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1. Introduction

Shift invariant spaces (SISs) are closed subspaces of L?(R¢) that are invariant under integer translations.
They play an important role in approximation theory, harmonic analysis, wavelet theory, sampling and
signal processing [1,9,12,15]. The structure of these spaces has been deeply analyzed (see for example [6,7,
3,11,16]).

A set of functions @ is a set of generators for a shift invariant space V if the closure of the space spanned
by all integer translations of the functions in @ agrees with V. When there exists a finite set of generators
@ for V, we say that V is finitely generated. In this case, there exists a positive integer ¢, called the length
of V, that is defined as the minimal number of functions that generate V. Any set of generators of V' with
£ elements will be called a minimal set of generators.

Let @ = {¢1,...,dm} be a set of generators for a shift invariant space V. It is interesting to know whether
it is possible to obtain a minimal set of generators from the given generators in . There are many examples
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with the property that no subset of @ is a minimal set of generators. So, deleting elements from ¢ may not
be a successful procedure.

Concerning this question, Bownik and Kaiblinger in [4], showed that a minimal set of generators for V'
can be obtained from & by linear combinations of its elements. Moreover, they proved that almost every
set of ¢ functions that are linear combinations of {¢1, ..., ¢} is a minimal set of generators for V (see [4,
Theorem 1]). We emphasize that the linear combinations only involve the functions {¢1, ..., ¢, } and not
their translations.

Since linear combinations of a finite number of functions preserve properties such as smoothness, compact
support, bandlimitedness, decay, etc., an interesting consequence of Bownik and Kaiblinger’s result is that
if the generators for V have some additional property, there exists a minimal set of generators that inherits
this property.

In many problems involving shift invariant spaces, it is important that the system of translates
{Tioj: k € 7%, j =1,...,m} bears a particular functional analytic structure such as being an orthonor-
mal basis, a Riesz basis or a frame. Therefore, it is interesting to know when a minimal set of generators
obtained by taking linear combinations of the original one has the same structure. More precisely, suppose
that @ = {¢1,...,Pm} generates a shift invariant space V of length £, and assume that a new set of gen-
erators ¥ = {41,...,¢,;} for V is produced by taking linear combinations of the functions in @. That is,
assume that ¢; = Z;n:1 ai;j¢; for i = 1,..., /¢ for some complex scalars a;;. If we collect the coefficients in a
matrix A = {a;;};; € C**™, then we can write in matrix notation ¥ = A®. We would like to know, which
matrices A transfer the structure of @ over W. Precisely, we study the following question: If we know that
{Thoi: k€Z% i=1,...,m}is a frame for V, when will {T}3p;: k € Z¢, i = 1,...,£} also be a frame for V?

In this paper we answer this question completely. As we mentioned before, the property of being a “set
of generators” for a SIS V is generically preserved by the action of a matrix A [4]. This is not anymore
valid for the case of frames. This is an unexpected result. More than that, we were able to construct a
surprising example of a shift invariant space V' with a set of generators @ such that their integer translates
{Th¢i: k € Z%, i =1,...,m} form a frame for V and with the property that no matrix A, of size £ x m
with ¢ < m, transform @ into a new set of generators that form a frame for V.

Our main result gives exact conditions in order that the frame property is preserved by a matrix A. These
conditions are in terms of a particular geometrical relation that has to be satisfied between the nullspace
of A and the column space of Gg(w) for almost all w. The proof uses recent results about singular values
of composition of operators and involves the Friedrichs angle between subspaces in Hilbert spaces. We also
provide an equivalent analytic condition between A and Gg(w) in order that this same result holds. Although
we are interested in the case £ = £(V) (the length of the SIS V under study), most of our results are still
valid when ¢(V) < £ < m. For completeness we include the particular case of Riesz bases and orthonormal
bases that are known.

The paper is organized as follows. In Section 2 we set the definitions and results that we need. We include
some results about the eigenvalues of conjugated matrices in Section 3. Finally, in Section 4 we state and
prove our main results.

2. Preliminaries

We start this section by giving the basic definitions. Then, we state some known result about shift
invariant spaces that we will need later.

Definition 2.1. Let H be a separable Hilbert space and {fx}rez be a sequence in H.

(a) The sequence {fi}rez is said to be a Riesz basis for H if it is complete in H and if there exist 0 < a < 8
such that for every finite scalar sequence {c }rez one has
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The constants o and 3 are called Riesz bounds.
(b) The sequence { fi }rez is said to be a frame for H if there exist 0 < o < /3 such that

allF12 < STI ) < BIFI (1)

kEZ

for all f € H. The constants o and § are called frame bounds.
When only the right hand side inequality in (1) is satisfied, we say that {f }rez is Bessel sequence with
Bessel bound 8.

In this paper we will work with the above definitions in the following context. We will assume that H is
a closed subspace of L?(R%) and the sequence {fi}xez C H consists of integer translates of a fixed finite set
of functions @ C L?(R%).

Definition 2.2. We say that a closed subspace V C L?(R?) is shift invariant if

fevV = T.feV, foranykeZ

where T, is the translation by the vector k € Z4, i.e. T). f(z) = f(z — k).
For any subset ® C L?(R%) we define

S(9) = span{Ty¢: ¢ € &, k € Z?} and E(®) = {Tip: ¢ € &, k € Z}.

We call S(P) the shift invariant space (SIS) generated by @. If V- = S(P) for some finite set & we say
that V is a finitely generated SIS, and a principal SIS if V' can be generated by the translates of a single
function.

For a finitely generated SIS V' C L2?(R?) we define the length of V as

LV) = min{n eN: d¢q,...,¢, € V with V = S(¢1,...,¢n)}.

We say that @ is a minimal set of generators for V if V.= S(P) and & has exactly £(V) elements.

Helson in [11] introduced range functions and used this notion to completely characterize shift invariant
spaces. Later on, several authors have used this framework to describe and characterize frames and bases of
these spaces. See for example [6,7,16,3,5]. We are not going to review here the complete theory of Helson.
We will only mention the required definitions and the properties that we need in this note. We refer to [3]
for a clear and complete description.

Definition 2.3. Given f € L*(RY) and w € [—3, 1]%, the fiber f; of f at w is the sequence

}Z = {f(w—i—k‘)}kezd.

Here f denotes the Fourier transform of the function f, f(w) = Jga €2 f(2) dz when f € L*(R%). We

observe that if f € L2(R%), then the fiber f,, belongs to £2(Z%) for almost every w € [—3. 3]%
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Let ® = {¢1,...,¢m} be a finite collection of functions in L?(R?). The Gramian Gg of ® is the m x m
matrix of Z%-periodic functions

[ng(w)]ij = Z QAﬁz(w + k)gg] (w+k). (2)

kezd

The Gramian of @ is determined a.e. by its values at w € [—3, 3]? and satisfies Go(w)* = Go(w) for a.e.
w € [—3%, 3] We denote the set of eigenvalues of Go(w) by X(Go(w)).
For a finitely generated SIS V, the length of V' can be expressed in terms of the Gramian as follows (see

[3,6,17])

(V)= esssup rk(Gg(w)) (3)

w€[7%7%]d

where rk(B) denotes the rank of a matrix B and @ is a generator set for V.
For B, B, € C™*™ we write By < Bz meaning that By — By is a positive semidefinite matrix. Using
the Gramian matrix, the following characterizations hold (see [3]).

Proposition 2.4. Let @ a finite set of functions in L*>(R?) and V = S(®). Then:

1. The following statements are equivalent:
(a) E(P) is a Bessel sequence with bound 0 < .
(b) esssup,er_y 1 [Galw)] < 5.
2. The following statements are equivalent:
(a) E(®P) is a Riesz basis for V. with bounds 0 < o < f5.
(b) For a.e. w € [-%,3]%, al < Go(w) < IB.
(c) For a.e.w € [—%,3], 2(Gop(w)) C [a,A].
(d) For a.e. w € [—%,3]%, Ga(w) is invertible, ||Go(w)|| < B and ||(Ge(w)) 7t < L.
3. The following statements are equivalent:
(a) E(®P) is a frame for V with bounds 0 < a < .
(b) For a.e. w € [-%,3]¢, aGe(w) < G3(w) < BGo(w).
(c) For a.e. w € [—%,3]¢, X(Go(w)) C [a, Bl U{0}.

Nl

1
29
1
92

As we mentioned above, we are interested in when a set of linear combinations of the generators for a
finitely generated SIS inherits some particular structure from the original generators. In order to make clear
our exposition we use the following notation.

Let & = {¢1,...,0m} be a set of functions in L?(R?). By taking linear combinations of the elements
of &, we construct a new set ¥ = {11, ...,1p} where ¢; = Z;ﬂ:l a;j¢j and A ={ai;}i; € CH*™ is a matrix.
Using a matrix notation we set ¥ = A®. Then, we consider the following questions:

Let V = S(®) where & = {¢1,...,dm}-

o If E(®) is a frame for V and (V) < ¢ < m, for which matrices A € C**™, is E(A®) a frame for V?
o If E(®) is an orthonormal basis (Riesz basis) for V, for which square matrices A, is F(A®) an orthonor-
mal basis (Riesz basis) for V?

Sometimes in the paper by convenient abuse of notation, we will say that a set & = {¢1,...,¢n} is a
frame for a SIS V to indicate that actually E(®) forms a frame for V.

In order to study when E(A®) is a frame or a Riesz basis for V' we will use Proposition 2.4. So, we need
to know the Gramian associated to A®.
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Proposition 2.5. Let V = S(®) be a SIS where @ = {¢1,...,0m} and let A = {a;;};; € C*™ be a matriz.
Consider the set W = {11, ... 9} where ¥ = AP. Then, the Gramian Gy is a conjugation of Gg by A, i.e.

Gg/ (w) = AG@ (w)A*
¢

fora.e.we[-1,1

Proof. Let i,j € {1,...,¢} be fixed. Then,

[Gd'/( )] <(¢1)w7 ¢J <Zazk ¢k w7zazr d)r >

Zazkazr ¢k: W ¢7 w Zzaqkazr GqS ] [AGW(W)A*]ZJ O

1r=1 k=1r=1

I
NE

?,
Il

We study in the following section the eigenvalues of a conjugated matrix, and provide the definition of
the Friedrichs angle between subspaces, that we will need to state the main results.

3. Eigenvalues of a conjugated matrix

According to Proposition 2.4, we will need to study the eigenvalues of the Gramian Gy (w) which is, as
Proposition 2.5 shows, a conjugation of Gg(w) by A. The behavior of the eigenvalues of the conjugation of
a given matrix is in general not very well established. In our case, we shall to find uniform bounds for the
eigenvalues of Gy (w).

In this section we first set some matrix notation and then we state the known results that we will later
apply to shift invariant spaces.

For a matrix B € C™™ we denote by o(B) the smallest non-zero singular value of B. By Ker(B)
and Im(B) we denote the nullspace and column space of B respectively, as an operator acting by right
multiplication, i.e., matrix—vector multiplication.

For a squared positive-semidefinite matrix B such that B = B*, the eigenvalues and its singular values
agree. In particular, o(B) = A_(B) where A_(B) denotes the smallest non-zero eigenvalue of B.

We now state a recent result that we need for next section. It was proven by Antezana et al. in [2]. For
this, we need the notion of Friedrichs angle between subspaces. The Friedrichs angle can be defined for
subspaces of a general Hilbert space (see [8,10,14]). However, we will define it for subspaces of C", since
this is the context on which we will use it.

Let N, M # {0} be subspaces of C". The Friedrichs angle between M and N is the angle in [0, 5] whose
cosine is defined by

GIM,N] =sup{|(z,y)|: v € MO (MON)*, |z =1, ye Nn(MNN)>, [|ly] = 1}.
We define G{M,N]=0if M ={0}, N={0}, M C Nor NCM.
As usual, the sine of the Friedrichs angle is defined as F[M, N| = /1 — G[M, N)2. It satisfies F[M, N| =
FIN,M] = F[M+,N*]| (see [2]).
The following theorem is a particular case of the result stated in Remark 2.10 in [2] for square matrices.

Theorem 3.1. Let A, B be non zero square matrices in C™*™. Then,

o(A)o(B)F[Ker(4), Im(B)] < o(AB) < ||| B|F [Ker(A), Im(B)].
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In order to adapt Theorem 3.1 to our setting we need the following lemma.
Lemma 3.2. Let A € C**™ and G € C™*™ with { < m. If tk(AGA*) = rk(G) then Ker(AG) = Ker(G).

Proof. Clearly Ker(G) C Ker(AG). Suppose that dimKer(G) < dimKer(AG). Then rk(AG) < rk(G).
Now, rk(AGA*) < min{rk(AG),rk(A)} < rk(AG) < rk(G) which is a contradiction. Thus, we must have
dim Ker(G) = dimKer(AG). O

Now, from Theorem 3.1 and Lemma 3.2 we obtain:

Proposition 3.3. Let G be a positive-semidefinite matriz in C™*™ such that G = G* and A = {a;;}; ; € C**™
with £ < m such that tk(G) = rk(AGA*). Then,

2

o(A)*A_(G)F[Ker(A), Im(G)]* < A_(AGA*) < ||A|12(|G|| F [Ker(A), Tm(G)].

Proof. Let A € C™*™ be the matrix defined by

,av“_ a'ij 1f1<z<€,
Y0 ifl<i<m.

Then,

Aoy = (AGA* 8)

0

and therefore \_(AGA*) = A\_(AGA*).
Now, using Theorem 3.1 and Lemma 3.2, we have

A_(AGA*) > 0(AG)o (A) F[Ker(AG), Im(A*)]
= G(AG)U(A*).F[Ker Im(A*)]
> o(A)A_(G)F[Ker(A),Im(G)] o (A*) F [Ker(G), Im (A*)],

and

A (AGA") < || AG|||A*|| F [Ker(AG), Im(A*)] < || A|P*||GI|IF [Ker(G), Im(A7)].

By the properties of the sine of the Friedrichs angle it can be seen that F[Ker(G),Im(A*)] =
F[Ker(A), Im(G)]. Using that 0(A) = 0(A) = 0(A*) and ||A|| = ||A]|, we finally obtain

2

o(A)?A_(G)F[Ker(A),Im(G)]” < A_(AGA*) < ||A|?| G| F[Ker(A), Im(G)].

We finish the proof by observing that Ker(4) = Ker(A). O

The last result of this section gives an equivalent condition for rk(AGA*) = rk(G) to hold, and we will
use it in the next section.

Lemma 3.4. Let A € C™*™ with £ < m and G € C™*™ such that G is positive-semidefinite and G = G*.
Then, tk(AGA*) = 1k(G) if and only if Ker(A) N Im(G) = {0}.
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Proof. Note that, since G is positive semidefinite, and G = G*, it is always true that rk(AGA*) =
rk(AGY2GY/2 A*) = 1k(AGY/?). Then, rk(AGA*) = rk(G) if and only if dim(Ker(AG'/?)) = dim(Ker(Q)).
Thus, since Im(G) = Im(G'/?) and then Ker(G) = Ker(G'/?), we want to prove that dim(Ker(AG'/2)) =
dim(Ker(G'/?)) if and only if Ker(A4) NIm(G'/?) = {0}. Now, using that Ker(G'/?) C Ker(AG'/?), we have
dim(Ker(AG'/?)) = dim(Ker(G'/?)) if and only if Ker(AG'/?) = Ker(G'/?).

Finally, it is easy to check that the condition Ker(AG'/?) = Ker(G'/?) is equivalent to Ker(A) N
Im(G) ={0}. O

4. Main results

As we have mentioned in the introduction, there are examples of sets of generators that do not contain
any minimal subset of generators. For instance, consider the shift invariant space V = S(¢) where ¢ is
such that (E = X[o,1]- (Here we denote by xas the characteristic function of a set M.) It can be seen that
V = S(¢1,¢2) with ¢, po such that a = X[0,1] and g/b; = X[L1]- However, neither ¢ nor ¢o generates V'
by itself.

An alternative to overcome this problem will be to try to obtain a smaller set of generators, for example
a minimal one, considering instead linear combinations of the original generators. Related to this, Bownik
and Kaiblinger [4] proved the following:

Theorem 4.1 (Bownik—Kaiblinger). Let V be a finitely generated SIS with length ¢(V), and & =
{61,...,0m} C L2R?) where £(V) < m and such that V. = S(®). For every £(V) < £ < m, consider
the set of matrices R = {A € C™*™: V = S(¥), ¥ = A®}. Then, C**™ \ R has zero Lebesque measure.

This result briefly says that given any set of generators of a finitely generated SIS, almost every matrix
(of the right size) transforms it in a new set of generators. In particular, a minimal set of generators can be
obtained with this procedure.

An interesting question arises here. When is the set of generators obtained, a set of frame generators? (L.e.
the integer translations form a frame of the SIS?) More precisely we want to obtain new sets of generators
of the form ¥ = A® with the additional property of being a frame.

First, we show that in order to E(¥) to be a frame, E(®) needs to be a frame. More precisely we prove:

Proposition 4.2. Let & = {¢1,..., 0} C L%(R?) be a generator set for a SIS V of length £(V) < m and
suppose that E(®) is a Bessel sequence but not a frame for V. Then, for each matriz A € C**™, with
L(V) <L <m, E(W) is not a frame for V where ¥ = Ad.

After this result, the right question will be which matrices (of the right size) map frame generator sets
into new frame generator sets? The answer of this question is not as direct as is the case of a plain set of
generators and it will take us the rest of the section. Let us first start with the proof of Proposition 4.2.

Proof of Proposition 4.2. Let A € C**™. If ¥ = A® is not a generator set for V, then ¥ it is not a frame
for V. Thus, suppose that ¥ is a set of generators for V.

Since E(Q) is a Bessel sequence but not a frame for V', the lower frame inequality in (1) is not satisfied.
Therefore, there exists {fy, }neny C V such that

tn(P) = Z Z ‘(f”,qubjMQ — 0, when n — +oco.

j=1kezd

Now,
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Then, t,(¥) — 0, when n — +o0 and thus, E(¥) does not satisfy the lower frame inequality. O

When E(Q) is not a Bessel sequence it can happen that for certain matrix A, E(A®) is a Bessel sequence.
To construct an easy example take ¢ € L?(R) such that F(¢) is a frame for S(¢). Now, choose a second
generator 5 € S(¢) such that E(g) is not a Bessel sequence. Thus, if & = {¢, 5}, S(P) = S(¢) and E ({9, 5})
is not a Bessel sequence. However, taking A = (1,0), we get that F(AQ) is a Bessel sequence. The hypothesis
in the above proposition of F(®) being a Bessel sequence it is not very restrictive and greatly simplifies the
treatment.

We now point out a property about the result of Bownik and Kaiblinger that will be important in what
follows.

From the proof of Theorem 4.1, it follows that the set R can be described in terms of the Gramian as

R = {A € C™: 1k(Gp(w)) = tk(AGs(w)A*) for ae. w € [—% %r} (4)

where ¢ is a number between length of S(®) and m. Now, using Lemma 3.4

R = {A € CP™: Ker(A) N Im(Ga(w)) = {0} for ae. w [—% %r}

Remark 4.3. When /¢ is exactly the length of S(®), note that if A € R, by (3), £ = rk(A) and then A is full
rank.

As we have already discussed, a key point in our problem is the behavior of the eigenvalues of conjugated
matrices. Here one wants to get a smaller set of generators from a given large set of generators. In terms of
matrices, this translates in conjugating the Gramian by rectangular matrices. The behavior of the eigenvalues
in this case is not very well understood. However we are able to exactly determine those matrices that yield
frames, in terms of the Friedrichs angle, and using recent results by Antezana et al. [2] on singular values
of composition of operators.

The main result of this section is the following theorem:

Theorem 4.4. Let ® = {¢1,...,¢m} € L2(R?) such that E(®) is a frame for V. = S(®) and suppose that
(V)<< m. Let A€ C™™ be a matriz and consider W = {11, ... 1} where W = A®. Then, E(¥) is a
frame for V if and only if A satisfies the following two conditions

1. A€ R where R is as in (4).

2. There exists § > 0 such that F[Ker(A),Im(Gg(w))] = d for a.e. w € [-1, 1]9.

11
202

Proof of Theorem 4.4. Let 0 < oo < 8 be the frame bounds for E(®).
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First suppose that E(¥) is a frame for V and let 8’ > o/ > 0 be its frame bounds. Since, in particular,
¥ is a generator set for V', A belongs to R.
By Proposition 3.3, we have that

A= (Gy(w)) = A (AGo(w)A*) < [|A|?|Ga(w) || F[Ker(A),Im(Ga(w))],
for a.e. w € [—3, 1]4
Using Proposition 2.4, ¢/ < A_(Gy(w)) and ||Gg(w)|| < 5. Thus,

o <||A|?BF [Ker(A), Im(Go(w))].

Then, item (2) is satisfied taking 6 = W.
Conversely. Since A € R, V = S(¥) and rk(AGg(w)A*) = rk(G(w)) for a.e. w € [-3, 1]
Now, for a.e. w € [f%, %]d, we apply the lower inequality that Proposition 3.3 gives to Gg(w) and A.

Then,
A (AGap(w)A%) = 0(A)A_ (G (w)) F [Ker(A), Im(Ga(w))]” > o(A)2as2.
On the other hand, by Proposition 2.4,
[Gu(@)]| = [[AGa(w)A*[| < [AI*||Ga(w)]| < A*5

and from this it follows that the eigenvalues of Gy (w) are bounded above by || A||*5.
Therefore, X (Gy(w)) C [0(A)*ad?, ||A||>8] U {0} for a.e. w € [—3, £]? and the result follows from Propo-
sition 2.4. O

As a consequence of the above theorem, we have the following result. We impose more restrictive condition
on Gg(w) than in Theorem 4.4. However the new hypothesis is easy to check and avoid the calculation of
the sine of the Friedrichs angle.

Corollary 4.5. Let & = {¢1,...,0m} C L*2(RY) such that E(®) is a frame for V. = S(®) and suppose
that £(V) < £ < m. Consider A € C™*™ such that Ker(A) = Ker(Ggp(w)) for a.e. w € [—%,3]%, and
dim(Ker(A)) =m — £. If A € R where R is as in (4), and ¥ = {¢1,...,¥¢} where U = AP, then E(¥) is

a frame for V.

Proof. Since Ker(4) C Ker(Gg(w)) and Ker(Ge(w)) = Im(Gg(w))t, it follows that F[Ker(A),
Im(Gg(w))]=1. O

Example 4.6. Let V = S(&) be the shift invariant space generated by @ = {¢1, ¢2, 3} C L*(R), where
@1, P2, @3 are defined by

Then, the associated Gramian is
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It can be seen that G3(w) = 81G¢(w) and rk(Ge(w)) = 2 for all w € [—4, 3]. Thus, by Proposition 2.4,
E(P) is a frame for V and using (3), £(V) = 2.

On the other side, Ker(Gg(w)) = span{(1,8,—4)}. Then, V satisfy the hypothesis of Corollary 4.5. In
what follows, we construct all possible matrices A € C?*3 such that Ker(A) = span{(1,8,—4)} and A € R.
These matrices give frames E(¥) with ¥ = AQD.

Since Ker(A) = span{(1,8,—4)}, A has the form

with a, b, c,d € C.
Now, A € R if and only if Tk(AGg(w)A*) = 2. Now rk(AGg(w)A*) = 2 if and only if det(AGs(w)A*) # 0.
Since det(AGg(w)A*) = (81)3(ad — be)?, we conclude that A € R if and only if ad — bc # 0. O

Condition (2) in Theorem 4.4 is a geometric property that A and Gg need to satisfy in order to A
preserves the frame property of F(®) over E(¥). We now state a result on which we give an analytic way
to express conditions (1) and (2) of Theorem 4.4. In this case, £ will be exactly the length of the SIS.

Theorem 4.7. Let ® = {¢1,...,¢m} C L2(RY) such that E(®) is a frame for V. = S(®) and suppose that
(V) =t<m. Let A€ C™™ be a matriz and consider ¥ = {1y, ... 1} where W = A®. Then, E(¥) is a
frame for V if and only if the following condition between A and Gg¢ is satisfied: AA* is invertible and

esssup ||(L, — A* (AA*)_lA)Gqs(w)G;(w)H <1. (5)

wel-4, 414
Here, I, is the identity in C™>™ and G;(w) is the Moore—Penrose pseudoinverse of Gg(w).

Proof. Let us first prove that conditions (1) and (2) of Theorem 4.4 imply condition (5).

Note that condition (2) is equivalent to G[Ker(A),Im(Ge(w))] < V1 — 62 for ae. w € [—3, 1]7. Now,
since Ker(A) N Im(Gg(w)) = {0} for ae. w € [— é, é}d, it follows from Proposition 2.2 in [2] that
G[Ker(A),Im(Gg(w))] = || Pxer(4) Pim(Ga(wy |l for ae. w € [—3, 3]%, where Pger(a) and Pim (g, (w)) denote
the orthogonal projection onto Ker(A) and Im(Gg(w)) respectively. Using the Moore—Penrose pseudoin-
verse we can write ||Pker(4)Pim(Gow) || = [[(Im — ATA)G¢(w)G;(w)||. Finally, since A is full rank, we
replace AT = A*(AA*)~! and then the assertion follows.

3\

Conversely. Suppose that (5) holds. Then, we have that || Per(a) Pim(Ga )|l <7 < 1forallw € [—3,
Z where Z is a set with Lebesgue measure zero and y = esssup,e(_ 1,174 |(Ln—A*(AA*) L A)Gg(w)G L( |-
1.

Fix w € [-1,1]9\ Z and suppose there exists z € Ker(A4) N Im(Ge(w)) with |z]| = Then
| Prer(a PIm(Gg, yzl| = |lz|| = 1 which is a contradiction. Therefore, Ker(A) N Im(Gg(w)) = {0} for

all w e [-1, 3]¢ \Z and this gives that (1) in Theorem 4.4 is satisfied. Having Ker(A4) NIm(Gg(w)) = {0}
1

for a.e. w € -3, 3
part of this proof. O

114 condition (2) of Theorem 4.4 can be obtained with similar arguments as in the first

Now, we consider the case of Riesz bases. We obtain necessary and sufficient conditions on A in order to
preserve Riesz bases of translates. Different from the frame case, the conditions on A do not depend on the
shift invariant space.

First, observe that, if ® = {¢1,...,¢,} C L?(R?) is such that E(®) is a Riesz (orthonormal) basis for
V = 5(®), by Proposition 2.4, Gg(w) is an m x m invertible matrix for a.e. w € [—3, 2]%. Thus, using (3)
we have that £(V) = m. Therefore, in order to preserve Riesz (orthonormal) bases, we need to consider
squared matrices A € C™*™,



786 C. Cabrelli et al. / J. Math. Anal. Appl. 413 (2014) 776-788

Proposition 4.8. Let @ = {¢1,...,0m} C L*(R?) such that E(®) is a Riesz basis for V. = S(®). Let
A € C™*™ be a matriz and consider ¥ = {4n,..., 0y} with W = AP. Then, E(¥) is a Riesz basis for V if
and only if A is an invertible matriz.

Proof. Let 0 < o < S be the Riesz bounds for E(®). Suppose first that A is invertible. Then, for a.e.

w€E [—%, %]d,

|Gu ()] = [[AGa(w)A™[| < [|AI*||Ga(w)]| < 1A]78,

[Go) ™ < A7 Pl (Gateo)) ™ < AL

Therefore, by Proposition 2.4, E(¥) is a Riesz basis for V.
Conversely, if E(¥) is a Riesz basis for V, it follows from Proposition 2.4 that Gy (w) is invertible for a.e.

w € [—1,1]9. Since Gg(w) is invertible as well for a.e. w € [—1, 2]¢ we have that A is invertible. O

272
Remark 4.9. The above result shows that every invertible matrix preserves Riesz bases of translates. On the
other side, it is known that the set {A € C™*™: det(A) = 0} has Lebesgue measure zero. Thus, we have
that almost every matrix (exactly those that are invertible) preserves Riesz bases of translates. We can then
connect this with Bownik and Kaiblinger’s result as follows. If in addition to the hypothesis of Theorem 4.1
we ask the Riesz basis condition on E(®), we have that the set R is equal to {A € C™*™: det(A) # 0}.

It is worth to mention that Proposition 4.8 can be proven as a corollary of Theorem 4.4 or independently
from this result using Ostrowski’s Theorem [13, Theorem 4.5.9]. Applying this result to G = G¢(w) for a.e.
w € [—%, 5]%, uniform bounds for the eigenvalues of AG(w)A* can be found.

For frames, in the special case when the initial set of generators has exactly £(V') elements, we have that
every invertible matrix yields a set of generators that is a frame for V. This is stated in the next result and

its proof is analogous to the proof of Proposition 4.8. It can be also viewed as a corollary of Theorem 4.7.

Theorem 4.10. Let @ = {¢1,...,¢,} C L*(R?) such that E(®P) is a frame for V.= S(®) and suppose that
(V) =1L Let A € C™* be a matriz and consider W = {1y, ..., 1} where W = Ad. Then, E(¥) is a frame
for V if and only if A is an invertible matriz.

Finally, in case of orthonormal bases, we have:

Proposition 4.11. Let & = {¢1,...,¢m} € L2(RY) such that E(®) is an orthonormal basis for V = S(®)
and let A € C™*™ be a matriz. Consider ¥ = AP. Then, E(¥) is an orthonormal basis for V if and only
if A is a unitary matriz.

Proof. Note that if A = {a;;};; then,

(T, Trrabir) = Z a;j @i (Tudj, T pjr) = (AA*)ii,(S(k — k/)
5.3
and from here it follows that E(¥) is an orthonormal set if and only if A is unitary.

For the completeness of E(¥) on V' we use that, since A is unitary and ¥ = AP, we can write ¢ = A*W.
Then Tyo; = > i) @i Lkthi, k € Z, j =1,...,m and the result follows. O

Theorem 4.8 shows that almost every square matrix maps Riesz bases generators in Riesz bases generators.
For the case of frames it might happen that condition (2) of Theorem 4.4 is not satisfied for any matrix A.
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That is exactly what we show in the following example on which we present a finitely generated SIS for
which any linear combination of its generators yields to a minimal set of generators that is not a frame of
translates.

Example 4.12. Let ¢, ¢ € L?(R?) defined by
E(thz) = —Sin(27rw1)x[_%7%]2(w1,w2)
and
q/b;(wl, wo) = e2miwz cos(27rw1)x[7%’%]2(wl,wz),

Consider the shift invariant space generated by @ = {¢1,¢2}, V = S(é1, d2). We will see that E(¢1, ¢2)

is a frame for V, that V is a principal SIS and that E(A®) is not a frame for V for any matrix A € C1*2.
We first compute Gg(w,ws). Let (w1, ws) € [—3, 3]%. Then, we have

Go(wr,wp) = (_

sin?(2mwy ) —e72™w2 gin (27w ) cos(27rw1)>

e2™iw2 gin (27w, ) cos(2mwy ) cos?(2mwy )

Note that Gg(w,ws) = G5(wi,ws) for all (wy,ws) € [—1,1]%. Thus, by Proposition 2.4, E(¢1,$2) is a

frame for V. Further, it can be seen that rk(Ge(wi,ws2)) = 1 for a.e. (w1, ws) € [—3,1]? and then V has
length 1. Moreover, V is the Paley Wiener space PW = {f € L*(R?): supp(f) C [-3, 3]*}.

Let A € C'*2, Without loss of generality we can suppose that A = (ay,az) with |ai|? + |aa|? = 1. Then,

A can be written as A = (cos(0)e2™? sin(0)e2™#") for 6 € [0, 7] and 3,8" € R.

Therefore, the Gramian associated to A is
AGg(wy,wy)A* = sin?(2mw; ) cos?(#) + cos?(2mwy ) sin?(6)
— 2cos(2m (w2 — B + B)) sin(27w1 ) cos(2mw) sin(6) cos(h).

Observe that for each 6, 8 and ' fixed,

1177
AGg (w1, we)A* #0 for a.e. (wy,ws) € {—_ _} )

In particular,
§ 1177
rk(G¢(Q}17UJ2)) = I'k(AGqS((Ul,OJQ)A ) for a.e. (wy,ws) € ~3'3

and then, every matrix A preserves generators.
Let wo € [—%7 %] such that Wy = 8’ — 8 + k for some k € Z. Then,

AGg(wy, @) A* = sin? (27w, ) cos?(6) + cos? (27w ) sin’(6)
— 2sin(27wy) cos(2mwy ) sin(f) cos(0)

= sin?(27w; — 6).

Now, taking wy, = %, we get AGg (w1, we)A* = 0. Then, since the Gramian associated to A® is a continuous

function with a zero, condition (b) in item (3) of Proposition 2.4 can never be fulfilled. Thus, E(A®) cannot
be a frame for V. 0O
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