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1. Introduction

In this paper, we consider the Cauchy problem for a kinetic equation of the form

Of +&-Vif +F(t,x,8) - Vef = Qu(f), (1.1)
fQ0.x,8) =fo(x,§) = 0. .

This nonlinear partial differential equation is an important mathematical model derived from the theory of astrophysical
plasmas, and provides a statistical description of a cometary flow in light of its microscopic density f (¢, x, £) depending
upon position x € R?, velocity & € R* and time t > 0 (see, e.g., [12,22-24]). In this connection, (1.1) is commonly known as
the cometary flow equation.

Here F(t, x, &) stands for an external force imposed on the cometary flow, and the collision operator Qy (f) describing
wave-particle interactions in the cometary flow, is nonlinearly related to the unknown f through its velocity moments,
namely

Quf(f):PUf(f)(t,X,.f) _f(t,X,.%'),

1
Py (f) = Efszf(tvx’uf‘f'@—uflw)dw, pr # 0,
0 pr =0,

where S? designates the unit sphere of R3, and where the macroscopic density o5 (t,x) and the bulk velocity uf(t, x)
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corresponding to f are defined by

o 1
<pf{1f> (t,%) = /RB (g)f(f”‘, £)dg, t>0, xeR’

respectively. It is not to hard to see that the nonlinear part P, (f) of the collision operator is in fact a nonlinear projection, so
the mathematical structure of Eq. (1.1) is quite similar to that of the Boltzmann-BGK equation which is widely used in gas
dynamics (see, e.g., [2,20,26]). Nevertheless, the nonlinearity of Q,, (f) is obviously much stronger than that of the classical
Boltzmann-BGK collision operator. Again, there is a significant difference between the wave-particle interaction Quy (f) and
the Boltzmann-BGK collision operator: the former has infinitely many collision invariants (see, e.g., [7,5]), while the latter
possesses exactly five [2]. This means that they have different sets of equilibria which possibly lead to different large time
asymptotic behaviors. As for fundamental properties of the wave-particle interaction operator Qu (f) and their proofs, we
refer the readers to [7,5,6,14,13,15] (see also Section 3).

Due to the significance of this kinetic equation in the theory of astrophysics, some researchers have been devoted
themselves to establishing its rigorous theory. In the absence of an external field (i.e., F(t, x, £) = 0), qualitative treatments
in terms of nonnegative weak solutions have been received a great deal of attention both for Cauchy problems and for
initial boundary value problems, various results including global existence with conservation laws and entropy dissipation,
propagation of higher order moments, perturbation theory of global equilibria and large time behavior, were well established
(see, e.g., [6,14,13,15]).

Recently, the Cauchy problem (1.1) with a force field satisfying certain integrability conditions was discussed in Ref. [3].
Specifically, assuming that the external force F(t, x, £) belongs to L9((0, T) x ]R)f X Rg) and is divergence free with

respect to the velocity variable £, assuming further that the initial density verifies (1 + |£|*)fo(x, §) € L'(R} x R?) and
fox, &) e [P (Rg X }Rg’), finally assuming that the integrability exponents verify p, ¢ > 1and 11) + % < 1, then it was shown
in[3] that the Cauchy problem (1.1) has a nonnegative weak solutionf (t, x, &) such that [|f (t)[l1 = llfolli and [|[f (O)1l, < Ifoll

fort € [0, T]. Animportant case was also treated in Ref. [3] namely F(t, x, §) = E(t, x) + £ x B(t, x) being a Lorentz field,
where E(t, x) and B(t, x) are given electric and magnetic intensities respectively. Then, (1.1) can be written as

Of +& - Vif +[E(t,x) +& x B(t, X)] - Vef = Qu: (f),
f(07X7 é/-:) :fO(Xa s) > 0.

It was shown that if E(t,x) € L9((0, T) x R3), B(t,x) € I’((0, T) x R*) and fy € IP(R} x R}) withp > 1 and
q>3+p andif (1+ |€1>)fs € L'(R® x R®), then there exists a nonnegative weak solution to (1.2) in the function space
L®((0, T); IP(R3 x Rg)). Here and in the following of this paper, we denote the conjugate exponent of p by p/, i.e.,p’ = !%
forl <p<oocandp =ooforp=1.

Scrutinizing those results, one can find from a mathematical point of view that they are far from optimal and may be
improved at least in two ways. First, the definition of the equation do not require finiteness of second order velocity moment,
as a matter of fact, the finiteness of velocity moment of order one is sufficient for the description of the wave-particle
collision operator Qu (f). Second, to define the nonlinear terms F(t, x, £)- V:f and [E(t, x) +-& X B(t, x)]- V¢f in distributional

sense, it is sufficient, for example, to ask for f (t, x, §) € L2.((0, T); Ly, (R} xR?)) and F(t, x, §) € I ((0, T) x R} x R}) or

loc loc loc

(1.2)

E(t,x), B(t,x) € L{’O/C((O, T) x R3). These observations directly motivate our present discussion. In fact, we shall establish
in this paper three global existence results, each of which only requires that the first order velocity (space) moment of the
initial density is finite. The first one concerns a general smooth force and a smooth Lorentz field (Theorem 2.1), the rest two
are aimed at improving global existence results concerning integrable force fields described above (see also Theorems 3.2
and 3.3 in Ref. [3]), especially, we shall prove the critical case % + % = 1 and also consider force fields growing linearly
at infinity (Theorems 2.2 and 2.3). As a consequence, we obtain a new existence theorem for the Cauchy problem (1.2)
concerning a different kind of Lorentz field (Corollary 2.4).

Concerning the cometary flow equation (1.1), there is another kind of interesting problem, namely the Cauchy or the
initial boundary value problem with a self-consistent force field F(t, x, £). The Cauchy problem with a self-generated
electrostatic field and the Cauchy problem with a self-consistent Lorentz field were studied carefully in [25,3] and in [4]
respectively. Nevertheless, the corresponding initial boundary value problem has not been investigated so far. Before going
further, we first present the definition of weak solutions.

Definition 1.1. Let T be a given positive constant, a nonnegative function f (t, x, £) € L*°((0, T); L'(R? x R?)) is said to be
a weak solution on [0, T] to (1.1) if the product fF is well-defined in distributional sense, e.g., fF € L .((0, T) x R x R3),
and if f (¢, x, &) verifies

T T
f dr / f [0 + & - Vi + F - V] dxdt + / Fodlicodxdt = — / dt / Qu () pelxcs (1.3)
0 R3xR3 R3 0 R3 xR3

R3x

for any test function ¢(t, x, &) € C}([0, T) x R® x R3).
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Weak solutions to the Cauchy problem (1.2) can be defined in the same way. As explained above our goal in this paper
is to establish various existence results of weak solutions for the Cauchy problems (1.1) and (1.2). Nevertheless, whether
there is a classical solution to the Cauchy problem (1.1) or (1.2) has not been known so far, even if the initial density and the
force field are sufficiently smooth.

The outline of the remainder of this paper is as follows. In Section 2, we present the main results of this paper and prove
a corollary concerning global existence of weak solutions to the Cauchy problem (1.2). In Section 3, we summarize main
properties of the collision operator Qy (f) and some auxiliary tools including a L! velocity averaging lemma, all of which are
standard and can be found in literature. Then, we discuss a linear problem and a nonlinear approximate problem, the main
results are global existence of weak solutions to the approximate problem and their desired estimates. Section 4 contains
the proof of the main Theorems.

2. Main results

In the rest of this paper, we shall denote by C;} (R") the set consisting of all functions having bounded continuous deriva-
tives on RN up to order one, the symbol K, CC Ri means that K, is a compact subset of Rf. Again, in order to simplify our
presentation, we shall use the following shorthand notations for various norms:

@l = W Mpagarss Wollo = ol )l
IFOlp = IFCE - lagardy IFle = IFC oo, meinedys
HE© g = 1EC. Mgz TElg = IEC ) Lo, ity
IBOllg = I1BE. My 1Blg = I1BC. oo, 1yt

where, e.g, f(t, x, £) € L°((0, T); IP(R} x R})) (1 < p < 00), F(t,x,§) € L((0, T) x R} x R}) and E(t, x), B(t,X) €
L((0, T) x B}) (1 < q < 00).
Our first result concerns a smooth force field and a smooth Lorentz field, namely F(t, x, §) € C([0, T]; Cl} (Ri X Rg’))

and E(t, x), B(t, x) € C([0, T]; Ct} (R®)), which is a generalization of Lemma 3.1 in Ref. [3] in the sense that we assume that
the initial datum only has finite velocity moment of order one, rather than order two. This result is not only meaningful in
itself but also the cornerstone of our next two theorems.

Theorem 2.1. Let the initial microscopic density fo(x, &) > 0 verify
fhel'lNP@R3 xR (p>1), / € |fodxdE < oco. (2.1)
R3 xR3

(1) If F(t,x, &) € C([0, T]; CJ(R} x R})) and V; - F(t, x, §) = 0, then there exists a nonnegative weak solution f (t, x, ) to
the Cauchy problem (1.1) such that

IF Ol = lfolli, I Olp < foll,, 0=<t=<T. (2.2)

Furthermore, if K, CC Rf, then there is a positive constant C depending continuously upon the parameters diamKy, |/foll1,
1§ foll1, T and ||Flle such that

/ dt/ € |*fdxdE < C. (2.3)
KX><]R{

(2) If E(t,x) € C([0, T]; C}(R®)) and B(t, x) € C([0, T]; C}(R>)), then there exists a nonnegative weak solution f (t, x, &) to
the Cauchy problem (1.2) such that

IF Ol = lfolli. W Olp < foll,, 0=<t=<T. (2.4)

Further, for any Ky, CC Ri, there is a positive constant C depending continuously upon the parameters diamKy, |/foll1,
1§ foll1, T, IIEll and ||Bllo such that

T
/ dt/ |€ |*fdxds < C. (2.5)
0 Ky xR3

Remark 2.1. (1) By the proofs given in the following sections, it is clear that the assumption V; - F = 0 in conclusion (1)
is not necessary for the existence of a nonnegative solution to (1.1). If we remove this assumption, the estimate (2.2) of
the solution f should be replaced by

t
Ilf(t)|I1§||f0||1~EXp</ IIVs'F(T)IloodT>, 0<t=T,
0
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and
1 t
IF 1y < lfollp - exp (5/ Ve ~F(f)||ocdf> , 0=<t<T.
0
(2) On the other hand, if we further assume fR3XR3 |x|fo(x, £)dxdé < oo, then we can show that
/ x|f (¢, x, £)dxde <C, 0<t<T,
R3 xR3
where the constant C depends only upon [|fol|1. 1€ [foll1. 1Xlfoll1. T and [[Flse. |V Flloo (0F |Elloc. [[Bllsc ). For details,

see Remark 3.3.

The second result solves the global existence problem involving critical integrability exponents, namely, fo € I[P, F € L4
with % + % = 1. Again, we only assume that the initial density just has finite velocity moment of order one. Thus, it is a
substantial improvement of Theorem 3.2 in Ref. [3]. We describe it as the following theorem.

Theorem 2.2. Assume that the initial microscopic density fo(x, £) > 0 verifies
foel'NIP@R} xR} (1<p<o0), / € [fodxdE < oo. (2.6)
R3xR3

Assume further that F(t, x, &) € jid ((0, T) xR3xR>) such that V¢ -F = Oindistributional sense. Then there exists a nonnegative
weak solution f (t, x, £) to the Cauchy problem (1.1) such that

IFON = lfolli, IOl < lfoll,, 0<t=<T. (2.7)

Moreover, for any given K, CC R3, there is a positive constant C depending only upon T, |||£|foll1, |Ifo llp, IFll,y and diamKy
such that

T
/ dt/ || fdxdg < C. (2.8)
0 Ky xR3

Next, we deal with force fields that are not integrable at infinity. We suppose that the force field can be decomposed into
two parts: the first part has the same integrability as the force field in Theorem 2.2, the second part is linearly growing at
infinity. To be specific, we establish the following theorem.

Theorem 2.3. Assume that the initial microscopic density fo(x, £) > 0 verifies
foel'NIPR} xR} (1<p<o0), f (IX| + 1€ fodxdE < oo. (2.9)
R3 xR3

Let Vg - F(t, x, &) = 0 in distributional sense and let F(t, x, &) = F; 4 F,, where F; € I’ (0, T) x R® x R?), ﬁ =

M(t, x, &) € L®((0, T); L™®(R3xR3)). Then there exists a nonnegative weak solution f (t, x, £) to the Cauchy problem (1.1) such
that

IF Ol = llfollr,  IFOlp < lfollp, 0=<t=<T. (2.10)
Moreover, for any given K, CC R3, there is a positive constant C depending only upon T, fy, F;, M and diamK such that
T
f dt/ |&*fdxdg < C. (2.11)
0 KyxR3

Notice that in Theorem 2.3 we assume that the initial density not only has finite velocity moment of order one but also has
finite space moment of the same order. From Theorem 2.3, we can deduce a global existence result of the Cauchy problem
(1.2) with a Lorentz field.

Corollary 2.4. Suppose that the initial microscopic density fo(x, £) > 0 verifies

hell NPE xB) (o> 1), / (X + [EDfodxdé < oo.
R3xR3

Suppose also that Eljf‘f(? € [*®((0, T); L®(R?)), B(t,x) € L>°((0, T); L>®°(R?)). Then there exists a nonnegative weak solution

f(t, x, &) to the Cauchy problem (1.2) such that
IF @1 = ol IFOlp < follp, 0=t=<T.
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Conclusions in Corollary 2.4 are the same as those obtained by Theorem 3.3 in Ref. [3] where the authors assumed
that the initial density fo has finite second order velocity moment and that the magnetic and electric intensities satisfy
B(t,x) € Lp/([O, T] x R*) and E(t, x) € LI([0, T] x R?) for q > 3 + p’ respectively. Here, we assume that f; has finite first
order moment both in velocity variable and in space variable and that the electric intensity E(t, x) can be linearly growing
at infinity. Therefore, Corollary 2.4 can be served as a counterpart of Theorem 3.3 in Ref. [3].

Proof of Corollary 2.4. It is sufficient to take Fi(t, x, §) = 0, F,(t, x, &) = E(t, x) + & x B(t, x). Then
[F2(t, %, 6 _ [EWt, 0|+ 1§ x B, %)

1+ x|+ 18] — 1+ x|+ |§]
E(t.
< BOOT L e, vl e 12(0, T1: 17@)).
14 x|
Consequently, F; € I[P ((0, T) x R? x R3) B e 100, T); [®°[R3 x R?). O

> 1+HXHIE]
3. Preliminary results

3.1. About the collision operator and the velocity averaging lemma

First, we summarize main properties of the collision operator Qu (f). Define the linear collision operator Q, (f) for a given
u € R3 as follows: for any function f (£) € L1(R?),

1
Q. () = Pu(F)(E) — f(§), P,(f)(§) = E/ fu+|§ — ulw)dow.
SZ
Then, we have (for details, see, e.g.,[3,4,7,5,6,14])

Lemma 3.1. Let f(£), g(&) € L'(R?) be nonnegative functions and 1 be a measurable function on (0, oo), all of which are
assumed to be regular enough to ensure the existence of the following integrals. Then

(1) P.(f) is a projector: P2(f) = P,(f).

(2) Qu(f) is symmetric: [5 Qu(f)gdés = [o3 Qu(@)fdé = — [53 Qu(F)Qu(g)dE.

(3) Collision invariants: ng EQu(f)(&)dE = f]R3 v (€ —upQu(f)()dE = 0.

(4) Qu(f) = Oifand only if there exist u € R and a function F defined on [0, oo) such that f(£) = F(|€ — u/?).

(5) H-theorem: [ s Qu(F)fds = — [ Qu(f)Qu(f)d§ < O.

Lemma 3.2. (1) Let u(t,x), u,(t,x) : (0, T) x R® — R3 be locally integrable functions such that lim,_, .o u, = uin
LL.((0, T) x R®), and let f (¢, x, &) € L9((0, T); LP(R? x R?)). Then, we have for 1 < p,q < oo,

||Pu(f)||Lq((0, T); LP(R3 xR3)) = ||f||Lq((0, T); IP(R3xR3))»
and for 1 < p,q < o0,

lim Py, (f) = Pu) llia(0, 1) p®3xr3)) = 0.
n—oo

(2) Givenr € [1, oo) and a nonnegative function f such that (14 |£|")f € L'(R®), then there exists a positive constant C;, such
that

prlug|" E/ |§1"fdg, / &1"Py (F)dé =< Cr/ |§1"fdé .
R3 R3 R3

Second, we discuss a very useful tool called velocity averaging lemma (see, e.g., [18,17,6,8-11,20,3,4]). We directly cite
the following one which was recently proved in [3].

Lemma 3.3. Let the sequence {F,(t,x,§) : n=1,2,...} C C([0, T]; G (R} x R})) be bounded in L{, ((0, T) x R*> x R?)

loc

forafixed q > 1and satisfy Ve - F, = 0(n = 1, 2, ...). Suppose that the sequences {f, : n =1, 2, ...} is weakly compact in
L'((0, T) x R* x R®) and {g, : n=1,2,...}is weakly compact in L, .((0, T) x R® x R®) such that

Ofa +& - Vifa + Fa(t, X, 8) - Vefy = gn (3.1)

in distributional sense. Then for any bounded sequence {y,(t,x, &) : n = 1,2,...} C L®((0, T) x R? x R?) that converges
almost everywhere to (¢, x, £), the sequence

/fn(t,x,é)lpn(t,x,é)déj, n=12,...
R3
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is relatively compact in L'((0, T) x R3). Furthermore, if f,(t,x, &) — f(t,x, &) (n — oo) weakly in L'((0, T) x R® x R3),
then up to a subsequence if necessary

[ e s > [ fexoversd 0o
R R

strongly in L'((0, T) x R3).

3.2. Alinear Cauchy problem

In order to construct suitably approximate solutions for the Cauchy problems (1.1) and (1.2), we begin with a discussion
of the following linear Cauchy problems.

Of +& - Vif +F(t,x,8) - Vef = Qu(f), (32)
f(07X7 é/-:) :fo(x,%') ’

and

Of +& - Vif +[E(t,X) +§ x B(t,X)] - Vef = Qu(f), (3.3)
f(O,X, é) ZfQ(X,S), .

where u € L®((0, T) x R3) is a given velocity field. The existence and uniqueness of a solution to (3.2) or (3.3) is a conse-
quence of the Banach'’s fixed point theorem, just as the procedure given in Ref. [6]. Here, the major difficulty is to obtain a
suitable uniform bound of the second order velocity moment. To this end, we improve the duality method (see, e.g., [16])
through selecting specific test functions.

Lemma 3.4. Suppose that T is a fixed positive constant and that the initial microscopic density fo(x, £) > 0 verifies

foel'NIP@R* xR (p>1), / € |fodxdE < oo (3.4)
R3xR3
and there exist constants a, b > 0 such that

fo(x, §) > aexp(=b(x* +£%)), «x, & e R’. (3.5)
Furthermore, let u € L*°((0, T) x Ri) and denote ] = ||u||Loo((0, TyxEd):
(1) If F(t,x,&) € C([0, TI; C; (Rf X ]R{g)) and Vg - F(t,x, &) = 0, then (3.2) possesses a unique nonnegative weak solution
f eL®((0, T); L' NIP(R® x R?)) such that
IFOl = folli,  IfFOlp < lfoll,, 0=t=<T. (3.6)

Moreover, for any Ky CC R3, there is a positive constant C depending continuously upon the parameters diamK, |fol1,
& Wfoll1, T, [IFlloo and] such that

T
/ dt / EPfdxdE < C, uy € °([0, T1: L (%%)). (3.7)
0 Ky xR3

(2) If E(t,x), B(t,x) € C([0, T]; Cbl (R3)), then the Cauchy problem (3.3) possesses a unique nonnegative weak solution
fel®(0, T); L' NIP(R? x R?)) such that

IFOl = lfollr, MOl = lfoll,, 0=<t=<T. (3.8)

Moreover, for any fixed K, CC R3, thereis a positive constant C depending continuously upon the parameters diamKy, ||fs |1,
I1&Wfoll1, T, J. llElle and ||Bllos such that

T
[ dt/ |E1*fdxde < C, up € ([0, T1; L} (R?)). (3.9)
0 Ky xR3

Proof. We give a detail proof of conclusion (1) and a sketchy proof of conclusion (2).
Step 1. Existence and uniqueness. For any given (t, x, &) € [0, T]xR*xR3,itfollows from F(t, x, §) € C([0, T]; C}(R} x Rg))

and the theory of ordinary differential equations (see, e.g., [ 1]) that for any fixed (t, x, &) € [0, T]xR3 x Rg, the characteristic
equation

{)’g(s) = &(s), X(t) =x;
E() =F(,X(9), (), E() =8,
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corresponding (3.2) has a unique solution Z(s, t, x, £) = (X(s), Z(5)) = (X(5,t), &E(s, 1)) = X(s,t,x, &), 2(s,t,%,&))
defined on [0, T]. The characteristic flow verifies that for any fixed s, t € [0, T], Z(s, t, x, £) belongs to C'([0, T]x [0, T] x

R® x R* R® x R?) and is a measure preserving and homeomorphic mapping from R> x R* onto itself (see, e.g., [1,19]).
Hence, we can write f (t, x, £) as follows

t
f(t,x,§) = exp(=0)fo(X(0), E(O))+/ exp(s — HPu(f)(s, X(s), E(s))ds, (3.10)
0
or equivalently
t
ft,x,8) = fo(X(0), E(O))+/ Q) (s, X(s), E(s))ds.
0

In the following, we denote
Y ={f €L®(0, T); L'NIP(R* x R*) : f(t,x,.6) =0, [fO)[l1 = Ifollr. IFOll, < Ifollp. Vt € [0, T}

Then, Y is a closed subset of the Banach space L>°([0, T]; L' N IP(R? x R?)). Define the operator Gon Y as follows
t
G(f) = exp(—D)fo(X(0), £(0)) + / exp(s — )Py (f)(s, X(s), Z(s))ds.
0

Then, Lemma 3.1 implies that fR3 P,(f)dé = ng fd&, so ||IP,(f)]l1 = IIfl1. Integrating the above equation against x, &, due
to the measure preserving of the characteristic flow we obtain through integration by substitution

1G4

t
exp(—0) Lol + / exp( — 0)[Pu(F) (D) 1de
0

t
exp(—=0)llfoll1 +/ exp(t — Olfollrdr = |Ifoll1-
0

On the other hand, it follows from Lemma 3.2 that ||P,(f)]l, < |lfoll,- Consequently, we obtain by the same reason that

t
IGEH DO, = exp(=Dfollp +/ exp(t — O[IPu(f) (D) llpdr
0
t
< exp(=t)[lfoll +/ exp(t — O)|lflpdr
0
< exp(=H)|lfoll, + [1 — exp(=O)]lifoll, = Ifollp-

Hence, G is a mapping from Y into itself.
Letf1, f, € Y, similarly we get (notice that [|P,(f)[l; = [lfoll1, IP«()Il, < Ifollp)

t
1G(f1) — G oo, 17 11 ®3xR3)) = SUP / exp(t — O)|IPy(fi — L) (D) |1dT
0

O<t<T
< (1 —exp(=T)If1 —fa2llioqo, 11: 11 ®3xR3))
and

t
1G(f1) — G llioo o, 71 P R3xR3) < SUP / exp(t — O)|IP,(fi — L) (D)llpdT
0

0<t<T
1 —exp(=M)fi _f2||L°°([0, T]; IP(R3 xR3))-

IA

It follows from (1 — exp(—T)) < 1 that G is a contraction. So, G has a unique fixed point f in Y, namely f = G(f). Obviously,
f is the unique solution to (3.2) and verifies (3.6).

Step 2. Proof of the first inequality in (3.7). Multiplying both sides of (3.2) by |£| and then integrating against x and &, we have

d
’dt /R el

By Lemma 3.1 (2), we get

=

/ ISIQu(f)dde‘ T
R3xR3

[, er stdxdé‘ .
R3xR3

/ ISIQu(f)dde‘ = / f Qu(lé‘l)dxdé’ =
R3 xR3 R3 xR3

/ [ Pu(lE]) — Iél)dxdé‘-
R3xR3
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Since

1 1
P& = E/ lu+ 1§ — ulw|dw < E/ (lul + 1§ — u)dow
s2 s?

1
T/ (181 + 2[ul)dw = [§] + 2ul,
T Js2

we obtain

A

/ ISIQu(f)dxdé?’_/ f-(|€I+2|u|+|$|)dxd$‘
R3xR3 R3xR3

= 2/ flu|dxdé +2/ f1&|dxd§
R3xR3 R3xR3

IA

2||u||oo/ fdxdE+2/ F 1€ |dxde
R3xR3 R3xR3

IA

20l +2 |

R x

f1&1dxdé.
R3

On the other hand,

=< [IFlleollfoll1-

[, er stdX‘E’ -
R3xR3

/R 5 Ffaxas

3xr3 [§]

Hence,

< @) + [Fllo) ol +2/

R3x

d
= f el

By Gronwall’s inequality, we get

f1€1dxd .
R3

Flle
/ € dxdE < exp(20) / € odnds + (J 4 &) ol (exp@) —1) <Gy 0=t =T,
R3xR3 R3 xR3 2

namely, fR3xR3 |€ |fdxdé is uniformly bounded.
Next, we are going to improve the order of the velocity moment by duality (see, e.g., [ 16]). Multiplying both sides of (3.2)

by ¢(x, &) = &)51 where xo € R is given, and then integrating against x and &, we obtain
(1+lx=x012)2

st = [ gt~ [ ooVt~ [ g oF - Viftnds.

dt Jr3xg3 R3xR3 R3xR3 R3xR3

For the sake of simplicity, we denote the above equation by I; = I, — I, — I5. We estimate each term in this equation
separately as follows.

Estimate of I:
Trd
/ (—/ o (x, é)fdxd?;) dt‘
o \dt Jp3ims

T
[/ -
0

- / EIG T, x, &) + folx, £))dxde < 2C.
R3xR3

Estimate of I4:

T
['1a] -
0

T
/ dt / S(x E)Qu(f)dxdé‘
0 R3xR3

T
/ dr/ 1£11Qu () dxce
0 R3xR3

T
2]||fo||1T+2/f fleldtdxde < 2Jlfyll,T + 2TC;.
0 JR3xR3

IA

IA
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Estimate of I5:

T
RS
0

T
dt P, €) - VSFfdxds‘

R3 xR3

(w) i
Rxrd -\ (14 [x —x[2)2

Estimate of I,: For any K, C R3, ifxy € K, then

dt < T|Flloollfolls-

L] = / Plx E)E vxfdxds’
R3xR3

:f v( —X)-§ ) £ fdxdg
B\ (14 [x — %23

1

2

:/ { 3 (x—%X0) -§
2 [ (1+ k=% 2 (14 k—xP)3

2
s [ e
KexB3 (1 + |x — X0|2)2 (1 + (diamK; )2)2 KexR3

It follows that

T l T
/ Ldt| > —3/ dt/ |€ |*fdxdE.
0 (1 4+ (diamkK,)2)2 Jo Ky xR3

Combine the above estimates, we get

52(x — XO):| : Sfdxdé‘

T
. 3
/ dt / EPRE < (14 @amk)?)E G+ 2T 427G + TIFlc ol
0 Ky xR

C(diamKy, fo, T, [|Flloc, J)-

IA

Step 3. Proof of the integrability of uy. First, we demonstrate that uy is well defined by establishing a positive lower bound of
por. In fact, by (3.10) we obtain

ft.x,€) = exp(=0)fp(X(0),  &(0)) = aexp(—b(IX(0)]* + [Z(0)[*)) exp(—t),
on the other hand, it follows from [21] that

XO)| < X+ TIE[+T?|Flloo,  [EO)] < 1§+ T|IF|lco-
So,

F(t.x,8) = Aexp(—B(x|* + [§*)),

where A, B are positive constants depending on a, b, T and ||F||~. Integrating the above inequality against &, we have

R3

of zf f(t,x,£)ds > A'exp(—BJx|*) >0, A ZA/ exp(—B|£|*)dg > 0.
R3
Consequently, by the uniform bound of fu@ g3 |&|fdxd& proved above we know that

|m | 1 2 %) .ol 3
lurl = —— =< — exp(B|x|")|my| € L™ ([0, T1; L, (R%)),
A
where my (t, x) = prup(t,x) = ngxR3 Ef(t, x, £)dxd¢& is the momentum density of the system.
Step 4. Sketch of the proof of conclusion (2). The characteristic equation
:X(s) =E0), X(t) = x;
E(s) = E(s,X(s)) + & x B(s,X(s)), &(t) =§,

of the Cauchy problem (3.3) has a unique solution (X(s), Z(s)). Similar to the first step and the third step of the proof of
conclusion (1), we can show that the Cauchy problem (3.3) has a unique positive solution

fel®(0, T); L'R? x B*) NP (R® x R?))
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verifying
IFOl = llfolli,  IFOlp < lifollp, 0=<t=T.
Furthermore,
IX(0)] < |x| + TI&] + T*(IEllo + |€111Bllso),
[£0)] < &l + TUEloo + IE]1IBlloo),
it follows that uy € L*([0, T1; L} (R?)).
In order to finish the proof of conclusion (2), it is sufficient to show the first inequality in (3.9). Multiplying both sides of
(3.3) by || and then integrating against x and &, it follows that
o[ et
dt Jr3xg3

=

/ |E|E - ngdxdé‘ + /
R3xR3

R3xR:

£16 x B) - stdxdE’ + ’ / €104 () dxdE
3 ]R3X]R3

< ||E||oo||fo||1+/

R3xR3

< ||E||oo||fo||1+/

R3xR3

|(§ x B)|fdxd& +/ 1€1Qu(f)dxd§

R3xR3

| ||Blfdxd& + 2] lIfollx + 2/ f1§|dxds

R3xR3

< lEllsclfolls + ||B||oo/3

R?x

(€ fdxd + 2] foll + 2 /
RrR3 3

R?x

f1€1dxdg
R3

< (IElleo + 2D foll1 +(||B||oo+2)/ € |fdxdg,
R3xR3

then Gronwall’s lemma implies that

Elleo
/ | |fdxdE < exp(([IBlloo + 2)t) € fodxd§ + (] + %) lfoll1 (exp((l|Blloc +2)t) — 1)
R3xR3

R3xR3

A

<C, 0=<t=<T.

Multiplying both sides of (3.3) by ¢(x, &) = M and then integrating against x and &, we obtain
(1+|x=x0[2) 2

d
e /

dt Jr3xg3 R3x

¢ (x, §)Qu(f)dxdg
R3

- / @ (x, §)& - Vyfdxds — ¢(x,8)(E +§& X B) - Vefdxd§.
R3xR3 3

R3XR

Similarly, we denote the above equation by I; = I, — I, — I3. We only need to estimate I3 since estimates of the other terms
are just similar to above.

|I5| =

/ $(x, E)E+E x B - stdxdé‘
R3xR3

<

/ d(x, E)E - V;fdxdé‘ + /
R3xR3

R3xR

,PXE)E X B) - ngdxdé‘

< lEllsollfoll +

/ Bt E)E X B) - stdxds‘
R3xR3

< ||E||oo||fo||1+/

R3x

|& |1Blfdxd§
R3

< IENsolfolls + 1Bl /

R2x

< lEllsollfollr + lIBllooCr-

Consequently,

|& |fdxd&
R3

T
. 3
/ dt/ , |&[*fdxde < (14 (diamK,)*)2 (2Cr + 2/ Ifoll,T + 2TCr + T||Elloofoll1 + TI1BllooCr)
0 Kx xR

< C(diamKy, fo, T, [|Ellocs lIBlloo, J)-

This completes the proof. O
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Remark 3.1. The assumption V¢ - F(t, x, §) = 0 is not necessary for the existence of a nonnegative solution to (3.2), it only
ensures (3.6), i.e., mass conservation of the system and non-increasing of the I? norm of the solution. Specifically, if we drop
this condition, the existence of a nonnegative solution f (¢, x, £) to (3.2) is also valid. Nevertheless, the estimate (3.6) should
be modified as follows:

t
||f(f)I|156XP(/ IIVs~F(T)||oodT> Ifoll:, O0=<t=<T
0

and

1 t
llf(f)llpfem(zg /0 IIVs-anmdr) lfoll, 0<t<T.

Furthermore, the constant C in the estimate (3.7) also depends continuously on ||V - F|| . In fact, it follows from Liouville’s

theorem (see, e.g., [1]) that for any fixed s, t € [0, T], the Jacobian of the transformation Z(s, t, -, -) : R> x R® — R? x R3
verifies

dt<w>_ <SV Fz. Z(e. ¢ d)
"\ Tixe ‘e"p/r e F(r.Z(r.t.x, £)dr ).

Hence, for any integrable function g(t, x, £), we have

t
/ lg(s, Z(s, t, x, &))|dxdE = / lg(s, x, &)| exp (/ Ve - F(t,Z(7, s, X, 5))dt> dxdé
R3xR3 R3xR3 s

t
< exp (/ Ve -F(f)lloodf)/ g (s, x, &)|dxd&.
s R3xR3

Due to this estimate, we can obtain the above results by a little modification of the previous proof. On the other hand, that
the constant C depends continuously upon || V¢ - F||« results obviously from estimates of

/ §1F - Vsfduds
R3xR3

and Is.

Remark 3.2. If we assume further f]R3xR3 |x|fo(x, £)dxdé < oo, then there is a positive constant c depending continuously
upon |Ifoll1, &lfoll1, xlfoll1, T, Jand IFlleo, Ve - Flles (0F IElloo, |IBlloo) such that

/ XIF(6x E)dxde <, 0<t<T.
R3xR3

Actually, multiplying both sides of (3.2) by |x| and integrating against x, £, we obtain by a direct calculation that (notice that
for (3.3), the last term of the following inequality disappears)

d
F/ |xIf (t, x, §)dxd§ 5/ [E1f (¢, x, §)dxd§ + || Ve 'F”oo/ IXIf (¢, x, §)dxd§.
t Jr3xRr3 R3xR3 R

3xR3

Then, the desired result is obtained by the Gronwall’s trick and the estimate of

/ IELf (€, x, §)dxd§.
R3xR3

3.3. On approximate solutions

Now, we are in a position to construct approximate solutions to the Cauchy problem (1.1) and the Cauchy problem (1.2).
Following the method used in [6,14], for any given velocity field u(t, x) and any n € N, we define the cutoff velocity field
on(U)(t, x) as follows

u(t, x), |x| < n, Ju(t,x)] <n,
u(t, x)
on(W)(t,x) = §n . lxl < n, ju(t, x)| > n, (3.11)
lu(t, x)|
0, |x| > n.

Then, the approximate equations for Egs. (1.1) and (1.2) are respectively defined by

{3ff" +&- V" +F(t, %, 8) Vef" = Q) (™),

fn(O,X,é:) :fO(X7 E) (312)
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and
atf“ +E : Van + [E(t5 X) +E X B(tvx)] : Vé;'f“ = Q‘ﬂn(ufn)(fn)5 (3 13)
[0, x,8) = fo(x, §). '
Concerning approximate equation (3.12), we are going to prove the following
Proposition 3.5. Suppose that the initial microscopic density fo(x, £) > 0 verifies
foel'NIP@3 xR} (p>1), / € |fodxdE < oo (3.14)
R3xR3
and there exist constants a, b > 0 such that
fox. &) = aexp(=b(x* + £%)), x, & eR’. (3.15)

If F(t,x,&) € C([0, T]; Cb1 (Ri‘ X ]Rg)) and Vg - F(t,x, &) = 0, then for any n € N there exists a nonnegative weak solution
f* e L0, T); L' NIP(R? x R?)) to the Cauchy problem (3.12) such that

IF Ol = ol IOl < lfoll,, 0=<t=<T. (3.16)

Moreover, for any K, CC R3, there is a positive constant C = C(diamKj, fy, T, ||F||o) independent of n and continuously
depending upon the parameters diamKy, ||foll1, ||€|foll1, T and ||F || Such that

T
/ dt/ |E13f"dxdE < C, upm € L°([0, T]; LL.(R?)). (3.17)
0 Ky xR3

Proof. First, we show that for any given n € N there exists a nonnegative solution f" to Eq. (3.12). Inspired by the method
used in [6,14], let B, = {x ¢ R?: |x| < n} and

Sy = {u e LY((0, T) x R*3 : |u(t, x)| < nforalmost all (t, x) € (0, T) x By,
and u(t, x) = 0 for almost all (¢, x) € (0, T) x (R® \ Bn)},

then S, is a bounded and closed convex subset of L'((0, T) x R?)>. By the definition of ¢,(u), we know that ¢, maps
L'((0, T) x R?)3 onto S,,. Define the operator T; : S, — L'((0, T) x R>)? as follows: for any u € S,, let f be the unique
nonnegative solution to Eq. (3.2) corresponding to the fixed velocity field u (see Lemma 3.4), we set T1(U) = X(0,1)xB, * Uf»
hereafter y, is designated for the characteristic function of the set A. Further, letT : S, — S;; T(u) = ¢,(T;(u)).Obviously, a
fixed point u of the operator T determines a nonnegative solution to Eq. (3.12) (denoted by f") and it follows from Lemma 3.4
that the solution f" satisfies (3.16) and (3.17) (notice that for the time being the constant C in (3.17) is not claimed to be
independent of n). Since ¢, : L'((0, T) x R3)®> — S, is continuous, the continuity and compactness of T; would imply that
the operator T has a fixed point in S, due to Schauder’s theorem. Consequently, to prove the existence of a nonnegative
solution to Eq. (3.12), it is sufficient to show the compactness and continuity of T;.

Proof of the compactness of T,. For any given u € S, let f be the unique nonnegative solution to Eq. (3.2) corresponding
to the velocity field u, then it verifies (3.6) and (3.7). Suppose that ¢(x) is any C° function such that ¢[z, = 1, let

f=ef, § = Q) + (& - Vig)f. Then
Wf +&-Vif +F(t,xE)-Vef =&

in disEributional sense. It follows from (3.6) and (3.7), Dunford-Pettis theorem and boundedness of the linear operator Q,
that{f : u € Sp}and{g : u € S,} arerelatively compact in the weak topology of L' ((0, T) x R* x R®) and L] ((0, T) xR* xR?)

respectively. Then, Lemma 3.3 implies that for any ¢ € L°°(]R§) with support contained inK; = {§ € R®: |€]| <R} (R > 0),
the subset

/ YEF (X E)dE, uesS,
Kg

is relatively compact in the strong topology of L'((0, T) x R3). Letting ¢ (x) — X8, (X), we obtain that

V(@S (L. x,6)ds, ues,

Kg
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is relatively compact in the strong topology of L' ((0, T) x R). On the other hand, by Lemma 3.4 (especially inequality (3.7))
we know that foT dt anXﬂ@ |£ |2fdxdg is uniformly bounded, it follows that for any fixed 0 < r < 2

SUP/ (/ IE)f(t, x, £)dE — IEI'f(t, x, f)dc‘E) dtdx = sup/ ( EF(t x, 5)(15) dtdx
U @Iy \IR Ke ueSy J(0,T)xBy \JK¢

&

1
< — sup[ |E?f(t, x, £)dE | dtdx — 0, R — oo.
R yes, Jo,myxBy \ ke

3

Hence, for any given ¢ > 0, if R > 0 is large enough, then [f’(s EVf(t,x,E)dE = u e Sn} is a sequentially compact e-net of

{ o3 IEIf(t, x,&)dE : u €Sy} CL'((0, T) x By). This implies that for any fixed 0 < r < 2, { [5 [§]'f(t, x, £)dE : u € Sy},
and therefore pr and my are relatively compact in the strong topology of L'((0, T) x By). Since o= A exp(—B|x|?) > 0 for
any (t,x) € (0,T) x By, we know that

{ o oves]

T1Sn = { X©,1)xBy * Uf = X(0,T)xB, - — - U E Sy

of

is relatively compact in the strong topology of L'((0, T) x B,). Hence, T; is compact.

Proof of the continuity of T;.Letu, € S, and uy, — u € S, (k — 00), and denote by f; and f the unique nonnegative
solution to Eq. (3.2) corresponding to the velocity field u; and u, respectively. Then, Lemma 3.4 (especially inequality (3.6))
implies that there is a subsequence of f; (still denoted by f, for the sake of simplicity) that converges to some f in the weak
topology of [P((0, T) x R? x R?). By Lemma 3.2 (1), we can pass to the limit k — oo in the sense of distributions in Eq. (3.2)
corresponding to the velocity field u, and thus obtain that

{?J +E-V +F(,x6) - Vef = (),
fQ0,x,8) = fox, §).

So, the uniqueness of the linear problem (3.2) givesf = f. This implies that the full sequence f; is also convergence.
Again, using velocity averaging lemma we get that o5, — pof, m; — my in the strong topology of L'((0,T) x By).
Furthermore, by the lower bound estimates for py, obtained above we have u;, — uy (k — o0). Hence, we have proved that

ifuy — u (k — 00), then x(o,r)xs, - U, —> X©,1)xB, * Ur (K — 00),1.e, Ty is a continuous operator.
To finish the proof, we have to show that the constant C in (3.17) is independent of n € N. First, we notice

| Q) 1D = [Py upm) (1]) — 1]

1
E /S2(|§0n(ufn) + |§: - (pn(Ufn)|w|)da) _ |$|‘
< 2fen(upm)| + 216| < 2Jupm| + 2181,

which implies
) fdxd§ | = " Qg (18 lx
’~/IR3><R3 11Qpn(upn) () dlx E‘ ‘A3xksf Qun(augm (16 DX g’

< / 2] + 21€ 1dxde
R3xR3

IA

2/ ofn - |ufn|dx+2/ |E|f"dxdé
R3 R3 xR3

:4/ |E|f"dxdE .
R3 xR3

Multiplying both sides of (3.12) by |&| and then integrating against x and &, by the above estimate of the collision operator
and similar to the proof of Lemma 3.4 we obtain

d n
— dxd
- /JH £ L dxd

By Gronwall’s inequality, we get

< IFllscllfol +4/

R3x

|& [f"dxd&.
R3

1
/ |&1f"dxd& < exp(4t)/ € |fodxd& + —[IF [l |lfoll1(exp(4t) — 1)
R3xR3 R3xR3 4

IA

1
exp(4T) /3 , 1§ [fodxd§ + Z”F”oo”fO”l(exl)(‘lT) -D=C, 0=t=T.
R> xR
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Multiplying both sides of (3.12) by ¢(x, §) = M and then integrating against x and &, we obtain
(1+|x=x0[2) 2

d
e /

dt Jr3xg3 R3 xR3

¢(X’ %‘)Q{pn(ufn)(fn)dng

- / B (x, §)& - Vyf"dxdé — ¢ (x, §)F - Vef"dxdé.
R3xR3

R3xR3

Similar to the proof of Lemma 3.4, we denote the above equation by I; = I, —I, —I5. Again, similar to the proof of Lemma 3.4,

we can show
T T
< 2(Cy, / Izdt / Idt
0 0

< TIIFllsslfoll1, = 4TCr,

T
| e
0

furthermore, for any Ky € C R3 such that xo € K, we have

T 1 T
/ Ldt| > —3/ dt/ |& |*fdxdE.
0 (1 + (diamK,)2)z Jo KyxR3

Consequently, we obtain

)
. 3
/ dt f PR < (14 @iami)) (26 -+ 4TCr + TIF o]
0 Ky xR

TakingC = (1+ (diaml(x)z)% [2Cr 4 ATCr + T||F|lsollfoll1], obviously C is independent of n and continuously depends upon
the parameters diamKj, |foll1, |||€foll1, T and ||F||o. This completes the proof. O

Remark 3.3. Due to Remarks 3.1, 3.2 and the procedure given above, similar results in Proposition 3.5 are still valid when
Ve - F(t, X, &) # 0.But (3.16) should be replaced by

t
If" Ol < exp (/ Ve -F(f)lloodf> Ifolli, 0=<t=<T
0

and

1 t
IF*(®)lp < exp (B./ Ve 'F(f)lloodf> Ifoll,, 0=<t<T.
0

Notice that in this case, the constant C in (3.17) should also depend upon || V¢ - F||.
Furthermore, if fR3xR3 |xIfo(x, £)dxdé < oo, then

/ IXIf"(t, x, E)dxde <C, 0<t<T,
R3 xR3

where the constant C depends upon ||foll1, [[Elfoll1, lIXlfoll1, T, [IFllec and || Ve - F|l«, but not upon n. This estimate also
applies to the following proposition.

Similarly, we can establish the following result for the approximate problem (3.13).

Proposition 3.6. Suppose the initial microscopic density fo(x,&) > 0 verifies (3.14) and (3.15). If E(t,x), B(t,x) €
C([0, T]; CJ(R®)), then for any n € N there exists a nonnegative solution f* € L*°((0, T); L' N LP(R® x R?)) to the Cauchy
problem (3.13) such that

1" Ol = ol IOl < Ifollp, 0=<t=<T. (3.18)

Further, for any K, CC R3, there is a positive constant C independent of n and continuously depending upon the parameters
diamKy, [Ifoll1, I1&lfoll1, T, IIElleo and ||Blleo such that

T
/ dt / |€°f"dxdE < C, up € L®([0, T1; L (R)). (3.19)
0 Ky xR3

4. Proofs of the main theorems

In this section, we shall finish the proofs of the main results in this paper. First, we give a short proof of Theorem 2.1
based upon Propositions 3.5 and 3.6.
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Proof of Theorem 2.1. Let f'(x, &) = fo(x,§) + %exp(—(|x|2 +IEP) (n=1,2,...), then fJ' satisfies (3.14) and (3.15)
since fy verifies (2.1). It follows from Proposition 3.5 that there is a nonnegative solution f" to (3.12) verifying f"|,—o = fg,
(3.16) and (3.17). Especially, (3.16) implies

"1 = IR < ol 4+ 7°/n, IF Ollp < Il < follp +7°/n, 0<t<T. (4.1)
It follows that up to a subsequence, forany 1 < g < o0
f"— f (n — o0) weaklyinLI((0, T); IP(R?® x R?)), (4.2)

where f € L®((0, T); L' N I?(R3 x R?)) and f > 0. On the other hand, by (4.1), (3.17) and the velocity averaging lemma
(Lemma 3.3), similar to the proof of Proposition 3.5 we can show that { [,; |§]"f"(¢, x, §)d§ : n=1,2,...} is relatively
compact in L'((0, T) x K,) forany0 < r < 2 and Ky CC Ri. This obviously implies that {o» : n = 1,2,...} and
{omum : n = 1,2,...} are relatively compact in L'((0, T) x Ky) for any K, CC ]Rf. Without loss of generality and in
consideration of (4.2), we may assume that asn — oo,

o — pf,  pemup — ppup strongly in L'((0, T) x Ky) (4.3)

for any K, CC R2. Due to (4.2), (4.3) and the proof of Theorem 2 in [ 14], we obtain
Qo (") = Que () in D'((0, T) x B x R?), asn — oo. (4.4)
Since f" is a solution of (3.12) with initial datum f;', we have by Definition 1.1 that for any test function ¢(t, x, &) €

cl([0, T) x R? x R3)

T
f dt/ fn[8t¢+$'Vx({b‘f‘F'Vg(i)]dxd%'—{—f
0 R3 xR3

R3x

o Pli=odxdg
R3

T
= —/ dtf an(ufn)(fn)(ﬁd)(ds. (45)
0 R3xR3

Due to (4.2), (4.4) and ||fy' — folli — 0(n — o0), we can pass to limit n — oo in (4.5) and obtain that for any test function
o(t.x, ) € C1([0, T) x R* x R?)

T T
/ dt / [0t + & - Ve + F - Veop] dxd + / fodle—odxdt = — / dt / Qu (F)pdxde,
0 R3 xR3 R3 0 R3xR3

R3x

namely f is a nonnegative solution of (1.1). Furthermore, passing to limits n — oo in (4.1) and (3.17) we obtain the desired
estimates (2.2) and (2.3). This completes the proof of part (1).
Using almost the same method and starting from Proposition 3.6, we can show the second part of this theorem. 0O

Proof of Theorem 2.2. LetF® = F(t, x, §) %1, (t, x, §), where 1, (¢ > 0) is the standard mollifier. Then, we have V¢ -F* = 0
and F¥(t, x, &) € C([0, T]; Gy (R} x R?)), furthermore,

||F€||w’([o.r]xR§xR§> = ||F||LP’([0,T]xR§xR§) (4.6)
and

F* — F, inl” ([0, T] x R} x R}), ase — 0. (47)

It follows from Theorem 2.1 that for each ¢ > 0, the Cauchy problem

{3zf£+$~VJg+F*"V;fg = Qup (),
[0, %,8) = folx, §)

has a nonnegative solution f# such that

IFF Ol =l IOl < foll,, 0<t=T (4.9)

and for any Ky CC R}

(4.8)

T
/ dt/ |E1fedxdE < oo. (4.10)
0 Ky xR3
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Multiplying both sides of (4.8) by |£| and then integrating against x and &, we obtain by (4.6), (4.9), Lemma 3.2 (2) and
Holder’s inequality that

d
i e = [

dt Jr3xr3 R3xR3

Velel - Fptdns + [ 1610y (e

R3xR3

< / |F®|f®dxdé + (C; + l)f |&f° dxdE
R3xR3 R3xR3
< IFFOIpIIFNy + (G + 1)/ |&|f dxd
R3xR3

< lfollplFlly + (C1 + 1) [E1f* dxd,
R3xR3

where C; is the positive constant from Lemma 3.2 (2). Then, Gronwall’s inequality implies that

f Elfdxde <G 0<t<T, ¢>0, (411)
R3xR3

where the constant Cr is independent of ¢, i.e., f]Rngg |€|f¢dxdé& is uniformly bounded.
Again, we use duality method to obtain uniform estimate of the second velocity moment. We have

d
- P (x, §)fdxdé = / P (x, §)Qupe (f*)dxdé
R3

dt Jp3xgs R3x
[, oo vt - [ a0 oF - Vif s,
R3xR3 R3xR3
where ¢(x, &) = &)51 For the sake of simplicity, we denote the last equation by I; = I; — I, — I3. On one hand, by

(1+[x—x9[2) 2
(4.11) we get the estimate of I; as follows:

T T
/ Idt / / ¢(x,§)8[f5dtdxdé‘
0 0 JR3xR3

= /3 , [EICFE(T, x, &) + f5 (%, &))dxdE < 2.
R>xR
On the other hand, for any t € [0, T] we obtain due to Lemma 3.2 (2), (4.6), (4.9) and (4.11)

4] =

/ ¢<x,s>Qufg(f€)dxds‘
R3xR3
5/ 1€1Qu. (FF)dxdé
R3xR3
<G+ Edxdg < (G +1)- G

R3xR3

and

] =

/ P, &) - VgFgfgdxdé‘
R3xR3

L Fefedxd
3xk3 (14 |x — x]?)2

< IFEO I IFF Ol < IEO Ny 1follp-
Lastly, for K, C C R, we choose xo € Ky, then
1
2| > —3/ |&|%F¢ dxdé .
(1 4 (diamK,)?)2 JKexr3

Integrating the equation Iy = I, — I, — I3 with respect to t from O to T and using the above estimates, we obtain

/ Ve((x = X0) £)
R

.
. 3
f dt / 3|s|2f8dxd5s(1+(d1am1<x>2)z<zcr+||F||p/||fo||p+TcT(c1+1)).
0 Kx xR
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Namely, for any given Ky CC R3, there is a positive constant C depending only upon |||£|fo |11, Ilfo llp, IIFll,y and diamK, such
that

T
/dt/ (& [2f*dxde < C. (4.12)
0 Ky xR3

From (4.9), (4.12) and Dunford-Pettis theorem, we know that for any given R > 0, the sequence f* is relatively compact
in the weak topology of L' ((0, T) x Bg x Rg). It follows from Lemma 3.3 that for any ¢ € C®(R?), we have (extracting a
subsequence if necessary)

/ Fo@)ds — / fo®)ds, ase -0 (4.13)
JR3 R3

in the strong topology of Li, ([0, T] x R?), where f > 0is the weak limit of f* € L'((0, T) x Bg x R}) (¢ > 0). From (4.12)
and (4.13), we obtain

Pre —> Pf, Prelge —> pfUf, aASE —> 0

in the strong topology of L] ([0, T] x R3).

On the other hand, if 1 < p < oo, then forany 1 < s < p we have f® — f (as & — 0) in the weak topology of
(0, T) x R® x R?),if p = oo then f* — f (as e — 0) in the weak * topology of L°((0, T) x R?® x R?). Consequently,
we finally get (see the proof of (4.4)),

Qe () = Qu () In D'((0, T) x B> x R?), ase — 0.
Furthermore, (4.7) and f¢ — f (as ¢ — 0) in the weak or weak * topology of I?((0, T) x R®> x R3) implies that
Féf — FfinD'((0, T) x R®> x R%), ase — 0.
Due to these results we can pass to limit ¢ — 0 in the weak form of (4.8), then we obtain that f (¢, x, £) is a nonnegative

weak solution to the Cauchy problem (1.1). Finally, estimates (2.7) and (2.8) follow from (4.9) and (4.12). O

Proof of Theorem 2.3. Let F* = (F(t,x, &) - x.(t,x, &)) *x n.(t, x, &), where n, (0 < ¢ < 1) is the standard mollifier and
the convolutionisint, x, £, and where x. € C° ((¢, T — &) x B(0, F%) x B (0, f—,)) is a cutoff function such that . = 1on
[26,T —2¢] x B(0, &) x B(0, -),and 0 < x. < lon (e, T —¢) x B(0, 2) x B(0, %) 2 H, (here wesetr = 7(p — 1)).
Then, F¥(t, x, §) € C([0, T]; Cj(R] x R)) and
Ve - F® = Ve - [(Fxe) * 1]
= [Vg “(Fxe)l#ne = (F - VSXE) * e
= (F- VEX&) * e + (Fy - VEXS) * Ne.

Consequently,
|F>]|
Ve - FE(O)lloo < IF1lly - Imellp - IVexelloo +  sup (14 [x] + [€]) H Ve xe lloo
(t.x.6)cH, T+ % + €] ||
2 2 .
=< ||Fl||p’||77£||p+ 1+ g + ; [Mlloo | - C- ¢
= C[e"IFillplImellp + (4 + €NIMllso ] -
So, we get
T
[ 1% F @t < € 1Ry + TIM 1], (4.12)
0

where the positive constant C’ is independent of &. Hence, Vg - F¢ € L'([0, T]; L®(R® x R?)). It follows from Remark 2.1
that the Cauchy problem

atfa_,’_g.fo&‘_,’_FE(t,X’%-).VEfS:Qufg(fé‘), (415)
fo(0, %, &) = fo(x, ) :

has a nonnegative solution f¢ such that

t
IF° @11 = llfolls - exp (/ Ve 'FE(T)”oodT> , 0=t=T
0
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and

1 t
IF* Ol < Ifollp - exp (5/ Ve 'F(ST)”oodr) , 0<t<T.
0
Combining these estimates with (4.14), we get as in the proof of Theorem 2.2

IF5 @l < ol - exp (C'[IFilly + TIMlls]), 0<t<T (4.16)

and

4

C
IF* Ol < lfollp - exp (; [IFlly + TIIMIIOO]> , 0=t=<T. (4.17)

On the other hand, multiplying both sides of the approximate problem (4.15) by £ and then integrating against x and &,
we get

d
o e =

dt Jr3xr3 R3xR

Ve (el + [

R3x

1£1Qu. (FF)dxds
R3

< Ve - FFOlloo - /

R3XR

, |&|f*dxd& +/

R3x

|FEfedxdE + (C; + 1)/ |€|f* dxd,
R3 R3xR3

in which the term fR3X]R3 |F?|f¢dxd& can be estimated as follows
/ |[FE|ffdxds < / |F; |f¢dxd& +/ |F; |f¢dxd&
R3xR3 R3xR3 R3xR3
< IO IOl + MO [ (141 + e dude.
R’xR
Hence, we obtain

§1fdxds < ||V ~F5(t)||oo~/ & 1f*dxdé + [IFT ()]l ILF* (O Il

dt Jr3xgs R3xR3

+ MOl /

R3x

(1+ |x] + |EDf*dxd& + (C1 + 1)[ E1f*dxdé.
R3 R3 xR3

Similarly, multiplying both sides of the approximate problem by x and then integrating against x and &, we have

IXIfedud < /

R3 xR

€I + 19 - F Ol [

R3 xR

|x|f°dxd& .
3

E R3xR3
Combining the above two differential inequality, we discover
(IxI + 1&Df dxds < ([[Ve - F*(0)lloo + IM(D)lloo + C1 + 2)/3 3(IXI + |E))f° dxdg
R?xR

+IF Ollp follp 4 1M () lloolfoll1-

It follows from (4.14) and Gronwall’s inequality that

dt R3xR3

/ (x| + [EDFE(E, x, &)dxde < Cr, 0<t<T, (4.18)
R3xR3

where the positive constant Cr is independent of ¢.

Similar to the proof of Theorem 2.2, multiplying both sides of (4.15) by ¢ (x, §) = —x)d

+ and then integrating against
(1+lx—x012) 2

x and &, we obtain
/ B (x, &)0,f* dxdg =f B (X, §)Qupe (F°)dxdé
R3 xR3 R3xR3

- / d(x, £)§ - Vyf “dxdE — P (x, §)F° - Vef©dxdé,
R3xR3

R3xR3
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which is denoted by Iy = I, — I, — I5. The integrals I, I, and I, have been estimated in the proof of Theorem 2.2, and the
integral I3 can be estimated as follows. First,

T
| ] =
0

T
dt

o (x, §)F° - ngsdxdé“

R3xR3

T _
o) + / dt / TR e g
w3k (14 [x — xo[2)? 0 BIxE? (14 |x — Xo|%)2

5/ dt|| Vg - F*’(t)lloc/ ISIf*’dde+/ dt/ |F®|f* dxdg.
0 R3xR R3xR3
Second, by (4.14) and (4.18), we get

" S (Ve - FO)ffdxde

T
/ de|| Ve 'Fs(t)”oo/ |&1fdxds < CrC[[IFilly + TIMllo] -
0 R3xR3
Third, since
ILCT+ x| + 1ED xe] * nel < [(1+ |X] + |E]) * 1l
o0
1+f dtf (Ix =yl +1& — nl) - ne(t, y, n)dydn
—o0 R3xR3

IA

IA

o0
1+/ dt/ (IX] + [yl + 1&1 + In) - ne(t, y, n)dydn
—00 R3xR3

IA

o0
1+|X|+|S|+/ dr/ (1 + 10D - 1 (&, y. mdydn
—o0 R3xR3

1+ |x] + [&] + 2,

in consideration of (4.16)—(4.18) we have

T T
/ dt f P 1 dxdg = f dt / LGy + Fa) o] # o[ dxd
0 R3xR3 0 R3xR3

T T
_ / dt / ((Fue) el dude + / dt / |(Fae) # nelfdxdé
0 R3xR3 0 R3xR3

T T
5/ ”Fle(t)”p’”fs(t)”pdt+/ dt/ (M1 + [X] + &) xe] * e |f* dxdé
0 0 R3 xR3

IA

T T
< / V2O 15 O lpde + 1M1 / dt f 1L ]+ & D5 e LF¥ e
0 0 R3xR3
T T
- / IO 15 (O lpde + 1M1 / dt / (1426 + x| + [£])fdxdé
0 0 R3xR3

C/
< TP|IFlly lfollp - exp (F [IF: Iy + T”M”oo]) + T[3||fo||1 -exp (C"[IFlly +TIMll]) + Cr] IM][oo-

To sum up, we obtain

T
/ Izdt
0
’

C
Cr = G [IFlly + TIM o] + TP Il Ifoll, - exp <5

<G,

where
[IFs Il + T||M||oo]>
+T[30olls - exp (€' [IFslly + TIMlloc]) + Cr | IM .

Using the above estimates for I, (k = 1, 2, 3, 4), similar to the proof of (4.12) we can show that for any fixed K, CC R3,

T
/ dt/ |E|*fedxde < C, (4.19)
0 Ky xR3

where the positive constant C depends continuously on diamK,, fo, T and F, but is independent of ¢.
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Again, similar to the proof of Theorem 2.2, we can show by (4.16), (4.17), (4.19) and Lemma 3.3 that forany 1 < s < p
we have f¢ — f (as e — 0) in the weak topology of L*((0, T) x R?® x R®), and p;e — o5, ppelyys — psif (ase — 0) in
the strong topology of L}, ([0, T] x R?). Here f > 0 is the weak limit of {f* : & > 0} in L, (R}; L'((0, T) x R})).As a
consequence, we have

Qe ) = Qu () inD'((0, T) x R> x R*), ase — 0. (4.20)
Next, we show that
Féf® > Ffin D'((0,T) x R® x R®), ase — 0. (4.21)

Actually, by the fact that F; € L9([0, T] x R® x R?) and the proof of Theorem 2.2 it is obvious that Fif®* — Fif (ase — 0)
in D'((0, T) x R* xR?). So, in order to finish the proof of (4.21) we only need to show F5f* — Ff (ase — 0)inD’((0, T) x

R3 x R3). In fact, the fact that —2— € [%°([0, T]; L[®°(R3 x R3)) implies that F, € L°([0, T]; [%°(R3 x R3)). Hence,
1+|x|+I€] loc

F{ — F (ase — 0) strongly in Lﬁ;c([O, T] x R?® x R?), which and f¢ — f (as ¢ — 0) in the weak topology of
[P((0, T) x R® x R®) obviously imply that Fif¢ — Ff (as & — 0) in the sense of distributions.

Combining (4.20), (4.21) and f* — f weakly as ¢ — 0, we can pass to limit ¢ — 0 in (4.15) and obtain that f (¢, x, &) is
a nonnegative solution to (1.1).

In order to finish the proof, we have to show the estimates claimed by this theorem. Actually, (2.11) is obviously implied
by (4.19) through a limit process, and the mass conservation in (2.11) can be easily proved. Now, we show the second part
in (2.11). Multiplying both sides of (1.1) by pfP~! and then integrating against x and £, we get

d fPdxdé + /

dt Jr3xw3 R3xR3

[E-fo”+F~ngp]dxdE=P/

R3 xR

P70 (s

Since V¢ - F = 0, the second term in the right hand side disappears by integration by parts. Consequently,

s =p [ o (s,
R3

dt Jr3xr3 R3x

On the other hand, it follows from Lemma 3.2 (1) and Hélder’s inequality that

[, rieymad = [ e g - [ pavas
R3 xR3 R3 xR3 R3 xR3
< ( / f”dxdéy ( / [Puf(f)]"dxds)ﬁ [, raxe
R3xR3 R3xR3 R3 xR3
< < f dexds)F ( [ f"dxd&)ﬁ - / fPdxde
R3xR3 R3xR3 R3xR3

= 0.

So, we obtain

— fPdxdé <0, 0<t<T,
dt R3xR3

which obviously implies that ||[f (t)[l, < llfoll, (0 <t < T). The proof is completed. O
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