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1. Introduction

Let H2 be the Hardy space of the unit disk D = {z: |z| < 1}, that is, the space of functions f(z) = Z,j’iof(k)zk analytic
in D and such that

oo

112 =" [F )| < oo.

k=0

As usual, H? is identified with the subspace of L%(dD) consisting of the functions whose Fourier coefficients with nega-
tive indices vanish.
The unilateral shift operator on H? is defined by Sf(z) = zf (z). Its adjoint, the backward shift S*, is given by

—f@©

Let H® denote the algebra of bounded analytic functions on D. By the theorem of A. Beurling (see, for example, [3]
Thm. 8.1.1) every nontrivial S*-invariant subspace of H? is of the form

K, = H2 o uH?,

where u is an inner function, that is u € H* and |u| =1 a.e. on 9. The space K, is called the model space corresponding
to the inner function u.
The reproducing kernel for K, is

1—u)u(z)
Ki(z) = —————.
1-Az
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So, for every f € K, and A € D we have f(A) = (f,k}), where (-,-) is the usual integral inner product. Since each ki is
bounded, we see that the subspace of all bounded functions in K, is dense in K. Notice that if u(A) =0, then kﬁ(z) =
ky(z) = (1 — 22)~ ! is the reproducing kernel for H? at A.

Let P, be the orthogonal projection of L?(dD) onto K,. A truncated Toeplitz operator with a symbol ¢ € L?(dD) is
defined on the model space K, by

Apf =Pu(pf).

The operator Ay, is densely defined on bounded functions in the model space and can be seen as a compression to Ky of the
classical Toeplitz operator. The set of all bounded truncated Toeplitz operators on K, will be denoted by .7 (K,). Truncated
Toeplitz operators have been studied in, for example [1,2,7-9,11].

The model space K, carries a natural conjugation (an isometric, conjugate-linear involution) C : K, — K, defined in
terms of the boundary values by

Cf(2)=u@zf(2), lz=1 (11)

(see [11] Section 2.3, for details). We will usually write f in place of Cf. A short calculation shows that the conjugate kernel
is given by the formula

u(z) —u@)
z—r
It is known that every A € 7 (K,) is C-symmetric, that is,

ki (z) =

CA = A*C. (1.2)

In [11] Sarason proved the following characterization of .7 (Ky): a bounded linear operator A on K, is in .7 (K,) if and
only if there exist functions ¥, x € K, such that

A—SyAS; =v kg + ki ® X, (13)
where S, = A; is the truncated shift operator on K, and f ® g denotes the rank-one operator f ® g(h) = (h, g) f.

We note that if u is a finite Blaschke product of degree n, then K, has dimension n. If u has distinct zeros ay, ..., dn,

then the set {kq,,....kq,} as well as {kq,,...,kq,} is a (non-orthonormal) basis for K. J.A. Cima, W.T. Ross and W.R. Wogen

[4] proved that then the matrix representation of a truncated Toeplitz operator with respect to each of these bases is
completely determined by entries along the main diagonal and the first row. As remarked in [4], there is nothing special
about the first row and a similar result can be obtained where the representing matrix is determined by the entries along
the main diagonal and any other row or column. A similar result for matrix representations of a truncated Toeplitz operator
with respect to the so-called Clark bases was also given in [4].

Here we show that these results can be extended to the case when u is an infinite Blaschke product satisfying some
additional conditions. In particular, we describe matrix representations of truncated Toeplitz operators with respect to the
conjugate kernel bases for interpolating Blaschke products. The proofs of sufficiency given in [4] rely on the fact that if B is
a Blaschke product of degree n, then the dimension of .7 (Kg) is 2n — 1. Our proofs are based on Sarason’s characterization
(1.3), and its more general version (see (3.1) below).

2. Conjugate kernel function bases

In this section we will consider K, where B is an infinite Blaschke product,

o N T
B@ =[] lam| 1 — @mz’
m=1 m m

with uniformly separated zeros, i.e.,

i?f ]‘[

m#£k

=46

am — Qg
1 —amay
for some § > 0.

It is known that if the sequence {an} is uniformly separated, then

[e e}

3| f@m) (1~ laml?) < oo

m=1

for every f e H? (see, e.g., [6] p. 152). Carleson’s interpolation theorem for H? asserts that the operator
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Tf = f(am)y/1— lam|?

maps H? onto [2 if and only if {a,;} is uniformly separated. Then a solution of the interpolation problem g(am) = gm, where
> 1 1gml*(1 — |am|?) < oo, is given by the formula

g= Z Eam—i—Bh

where h € H2. Moreover, the series

I= Z B’(a ) (21

converges in norm and f is the unique solution of the interpolation problem in the space Kg. This also means that the
conjugate kernel functions form a Riesz basis for Kp (for proofs see [10] and [7]). In particular, each function f € Kp can be
written as

f _ Z f(am) Eam — Z <f7kam>'lzam. (22)
m m=1 m

Applying the conjugation C, given by (1.1), to both sides of the formula (2.2) with f replaced by 7: Cf, we find that

X Flam) A Ka)
_§<B<a )) "= 2

m=1

Since {kam} is a basis for the space Kg, any bounded linear operator A on Kp has a matrix representation My = (rs p)
with respect to this basis. Moreover, since

N _Jo ifn#m,
(kayn > ka,) = { B'(am) ifn=m

we have r5 p = (AEGP, kg, ), where ki = (B’(as))*lkas.
For |a| <1 let the Mdbius transformation ¢, be given by ¢ (z) = ]“_’&ZZ and let By = B o ¢. Then By is a Blaschke
product with zeros by, = ¢y (a), and since

Qo (am) — Qa (ar) _
1 — Qo (am) o (ax)

the sequence {by,} is uniformly separated. Moreover, the operator defined by

=0, fopy (2.3)

maps Kp unitarily onto Kp, and, by the proof of Proposition 4.1 in [2], the map

m — Ak
1 —amag|

A Ug AL, A€ T (Kp)
carries .7 (Kp) onto .7 (Kg,).
In the proof of our main result we will use the following lemma that may be also of independent interest.

Lemma 2.1. Let A be a bounded linear operator on Kp and let M4 = (rs p) be its matrix representation with respect to the basis {Eam 1
If Aq = Uy ALLE, where 8, is given by (2.3), and Ma, = (ts,p) is its matrix representation with respect to {kp,, }, where by, = @y (am),
then foralls,p > 1,

1—aap

T's.p. 24
1—aas °F (24)

ts.p=

Proof. Clearly, we have

rep = (B'(@s) " (Akay, ka,),

and

ts.p = (Bl (b))~ (Aaks,  k,)-



B. tanucha/J. Math. Anal. Appl. 413 (2014) 430-437 433

Hence,
(0(/1 (as)
£, p=0,
B’(as)

Moreover, using (2.3) one can find that

1 V1= a2 _ 1-ad
1—@uas)pu(z) 1—-0z V11— a2

(ALtky, , Uk, ).

Wrkp (2) =1 ke (2).

Analogously,

~ 1—oay, ~
Ugkp, (2) = —iipkap (2).
1—of?
Therefore,
’ ~ ~ 2 = = =
(as) (1 —aap)(1 —aas)  ~ | =1 (1 —aap)(1 —aas) 1—0oa

tsp= —(p"/‘ S P 5 > (Akq,, ka,) = — ——— P 5 S Ts.p= — prs,p. O

B’(as) 1—|af 1 —a@ay) 1—|of 1—oag

We now state our main result which is a generalization of the result obtained in [4] for finite Blaschke products.

Theorem 2.2. Let B be an infinite Blaschke product with uniformly separated zeros {ap} and let A be a bounded linear operator on Kpg.
If Ma = (rs,p) is the matrix representation of A with respect to the basis {kq,, }, then A € 7 (Kp) if and only if

_ Bl(ay) (ap —a)r1,p + (@1 —as)ri s
“P Bl(as) ap — as ’

foralls # p.

(2.5)

Proof. The proof of necessity is analogous to that given in [4] for the finite dimensional case.
Let us assume that A = Ay, is a truncated Toeplitz operator with symbol ¢ € L?(D). Let us compute the matrix repre-

sentation Ma, = (s p) of A, with respect to the basis {Eam}.
By the Corollary to Theorem 3.1 in [11], A, can be written as

Ap=Ayix.

where ¥, x € Kp. It follows from our previous observations (see (2.1)) that these functions can be written as

o o
Y= Z CmkKap, » X = Z dmkKa,, -
m=1 m=1

We first find a formula for r5 , in terms of {c,} and {dj;}. Since Fap is a bounded function,

o oo
Agka, = Ayt zka, = Z CmAEam kay + Z dmAfam Kay-
m=1

m=1

By the proof of Theorem 5.1 in [11], we have
Ay, =Koy ®kq,, and Az =kq, @ka,.

Hence,

o o o0
~ ~ ~ s e o~ - dm
A(pkap = Z Cm(kap,kam>kam + Z dm<kap, kam)kam = ch/(ap)kap + Z mkam,
m=1 m=1 m=1
where the last equality follows from (Eap,ﬁas) = (K Kap)-
Since the last series in the preceding string of equalities is norm convergent, we see that
> d  R— d
re p = (Apka.. k* ) =cpB (ap)8 — " (ke k*V=cp,B'(ay)s — m_ .
o =y k) = b+ 2 =l k) =B b s 3 g

m=1 m=p =1

We now show that M, = (rs p) satisfies (2.5). We have
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ap —as o as

(1 —amap)(1 — apas) 1—amap 1 —dmas

Consequently, for s # p,

-~ _
r 1 Z dm
P B (@) 2 (1= amay) (1 — ands)
1 i am ap as
B’(as) = ap —Gs 1—amap 1—amas
1 & d a, —a a; —a
/ Z m ( _ P 1 _ + _ 1 S _ )
B(as) 1 ap —as \ (1 —amap)(1 —amar) (1 —ama1)(1 — amas)

_ B'(ap) (ap —apry,p + (@ —as)rys
B/(as) ap —ds

Now let us assume that A is a bounded linear operator on K, and that its matrix representation M4 = (rs,p) with respect
to the basis {Eam} satisfies (2.5). Let us prove that A is a truncated Toeplitz operator.

We first assume that B(0) # 0.

By Sarason’s result, to show that A € 7 (Kp) it is enough to find functions ¥, x € Kp such that (1.3) is satisfied. But
since {kgq,,} and {kgq,} form (non-orthogonal) bases for Kp, condition (1.3) can be replaced with

(Aka,. K2.) — (SpASEkay. K. ) = (Kay KW, K2.) + (ke )(KE L), s.p>1. (2.6)

We now construct functions v, x € Kp satisfying (2.6). To do this, we note that the above equations can be rewritten as

rs,pB/(as) - <SBAS>E’I\<'ap7 kas) =7€a,, O)Ys+ Xp. s.p>1, (2.7)

with s = (¥, ke,) and X, = (Fap, X) = (X, ka,). Therefore, it suffices to find sequences {y;} and (¥} satisfying (2.7) and
such that

> wslP(1—lasl?) <oo and Y [¥pl*(1 - lapl?) < oo (2.8)

p=1

Then the desired functions ¥ and x are solutions of the corresponding interpolation problems and they are given by

o Vs =
V=2 gyt XS ZB/<ap>

(see (2.1)). Let us find such {y;} and {)p}.
By Lemma 2.2 in [11], we know that for a, #0,

~ 1~ 1~
Sgka, = —ka, — a—ko
ap p
It then follows from the last equation and from S}k, = ask,, that
ASiRa . Shke) = = (Aka, — ARE, ke,) = 21 B’ % (ARE  }
( BKap> B<as>— a_< Ka, — AKg, <a3>— a_rs,pB (as) — a_< 0> <as>-
p p p
Consequently, under assumption that B(0) # 0, (2.7) can be written in the form

~ ~ ds
kap(O)WS‘i‘Xp: ( - a_)rs pB (as)+ <Akg,kas> s,p=>1
p

Using (2.5) one can check that this system of equations is equivalent to the following
Koy O)¥1 + X = (1 - “—1)r1,p3’<a1> + 2LARE ko)) P2,
ap ap (2.9)
ka, (0)Wp + Xp = (AKE . ka, ). p>1

Fix an arbitrary 1. The corresponding solution of (2.9) is given by
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)?p=<1_a—>r1p3(a1)+ (AI<0»ka1) ’Izap(o)lhy p=1,
p

1pP:(kap(o))_ ((Akg’k”p>_XP)’ p=2.

So, to end our proof it is enough to show that conditions (2.8) are fulfilled. Indeed, we have

D 1% (1= lap?) Z Ir1.pB'(@1)| + |a1({ARE . ke, ) + ¥1B©))* (1 — lapI?)
p=1

oo
Z (ARay, kay) |2 (1 = apl?) +2C|a1 (ARG, ka, ) + 1 BO)|* Z 1—lapl?)
p=1 p=1

<C'+2C Z‘?A(ap)yz(l — lapl?) < o0

p=1

where fa = A*kq, € Kp. Similarly,

o0
Zws (1—las?) CZ|gA(as)| 1—1asl?) +C Y1713 (1 — las|?) < o0

s=1 s=1

where g = AEg € Kp.

This completes the proof in the case when B(0) # 0.

Assume now that B(0) =0. Let o € D be such that B(«) # 0 and define B, = B o ¢, where ¢, is a Mobius transforma-
tion such that ¢4 (0) = a. By the result in [2], to show that A € .7 (Kp) it is enough to show that Ay = o AL, where $ly
is given by (2.3), is in 7 (Kp,).

Since By (0) # 0 we already know that Ay € 7 (Kp,) if and only if its matrix representation Ma, = (t;,5) with respect
to {Ebm}, where by, = @y (am), is such that for all s # p,

— B, (b1) (bp —b1)t1p+ (b1 —bs)t1s
“P ™ By, (bs) bp — by

(2.10)

Hence, we only need to show that (2.10) holds. To do this, we use Lemma 2.1. If r5 ;, is as in (2.5) then by (2.4),

Bix(bl) (bp - b])tl,p + (bl - bs)th

B&(bs) bP — by
@l (a5) B'(ar) @alap) — P (@1)) T2 T1.p + (P (@1) — P (05)) 1=y
@, (a1) B'(as) Yo (ap) — Yo (as)
_ 9a(@) B'(a) (1 —@ap)(1 —aas) (@1 —ap)rp + (@ — anris
@, (ar) B'(as) (1—aaq)? as —dp
a2 =1 (1 —aay)? (1 —adap)(1 — das)
T (1-aag)? a2 -1 (1—aa? P
1—aa
1—aapr5p_t5p

This completes the proof. O

Remark 2.3. Observe that every bounded linear operator A with matrix representation satisfying (2.5) is C-symmetric for C
given by (1.1). Indeed, from (2.5) we get

rs,pB,(as) = rp,sB/(ap):
or, in other words,
(ACkq, . ka,) = (ACkq, ka,) = (Cka,, A*ka,) = (CA*Kq,, ka, ),

for all s, p > 1. Finally, by the density argument we find that (1.2) holds on the whole model space.
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Remark 2.4. Theorem 2.2 can be reformulated in terms of the matrix representation M = (ts,p) with respect to {kq,}. In
this case we have t5 , = (B/(as))”(Akap, kq;). Moreover, if Ma« = (s p) is the matrix representation of A* with respect to
{ka,,}, then rs p = (B'(as)) "' (A*ka, ., kq,). SO

B B'(ap) \ .
ts,p= (B’(as))rp’s' (2.11)

If Ae 7 (Kp), then A* € 7 (Kp) and r; , satisfies (2.5). From this,

S B/(as)r
ps = B'(ay) s.ps

and, consequently,

tsp=Ts,p.

Hence,
P B’(a1) (ap —aptyp + (@1 —asty s (212)
"P T\ Bl (ay) ap —as ' '

Now we show that (2.12) is also a sufficient condition for A to be a truncated Toeplitz operator. We will be done if we
prove that under condition (2.12), A* € 7 (Kp). Observe that (2.12) implies

B’(a;s)
ths=\| ——= |ts.p.
ps (B/(ap) P
Hence, by (2.11), t5 , =75, p, and by Theorem 2.2, A* € 7 (Kp).
3. Clark bases
We first briefly describe the construction of the so-called Clark bases. In [5] D.N. Clark proved that all one-dimensional
unitary perturbations of the truncated shift S, are of the form
u@@+o
72 <0
1—u(0)]

He also proved that ¢ € dD is an eigenvalue of Uy if and only if u has a finite angular derivative at ¢ and the non-tangential
limit of u at ¢ is

Uo =Su+ @k, e

. u@+a
u)=pua= T+ 0
([5], Thm. 3.2). Moreover,
w, 1= Bati(2)
ke(@ = 1-2¢z

is an eigenvector corresponding to ¢. Let v, = Hk?”‘]k?. Since Uy is unitary, the set {v.} of normalized eigenvectors
corresponding to different eigenvalues of U, must be orthogonal and countable.

It is known that if Uy has a pure point spectrum, then the set {v.,}, where u(¢n) = By and the angular derivative of u
at ¢y exists, forms an orthonormal basis for K, (see, e.g, [5] or [3], p. 193). This happens, for example, if u is a Blaschke
product whose zeros have at most countably many limit points ([5], p. 185). Basis {v,} is called the Clark basis.

To prove our next theorem we need to use a more general characterization of .7 (K,,) (due also to Sarason [11]) than the
one applied in the proof of Theorem 2.2. It says that a bounded linear operator A on K, is a truncated Toeplitz operator if
and only if there are functions v, x in K, such that

A_Su’CASZ.C:w®k8+k8®X, (3'1)
where for any complex number c, S, ¢ is a one-dimensional perturbation of S, given by

Su,c = Su + Ckg ®Eg.
Clearly,

Ua = Su,cw
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with
_ u0) + o
11— ()

Hence, a bounded linear operator A on K, is in .7 (K},) if and only if

Ca

A—-UgAU, =¥ @ky+ky® x (3.2)

for some ¥, x € K.

Theorem 3.1. Let u be an inner function such that Ky, has a Clark basis (v, }. If Ma = (rs ) is the matrix representation of a bounded
linear operator A on Ky with respect to the basis {v.,,}, then A € .7 (Ky) if and only if

V|u/(§1)|<§p &1 —8s tp— &1 )

— 2P + , 33
S Y T TS T v M 63
foralls # p.

The proof, based on the equality (3.2), is analogous to that of Theorem 2.2. The details are left to the reader.
We can also find a matrix representation of a truncated Toeplitz operator with respect to the so-called modified Clark
basis {e,}, where e, = wmVv¢, with

o = e~ 3 Bm—arg fo)

This basis has the property Ce;, =e,. It is also known that the matrix representation of any A, with respect to this basis
is a complex symmetric (i.e., self-transpose) matrix (see, e.g., [7] and [8]).

Theorem 3.2. Let u be an inner function such that K, has a Clark basis. If M4 = (t,p) is the matrix representation of a bounded linear
operator A on K, with respect to the modified Clark basis {e,,, }, then A € 7 (K,,) if and only if

W@l 1 < o 5. )
tep = Y1 IV SV .
P w1 CP —;s |u/(§p)|(§l é‘) 1, |u,(é_s)|(§p {1) 1.p ( )

foralls # p.

Proof. If (5 p) is a matrix representation of A with respect to the Clark basis {v,}, then

WpTs,p = Wsks p.

Next, using the equality

a)gfp = Bu

one can check that (3.4) is equivalent to (3.3). O
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