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1. Introduction

Throughout this paper, let us fix a real number T' > 0, and two positive integers k and d. Let R* :=
[0,400) and let (2, F,P) be a probability space carrying a standard d-dimensional Brownian motion (B;);>0,
(F¢)i>0 be the natural o-algebra generated by (By);>o and F = Fp. For each subset A C Q x [0,T], let
14 = 1 in case of (t,w) € A, otherwise, let 14 = 0. The Euclidean norm of a vector y € R¥ will be
defined by |y|, and for a k x d matrix z, we define |z| = VTrzz*, where z* is the transpose of z. Let (z,y)
represent the inner product of x,y € R*. For each p > 1, we denote by LP(R¥) the set of all R¥-valued and
Fr-measurable random vectors ¢ such that E[|¢]|P] < 400, and by SP(0, T; R¥) the set of R*-valued, adapted
and continuous processes (Y;)¢cjo,7] such that

1/p

[YV]lsr := | E[ sup |Y3|”] < +00.
t€[0,T]
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Moreover, let MP(0,T;R¥*?) denote the set of (IF;)-progressively measurable R**9-valued processes
(Zt)te[O,T] such that

p/27) /P

T
12l = {E /|Zt|2 dt < 400,
0

Obviously, both SP and MP are Banach spaces for each p > 1.
In this paper, we are concerned with the following multidimensional backward stochastic differential
equation (BSDE for short in the remaining):

T T

Yt :£+/g(57y37zs)ds_/zssta te [OaTL (1)

t t

where £ € LP(]Rk) is called the terminal condition, T is called the time horizon, the random function
glw, by, 2) : @ x [0,T] x RF x RF*4 — RF

is (F;)-progressively measurable for each (y, z), called the generator of BSDE (1). This BSDE is usually
denoted by the BSDE (&, T, g).

For convenience of the following discussion, we introduce the following definitions concerning solutions
of BSDE (1).

Definition 1. A solution to BSDE (1) is a pair of (IF;)-progressively measurable processes (yt, 2¢)¢cjo, 7] With
values in R¥ x R¥*4 guch that dP — a.s., t ~ y; is continuous, ¢ +— z; belongs to L2(0,T), t — g(t,y:, )
belongs to L1(0,T), and dP — a.s., (1) holds true for each ¢ € [0, T].

Definition 2. Assume that (y;, 2;) is a solution to BSDE (1). If (y;, 2¢) € SP(0,T;RF) x MP(0, T; R*¥*9) for
some p > 1, then it will be called an L solution of BSDE (1).

Nonlinear BSDEs were firstly introduced in 1990 by Pardoux and Peng [36], who established the existence
and uniqueness for L? solutions of BSDEs under the Lipschitz assumption of the generator g. Since then,
BSDEs have been studied with great interest, and they have become a powerful tool in many fields above
all financial mathematics, stochastic games and optimal control, non-linear PDEs and homogenization. See
[4,9,10,14-16,29,34,35,37,38,42,41] and the references therein for applications of BSDEs to PDEs, optimal
control, homogenization as well as in mathematical finances.

From the beginning, many authors attempted to improve the result of [36] by weakening the Lipschitz
hypothesis on g, see [1,2,4,6-8,13-20,22-24,26-29,31-35,37,40,43,45,46], or the L? integrability assumptions
on &, see [5-7,11,21,23,38,44], or relaxing the finite terminal time T to a stopping time or infinity, see [12,
25,29,34,35,45]. From these results we can see that the case of one-dimensional BSDEs is easier to handle
due to the presence of the comparison theorem of solutions (see [6-8,11,12,17-21,25,27-29,31,32,38]).

One of the main purposes of the present paper is to establish an existence and uniqueness of L? (p > 1)
solutions for multidimensional BSDEs under weaker conditions on the generators. Here, we would like to
mention the following several results on multidimensional BSDEs, which is related closely to our result.
First of all, Mao [33] obtained an existence and uniqueness result of an L? solution for (1) where g satisfies
a particular non-Lipschitz condition in y called usually the Mao condition in the literature, and Fan and
Jiang [23] investigated the existence and uniqueness of an L? (p > 1) solution for (1) where g satisfies a new
kind of non-Lipschitz condition in y. Second, Peng [37] first introduced a kind of monotonicity condition
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in y for g, and under this monotonicity condition as well as a general growth condition in y for g, Pardoux
[35] established an existence and uniqueness result of an L? solution for (1). Using the same monotonicity
condition and a more general growth condition in y for g, Briand et al. [5] investigated the existence and
uniqueness of an LP? (p > 1) solution for (1). Furthermore, Situ [40] put forward a kind of weak monotonicity
condition in y for g and considered the existence and uniqueness of LP (p > 1) solutions for BSDEs with
jumps, but the generator g is forced to also satisfy a linear growth condition in y. Recently, Fan and Jiang
22] and Xu and Fan [43] established the existence and uniqueness of an L? solution for (1) under the weak
monotonicity condition and the more general growth condition in y for the generator g, which really and
truly unifies the Mao condition in y and the monotonicity condition with the general growth condition in y.

In this paper, we first establish the existence and uniqueness of L? (p > 1) solutions for multidimensional
BSDEs under the weak monotonicity condition together with the more general growth condition in y for
the generator g (see Theorem 1 in Section 2 and its proof in Section 4), which extends some existing results
including Theorem 4.2 in Briand et al. [5] and Theorem 1 in Fan and Jiang [23]. Then, we overview several
conditions related closely to the weak monotonicity condition and compare them in an effective way (see
Proposition 1 in Section 2 and its proof in Appendix A). Finally, we put forward and prove a stability
theorem and a comparison theorem of LP (p > 1) solutions for this kind of BSDEs (see Theorem 2 in
Section 4 and Theorem 3 in Section 5).

This paper is organized as follows. In Section 2 we state the assumptions and the existence and uniqueness
result for L? (p > 1) solutions of multidimensional BSDEs and introduce several propositions, corollaries,
remarks and examples to show that it generalizes some existing results. In Section 3, we establish two
nonstandard a priori estimates for LP (p > 1) solutions of multidimensional BSDEs, based on which we
prove a stability theorem and the existence and uniqueness result in Section 4. Then, we put forward and
prove a new comparison theorem for LP (p > 1) solutions of one dimensional BSDEs in Section 5. Finally,
the proof of the relations between the assumptions related closely to the weak monotonicity condition is
provided in Appendix A.

2. An existence and uniqueness result

In this section, we will state the existence and uniqueness result for LP (p > 1) solutions of multidi-
mensional BSDEs and introduce several propositions, corollaries, remarks and examples to show that it
generalizes some existing results including Theorem 4.2 in Briand et al. [5] and Theorem 1 in Fan and Jiang
[23]. Let us start with introducing the following assumptions:

(H1), g satisfies the p-order weak monotonicity condition in y, i.e., there exists a nondecreasing and concave
function p(-) : Rt — R* with p(0) = 0, p(u) > 0 for u > 0 and [, % = +oo such that
dP x dt — a.e., ¥V y1,y2 € R¥, 2 € RF*4,

|y1 - y2|p71<‘Zi:z;]]-|y1—y2|7507g(wat7y17Z) - g(wat7y27z)> < p(|y1 - y2|p);

(H2) dP x dt — a.e., V z € RF*4 y s g(w,t,y, 2) is continuous;
(H3) ¢ has a general growth with respect to y, i.e.,

Voo >0, ¢a(t) = sup |g(w,t,y,0) - g(w,t,0,0)] € L([0,T] x Q);

ly|<a

(H4) g is Lipschitz continuous in z, uniformly with respect to (w,t,%), i.e., there exists a constant A > 0
such that dP x dt — a.e., ¥V y € RF, 21, 2o € RFX4,

|g(w7t,y721) - Q(W,tay,22)| S 5\|Zl - 22|;
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p

@5), E |1+ | [ low.t.0,00 dt ] | <+cx.

The following Theorem 1 is one of the main results of this paper. It’s proof will be given in Section 4.

Theorem 1. Assume that p > 1, and assumptions (H1), p 2, (H2)-(H4) and (H5), hold. Then, the BSDE
(&, T, g) has a unique LP solution.

It should be mentioned that Theorem 1 has been proved in Xu and Fan [43] for the case of p = 2. In
addition, by Theorem 1 the following corollary is immediate.

Corollary 1. Assume that the generator g satisfies assumptions (H1)o and (H2)—(H4). Then, if (H5), holds
for some p > 2, then the BSDE (£,T,g) has a unique LP solution.

In the sequel, let us further introduce the following assumptions on g:

(H1a), g satisfies the p-order one-sided Mao condition in y, i.e., there exists a nondecreasing and concave
function p(-) : Rt — Rt with p(0) = 0, p(u) > 0 for u > 0and [, 9% = 400 such that
dP x dt — a.e., ¥V y1,y2 € RF, z € RF*2,

p(u

1
<‘zi yz‘ |y — y2|;£07g(wat7y17z) _g(w7t7y2az)> < p(‘yl _y2|p)

(H1b), g satisfies the p-order one-sided Constantin condition in y, i.e., there exists a nondecreasing and
concave function p(-) : Rt — RT with p(0) = 0, p(u) > 0 for u > 0 and [, p(ul du = +o00 such
that dP x dt — a.e., ¥V y1, 92 € R¥, 2 € RF*4,

<ﬁ1|y17y2|¢07g(wataylaz) - g(watay2vz)> < p(‘yl - y2|)1

(H1*) g satisfies the one-sided Osgood condition in y, i.e., there exists a nondecreasing and concave function
p(:) : RT = R with p(0) = 0, p(u) > 0 for u > 0 and [, % = +oo such that dP x dt — a.e.,
YV y1,y0 € RE) 2 € RFX4,

<ﬁ1|y17y2|¢07g(wataylaz) - g(watay27z)> < p(‘yl - y2|)

Remark 1. It is easy to see that the following statements are true.

o When p(z) = px for some constant > 0, (H1),, (Hla),, (Hlb), and (H1*) are all the known mono-
tonicity condition for each p > 1;

o In case of p =1, (H1),, (Hla), and (H1b), are all the same as (H1*);

o In case of p =2, (H1),, (Hla), and (H1b), are respectively the so-called weak monotonicity condition,
one-sided Mao condition and one-sided Constantin condition put forward in Fan and Jiang [22].

With respect to the previous assumptions, we have the following important observation. It’s proof will
be provided in Appendix A.

Proposition 1. For each 1 < p < g < 400, we have

(@) (HIF) = (H), = (HI);
(i) (Hlb), == (Hlb), == (HI*);
(it7) (Hla) <= (Hlb)
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In addition, we can show that for each p > 1, the concavity condition of p(-) in assumptions (Hla), and
(H1b), can be replaced with the continuity condition.

According to Theorem 1 and Proposition 1, the following corollaries follow immediately.

Corollary 2. Assume that the generator g satisfies assumptions (H1*) and (H2)—(H4). Then, if (H5), holds
for some p > 1, then the BSDE (£, T, g) has a unique LP solution.

Corollary 3. Assume that p > 1, and assumptions (Hla), (or (H1b),), (H2)-(H4) and (H5), hold. Then,
the BSDE (§,T,g) has a unique LP solution.

The following four assumptions (H1’),, (Hla’),, (H1b’), and (H1'*) are respectively the stronger and
two-sided versions of assumptions (H1),, (Hla),, (H1b), and (H1*):

(H1’), There exists a nondecreabing and concave function p(-) : Rt — RT with p(0) = 0, p(u) > 0 for

u>0and [, (s = too such that dP x dt — a.e., V y1, 42 € RF, 2 € RFxd,

|y1 - y2|p_1|g(W,tyyl7Z) - g(w>t7111272)| S p(|y1 - y2|p)7

(H1a%), g satisfies the p-order Mao condition in y, i.e., there exists a nondecreasing and concave function
p() : RT s RY with p(0) =0, p(u) > 0 for u > 0 and [, 9% = 400 such that dP x dt — a.e.,
v Y1,Y2 € Rk» S RkXda

p(u

1
‘g(wvtayhz) - g(wvtay27z)| S P (‘yl - y2|p)

(H1P’), g satisfies the p-order Constantin condition in y, i.e., there exists a nondecreasing and concave
function p(-) : R* = R* with p(0) = 0, p(u) > 0 for u > 0 and [, % Yol du = +o0 such that
dP x dt — a.e., ¥V y1,y2 € RF, 2 € RF*4,

|9(W7t,y1az) - g(wvtvy%zﬂ < p(‘yl - y2|);

(H1'*) ¢ satisfies the Osgood condition in y, i.e., there exists a nondecreasing and concave function p(-) :
R* +— RT with p(0) = 0, p(u) > 0 for u > 0 and [, % = +oo such that dP x dt — a.e.,
v Y1,Y2 € Rk? S RkXda

|g(w7 L, Y1, Z) - g(w7 1,92, Z)‘ < p(‘yl - y2|)'
Remark 2. It is easy to see that the following statements are true.

o When p(x) = pz for some constant p > 0, (H1’),, (Hla’),, (H1b’), and (H1'*) are all the known
Lipschitz condition for each p > 1;

o In case of p =1, (H1’),, (Hla’), and (H1b’), are the same as (H1"*);

o In case of p = 2, (Hla’), and (H1b’), are respectively the known Mao condition and Constantin
condition;

o For each p > 1, we have (H1’), = (H1),, (Hla’), = (Hla), + (H2) + (H3), and (H1b"), =
(H1b), + (H2) + (H3);

o Proposition 1 holds also true for assumptions (H1’),, (Hla’),, (H1b’), and (H1'*).
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Remark 3. It follows from Remarks 1-2 and Proposition 1 that Theorem 1 and some of its corollaries all
improve some existing results for L? solutions of multidimensional BSDEs including Theorem 4.2 in Briand
et al. [5] and Theorem 1 in Fan and Jiang [23].

Now, we give two examples of BSDEs which satisfy the assumptions in Corollary 2. In our knowledge,
they are not covered by the previous works.

Example 1. Let £ =1, p > 1 and

1

g(w,t,y7z) = h(‘yD - elBt(UJ)l‘y + (e_y A 1) ’ |Z| + %1t>07

where
—x|Inz|M/P , O<a<é;
h(z)= ¢ b'(6—)(x—08)+h(d) , x>d;
0 , other cases,

with 6 > 0 small enough.

It is easy to see that g satisfies (H2)—(H4) with A = 1. Furthermore, we can prove that g satisfies (H1b);
by verifying that e=#Y with 8 > 0 is decreasing in y, h(-) is concave and sub-additive on R and then the
following inequality holds: dP x dt — a.e.,

Y1 — Y2
v Y1,Y2, %, <m1|y17y2|7é07g(wat7y1az) - g(wat7y25 Z)) < h(‘yl - y2|)
with
uP~t
hp(u) U = 400
o+

Thus, (H1*) holds for g by Proposition 1, and then from Corollary 2 we know that if £ € LP(R¥) for some
p > 1, then BSDE (£,T, g) has a unique LP solution.

Example 2. Let Yy = (yla e ayk) and g(ta Y, Z) - (gl(ta Y, Z)7 e 7gk(t7ya Z))a where for each i = 17 T ka
gi(w,t,y, 2) = e + h(ly[) + sin 2| + [ By(w)];
and h(x) is defined in Example 1.

It is not hard to verify that this generator g satisfies (H1b);, (H1*) and (H2)-(H4) with A = 1. Tt then
follows from Corollary 2 that if £ € LP(R¥) for some p > 1, then BSDE (¢, T, g) has a unique LP solution.

Finally, we would like to mention that the function h(z) defined in Example 1 satisfies that

it
Y q>Dp, /—du<+oo.
7(u)
o+
And, we can also prove that neither of the two generators g defined in Examples 1-2 satisfies (Hla), or
(H1b), for each ¢ > p, which means that the inverse version of (i) of Proposition 1 does not hold.
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3. Two nonstandard a priori estimates

In this section, we will establish two nonstandard a priori estimates concerning LP solutions of multi-
dimensional BSDE (1), which will play an important role in the proof of our main results. The following
assumption on the generator g will be used:

(A1) dP x dt — a.e., ¥ (y,2) € RF x RFxd,

(,9(w,t,y,2)) < ulyl* + Nyllz| + |yl fe + o,

where p and X are two non-negative constants, f; and y; are two non-negative and (IF;)-progressively
measurable processes with
P T p/2

T
E /ft dt <400 and E /apt dt < +o00.
0 0

Proposition 2. Assume that p > 0 and (Al) holds. Let (y:, 2t)icjo,r) be a solution of BSDE (1) such that
y; belongs to SP(0,T;RF). Then z belongs to MP(0, T; R¥*?) and for each 0 <u <t < T, we have

T p/2 T P
E /\zs|2 ds Fu| < CunprE l sup |ys|”’|Fy| + C,E /fs ds F,
s€(t,T]
t t
T p/2

+CPE /@5 ds IF"u, )

t

where Cy x p 7 15 a nonnegative constant depending on (p, X\,p,T), and Cp, is a nonnegative constant de-
pending only on p.

Remark 4. Note that the constant C}, does not depend on p and A. This fact will play an important role
later.

Proof of Proposition 2. For each integer n > 1, let us introduce the stopping time

t
T, = inf tE[O,T]:/|zS|2dszn AT.
0

Applying Itd’s formula to |y;|? leads the equation

lyene | + / 202 ds = [yy, > + 2 / (s 95,95 2,)) ds — 2 / (4o, 2dBy), t € [0,
tATH tATh tATH

It follows from (A1) that for each s € [t A Ty, Tn],

2
Zs
20y, 005,y 22)) < 200+ Al 4 2 ol g+ 2
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Thus, we have

2

Tn T T Tn
1
3 / \zs|2 ds < 2[(p+ )\2)T +1] sup |ys|2 + / fs ds +2 / ps ds + 2 / (ys, 2sdBs) |,
tAT, Se[t/\TmT] tAT, tAT, tATh

and the inequality (a+ b)?/2 < 2P(aP/? +bP/?) yields the existence of a constant ¢, > 0 depending only on p
such that

Tn p/2 T p
SPds| <l T2 sw fuPie | [ fds
SE[tAT,, T
tATy tAT,
T p/2 - p/2
+¢p / ps ds +cp / (ys, zsdBs) . (2)
tATh tATh

Furthermore, the Burkholder-Davis-Gundy (BDG) inequality yields that there exists a constant d, > 0
depending only on p such that for each 0 <u <t < T,

T p/2 T p/4
cpll /(ys,zsst> F.| <d,E /|y5\2|zs|2 ds F.
tATH tATh
Tn p/2
d2 1 )
< E| sup  |ys[P|Fu| + SE /|zs| ds F,
2 SE[tATn,T] 2 o

Finally, taking the conditional mathematical expectation with respect to I, in both sides of (2) and using
the above inequality together with Fatou’s lemma and Lebesgue’s dominated convergence theorem yields
the desired result. The proof is completed. O

Let us further introduce the following assumption on the generator g:
(A2) dP x dt — a.e., V (y,2) € RF x RF*d,

1P (o Ly 0, 9(ws 8y, 2)) < D(yfP) + Ay Pzl + [y[P7
where A is a non-negative constant, f; is a non-negative and (F;)-progressively measurable process
with
P

T
]E /ftdt <+OO,
0

and ¥ (-) : R™ — RT is a nondecreasing and concave function with ¢(0) = 0.

Proposition 3. Assume that p > 1 and (A2) holds. Let (y:, zt)ie[o,r] be an LP solution of BSDE (1). Then,
there exists a nonnegative constant Cx p 1 depending only on X, p and T' such that for each 0 <u <t < T,

T p

T
< Cypr A E[JEP|F] + / G(E[ysP| F]) ds +E / fds| |F,

t

E | sup |ys|"|Fy

s€t,T]
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Proof. Tt follows from Corollary 2.3 in Briand et al. [5] that, with ¢(p) = p[(p — 1) A 1]/2,

b+ c(p) [ 122, ol ds
t

< |§|p +P/|ys|p_21lys\¢0<ymg(8,ys,Zs)> ds _p/ ‘ys|p_2]]-|ys|;£0<ysvstBs>~
i t

Assumption (A2) yields that, with probability one, for each ¢t € [0, T],

il +e(p) [ 10?2, ol s

T

<|¢fP +p / (s l?) + s [P~ 2] + s [P~ £,] ds — p / s P21, 120 (4, 2By
t t

First of all, in view of the fact that () increases at most linearly since it is a nondecreasing concave
function and 1(0) = 0, we deduce from the previous inequality that

/Iyslp‘21|ys,¢o|zs\2 ds < 400, dP - a.s.

Moreover, it follows from the inequality ab < (a® + b%)/2 that

- V2 2 (P—1DAL ~ p2
p)“ys|p llzs‘ :p<7|ys|2 f|ys| 2 ]]-|ys|;£0|Zs‘

p—1 A1
pN? @, -
=~ m|ys|p T|ys‘p 2]]-\ys|;£0|zs|2'

Thus, for each t € [0,T], we have

T
c\p _ _
e+ SB[ 120y, oll? ds < Xo = p [ 9sP2,, 120 (9, 25dBL), 3)
2
t t

where

T T
- |s|f’+dxtp/|ys|p ds+p/w sl?) ds+p/|ys|p 7, ds
t t

with dy , = pA?/[(p — 1) A 1] > 0.
It follows from the BDG inequality that {M; := fg |ys\p’2]l‘ys|¢0<ys, 25dBs) }iefo,) is a uniformly inte-
grable martingale. In fact, Young’s inequality yields

1/2

B[00} <E | sup b / 2l ds
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p—1 T p/2 %
P
=E sup |ys|? . /|zs\2 ds
s€[0,T]

Thus, for each 0 < u <t < T, taking the conditional mathematical expectation with respect to IF,, in both
sides of the inequality (3) yields both

T
a\p -
D | [ P21 s0lel? | Fu| < ELXIE ()
t
and
E S?p]|ys|f’ ]Fu] <E[X|Fu] + kB | (M, M)7 — (M, M>t)1/2‘m} : (5)
selt, T

where we have used the BDG inequality in (5), and k, is a constant depending only on p.
On the other hand, it follows from Young’s inequality that for each 0 < u <t < T,

1/2

T
BB (M M) = (M M) Fu] S B | sup [uaf?'? [0 21, 0l as | E
s€(t,
t

Fu

1
< -E| sup |y
2| sewm

2|7
+ 2B | [ 101y 0l ds| B
t

It then follows from inequalities (4) and (5) that there exists a constant k;, > 0 depending only on p such
that

E| sup |ys|?

s€(t,T]

]Fu] < K\ E[X,| ).

For each 0 < uw < t < T, applying once again Young’s inequality we get, with k;,’ is another constant
depending only on p,

T T 7
Pk E /|ys|p_1fS ds|F, | <pk,E | sup |ys\p_1/fS ds|F,
s€(t,T]
t t J
=TT\
p
=E sup |ys|P -z /fs ds F,
(2( 1) s€ft,T) 2 )
T p
1 1
< -E| sup |ys|P|Fo| + 2E /ﬁS ds F.|,
2 set,T]
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from which we deduce, combing back to the definition of X;, that

T T T p
E[ sup |ys|P Fu] < 2k,E |§|p+d,\,p/|ys|p ds+p/z/)(\ys|p) ds|F, | + Kk E /fS ds| |F,
s€lt.T] t t t
Letting

hy =E | sup |ys”

s€t,T]

in the previous inequality and using Fubini’s Theorem and Jensen’s inequality yields, in view of the concavity
of (), that for each 0 <u <t < T,

T T P T
hy < 2k:;E[|§|p| F.]+ 2pk]’9/1/1(]E[|ys|p|IFu]) ds + k;’E /fs ds F.| + 2k;dk,p/hs ds.
t t

t
Finally, Gronwall’s inequality yields that for each ¢ € [0,T],

T p

T
he < epdrp(T=1) ngl)EHf‘p‘ Fu] + 2pk;/1/1(E[|yq|p| F,]) ds+ k;ZE /.fs ds F, )
t

t

which completes the proof of Proposition 3. O
4. A stability theorem and the proof of Theorem 1

In this section, we shall put forward and prove a stability theorem for LP (p > 1) solutions to multidi-
mensional BSDEs with generators satisfying (H1), 5 2 and (H4). Based on this result, we shall further give
the proof of Theorem 1 in Section 2.

The following lemma will be used, which comes from Fan and Jiang [17].

Lemma 1. Assume that k(-) : RT — RT s a nondecreasing and concave function with x(0) = 0. Then, it
increases at most linearly, i.e., there exists a constant A > 0 such that

k(r) <Az +1), Va>0.

Furthermore, for each m > 1, we have

k(z) < (m+24)x + k( ), VxeRt.

2
m+2A

In the sequel, let p > 1 and for each n > 1, let (ys, 2¢)tecjo,r) and (Y1, 2" )¢ejo, 7 e respectively an LP
solution of the BSDE (¢, T, g) and the following BSDE depending on parameter n:

T

T
yp— et / G (s, g 2 ds — / 2rdB,, te 0,7
t t
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Furthermore, we introduce the following assumptions:

167

(B1) £" € LP(R¥) for each n > 1 and all of g" satisfy assumptions (H1), 52 and (H4) with the same p(-)

and M.
T P
(B2) li_)m E ||€" —¢P+ /|g"(s7ys,z5) —g(s,ys, 2s)| ds =0.
0

The following Theorem 2 is one of the main results of this section.

Theorem 2. Under assumptions (B1) and (B2), we have

p/2

T
lim E | sup |yy —ys|? + /\zg—zs|2 ds =0.
0

n—0o0 s€[0,T]
Proof. First, in view of (B1), by (i) of Proposition 1 we note that for each n > 1,

(a)

a) (HI), holds true for each g, together with a new and same function p(x);
in case of 1 < p <2, p(x) = p(x))
(b) (H1

(
(
(H1)2 holds also true for each g", together with a new and same function p(x).
(in case of p > 2, p(x) = p(x))

In the sequel, for each n > 1, let " = y™ —y., 2" = 2" — z., and én =& — &£ Then
T T
it =& [grsar ) ds— [2aB, te o)
t t

where for each (y, z) € RF x RF*4,

3"(s,y,2) = g"(s,y + ys, 2+ 25) — 9(8,Ys, 2s)-

Note that

gn(87y7 Z) = gn(s’ Yy + Ys, 2 + ZS) - gn(‘g)ysa ZS) =+ gn(svysv ZS) - g(syy87 ZS)'

(8)

We can check by assumptions (B1) and (B2) together with (a) that the generator g™ of BSDE (7) satisfies

assumption (A2) with

1/)(95) = pA('r)v A= Xa and ft = |9n(t7yta2t) _g(tvyhzt)'-

It then follows from Proposition 3 with u = 0 that there exists a constant C5 , » > 0 depending only on

A, p and T such that for each n > 1 and each t € [0, T,

T
< Cs,rE|IE"P| +Cspr [ AE| sup 97| | ds
re(s, T

E l sup [g,]”
t

re(t,T)

T p

+C5, 1 / 167 (5, s, 28) — g(s, o0 22)] ds
0
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Furthermore, in view of (B2) and the fact that p(-) is of linear growth by Lemma 1, Gronwall’s inequality
yields the existence of a constant M > 0 independent of n such that

E

sup |gr|P| < M.
rel0,T]

Thus, in view of (B2), by taking the limsup in (9) with respect to n and using Fatou’s lemma, the mono-
tonicity and continuity of p(-) and Bihari’s inequality (see [3]) we can conclude that for each t € [0, 7],

n—00 s€[t,T)

lim E [ sup |yr — ys|p] =0. (10)

Furthermore, by (B2), (8), (b) and Lemma 1 we can also check that the generator §" of BSDE (7) satisfies
assumption (A1) with

2A

p=m+ 24, >\:5\; fe=19"(t,ye, 2¢) — 9(t, ye, z¢)| and Sﬂtzﬁ(m+2A)

for each m > 1. It then follows from Proposition 2 with u =t = 0 that there exists a constant C,, 5 , 7+ >0
depending on m, A, p and T, and a constant C,, depending only on p such that for each m,n > 1,

B 2A P/2
0 (2050 )

p/2

T
E /|2§|2 ds < CpsprE | sup [97°
J o te[0,7]

p

T
L GE / 16705, 9o, 28) — g(5, s, 20)] ds
0

Thus, in view of (10), (B2) and the fact that p(z) is continuous function with p(0) = 0, letting first n — oo
and then m — oo in the previous inequality yields that

p/2

T
lim E /|z;’ — z[* ds = 0.
0

n—oo

Thus, we obtain (6). The proof of Theorem 2 is then complete. O
Now, we are in a position to prove Theorem 1.

Proof of Theorem 1. Assume that p > 1, and assumptions (H1), o with p(z), (H2)-(H4) and (H5), hold
for the generator g. By (i) of Proposition 1 we note that (H1)y holds also true for g, together with a new
function p(x) (in case of p > 2, p(x) = p(x)).

The uniqueness part of Theorem 1 is an immediate corollary of Theorem 2. Now, let us prove the existence
part. First, for each n > 1, let ¢,(x) = zn/(|z| vV n) for z € R*, and

§n = (In(g) and gy,(t,y,2) == g(ty,z) —9(t,0,0) + qn(g(t’()’O))' (11)

Note that for each n > 1, assumptions (H1)y with p(x), (H2)—(H4) hold true for each generator g,. Fur-
thermore, for each n > 1,

l€n] <n dP - a.s. and |g,(¢,0,0)| <n dP x dt - a.e., (12)
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and by (H5), we have

p

T
tim B {160~ &l” + | [ lan(9(.0,0)) = aug(s.0,0)] ds | | =o. (13)
0

m

By virtue of Theorem 1 in Xu and Fan [43] we can know that the BSDE (&, T, g,,) has a unique L? solution
for each n > 1, denoted by (y1*, 2}")tejo,1]-
Since for each n > 1, g,, satisfies (H1)2 with p(x), and (H4), we can check that it also satisfies (A2) with

p=2, ¥(z)=px), A=A and fi=aqa(g(t0,0)).

Thus, Proposition 3 together with (12) yields that for each n > 1, (y{*)e[o,r] is a bounded process and then
belongs to SP(0, T; R¥). Furthermore, by Lemma 1 we know that there exists a constant A > 0 such that

plz) < A(z+1), Yz >0,
and then g,, satisfies (A1) with

M:Aa )\:Aa ft:fJn(9<t7070)) and Lpt:Aa

and Proposition 2 together with (12) yields that for each n > 1, (2}").ej0,7 belongs to M (0, T; R).
In the sequel, for each m,n > 1, let

EMN =€y —&p, gt =y —yt, 2T =2 =20

Then (5", 2™™) is an LP solution of the following BSDE depending on (m,n):

T T
g =énr [ gtz as- [ aeab, te o) (14
t t

where for each (y, z) € R¥ x RFx4,

3" (8,1,2) = gm(s,y + YL, 2+ 28) — gn(s, 98, 20).

Note by (11) that for each m,n > 1,

g™ (ty,2) = qm(9(t,0,0)) — gn(g(t,0,0)) + g(t,y +yi', 2 + 21') — g(t, yt', 2(').

By the assumptions of the generator g together with (13) we can check that the generator §g™™ of BSDE
(14) satisfies (H1), o2 and (H4) with p(-) and X for each m,n > 1, and

p

T
tim B [IEm — 07+ { [1577(,0,0) = 3(s.0,0) ds | | =o.
0

m,n— oo

where for each (y, z) € R*¥ x RF*4,

9(s,y,2) = 0.
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Thus, we can apply Theorem 2 for BSDE (14) to get that
p/2

T
lim E | sup [§™" — 0P + /|2;"’” —0* ds =0,
]
0

m,n— 00 s€[0,T

which means that {(y}, z/")teo,7)}or; is a Cauchy sequence in SP(0,T;R*) x MP(0, T; RF*4).

Finally, let (y:, z¢)1ec[o,r] be the limit process of the sequence {(y}', 21" )tcjo,1]} ey in the process space
SP(0,T; R¥) x MP(0, T; R¥*?). We pass to the limit in the sense of uniform convergence in probability for
BSDE (5,7, gn), thanks to (H2), (H3) and (H4), to see that (y:, z¢):e[o,r] solves the BSDE (£, T, g). Thus,
we prove the existence part and finally complete the proof of Theorem 1. O

5. A comparison theorem

In this section, we restrict ourselves to the case k = 1 and prove the following comparison theorem of LP
solutions for BSDEs with generators satisfying (H1), and (H4).

Theorem 3. Let p > 1, £,¢ € LP(R¥), g and g’ be two generators of BSDEs, and (y.,z.) and (y',z') be
respectively an LP solution to the BSDE (£, T, g) and BSDE (¢',T,¢'). If ¢ < &', dP — a.s. and one of the
following two statements holds true:

(i) g satisfies (H1), and (H4), and

gt ys, z1) < g (tyh, 21), dPxdt — a.e;
(i) ¢’ satisfies (H1), and (H4), and

9t ye, 2e) < g (tys, 2), dP xdt — a.e.,
then for each t € [0,T], we have

v <vy;, dP - a.s.

Proof. We first assume that { < ¢, dP — a.s., g satisfies (H1), with p(z) and (H4), and g¢(t,y;,2;) <
g (t,y;,2;), dP x dt — a.e.

Setting §r = yr — Y}, 2t = 2 — 2, € = € — €, by the It6-Tanaka formula (see Exercise VI.1.25 in Revuz
and Yor [39] for details) we have that for each t € [0, 7],

T
. pip—1) [\ p- .
6+ 22 [ g2, ol ds
t

T T
= (€ 4p / 151 g, 50[9(5, 3es 22) — 9/ (5,4, 21)] ds — p / 1927115, 502.dB,. (15)
t t

Since g(s,yL, zL) — ¢’ (s, 4%, %) is non-positive, we have

9(8,95725) - gl(Sayng;) (s7ySaZS) - g(S,y;,Z;) +g(5’y;7'z;> - gl(S’yng;)

=g
< 9(8,Yss 25) — (8, Yss 25) + 9(8, Ys 25) — g(s, Y5, 24)
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and we deduce, using (H1), and (H4) for g together with a similar inequality before (3), that

plgs P g 50l9(s, ys, 25) — 9 (5,94, 20)] < pp((53)7) + pAIGT P71 2|

PN pp—1) . ,_ .
< pp((aH)) + B8 D -2, ol (16)

4

where

p(u) := p(u) +ds yu

with dy , = A?/(p —1) is again a nondecreasing and concave function with p(0) = 0 and p(u) > 0 for u > 0.
Thus, in view of £ < ¢, it follows from (15) and (16) that for each ¢ € [0, T,

T T
@GP <p / A((GF)P)ds — p / 19711, 505 B,.
t t

Note that (f(;5 ‘gs|p71:ﬂ-ys>025st)te[0,T] is a martingale by the BDG inequality, and p(u) is a concave func-
tion. It follows from Jensen’s inequality that for each ¢ € [0, T,

E[(57)") < p / AE[(57)7])ds. (17)

t

Furthermore, since p(-) is a concave function and p(0) = 0, we have p(u) > p(1)u for each u € [0, 1], and
then for each 0 < u <1,

1 1 N 1 Ay
p(u)  plu) +d5 u p(u) + Zii‘;p(u) p(1) +ds, plu)

As a result,

and then
v <vy;, dP - a.s.

Now, let us assume that £ < &', dP — a.s., ¢’ satisfies (H1), with p(z), and (H4), and g(t,y:, z) <
g (t,ys,2¢), dP x dt — a.e. Since g(s,ys, zs) — ¢'(8, ys, 2s) is non-positive, we have

g(svysv'zs) - g/(S,y;,Z;) = g(svysazs) - gl(svySVZS) + g/(87y5728) - g/(S,yg,zg)
S g/(saysv Zs) - g/(‘g)y;a ZS) + g/(57y;7 ZS) - g/(sa y;7 Z;)
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Furthermore, using (H1), and (H4) for ¢/, we know that the inequality (16) holds still true. Therefore, the
same argument as above yields that for each ¢ € [0, 77,

v <vy;, dP - a.s.
The theorem is proved. O
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Appendix A

In this section, we will give the proof of Proposition 1 in Section 2. The following Lemma 2 will be used
frequently, which comes from Lemma 6.1 in Fan and Jiang [22].

Lemma 2. Let f(-) be a nondecreasing continuous function on R with f(0) = 0. Then, the following two
statements hold true:

(a) If f(-) is concave on RT, then f(x)/x, x > 0 is a non-increasing function.
(b) If f(x)/x, x > 0 is a non-increasing function on R™, then there exists a nondecreasing concave function
p(-) defined on RT such that for each x > 0,

flx) < plr) <2f(x).
Proof of Proposition 1. First, let us prove that for each 1 < p < g,
(H1), = (H1),.

In fact, assume that g satisfies (H1), with a nondecreasing concave function p(-). Then we have, dPxdt — a.e.,
Vyl,yz S Rk, z € RkXd,

Y1 — Y2

‘yl - y2|q_1<|y1 B y2|ﬂ\y17y2|;£0,9(wat7y17z) - g(wat7y2az)> S ﬁ('yl - y2|q)7

where for each = > 0,

Obviously, p(-) is a nondecreasing continuous function with p(0) = 0 and p(x) > 0 for = > 0. It follows
from (a) of Lemma 2 that

x x

is a non-increasing function on R*. Furthermore, by virtue of (b) of Lemma 2 we know that there exists a
nondecreasing concave function (-) such that for each z > 0,

pla) < k(z) < 2p(x).
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Then we have, dP x dt — a.e., Vy1,y2 € RF, z € RF*4,

Y1 — Y2

lyr — ya2|7 o = y2|11|y1,y2\¢o,g(w,t7y1,2) — 9w, t,y2,2)) < K(ly1 — y2|?)

and

/ du 1/ du l/ug_l q dx
s =2 w2 )™ T 2 ) e
0+ 0+ 0+ 0+
Hence, g satisfies (H1), with x(-), and then (z) of Proposition 1 holds true.
Then, we prove that for each 1 < p < g,
(H1b), = (H1b),.
Indeed, it suffices to show that for a nondecreasing concave function p(-) on R* with p(0) = 0, if

ud=1
du = 400,
/ p?(u)

0+

then

[w
——du = +00.
PP (u)

0+

However, by (a) of Lemma 2 this statement follows easily from the following observation:

uP q—p q—p
lim inf IO lim inf (M) > <@> > 0.

w0t ui! u—0+ U - 1
pa(u)

Hence, (4i) of Proposition 1 is also true.
In the sequel, we prove that for each p > 1,

(Hla), = (HIb),.

In fact, assume that g satisfies (Hla), with a nondecreasing concave function p(-). Then we have, dP x
dt — a.e., Vyi,y2 € RF, 2 € RF¥4

Y1 — Y2
(

m]lwlfyg\#mg(wvtyhz) - g(w7t72/272’)> < 16(|y1 - yQD7

where for each = > 0,

Obviously, p(-) is a nondecreasing continuous function with p(0) = 0 and p(x) > 0 for z > 0. It follows
from (a) of Lemma 2 that
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is a non-increasing function on R*. Furthermore, by virtue of (b) of Lemma 2 we know that there exists a
nondecreasing concave function (-) such that for each = > 0,

5(x) < (z) < 24(z).
Then we have, dP x dt — a.e., Vy1,y2 € RF, 2 € RF*4,

Y1 — Y2
<m1|y1—y2|7&079(w,t7y1’z) — 9w, t,y2,2)) < K(ly1 — y2l)

p-1 1 p—1 1 p—1 1 1
/“—duz_/?—du:_/“—du:_/_dx:m.
wo(u) 2w ) pru) 2 ) p(wr) T p2r ) p(x)
+ o+

0+ 0+ 0

and

Hence, g satisfies (H1b), with x(-).
Furthermore, we prove that for each p > 1,

(H1b), = (Hla),.

In fact, assume that g satisfies (H1b), with a nondecreasing concave function p(-). Then we have, dP x
dt — a.e., Vy,y2 € R¥, 2 € RF¥4

Y1 — Y2

1
mﬂ-|y1—y2|;ﬁ0>g(wat7ylaz) —g(w,t,y2,2)) < pr(lyr — y2/P),

where for each = > 0,

Obviously, p(-) is a nondecreasing continuous function with p(0) = 0 and p(z) > 0 for = > 0. It follows
from (a) of Lemma 2 that

is a non-increasing function on R*. Furthermore, by virtue of (b) of Lemma 2 we know that there exists a
nondecreasing concave function (-) such that for each x > 0,

p(x) < lx) < 27().

Then we have, dP x dt — a.e., Vy1,y2 € RF, 2 € RF*4,

Y1 — Y2 i
mﬂ\yryz#o,g(W,t,yl,z) —g(w,t,y2,2)) < k7 (ly1 — y2|?)
and
du 1 / du 1/ du p/ op—1
=25 | Zx =5 V1. =5 | ryde=+too.
/ k(u) —2) plu) 2 pp(u%) 2 ) pr(z)
o+ ot o0+ o+

Hence, g satisfies (H1a), with x(-), and then (¢i¢) of Proposition 1 holds true.
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Finally, we prove that the concavity condition of p(-) in (H1b), and (Hla), can be replaced with the
continuity condition.

Assume first that p > 1 and g satisfies (H1b), with p(-) : RT — R, which is a nondecreasing continuous
(but not concave) function with p(0) = 0, p(u) > 0 for u > 0 and

up~!
——du = +o0.
/ PP (u)
o+
Then, there exists a P C Q x [0,T] with
dP x dt((2 x [0,T]) NP) = 0

such that for each (w,t) € P, y1,y2 € R¥ and 2z € R**¢| we have

Y1 — Y2
(=

|y1 — y2|]]-|y1—y2\;607.g(w7taylvz) - g(w7t,y2,z)> < p(|y1 - yQD (18)

Now, for each » € RT, let

F(T) = sup {<ﬁ:ﬂ-|y1—y2|;ﬁ0ag(wat7ylaZ) _g(watvy%z» : (yl,y2) € Rk X Rka

lyr — yo| <7, (w,t,2) € P x ka‘i} )
It is clear that F(0) = 0. It follows from (18) that F(-) is well-defined, nondecreasing and for each r > 0,
0<F(r) <p(r).
Thus, in view of the continuity of p(-) and the fact p(0) = 0, we know that F(-) is right-continuous at 0.

Furthermore, for r, s > 0 and (y1,y2) € R¥ x R* with r < |y; — ya| < 7 + s, it follows from the definition of
F(-) that for each (w,t) € P, y1,y2 € R* and 2z € Rk*4,

Y1 — Y2
<|y1 — y2| ]]-|y1—y2\3£07.g(w7t7 Yi, Z) - g(W,t, Y2, Z)>
Y1 — Y2 Y2~
=({———1y,— Oag(w7taylvz)_g(w7tay1+r—’ >

1 — v2| [y1—y2|# ly2 — u1|

Y1 — Y2 Y2—
<7]1 — O7g(w7t7yl+T7’Z>_g<w7tay27z)>

g — g T ly2 — 1

< F(r)+ F(s)
so that, the case |y1 — y2| < r being trivial, we conclude that F'(-) is sub-additive. That is, for each r, s > 0,
F(r+s) < F(r) + F(s).

As a result, F(-) is a continuous modular function, and then there exists a nondecreasing and concave
function p(-) : RT — R such that for each u > 0,

F(u) < plu) < 2F(u) < 2p(u)

(see pages 499-500 in [30] for details). Thus, it follows from (18) and the definition of F'(-) that dPxd¢ — a.e.,
for each (y1,y2,2) € RF x RF x RF*d,
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Y1 — Y2 _
mﬂhjlfyﬂ#())g(watvyhz) - g(wat7y2a2)> < F(|y1 - y2|) < p(|y1 - y2|) < K’(|yl - y2|)’

where

Clearly, k() is a nondecreasing and concave function with x(0) = 0 and x(u) > 0 for u > 0. Thus, for
completing the proof that g satisfies (H1b),, it suffices to show that

uP !
/ ) du = +oo.

0+

Indeed, if p(u) > 0 for each u > 0, since p(-) is concave on Rt with p(0) = 0, we have p(u) > up(1) for each
u € (0,1), and then

o+ 0
PP (1) ub~t
—<1+ﬁu»p/ﬁuwd“

0+

1P fwt
2 u+mm%[wwf

Y

= +o0.

Otherwise,

/::(:)du:/ﬁdu: dUuz-l-oo.

o+ o+ o+

Thus, in view of (47) of Proposition 1, we have proved that the concavity condition of p(-) in (H1b), and
(H1a), can be replaced with the continuity condition. The proof of Proposition 1 is then completed. O
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