x A;(x) is compact.
Let us denote by prx, the projection of X x A into A. By definition of the product topology [18, Section 2.14], this mapping is
continuous and so prx ({x} x Ar(x)) = A(x) is compact. O

Lemma 2.5. Suppose Assumptions A.1 and B hold. Let v be a lower semi-continuous function on K bounded below by a
constant K. Then the mapping ¢ 4+ Qu is inf-compact, that is, foranyx € X andr € R, {a € A(x) : c(x,a) + Qu(x,a) < r}is
compact.

Proof. Consider x € X andr € R. The set {a € A(x) : c(x,a) + Qu(x,a) < r}is closed in A(x) since ¢ + Quv is lower
semi-continuous on K. However, v > K and so

{aeAx) :c(x,a)+Qux,a) <r}C{aeAkX) :cx,a) <r—K}.

If Assumption B.2(a) holds then from Lemma 2.4 we have that {a € A(x) : c¢(x, a) < r — K} is compact and the result follows.
If Assumption B.2(b) holds then by definition we have that {a € A(x) : c(x, a) < r—K} is compact, completing the proof. O

As in [19] the following definition of the generalized inferior limit will be used along the paper.

Definition 2.6. Let S be a Borel space and let {w,} be a sequence of functions in M(S). The generalized inferior limit of the
sequence {w,} denoted by lim® wy is defined as

n—oo
lim® w,(s) = sup sup(inf inf wm(y)) (8)
n—o00 k>1 e>0 \m=k {y:d(y,s)<e}

where d(-, -) is the metric in S. For notational convenience, lim® wy, will be also denoted by w,.

n—oo

The following properties from the generalized inferior limit will be used in the sequel.

Proposition 2.7. Let {w,} be a sequence of nonnegative functions in M(S) and consider an arbitrary s € S. In this case, w,(s) as
defined in (8) satisfies the following properties:

(i) For any sequence {s,} such that s, — s, it follows that lim
sy — sandlim,_,  wn(s)) = wy(s).
(ii) wy € Ly (S).
(iii) (Generalized Fatou’s Lemma) Suppose that {u,} is a sequence of probability measures in $(S) and that {u,} converges
weakly toa . € P (S). Then

wy(Sn) = wy(s), and there exists a sequence {s};} such that

n— 00

fim [ wa(s)pnds) = / () (ds). 9)
S

n—o0o0 JS

Proof. For the proof of (i) see Lemma 4.1 in [20]. For (ii) see Lemma 3.1 in [21]. For (iii), see [22]. O

As a consequence of the previous result, we obtain the following technical proposition.

Proposition 2.8. Suppose Assumption A.1 holds. Let {w,} be a sequence of nonnegative functions in M(X) and {Qw,} the
associated sequence of nonnegative functions in M(K) defined as in (1). Then

lim® Qw, > Qus. (10)

n—-oo

Proof. Let {(y,, a,)} be a sequence in K such that (y,;,a;,) — (y,a). From Assumptions A.1 we have that Q(-|y,, a,)
converges weakly to Q (-|y, a). From (9) we have that

lim Qw, (Y, a;,) = lim wn(2)Q(dzlyy, an)

n—oo n—-oo JX

> /w*(Z)Q(dZIy, a) = Quwx(y, a) (11)
X

and the result follows from (i) in Proposition 2.7 since (11) holds for any convergent sequence {(y,, a,)} to (y,a). O
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3. The average cost optimality inequality and equality

The goal of this section is to derive new results for the existence of a solution to the ACOI and ACOE using the so-called
vanishing discount approach. Some auxiliary results and the main assumptions related to the vanishing discount approach
are presented in Section 3.1. Section 3.2 presents the main result regarding the existence of a solution for the ACOI, while
Section 3.3 deals with the ACOE.

3.1. The vanishing discount approach

The main goal of this subsection is to present some auxiliary results and the main assumptions related to the
so-called vanishing discount approach. For this we consider the following expected discounted Markov control problems
for0 <o < 1:

Vo) = in}fY Vo (x, ), (12)
where
Vy(x, ) = EF (Za[c(x[, a[)> . (13)
t=0

The following result has been shown in Theorem 4.2 of [23].

Proposition 3.1. Suppose Assumptions A and B.1 hold. Consider 0 < o < 1 (arbitrarily fixed). If V,(x) < oo foreachx € X
then V,, is the (pointwise) minimal function in L (X) that satisfies

V,(x) = min (c(x, a) + «QV, (x, a)). (14)
aeA(x)

Moreover there exists f, € F which minimizes the right hand side of (14), that is, for each x € X,

min (c0r @) + aQVu(x, @) = c(x. fu (9) + @QVa (x. £ (X)). (15)

aeA(x)
We consider the following conditions.
Assumption C. There exists positive constants N, M, a state X € X, an upper semi-continuous functionb : X — [1, co) and

0 < g < 1suchthatforany a € [ag, 1),

(@) 1 —a)V,(x) <M, and
(b) =N < V,(x) — V,(X) < b(x) forallx € X.

For notational convenience, define
Ha(x) = Va(X) - Va()_()a Pa = (] - a)va(;{)- (16)

From Assumption C and Lemma 3.2 in [8] there exists p, and a sequence of discount factors &, 1 1such thatlimy,_, oo (1—ay)
Vo, (X) = ps forallx € X. Set p, = (1 — ay) Ve, (X), hy = H,,,. From (14) and (15) we have that there exists f,, € F such that
forany x € X,

pn+ ha(x) = min (c(x, @) + @ Qhu(x, 0))
acA(x)

C(X, fo, (®)) + nQhn (X, fo, (X)) (17)
Moreover, we have —N < h,(x) < b(x), for any n € N, and x € X. Consequently, for any x € X,
—N =< h.(x) < b(x), (18)

since b is upper semi-continuous.

3.2. The average cost optimality inequality

We have the following theorem ensuring the existence of a solution to the ACOI. Notice that this solution is lower semi-
continuous and bounded below.
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Theorem 3.2. Suppose that Assumptions A-C hold. Then for some f, € F, we have that

pethu(x) = min (c(x, @)+ Qh(x,))

aeA(x)

c(x, fu (%)) + Qhy(x, fi (x)). (19)
Moreover f° is AC-optimal and p,, = V(x) = V(x, f°) forallx € X.

Proof. First let us show the result by assuming B.2(a). Consider x € X. From Proposition 2.7(i) we can find a sequence {x,}
in X such thatx, — X and lim,_, __h,(x,) = h.(%). In what follows set a, = f,, (x,) where f, is as defined in (15). We have
that there exists a further subsequence such that lim,_, « hn, (Xn,) = hs (%). Given an arbitrary € > 0 consider a positive

integer p. such that h, (k) + % > hn, (xy,) and ps + g > pn, Whenever p > p.. From (17) we get that for all p > p,

€+ px + h. () > Pnp + hnp (an) = C(an’ anp) + aanhnp (ans anp)~ (20)
Noticing that, from item (b) of Assumption C, hy,(y) + N > O for ally € X, we get from (20) that for allp > p,

€+ N+ p. + hR) > c(xp,, any)- (21)

Set now the measure u, € P(K) as follows: upy(dx,da) = 5an (dx)(Sanp (da). From (21) we get that for all p > pe,
SUDPp>p, fK c(y, @) pup(dy, da) = sup,sp, €(Xn,, an,) < 0o.From Assumption B.2, we get that the sequence {1, }p>p, is tight in
&P (K) (see, for instance, Proposition 1.4.15 in [24]). It follows that we can find a further subsequence such that i, converges
weakly to a probability measure € £ (K). Define now iy the projection of i on X, that is, ux(B) = w(B x A), VB € B(X).
From Proposition D.8 in [13], there exists a stochastic kernel ¢ € @ such that u(B x C) = fB o(Clx)ux (dx), VB € B(X),
VC € B(A).

Consider any function v € C(X) and set the function v € C(K) as v(x, a) = v(x) for all (x, a) € K. From continuity of v
we get that fJ(ani) — (%) and from the weak convergence of y,, to u we get that f)(xnpi) = pp(v) = n() = px(0). Thus
we have that for all v € C(X), 83(0) = ux (D). Since C(X) is a separating family for 2 (X) (see for example Theorem 13.11
in [25]), we get that ux (dx) = §;z(dx).

From Assumption B.1, c(-, -) is L.s.c. and therefore, from Proposition E.2 in [13], it follows that

iim [ ¢,y (dy, da) = / ¢, yu(dy. da) = / c® D)p(dalR). (22)
i—00 JK K A®)

Since lim® i»oohnp,ﬂ > lim®,_, h, = h,, we obtain from Proposition 2.8 (adding N to get non negative functions, for
simplicity we omit this) that for any (x, a) € K

lim® Qhn, (x, @) > Qh.(x, a),

and using Proposition 2.7(iii) we get that
tim [ Qho, (7, D, (dy, da) > / Qh. (v. @) (dy. da) = / Qh. (&, )¢ (dalR). (23)
i>o00 JK K AR)
Noticing that C(ani , anpi) = fK c(y, @)y, (dy, da) and thp,_ (ani , anpi) = fK Qh“m (v, @)y, (dy, da) we get, by combining (20)
with (22) and (23), that

€+ po+ 1) = lim (cOn, . an,) + cn, Qo (i, 0,

1—00

= lim | c(y, Oy (dy, da) + lim | Qhy, (v, @) p (dy, da)
i—oo JK i—oo JK
> / (cG 0 + Qh. . @) p(dalp). (24)
AR)
From Proposition D.8 in [13] we get that there exists @ € A(X) such that
[ (ckar+ an a)otdai = i) + Qb ) = min (e + Qh.(&. ) (25)
AR) acA®)

and from (24) and (25) we get that for every € > 0, € + p, + h,(X) > mingea <c(§<, a) + Qh,(x, a)). Taking the limit as

€ | 0 we get the first inequality in (19). From Proposition 2.7(ii) we get that h, + N is in L (X) and therefore h, is L.s.c. and
bounded below. Combining Proposition D.6 in [13] and Lemma 2.5, it follows that there exists f, € F satisfying (19). Finally,
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the claim that f° is AC-optimal and p, = V(x) = V(x, f>°) for all x € X follows as in Theorem 3.3 of [8]. This shows the
result with Assumption B.2(a).

For Assumption B.2(b), the proof follows the same steps up to Eq. (21). Considering r > € + N + p, + h,(X) we have
that for allp > pe, as, € Ar(xy,) (recall the definition of A () from (7)). From Assumption B.2(b), A;(-) : X — Ais u.s.c. and

compact-valued. From Berge’s theorem (see [26] or [27, Theorem 7.4.2]), G := {X x A, (X)} U (U(pzpé}({xnp} X Ay (x,,p))) is
a compact subset of K. Therefore we can find a convergent subsequence (xp,,, an, ) —> (k,a) € G,and thus a € A, (X). The
proof follows then the same steps as from Eq. (22), setting i, (dx, da) = § (dx)cSanp‘ (da) and p(dx, da) = 84(dx)és(da). O

Xnp;

3.3. The average cost optimality equality

We want to derive now a sufficient condition for the existence of a solution to the ACOE. We introduce the following
assumptions.

Assumption D.

D.1 Qsb(x) < coforanyx € X,andf € F,
D.2 foreachf e F there exists uy € P(X) such that
(a) us(b) < oo,
(b) forany x € X and v € By (X), IQf“v(x) — ()| — 0asn — oo.

We have the following result.

Theorem 3.3. Suppose that Assumptions A-D hold. Consider f, € F and p, as in Theorem 3.2 and uy, as in Assumption D.2.
Then there exists w € B (X) such that

O+ w(x) = agl(ll)(c(x, a) + Qu(x, a)) (26)
and moreover
ag\l(fx) <C(x, a) + Quw(x, a)) =c(x, fu (@) + Qw(x, fu (X)) g, -as. (27)

Proof. Define h*(x) = lim,_, oohs(x). Remark that h* € B,(X) by using Assumption C. From (17) we have that for any
a € A(x),

pn+ hn(x) < c(x, @) + anQhn(x, a). (28)

According to Assumption D.1, Qb(x, a) < oo for any a € A(x) and since, from Assumption C, h, < b, we have from the
Fatou’s Lemma that lim,_, .oQh, (X, a) < Qh*(x, a). Therefore from (28) we get that

px +h*(x) < c(x,a) + Qh*(x, a). (29)
From (29) we obtain that

pet i) < inf )(C(x, a) + Qh*(x, @) < ¢, (X) + Q. h*(x). (30)

Set u = h, — h*. Combining the fact that h* € B,(X) and Eq. (18), it follows that u € B, (X). From Egs. (19) and (30), we get
that forallx € X,

u(x) > Qru(x). (31)

From Assumption D.2 and that u € B, (X) we get that us«(|u]) < oo. Now, from Assumption D.2 and (31) we have that
u(x) > Qqu(x) — us«(u) asn — oo, showing that infyex (h.(y) — h*(y)) is finite. Moreover we get from Assumption
D.2 and the same arguments as in Lemma 7.5.12 in [14] that on a set &/ € B(X) such that (&) = 1 we have that
h.(x) = h*(x) +dforallx € &, where d = inf,ex (h.(y) — h*(y)). In any case we have that for all x € X, h..(x) > h*(x) +d.
Define now wy = h,, and

wnp1(X) = inf (c(x, @) + Qi (x, @) — ps. (32)
acA(x)
We have that forany n € N,
h (%) +d < w1 (x) < wa(x) < he(x). (33)
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Indeed for n = 1 it follows from (19) that
(c(x, @) + Qh,(x, @) — py < hy(x) = wo(x),

w1(x) = min
acA(x)

and from (30) that

(C(X7 a) + Qh*(xv a)) — Px

(cx, @) + Qh*(x, @) +d — p,

w1 (x) min
acA(x)

A%

inf
aeA(x)
h*(x) +d > h,(x) + d.

A%

Suppose it holds for n. Then

Wi (X) = aig(fx)(C(x, a) + Quy(x, @) — py < aéﬂl(i)(c(x’ @) 4+ Qwn_1(X, @) — P = Wy (%) (34)
and from (30) again that
Wi () = inf (c(x @) +Qun(x. @) = px
> inf (c(x,a) +Qh*(x,a)) +d — p, = h*(x) +d. (35)
aeA(x)

Consequently, combining Eqs. (34) and (35), we get (33).
Since {w,} is monotone decreasing, there exists w € B,(X) such that w, | w. Clearly from (32) we have that for any
a € Ax),

Wn+1 (X) =< C(Xa (1) + an(X, (1) — Px- (36)

Since w, € B,(X) we have, from Assumption D.1 and Eq. (36) and the monotone convergence theorem, that

wX) + o = nlij& Wni1(X) + oy < C(x, @) + nlirgof wn(¥)Q (dy|x, a)
o Jx

c(x,a) + / lim w,(y)Q(dy|x, a) = c(x, a) + Qw(x, a). (37)
X n—oo

From (37) it follows that
w(x) + px < Inf (c(x, @) + Qw(x, a)). (38)
aeA(x)

On the other hand, Eq. (32) and the fact that w,, > w yields that

Wi () 2 nf (e, 0) + Quix, )) — p
and taking the limit as n — oo we get that

w® + . = inf (c(x, a) + Qu(x, ). (39)

inf
aeA(x)
Combining (38) and (39) we get (26).
Finally, it follows from (33) that for any x € &, w(x) = h,(x). Consequently, we get from (19) that for any x € W,
infeeao (X, @) + Qw(x, @) = w®X) + pr = ho®) + px > X fi(x) + Qhy(x, fi(x)). However, w < h, and so
infaeac) (c(x, a) + Quw(x, a)) = wX) + px > c(x, fi (%)) + Qw(x, f,(x)) for any x € N, showing the result. O

We conclude this subsection presenting Theorem 3.5 which provides conditions to guarantee that the limit function w
as in Theorem 3.3 is l.s.c. and bounded below, so that the infimum in (26) can be replaced by minimum. We need first the
following proposition.

Proposition 3.4. Suppose that Assumptions A, B.1,B.2(b), C, D hold. Consider wy, as in Theorem 3.3. Then wy, is Ls.c. and bounded
below by —N + d.

Proof. First we notice that w,(x) > h*(x) +d > —N + d. Let us show now that w, are Ls.c. by induction on n. Forn = 0
we have that wg = h, which is L.s.c. and the result follows. Suppose now that wj, is l.s.c. We want to show that w1 is L.s.c.
We have that ¢ + Qw, is l.s.c. on K and bounded below, so that from Lemma 2.5 we have that the mapping ¢ + Qw, is
inf-compact. From Proposition D.6 in [13] we have that there exists f, € F such that

Wnt1(X) = algj(rxl)(C(x, a) + Qun(x, a)) = ¢, (X) + Qwn(x).
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Fix X € X and consider a sequence {x,} such that x, — x and

kllpgo Wt 1 (X)) = lim wy ().

y—R&

Write a, = f,(x;). Since b is upper semi-continuous (see Assumption C), given ¢ > 0 we can find k. such that whenever
k > k., we have that

\

€+ px + b(&) > px+ b(xk) > Ps + h*(xk) B wn+1(xk)
C(Xk, ar) + Qwn(Xk, ar) > c(xk, ax) — N +d.

So setting r = € + p, + b(X) + N — d we get that c(xx,a;) < r and thus a, € A,(x;) for all k > k.. From
Assumption B.2(b), A;(-) : X — Ais u.s.c. and compact-valued. From Berge’s theorem (see [26] or [27, Theorem 7.4.2]),

G ={xxA®}U (U(kzkE Hxe x Ar(xk)}) is a compact subset of K. Therefore we can find a convergent subsequence
(X, ;) — (%, @) € G, and thus a € A, (). Recalling that ¢ + Qwy, is L.s.c. we get that

lim wy1(y) = M wypq () = lim (e, @) + Qi Xy, @)

y—3 k—o00 k— 00

(€6, + Qua(& @) = min (¢ @) + Qun(E, @) = wri1 ()

%

showing the desired result. 0O

Theorem 3.5. Suppose that Assumptions A, B.1, B.2(b), C, D hold. Moreover, assume that for any set I’ € B(X) such that
us(I') = 0 for some f € IF we have that

sup sup Q(I'; (x,a)) < 1. (40)

xel' aeA(x)

Consider w as in Theorem 3.3. Then w is Ls.c. and bounded below by —N + d.

Proof. We use the same notation as in Theorem 3.3. We have that forany z € N, h,(z) = w(z) < wy(z) < h.(2), that s,
wy(z) = w(z) for all n. Define now £, = sup,¢ -« [wn(z) - w(z)] > 0. From (33) and recalling that h, (x) < h*(x) we have
that

hx) +d <h"x) +d < wX),

and therefore 0 < £¢ < —d. Since d is finite according to the proof of Theorem 3.3, we get that ¢, is finite.
From Eq. (32), it follows that for any x € X

wa0) = min[c(x. @) + Quix. 0) + Qs —1)(x. )] ~ p.

=

inf [c(x, @) + Quw(x,a)] — p + sup Q(wn—1 — w)(X, a)
acA(x) aeA(x)

< w®) +Lp-1 sup QN|(x, @) (41)
aeA(x)

since w,—1(z) — w(z) = 0forz € . From (40) and (41), and recalling that us, (&) = 1, we conclude that for some
B < 1,4, < BL,_1,and thus £, < S"Ly. This shows that 0 < w,(x) — w(x) < "y since w,(z) = w(z) forz € N, leading
to the uniform convergence of w, to w. The result follows after noticing, from Proposition 3.4, that w,, is l.s.c. for each n.
Indeed given arbitrary € > 0 we can find n, such that 0 < w,(y) — w(y) < e forally € X and all n > n,. Therefore for all
nz=ne,

€+ limw(y) > lim w,(y) = wa(%) = w(x)
y—Xx y—X

and since € > 0 is arbitrary, the result follows. O

4. Polity iteration algorithm

In this section we consider the so-called policy iteration algorithm for the average cost Markov control problem. After
introducing the main assumptions and some auxiliary results we present Theorem 4.3, which shows the existence of a limit
function satisfying an average optimality equation. From this optimality equation it is shown in Theorem 4.5 the convergence
of the PIA to the minimum average cost criteria (see Definition 11.1.1 in [ 14]).
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We start by considering the following assumptions.

Assumption E.
E.1 For each f € F, there exists an invariant probability measure s for Q(:|-, f(-)) such that J(f) = fx c(x, f(x) s

(dx) < 0.
E.2 For each f € F there exists vy : X — R solution of the Poisson equation
v+ o (x) = c(x, f(x)) + Qur(x, f(x)) (42)

such that vy is lower semi-continuous.
E.3 There exists M > 0 and an upper semi-continuous functiond : X — [1, co) suchthat,foranyf € F, —M < vy (x) < d(x)
and puy(d) < oo.

The PIA works as follows:
(1) For f, € F, obtain (y,, v,) solution of the Poisson equation (42) as in E.2, so that s, (|vs|) < 00, vy is Ls.c. and
Yo+ vn(®) = c(x, fu(®)) + Qun (X, fu(x)). (43)
(2) Obtain f,+1 € F such that

arel}\j(l:) (C(x, a) + Quy(x, a)) = c(X, far1(X) + Qup(x, frr1(%)). (44)

We have the following proposition.

Proposition 4.1. Suppose that Assumptions A, B.1, E hold. Then there exists f,11 € F such that (44) holds and y, = J(fy) >
J(Fas1) = Va1

Proof. Consider f, € F and v, a solution of the P.E. as stated in E.2 associated to f,. It means that (43) holds. Integrating
(43) with respect to uy, we get from E.1-E.3 that y,, = J(f,). From B.1-A.2 and noticing from E.2-E.3 that v, is Ls.c. and
uniformly bounded below, we get from Proposition D.6 in [13] and Lemma 2.5 that there exists f,+1 € F such that (44)

holds. Since mingea(x) (c(x, a) + Quy(x, a)) < c(x, fu(x)) + Qup(x, f(x)) = va + vu(x) we have from (44) that y,, + v, (x) >
c(x, frr1(¥)) + Qua(X, fay1(x)). Integrating with respect to uy, , we conclude that y, =J(f,) > J(fay1) = Var. O

From Proposition 4.1 we have that y, | y. > 0. Define v, = lim®,_ __ v,. We have the following proposition.
Proposition 4.2. Suppose that Assumptions A, B and E hold. Then for some g, € F, we have that

Vi + 0 (%) > min) (C(X, a) + Quy(x, a))

acA(x

= c(x, 8:(x)) + Qui(x, g(x)). (45)

Proof. It follows from (43) and the same arguments as in the proof of Theorems 3.2. O

We consider now the following assumptions.

Assumption F.

F.1 For each f € F, we have
(a) Qrd(x) < coforanyx € X,
(b) forany x € X and v € By(X), limy— oo |Qf”v(x) — us(v)| = 0.
F.2 For (yy, vy) solution of the Poisson equation (43), we have that for every x € X,

n@o Qp, (vp — v (x) < 0. (46)

We have the following theorem, showing the existence of a limit function satisfying an average optimality equation.

Theorem 4.3. Suppose that Assumptions A, B, E and F hold. Consider g, € F and y, as in Proposition 42 and g, as in
Assumption F.1. Then there exists s € By(X) such that

Ve +5x) = aé%o (c(x, a) + Qs(x, a)) (47)
and moreover

aei?(fx ) (C(x, a) + Qs(x, a)) = c(x, (X)) + Qs(x, g« (x)) [g,-aS. (48)
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Proof. This proof follows the same steps as the proof of Theorem 3.3. Let v*(x) = limy_, oo vy (X). From (43) and (44) we have
that for any a € A(x),

Yo+ Un(®) < (X, @) + Qua—1(x, @) + Qg (vn — vp—1)(X). (49)

From Assumption E.3, we have foranyn € N, —M < v,(x) < d(x). Consequently, combining Assumption F.2 and Fatou’s
Lemma (see Assumption F.1), we get from (49) that

Ve F U (X) < c(x,a) +Qu*(x, a), (50)
and therefore from (50) we obtain that
Ve + 05 (X) < ig(f)(c(x, @) + Qu*(x, @) < ¢g, (%) + Qg v* (%). (51)
aeAa(x

Define r = v, — v*. Notice that from Assumption E.3, it follows that v, and v* are in By(X), implying that r € By(X).
Moreover, we get from (51) and (45) that forallx € X, r(x) > Q,, 7 (x). Asin the proof of Theorem 3.3, infyex (v, (y) —v*(¥)) is
finite. By using Assumption F.2 and the same arguments as in Lemma 7.5.12 in [ 14] we have that there exists a set /p € B(X)
such that pg, (Mp) = 1and v (x) = v*(x) + dp for allx € Np, where dp = inf,ex (v« (¥) — v*(¥)). In any case we have that
forallx € X, v, (x) > v*(x) + dp.

Define now sy = v, and $p41(x) = infyea (c(x, a) + Qs,(x, a)) — ¥4. By repeating the same arguments as in the proof
of Theorem 3.3 we get that v*(x) + d < sp11(x) < s,(X) < v,(X). Since {s,} is monotone decreasing, there exists s € B4(X)
such that s, | s. Clearly we have that for any a € A(X), sp+1(X) < c(x, a) + Qs,(x, a) — y,. Since s, € B4(X) we have from
the monotone convergence theorem, that

S(X) + s = nlingo Snp1(0) + v < cx, a) + n“l?o / sn(V)Q(dy|x, a)
X

c(x, a) +/ lim s,(y)Q(dy|x, a) = c(x, a) + Qs(x, a), (52)
X n—oo

On the other hand we have that s, (x) > infyea (C(x, a) + Qs(x, a)) — ¥4 and taking the limit as n — oo we get that

s(X) + yx = infaear (c(x, @) + Qs(x, a)), which yields (47).
Since for any x € MNp, S(x) = v, (x) we get that for any x € Np,

(c(x, @) + Qs(x, @) = 5(X) + Vi = 02 () + 74 = €%, &(0) + Qua(X, 84 (X))

showing that s(x) + ¥, < infyeaw (c(x, a) + Qs(x, a)).

inf

acA(x)

However, s < v, and so infyeay) (c(x, a) + Qs(x, a)) = 5(X) + yx > c(x, 8:(x)) + Qs(x, g.(x)) for any x € Np, completing the
proof. O

We recall next the definition of a stable policy (see Definition 5.7.7 in [13]).

Definition 4.4. A randomized stationary policy ¢*° € @ is said to be a stable policy if there exists an invariant probability
p, € P(X) for Q,(-|-) such that V(p,, ¢>°) < oo, so that V(p,, ¢>°) = fx Cp(X)Py (dx).

Now from Assumptions A, B.1, B.2(a) and Theorem 5.7.9 in [13] it follows that there exists a stable policy ¢°, with
invariant probability ., , satisfying

inf inf V(v, ) = V(g 9°). (53)

veP(X) mell

We have the following theorem showing the convergence of the PIA to the minimum average cost criteria (see
Definition 11.1.1 in [14]).

Theorem 4.5. Suppose that Assumptions A, B.1, B.2(a), E and F hold. If 11, (d) < oo then the PIA converges to the minimum
average cost criteria, that is,

inf inf V(v, ) = ys. (54)

veP(X) mell

Proof. From Assumption E.3, we have that ug, (|s|) < ug, (d) < oo. Combining Egs. (47) and (48), we get
Ve +5(X) = c(x, 8:(x)) + Qs(x, 8 (X)) [g,-as.

Integrating both sides of the previous equation with respect to ug, gives

/ C(x, 220 ptg, () = s,
X
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implying that

V(Mg*»g:o) = Vx- (55)
Now, we have from Eq. (47) that

Vs +5(X) < c(x, 9 (%)) + Qs(x, @4 (%)),

for any x € X. Since p,, (d) < oo, we have that i, (|s|) < oo and so
Ve < Jy € @u ()i, (dX) = V (g, 9°) = inf inf V(v, 7). (56)

veP(X) mell

Finally, combining Eqs. (55) and (56), the result follows. O
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