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Abstract

In this paper we are concerned on the semilinear elliptic problem

—Au = —Au|"*u+ au+ b(u")P~! in Q,
u =0 on 0,

where Q C RY is a bounded domain with regular boundary 09, 1 < ¢ <
2 < p < 2% 1If a is between two eigenvalues, we get the existence of three

nontrivial solutions for the problem above.

KEY WORDS. positive solution, indefinite sublinear nonlinearity, concave-convex
nonlinearity, critical growth.
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1 Introduction

We consider the semilinear elliptic problem

(P)

—Au = —Au|"?u + au+ b(u™)P~ in Q,
u =0 on 012,

where Q2 € RY is a bounded domain with regular boundary 9Q, N > 3,1 < ¢ <
2<p<2a€lR, b>0,\is a positive parameter and u™ = max {u, 0}.
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fCorresponding author



The weak solutions of the problem (P) correspond to critical points of the C*
functional Iy, defined on H] := H} () by

(1) I,\(u):%/\Vu!z—kg/\u\q—g/uz—g/(zﬁ)p, u € H,.

After the appearance of [1], there has been an increasing concern about multiple
solutions of semilinear elliptic problem of the type:

(2) —Au = plu|"*u + g(u) in Q.

When ¢ is asymmetric and asymptotically linear this problem was considered in
[8, 10, 13, 20]. Here asymmetric means that g satisfies an Ambrosetti-Prodi type
condition (i.e. ¢g- := limy,_g(t)/t < A < g4 = limy, 1 g(t)/t). When g
is asymmetric and superlinear at +oo, g, = oo, this problem was approached in
[8, 13, 17]. In [8] a Neumann problem was considered and in [17] the authors
studied a problem involving the p-Laplace operator. In [13], one was assumed that
g(t)/t crosses an eigenvalue of the Laplacian when the ¢ varies from 0 to —oo (i.e.
g'(0) < A\x < ¢g—). Similar hypotheses also appears in [20]. Assumptions involving
the first eigenvalue, as ¢'(0), g < A, were considered in [8, 10, 17]. It is known
that crossing eigenvalues, in particular the first one, is related to existence and
multiplicity for such problems. Notice that the nonlinearity g(t) = at + b(tT)P~1
with a > A, is not included in the cases count on the previous works. Moreover,
similar problems with © = 0 were studied in [16] for Dirichlet problems, and in
[2, 19] for Neumann problems.

Our problem is also closely related to the class of superlinear Ambrosetti-Prodi
problem:

(3) —Au=au+ (u")? + f(z) in Q,

with f € L% For instance, this problem have a solution if || f||z2 is small enough
(see [12]). Further results and references for the above problem can be found in
5,6, 11, 18, 21, 22].

For the critical case, our main motivation to (P) is the Brezis-Nirenberg pioneer-
ing work [4], where the following critical problem was considered

—Au = au + |u|* "2u in Q,
u = 0 on 0f2,

where a < A;. They noticed that the problem had a breaking of compactness at
the value %/2, so that they constructed minimax levels for the energy functional
associated below this value. Such ideas have been permeating many later works as
well as ours. One of them, it was the Capozzi, Fortunato and Palmieri work [7].

They basically studied the problem above with a between two eigenvalues. They
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showed that the problem above has a nontrivial solution for all @ > 0 when N > 5
and for a different from eigenvalues when N = 4.

We are denoting by 0 < A\; < Ay < -+- < \; < -+ the eigenvalues of (—A, H}(Q2))
and by ¢; the correspondents eigenfunctions. The Hj(2) norm and L?(Q2) norm are
represented by ||-|| and ||, and we denote these spaces by Hy and LP, for simplicity,
respectively.

In the sequel, we set up precisely the results obtained

Theorem 1. Let N > 3 and \p < a < A\pp1. If 2 < p < 2%, then, for X small
enough, (P) has at least three nontrivial solutions.

Theorem 2. Let N >4 and A\, < a < A\y1. If f then, for X\ small enough, (P) has
at least three nontrivial solutions.

The major arguments of the proofs of our theorems are based on variational
methods. As it is well-known, we have to show some geometric conditions and
prove a compactness condition. Provided us with these tools, we obtain a negative
and a positive solution and the third one cames from linking theorem. In order to
do that, we follows some tricks used in [6, 14]. In the next section, we show the
(PS) condition for the energy functional. In the third section, we present the proofs
of theorems above.

2 The (PS) condition

We begin by showing the (PS) condition for I,.

Lemma 1. Let \y < a, 2 <p < 2* and A > 0. Then every (PS) sequence of I is
bounded.

Proof. Let (u,) be a (PS) sequence for I, i.e., it satisfies

(4) 3 [Vl + 5 [lual® = § [ua® = 2 [(uf)?] < C,
(5) |f Vu Vi + X [ |un]"2u,h — a [u,h = b [(uf)P7 h| < e,||h]l, ¥V he Hg,

where €, — 0 as n — 00. By (4) and (5) we have
1 !
In(un) — §<I/\(un)vun>

(23 (-) i
(E-3)fo

3

C+ enllunl >
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Since p > 2 we get

(6) / (WP < C +enllunl.
We also have by (5),
(7) ()] = [P + Az — alz 3] < enlla;

wlls

with «= = max {—u, 0}. It follows from (4), (6) and (7) that

sl < (5-2) flwlr+§ [wr+ 2 [r+ 5+

(8)
< C/(UZ)“rﬁnHu;H +C < ellunl + enlluy || + C.

Suppose by contradiction that ||u,| — oo. We first show that (u) is bounded in
Hg, so that assume also that [|u}]] — oco. By (8), (u,) is also unbounded. Let
Vp = Up/||un]|. Since (v,) is bounded in H{, there exists v € Hj such that

vn—\vinHé, v, —vin L', V1<r<2" and wv, — v a.e. in Q.
Again by (8) there exists 6 > 0 satisfying
(9) [, || > 6]y ||

whenever n is large. Since

ot — w,t w,t - wh
" Tl e 12+ T 1272 = (|2 + 02l 472

we deduce that v < 0. Moreover, by

b= Um o Un _ Un [ |

" flall eI T 1272 Tl (T 12 + Tz 12)72

and (9), we have [|v,, || — 1. Thus, by (7),

unls  Jual3

(10) “A—L +a-—"22 — 1.
luz 12 luz 12
We also note that by (9) and |lv, || — 1 in Hy,

lunll anll Tl \
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Hence we may exchange ||u, || for ||u,|| in (10). Recalling that ¢ < 2, we obtain
|, |2 — 1/y/a, then v # 0. We then take h = ¢; in (5) to obtain

A b
/VUnVQOl + m / |un|‘1—2un<p1 — a/vnapl — m /(u:)p_1§01 — 0,

that is

A b
A — n T | T 20001 — Hyp=t 0.
O =) [t g [ bt = g frud e

The second and third terms above go to zero, consequently,

<)‘1 - a)/vcpl = Oa
which is a contradiction, because v < 0, v # 0 and \; < a, so that (u,}) is bounded.

Finally, suppose that [Ju,| — oo and ||u} || < C for all n € N. Since p < 2*,

1
Tl ey~

On the other hand, by taking h = v, in (5) we obtain

a\vn@ — 1,

so that v, — v in L? with v # 0. Then by (5) we get
/VvVh—a/th for all h € Hy,
Q Q

with v # 0 and v < 0, which is a contradiction, because a is not the first eigenvalue.
Therefore, we conclude that (u,) must be bounded in H{. O

In the subcritical case, 1 < p < 2%, it is well-known that the lemma above implies
that I, satisfies the (PS) condition at every level.
Lemma 2. Let \; < a and p = 2*. For every X\ > 0, I satisfies the (PS) condition
2—-N N
b 2 S22

at level ¢ with ¢ < ~

Proof. Let (u,) C H} be a sequence satisfying
(11) L(up,) — ¢ and  [{I}(u,), h)| < eql|R|l, Yh € Hy,

with €, — 0 as n — oco. By Lemma 1 we have that (u,) is bounded. Hence, by
passing to a subsequence, we may suppose that
u, —u in Hy, u, —u in L?

(12) . .
Uy, — u in L9, u, — u a.e. in €.



Since (u;") is bounded in H{, from Gagliardo-Nirenberg Inequality it follows that
(u}) is also bounded in L?". By passing to a subsequence again, we have uf — u™
in L?". Thus, u solves

(13) { —Au = —Au|"?u + au +but)* ' in Q,

u=0 on 0f).

Note that by (13) we obtain

(14) L) = (2 - %) fulé + (g - ;) u

We denote v,, = u,, — u. By the Brezis-Lieb’s Lemma

2*
2% Z 0.

JLIEO(‘UHZ — o P) = [up foralll <p < 2%
Moreover, by (12) we have v, — 0 in L7 and L?, so that

+12

(15) o )

. 1 A
i (1) + 150 = fim_|ul? = [ %+ Gl 4+ 2ulg + onlg)
n—oo (¢}
_ ¢
2

b
(Jul3 + [vnlz) = o (u
A a, o b o

) 1
= tim, Sl + 2lunly - Gl - 5ol

= C.

On the other hand, by (11) and again Brezis-Lieb’s Lemma,
+ g:]

— lim {(I;(un),un> —Q/QVunVu—I—ZHuH2— <I/'\(u),u>} —0.

lim [anHQ + Ao [T — alvp|3 —
n—oo

(16)

n—~oo

Since v, — 0 in L? and L?, we may suppose that

e — d.

v I*

By Sobolev’s Inequality, ||v,||*> > S|vF|3., consequently, d > S(d/b)*?". Tfd =0
the proof is concluded. Otherwise, d > S2b™2 . Then by (14), (15) and (16) we
conclude [ V.
S2b72 1 1 b= Sz
<(f-L)a<
N = <2 > ) ‘SN

which is a contradiction. O




3 Proof of Theorems

3.1 Existence of the nonnegative solution

Consider the functional I} : H} — R given by

an g =g [l fatr-g [wr- [whyrue B

It follows that Iy € C' and the critical points u, of I} satisfy uy > 0 and so are
critical points of I as well, actually, (I}7) (uy)[(uy)™] = — [ |V (uy)7|* = 0.
We will show that I, satisfies the assumptions of the mountain pass theorem.

In a similar argument to proofs of Lemmas 1 and 2, we show the (PS) condition for
Iy

Lemma 3. Let 2 <p <2 Forall \>0, I satisfies the (PS) condition at level
N
c with ¢ < 2 = 5%

N

Lemma 4. The trivial solution uw = 0 is a local minimizer for 1), for all A > 0.

Proof. Tt suffices to show that 0 is a local minimizer of I;7 in the C' topology (see
[3]). Then, for u € C}(Q2) we have

nw = g [ vk [y =3 [ =2 [y

z—/#m——/ P2 [
q4.Ja
A a, o
> (5 < glulta = 2tz [ Judr = 0
whenever %|u] q+b| |p q<’\ O

Lemma 5. There exists to > 0 such that I} (top1) <0, for all X in a bounded set.

Proof. Denoting by ¢ the positive eigenfunction associated to Ay, we have, for ¢t > 0,

+ 2 at2
IV (te1) = IV 1 +— - — s01 — 901

tIN
= §t2(>\1—a)/<ﬁ1+7 901—; oY
and, since A\, < a < A\gyq and ¢ < 2 < p, there exists a choice of ¢y > 0 which proves
the lemma. O



Finally, define

¢ = inf sup I} ,
f= s FG0)

where
T ={yec(0,1], Hy); 7(0) = 0,7(1) = tor}-
On the other hand, by the proof of the previous lemma we obtain

19\
I (tgr) < —/90‘{.
q Ja

2-N N
b"2 S72
N

Then, if A is small enough, ¢f < , consequently, by the Mountain Pass

Theorem ¢ is a critical value of I .

3.2 Existence of the nonpositive solution

In order to get the negative solution, consider the following functional
Iy : Hy — R given by

(18) =g [19af+3 fa-3 [y

Again, I, € C! and the critical points u_ of I} satisfy u_ < 0 and so are critical
points of I, as well. We will apply once again the mountain pass theorem to obtain
a critical point of I, .

Lemma 6. The trivial solution u =0 is a local minimizer for I, , for all A > 0.

Proof. Tt suffices to show that 0 is a local minimizer of /" in the C ! topology. Then,
for u € CJ(Q) we have

nw = 5 [ v @y g [z [wyr-§ [
(2= [z (3= i) [y zo

A
whenever —]u]clq < O

v

Lemma 7. There exists to > 0 such that I, (—top1) <0, for all X in a limited set.
Proof. We have, for ¢t > 0,

at?

I (=te1) = /|Vg01 2dx+—/ qu—— ©? dw
Q

= 5t?(Al—a)/ dx+—/

and, since A\ < a < \iy1 and ¢ < 2, there exists a choice of ty > 0 which proves the
lemma. O




As in the nonnegative solution case, we obtain a critical value

¢, = inf sup I, (v(?)),
Y€l ¢el0,1]

where
I'™ = {y€C([0,1]); v(0) =0,7(1) = —ton}-

In view of the proof of Lemma 7, we get the estimate

_ _ taA A
¢, < max [, (—stopr) < v ngl.

s€[0,1]
2—-N N
Then, if A is small enough, ¢, < bﬁT\,S 2 consequently, by the Mountain Pass

Theorem, c, is a critical value of I, .

3.3 Existence of the third solution

Denote Vi, = (1, ,¢x) and Wy, = V,f. Consider the functions introduced in
[14],
0 ifxe Bl/m,
Cm = m\x!—l if:EEAm:Bg/m\Bl/m,
1 ifzxe \ Bg/m,

where we may suppose without loss of generality that 0 € Q. Let ¢" = (i,

Vkm - <Cm9017 e 7Cm¢k>
and W™ = (V;™)*. For each m € N, take a positive cut-off function 1 € C2°(Bjy,)
and define

Pri1 = NPk+1-

It follows from definitions above that
(19) suppu N suppyyy; =0
whenever u € V™. We use the following lemma from [14].

Lemma 8. As m — oo we have

O — @; in Hy, and max Jull> < M 4 cpm® Y.
{uEVkm; fu2:1}

An easy consequence of this result is the following decompostion of H{,

Corollary 1. For m large enough

Vit W, = Hy.



Lemma 9. There exist « > 0 and p > 0 such that
I(u) >«
whenever v € Wy, and ||ul| = p.

Proof. Note that, if u € W), we have
1
=5 fiwep+ 2 [ =5 e -2 [ty
1 a
> (5- )w ul
2 2\ q

> [|ul*(A = Bljul"~?),

with A, B > 0. Then it suffices to take p < (A/B)ﬁ O

Lemma 10. Given \g > 0, there exist mg € N and R > p such that

A
Lw) < / Jule,
q

whenever w € 0Qm,, where Qn, = (B N V™) @ [0, Ry}l 4], m > mo and X < Ag.
Henceforth O means the boundary relative to subspace V™.

Proof. Let m large enough and a; < a be such that
(20) )\k + cka*N < ap < a.

Initially, let u € V", by Lemma 8 and (20) we have

I\(u) = 1/IVu|2 /|u|q——/ __/
(21) < (— - —) /|vu\2 /|u|q_ E/W)p
< 5/|u|q

2 2
m r m Ard ar m rPbHP
o) =5 [ 196l + 2 [lepalr = % [ - =5 [ty

r2 m Aord m rPbP m
< ) / |V901g+1|2 + T / lks1l? — 7 /(‘Pk+1+)p.

Since ¢}, — @r41 in Hy as m — 0o and ¢y changes of signal, there exist my € N
and R > 0 such that

Also,

(22)

(23) IRy} ,) <0 for allm > my.
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Then, by (19), (21) and (23) we obtain

)\ q
(24) hw <2 / Jule,

whenever v € V" U (V™ @ Ryj',). By (22), there exists § > 0 satisfying

(25) D(reria) <8

for all m > mg and r > 0. Since a > A\, we may take R > 0 such that

(20 B < (5= 55 ) e+ 2 [l <=a42 [

Thus, by (19), (25) and (26) we get

(27) Ia(u+ ) = Inu) + L(roly) < / e

for all m > mg and u € 9(Br N'V;™). Therefore, by (24) and (27) we conclude the
proof. O

Conclusion of Theorem 1: subcritical case

Let a given by the Lemma 9. Take A\ enough small in order that

A
= [ <p<a
q

for all u € 0Q,,. Then by Lemma 10 we have
L(u) <p<a

whenever u € 0Q,, and m > mg. Applying the Linking Theorem, [, possesses a
critical point u at level ¢, where

e\ = irllf Inax I(h(u))

and

L ={heC(Qn,Hy); h=1IdondQ,}.

Finally, since ¢\ > «, Iy(u) > o > 0 and cf — 0 as A — 0. Therefore, if A is small
enough cf < a < ¢y, and, consequently, u may to be neither of the critical points
found above for I} and I . O
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Conclusion of Theorem 2: critical case

For the critical case, we consider the family of functions taken from [4]

N(N - 2)ef" 7
ue(x) = allt )GN]724 e>0.
(€ + =] 72
We recall that u, satisfies |uc||? = ||uc||3 = SN2 for all € > 0. Let u™ = nu,,

where 7 is given as above, and Qf, = (BgN'V") @ [0, Ru"]. Replacing u* by ¢},
in Lemma 10, we obtain

A
I(u) < —/ lu|?  for all u € 0Q),
q Ja

whenever m is large. Therefore, to conclude the proof of Theorem 2, it remains to
show that s ¥ oy
b_T SN 2
sup I)(u) < ————

Sup (u) N

for € and A\ small enough.
Lemma 11. There exist mg > 0, A\g > 0 and ¢y > 0 such that
b% gN/2
sup Ih(u) < ———
Sup A(u) N
for allm > mg, A < Ag and € < €.
Proof. We write

a b
HUHZ - 5’“\3 T o u

2%
Q

A
I(u) = J(u) + 5|u|g, where J(u) := +

DN =

We note that it is sufficient to prove that there exist my > 0 and ¢, > 0 such that

b SN2
sup J(u) < ———
ueQs, ) N

for all m > my and € < €. Let u = v 4 tul" € ,. We first observe that

2—-N

D ? = aum 3\
ntrlZaOXJ(tue)— N ( e .

2
2*
Fixe mgy > 0 such that A\, + ckmg_N < o < a. For m > mg, we have

1 a 1
T@w) = 5ol = S0l = o:lo

X 1 a o a
; 2 < Sl = 21l < Zu - 2o

-2
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Hence

J(u) = J(v) + J(tul") < J(tu).

Therefore, it remains to prove that

mH2

lue"ll* — aluel3

< S

[l

whenever € is small. But this follows from identities

|ul[|? — alu5 | S — adé*|Ine| + O(¥2) if N =4,
- S — ade® + O(N=2) i N > 5,

a3

for their details see [23, Page 52]. O

ACKNOWLEDGEMENT. A. Presoto thanks the Universidade Estadual de Campinas
where part of work was developing. The authors also thank the reviewer for correc-
tions and suggestions.

References

1]

2]

[6]

[7]

A. Ambrosetti, H. Brezis and G. Cerami, Combined effects of concave and convex
nonlinearities in some elliptic problems, J. Func. Anal. 122 (1994), 519-543.

D. Arcoya and S. Villegas, Nontrivial solutions for a Neumann problem with a

nonlinear term asymptotically linear at —oo and superlinear at +o0o, Math. Z.
219 (1995), 499-513.

H. Brezis and L. Nirenberg, H' versus C' local minimizers, C. R. Acad. Sci.
Paris Sér. I Math. 317 (1993), 465-472.

H. Brezis and L. Nirenberg, Positive solutions of monlinear elliptic equations
involving critical Sobolev expoents, Comm. Pure Appl. Math. 36 (1983), 437—
477.

M. Calanchi and B. Ruf, Elliptic equations with one-sided critical growth, E. J.
Diff. Equ. 89 (2002), 21 pp. (electronic).

M. Calanchi, B. Ruf and Z. Zhang, FElliptic equations in IR* with one-sided ex-
ponential growth, Comm. Contemp. Math. 6 (2004), 947-971.

A. Capozzi, D. Fortunato, G. Palmieri, An existence result for nonlinear elliptic
problems involving critical Sobolev exponent, Ann. Inst. H. Poincaré A.N.L 2
(1985), 463-470.

13




[8] J. Chabrowski and J. Yang, On the Neumann problem with combined nonli-
nearities, Ann. Polon. Math. 85 (2005), 239-250.

[9] K. C. Chang, Morse theory and multiple solution problems, Progress in Nonlinear
Differential Equations and their Applications, vol. 6 Birkhuser Boston, Inc.,
Boston, MA (1993).

[10] X. Chang, Multiplicity of solutions for semilinear elliptic problems with com-
bined nonlinearities, Comm. Contemp. Math. 13 (2011), 389-405.

[11] M. Cuesta, D.G. de Figueiredo and P.N. Srikanth, On a resonant-superlinear
elliptic problem, Calc. Var. and PDE 17 (2003), 221-233.

[12] D.G. De Figueiredo and J. Yang, Critical superlinear Ambrosetti-Prodi pro-
blems. Topol. Meth. Non. Anal. 14 (1999), 59-80.

[13] de Paiva and E. Massa, Multiple solutions for some elliptic equations with a
nonlinearity concave at the origin, Nonlinear Anal. 66 (2007), 2940-2946.

[14] F. Gazzola and B. Ruf, Lower-order perturbations of critical growth nonli-
nearities in semilinear elliptic equations, Adv. Diff. Eq. 2 (1997), 555-572.

[15] N. Ghoussoub, Duality and perturbation methods in critical point theory, Cam-
bridge Univ. Press, Cambridge (1993).

[16] D. Montreanu, V.V. Montreanu and N.S. Papageorgiou, Multiple solutions for
Dirichlet problems are superlinear at +0o and (sup-)linear at —oo, Comm. App.
Anal. 13 (2009), 341-358.

[17] D. Montreanu, V.V. Montreanu and N.S. Papageorgiou, On p-Laplacian equa-
tions with concave terms and asymmetric pertubartions, Proc. Roy. Soc. Edin-
burgh Sect. A 141 (2011), 171-192.

[18] D.C. de Morais Filho and F.R. Pereira, Critical Ambrosetti-Prodi type problems
for systems of elliptic equations, Nonlinear Anal. 68 (2008), 194-207

[19] N.S. Papageorgiou and G. Smyrlis, A multiplicity theorem for Neumann pro-
blems with asymmetric nonlinearities, Ann. Mat. Pura Appl. 189 (2010), 253-
272.

[20] K. Perera, Multiplicity results for some elliptical problems with concave nonli-
nearities, J. Diff. Equ. 140 (1997), 133-141.

[21] B. Ribeiro, The Ambrosetti-Prodi problem for gradient elliptic systems with
critical homogeneous nonlinearity, J. Math. Anal. Appl. 363 (2010), 606-617.

14




[22] B. Ruf and P.N. Srikanth, Multiplicity results for superlinear elliptic problems
with partial interference with the spectrum, J. Math. Anal. Appl. 118 (1986),
15-23.

(23] M. Willem, Minimaz theorems, Progress in nonlinear differential equations and
their applications, vol. 24, Birkhuser Boston, Boston, MA (1996).

15




