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1. Introduction

The early developments in the theory of regularly varying functions were often related to situations, in which mono-
tonicity was assumed. Such a preliminary assumption allows one to develop key aspects of the theory, particularly charac-
terizations, either more comprehensively or in a much simpler manner (see, e.g., Seneta [ 14], Section 1.8).

The simplest generalization of the monotonicity property is that the function possesses an (asymptotically) equivalent
monotone version. This weaker condition, nevertheless, leads to almost the same simplifications in the proofs of a number
of results for regularly varying functions. Thus a natural question to ask is, for a given function f (not necessarily regularly
varying), about conditions for f to have an equivalent monotone version. We give a partial answer to this question for the
so-called pseudo-regularly varying (PRV) functions (see the definitions below). The well-known statement that a regularly
varying function of nonzero index has an equivalent monotone version (see Seneta [14], Section 1.5) is a particular case of
our result. In contrast, a regularly varying function of zero index (a so-called slowly varying function) does not always have
an equivalent monotone version. We show this by constructing an example of such a function below (cf. Theorem 3.2).

The monotonicity of functions under consideration plays a crucial role in various problems of probability theory. To be
more specific we mention the following example. Let {£,},>1 be a sequence of nondegenerate, nonnegative, independent,
identically distributed random variables and let {¢,},>1, {o = 0, be their partial sums. Note that the sequence {¢,} is nonde-
creasing with respect to n, since the summands &, are nonnegative. Denote by {N(t)};>o the corresponding renewal counting
process defined by

N(t) =max{n:¢ <t}, t=>0.
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Note that ¢, — oo almost surely asn — o0, since the distribution of &; is non-degenerate, whence N(t) < oo almost surely
forall t > 0. Assuming that
n

lim — =1 almost surely

n—oo n

for a deterministic sequence of positive numbers {b,},>1, the problem studied in Klesov, Rychlik, and Steinebach [12] is to
find a normalizing function {c(t)};>o such that
. N@
lim —— =1 almost surely.
t—o0 c(t)
This problem has been solved in [12] if {b,} is an increasing sequence. It turned out that the function {c(t)} can be con-
structed from the sequence {b,} by applying the concept of generalized inverse functions. Moreover, the conclusion holds
if the sequence {b,} is not necessarily monotone but (asymptotically) equivalent to a monotone sequence and if a certain
additional restriction is imposed.
Karamata’s ideas about the notion of regular variation turned out to be very fruitful in many fields of mathematics and
have soon been generalized in various ways, keeping the main properties, however, in one way or another. Among those
generalizations is the notion of O-regularity, denoted here by OR, which, for a positive function f, means that

f(cet)

*(c) =limsup—— < oo forallc >0
fH© m sup 0
(see Avakumovic¢ [1] and Karamata [11]). The function f* is called the upper function for f, while
t
fi(c) = liminf@, c >0, (1.1)
t—oo  f(t)

is called its lower function. Karamata’s regularly varying functions are characterized by the property that f,(c) = f*(c) for
all ¢ > 0, in which case automatically the common value of f, (c) and f*(c) equals c” for some real p and all ¢ > 0.

OR functions have many properties, which are similar to those of regularly varying functions, for example, they exhibit
similar uniform convergence properties, integral representations and characterizations, etc. Again, results for OR functions
f become simpler, if f is monotone or has an equivalent monotone version. Here are some selected examples of such
situations.

Independently of Avakumovié¢ [1] and Karamata [11], Bari and Stechkin in their memoir [2] also introduced the ORV
property for monotone functions. They used such a property to describe a relationship between the modulus of continuity
of a periodic function and its best approximation by trigonometric polynomials. In fact, their results also hold if just the
existence of an equivalent monotone version is assumed instead of monotonicity.

Feller [9] observed that some of Karamata’s [11] results do not require the full concept of regular variation. Instead he
introduced the notion of dominated variation for monotone functions and successfully applied it to some local limit theorems
in probability theory and to the tail behavior of infinitely divisible distribution functions. All his results on dominatedly
varying functions can easily be extended to the non-monotone case by assuming that the corresponding functions have an
equivalent monotone version.

De Haan and Stadtmdiller [8] studied Abelian and Tauberian theorems for Laplace transforms under conditions of
dominated variation and related concepts. Again, their results only require the existence of an equivalent monotone version.

Several subclasses of OR functions have been studied in the literature. A key role therein sets the question of whether,
given two functions f and g such that f ~ g, it is true that f~! ~ g~'. (Examples from probability theory can be found in
Gut, Klesov, and Steinebach [10], Klesov, Rychlik and Steinebach [12] and Buldygin, Klesov and Steinebach [4-6].) Here f !
and g~ denote the inverse functions to f and g, respectively.

A more general problem is to obtain a similar conclusion if the inverse functions do not exist and are substituted by so-
called quasi-inverse or asymptotically quasi-inverse functions denoted by fi™, gi™V, etc. A natural substitution for the inverse
functions suggested by the construction of the renewal process given above are the so-called generalized inverse functions
denoted by f <, g, etc. An even larger class of functions, for which one can prove the above assertion, is the class of POV
functions. Here, a function f is defined to be of positive order of variation, denoted by POV, if

fi(c) > 1 forallc > 1 (1.2)
and
lilggnff*(c) =1. (1.3)

The latter property characterizes the so-called pseudo-regularly varying functions, denoted by PRV. For general OR, PRV or
POV functions, the questions about the existence of equivalent monotone versions are not so obvious. For POV functions,
for example, the existence of an equivalent monotone version has been proved by Buldygin, Klesov and Steinebach [5].
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Our goal in this paper is to solve the problem on the monotonicity for a much larger class of functions. A related problem,
studying whether a function has an infinite limit, has been presented by Buldygin, Klesov, and Steinebach [7], where also a
motivation is given.

2. Some assumptions

Throughout the paper we assume that

f(t)>0 forallt > 0. (2.1)

Definition 2.1. Let f be a real function. We say that f has an equivalent monotone version if there exists a nondecreasing
function f1 such that

o _

f~f' t—> o), ie, lim L~

t>oo fA(t)

A necessary assumption for a function f to have an equivalent monotone version is that
fi(c) =1 forallc > 1, (2.2)
see Theorem 3.1 below. Moreover, the condition
fi(co) > 1 forsomecy > 1 (2.3)

is also necessary (in the sense that there is a function f for which (2.3) does not hold and f has no equivalent monotone
version, see Theorem 3.2).
We sometimes use a stronger condition than (2.2), namely

: > 1 forall sequencesc, | 1andt, — oo. (2.4)
n

First we study the question under which condition an equivalent monotone version does not exist.
3. Condition under which no equivalent monotone version exists

Theorem 3.1. Let
fi(co) <1 forsomecy > 1. (3.1)
Then f has no equivalent monotone version.

Proof. Assume the converse, i.e. that there is a monotone version f 1. Condition (3.1) implies that there are some q € (0, 1)
and a sequence {t,} such that t, — oo and

f(COtn)
f(t)

<gq foralln > 1.

Thus
fT(tn) < fT(COtn) < fT(COtn) . f(COtn) < qu(COtn) )
ftw) = f(t) — flcotn) ftn) = flcotn)

Letting n — oo, we obtain the contradiction 1 < g, which proves (3.1). O

Thus when finding conditions for the existence of an equivalent monotone version, one necessarily has to assume (2.2)
and also (2.3) as a companion. If (2.3) does not hold, then a monotone version may not exist. An example, where (2.2) holds
but (2.3) does not, is given by a slowly varying function for which f,(c) = f*(c) = 1forallc > 0.

Theorem 3.2. There is a slowly varying function f such that

limsupf(t) = oo and litm inff(t) = 0.
—00

t—00

It will be obvious from the construction of the function f in Theorem 3.2 that it does not have an equivalent monotone
version. The proof of Theorem 3.2 is postponed to Section 6.



V.V. Buldygin et al. / ]. Math. Anal. Appl. 401 (2013) 526-533 529

4. Sufficient conditions for equivalent monotone versions to exist

Theorem 4.1. Let f be a function satisfying (2.1). Then, under conditions (2.2)-(2.4), there exists an equivalent monotone version

f.

The proof of this result is based on the two lemmas below. Moreover, in what follows we deal with a special equivalent
monotone version, that is with

AGES inff (s). (4.1)

Lemma 4.1. Let f be a function satisfying (2.1). Then, under conditions (2.2) and (2.3), there is a ty > 0 such that

fi®) = inf f(s) forallt = to. (42)
<s<cp

Remark 4.1. Inequality (4.2), in fact, is an equality, since the upper bound is obvious.
Proof of Lemma 4.1. Due to conditions (2.2)-(2.3), there are numbers r > 1and t; > 0 such that
f(cot) = 1f(t) forallt > tp.

Moreover, for t > ty,

fT(t) = minJ{ inf f(s), inf f(s)} = min{ inf f(s), inff(cos)}
of s>cot t<s<cot s>t

t<s<c
f(cos)

f(s)
= min{ inf tf(s), rfT(t)} = t<isrl£ [f(S)-

t<s=c

} > min {Kisgg tf (), rggtff (S)}

= min{ inf f(s), inff(s)
t<s<cot s>t

Therefore,

fTt) > inf f(s) forallt > to,
t<s<cot
which completes the proof. O

Lemma 4.2. Let f be a function satisfying (2.1). Then, under conditions (2.2) and (2.4),

t
liminf inf L > 1 (43)
t—oo 1=c=C f(t)

forallC > 1.

Proof of Lemma 4.2. If the required property does not hold, then there are a constant C > 1 and two sequences {c,} and
{t,} suchthat1 < ¢, <C,t, — 00, and

i f(cntn)
im <1
n—>oo f(ty)

Choose a monotone convergent subsequence of {c,} and denote its limit by ¢’. Without loss of generality we assume that
the whole sequence {c,} converges to ¢’. Then
fentn) im inf flentn) . . £ f(c'ta) > fentn)

lim inf > limin -limin > liminf
n—oo  f(ty) n—oo f(C'ty) n—oe f(tn) n—oo f(c'ty)

(4.4)

by condition (2.2). On setting t,, = ¢’t, and d, = ¢,/c’, we have 7, — oo and d, | 1. Thus condition (2.4) implies that

fentn) . fdnto) =1

> liminf >
f(tn) n—~oco  f(z,)

This contradicts (4.4) and completes the proof. O

lim inf
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Proof of Theorem 4.1. By Lemma 4.1, there is a ty > 0 such that
Tt t

PO g 1O e L@

F(6) Tesssatf(t)  1scseo f(t)

where f1 is defined by (4.1). Passing to the liminf as t — oo and then applying Lemma 4.2 we complete the proof, since
the upper bound

forall t > ty,

t—o00 t)y —

is obvious. O

Corollary 4.1. Let f be a PRV function, that is, let (1.2) and (1.3) hold. Then an equivalent monotone version f ' exists.

Corollary 4.2. Let f be a regularly varying function of positive index. Then an equivalent monotone version f* exists.

5. Equivalent monotone versions

In this section, we study the role of an asymptotic form of (4.3) for the existence of an equivalent monotone version to a
given positive function f. Let

At
xf = limliminf inf fen

cl1 t=oo 1=2=c f(t) ’ (5.1)

We want to decide about the existence of an equivalent monotone version just via the single number x;. Note that x; < 1
for any positive function f and

Xf = 1 (52)

if f is increasing. Moreover, (5.2) is necessary for f to have an equivalent monotone version.

Theorem 5.1. If x; < 1, then there is no equivalent monotone version f1.

Proof of Theorem 5.1. Since x; < 1, there are a number q € (0, 1) and two sequences {A,} and {t,} such that A, | 1,
t, — 00, and

fnty)
f(tn)
If a monotone version f1 exists, then, in particular,
f(ty) NfT(tn) and f(Aqt,) NfT(Antn)-
On the other hand,
f1Oat) _ [Tt~ flt) 1 fTOt) 1 fT(t)
f(Anty) ftn)  fOat) —q  flt) — q f(tw)

in view of the monotonicity of fT. Letting n — oo, we have a contradiction, which completes the proof. O

<gq foralln> 1.

foralln > 1

It turns out that one can drop condition (2.4) if f is measurable and the (necessary) condition (5.2) holds.

Theorem 5.2. Assume that f is a measurable and positive real function satisfying conditions (2.2) and (2.3). Then, if x; = 1,
there exists an equivalent monotone version f 1. Moreover, one can choose

AGE inff (s).

For the proof of Theorem 5.2 we need the following result whose proof is postponed to Section 7.

Lemma 5.1. If f is measurable and (2.2) holds, then, forall1 < a < b < oo,

liminf inf w > 1. (5.3)

t—00 a<c<b f(t) -
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Proof of Theorem 5.2. By Lemma 4.1, there is a t; > 0 such that
fTt) > inf f(s) forallt > to.
t<s=<cot

Thus, forall1 < c < cpandt > ty,

f¢(t)zmin{[<in<ftf(s), inf f(s)}.

ct<s<cot

Hence, by Lemma 5.1,

At
lim inf ) > min { liminf inf M,l .
t—oo 1=a=c f(t)
Letting ¢ | 1, we get
1
lim inf

t—o00

t
()) > min{x;, 1} =1,
since x; = 1. On the other hand, by the definition of f1,
Tt
lim supf © <

t—00 f(t) -
which completes the proof. O

’

6. Proof of Theorem 3.2

Let t; = 1and set, fork > 1,
/2
ler1 = e Lk
2
Tk = e ty.
Define the function 8 on (0, co) as follows: for 0 < s < 1, B is such that

1
@ds:l,
0 S

e.g., B(s) = son (0, 1). Otherwise the function g is defined by

D forg <s<t
ﬂ(s):{k’ k = k» k>1’

2) -
e > forte <5 <y,

where the sequences { ﬂ,fl)} and { ﬂ,ﬁz)} are determined by the conditions

79 Tk
@d5=k, @d5=—k, k> 2.
0 S 0 S
This immediately implies that
" @ ds = —2k /[’(H @ ds=2k+1
ti S ' Tk S '
or, equivalently,
t
B0 = 2k, P =2k 1,
tk Tk
whence
k k ’ k k2 .
Thus

lim B(s) = 0.

Finally, set

t
f(t)=exp{/ 'B(S)ds}, t>t1.
o S
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By the integral representation theorem for slowly varying functions, f is slowly varying (see Theorem 1.2 in Seneta [14]).
Moreover,

lim f(ty) = o0 and lim f(t) =0,

k— 00 k— 00

but obviously f does not have an equivalent monotone version, since, by monotonicity, one would necessarily have that
lim_ o0 f T (4) = 00, so there can be no equivalence with f for this subsequence. O

7. Proof of Lemma 5.1

In order to prove Lemma 5.1 we need a more general result, i.e. Lemma 7.1 below. In the modern theory of regular vari-
ation, analogs of Lemma 7.1 are used in the proofs of two fundamental results of this theory, namely for the proof of the
uniform convergence theorem and the representation theorem. The classical variant of Lemma 7.1 deals with the case where
the limit of the corresponding ratio exists, while we require only a lower bound for the lim inf. Several proofs of the classi-
cal result are known (see, e.g., Bingham, Goldie, and Teugels [3], Section 1.2). We follow an idea of an earlier proof due to
Korevaar, Ardenne-Ehrenfest and de Bruijn [13] and apply it to a more general case.

Lemma 7.1. Let f be a measurable function. Assume that, for some 0 < £ < o0,

fct)

liminf—— > ¢ forallc > 1. (7.1)
t—00 f(t) f

Then
liminf ZG) 5 2 (72)
n—00 f(tn

for every sequence {t,} such that t, — oo and every sequence {c,} such that liminf,_,» ¢, > 1andlimsup,_, ., ¢, < 00.
Moreover, if

fet)

liminf—— =oo0 forall c > 1, (7.3)
t—00 f([)
then
t,
liminf ) _ o (7.4)
t—00 f(tn

for all sequences {t,} and {c,} possessing the same properties as in the case of ¢ < oo. (Of course, if (7.3) holds, then “lim inf”
can be replaced by “lim” in both equations (7.3) and (7.4)).

Remark 7.1. If £ > 1in (7.1), then f,(c) = oo for all ¢ > 1. Indeed, (7.1) can be rewritten as f,(c) > ¢ forallc > 1.
Lemma 7.1 implies (7.2) and one can use £2 instead of £ on the right-hand side of (7.1), i.e.f.(c) > ¢? forallc > 1.Repeating
this argument we arrive at the conclusion that f, (c) = oo.

Proof of Lemma 7.1. Put v = inf..{ f,(c). Note that either v = co or 0 < v < 1. Indeed, assume that 0 < v < 0. Since
fe(c)f(c2) < fu(cicy) forallc; > 1and ¢, > 1, we have v? < v, whence v < 1.

First we consider the case of 0 < £ < oo. In what follows, we switch to an “additive” notation instead of the “mul-
tiplicative” one above. Namely we set h(t) = In f(e') and deal with h rather than f in the following. The assumptions of
Lemma 7.1 can be reformulated as follows: h is measurable and

liminf(h(x 4+ u) — h(x)) > In¢ forallu > 0.
X—>00

We want to prove that
liminf (h(x, + up) — h(xy)) > 21In¢
n—oo
for every sequence {x,} such that x, — oo and every sequence {u,} such that liminf, , -, u, > 0and limsup,_, ., u, < 0.
Fix sequences {x,} and {u,} with the above properties. Note that there are numbers § > 0 and A < oo for which
§ <u, <A forall sufficiently large n.

Without loss of generality we assume that this holds foralln > 1. Let 0 < » < § and

x
51=6—x, SHh=A——, &1 = x, &y = —.
1 x 2 2 1 x 2 2
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Obviously §; < §; and &7 > &;. Fix —0o < ¥ < In{ and define the sets
A, = {u € [61,682] : h(xx +u) — h(xx) > y forall k > n},
B, = {v € [—&1, —&2] : h(x¢ + uy) — h(xx + ux + v) > y forall k > n}.

It is obvious that A, € Apy1 and B, € B,;1. Moreover
o0 [ee]
UAH = [813 82]7 UBH = [_817 _82]7
n=1 n=1

whence
|Ap| — 82 — 61, [Bi| — &1 — &2

asn — oo, where | - | stands for the Lebesgue measure. Now we introduce the sets B, = B, + u, and note that |B,| = |By|
for each n > 1. Moreover,

An C [81, 621, B, C[—&1 438, —&2 + A],
so that

AnUB;, C [81, 82].
Since

|Anl + |B,| — 82 — 81 + &1 — &2 > 8 — 81,

we get that A, N B;, # & for sufficiently large n. For such an integer n, let uy € A, N B;,. According to the definition of the set
By, this means that there is a vy € B, such that vy = uo — u, for some uy € Ay,. Therefore, with this n,

h(xn + o) —h(xn) =y, hxy +up) — h(xa +un +vo) >y,
or, equivalently,

h(xn +uo) —h(xa) =y, h(xXp + up) — h(xp + o) = v,
whence

h(xn + un) — h(xn) = 2y
and

liminf (h(x, + ) — h(xn)) = 2y

Since y < In{isarbitrary, the lemma is proved for the case of 0 < ¢ < oo.To prove that(7.3) implies (7.4), we note that(7.1)
holds for every £ > 1, which results in (7.2) by the first part of the proof. So, since £ is arbitrary, (7.4) follows from (7.3). O

Proof of Lemma 5.1. If (5.3) does not hold for some 1 < a < b < oo, then there exist sequences t, 1 coanda <c, <b
such that

<1,

which contradicts Lemma 7.1. O
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