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1. Introduction

Chemotaxis is the directed movement of cells in response to the gradient of a chemical signaling sub-
stance [17,27]. A model has been proposed to describe the chemotaxis—fluid interaction in cases where the
evolution of the chemoattractant is essentially dominated via its production by cells [2,17]. Based on nu-
merous applications (e.g., see Hillen and Painter [17]), we assume that the cell kinetics follow a logistic-type
law determined by the parameters a and b, where allowing for the borderline case when a = 0, we explic-
itly include cases where cell proliferation can be neglected. In the present study, we investigate the basic
mathematical features of a simple model of chemotaxis—fluid interaction in cases where the evolution of the
chemoattractant is essentially governed by it production from cells, as found in the original Keller—Segel
system (see [21,22]). In physically relevant cases, the environment of the bacterial cells is more complex
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and additional external influences must be considered. There may be interactions between the bacterial
swimming speed and direction, such as the effects of gravity. As noted by Xue and Othmer in [48], this may
lead to chemotactic sensitivity, which is actually a tensor type rather than a scalar function. In particular,
we consider a chemotaxis—Stokes system with rotational flux and a logistic source

ne+u-Vn=V-(Dn)Vn)—V - (nS(z,n,c)-Ve)+an—bn? z€Q,t>0,
cc+u-Ve=Ac—c+n, ze€Qt>0,

u + VP =Au+nVo+g(x,t), x=€Qt>0,

Veu=0, ze€Qt>0,

(D(n)Vn —nS(z,n,c)-Ve) - v=Ve-v=0,u=0, x€dt>0,

n(z,0) = ng(z), c(z,0) = co(x), u(z,0) = up(x), z €9,

N 92
where € is a bounded domain in R? with smooth boundary 0, A = Z %, E denotes the outward
i=1 "
unit normal derivative on 99, a > 0, b > 0, g € C*(Q x [0,00)) N L>®(2 x (0,00)), and D(n) denotes the
nonlinear diffusion. In this setting, n = n(z,t) and ¢ = ¢(z,t) denote the density of the cell population and
the oxygen concentration, respectively, while u = u(x,t) and P = P(x,t) represent the fluid velocity and
the associated pressure, respectively. Moreover, model (1.1) assumes that in addition to the driving action
of cells through buoyant forces within the gravitational field with potential ¢, the motion of the fluid might

be controlled by a given external force g. S(x,n,c) is a chemotactic sensitivity tensor that satisfies
S € C*(Q x [0,00)2%; R3*3) (1.2)
and
|S(x,n,c)] < Cs(14+n)"* forall (z,n,c) € Qx[0,00)> (1.3)

with some Cs > 0 and « > 0.
If w =0 and S(x,n,c) := S(n), then (1.1) transforms into the following quasilinear chemotaxis model,
which was proposed in pioneering studies by [35,41]:

ng=V-(Dn)Vn) —xV-(S(n)Ve) + h(n), x€Q, t>0,

T, =Ac—c+n, € t>0,

on  Oc (1.4)
_— = — = Q

% — oy 0, z€0dN t>0,

n(z,0) =no(z), c(x,0)=co(z), z€Q

with 7 =0 or 1 and h(n) = an — bn?. For problem (1.4) in the absence of a logistic source, i.e.,

ny=V-(D(n)Vn) —xV-(S(n)Ve), z€Q, t>0,

ag=Ac—c+n, € t>0,

on  Oc (1.5)
%—87—0, $€897t>0,

TL(:L‘,O) = nO(x)a C(IE,O) = Co(.’ﬂ),l' € Q,

many studies have considered the global boundedness or blow-up of the solutions to problem (1.5) (see
Burger et al. [3], Ciedlak et al. [6-8], Dolbeault and Perthame [9], Hillen [17], Horstmann et al. [18], Ishida
et al. [20], Kowalczyk [23], Winkler et al. [31,47,43]).
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Moreover, logistic-type growth restrictions have been demonstrated to prevent any chemotactic collapse
in some systems that are closely related to (1.4) (e.g., see Winkler [41,35], Wang et al. [38,39], Zheng [50,51]).
In particular, if 7 =1, D(n) =1, S(n) = n, h(n) satisfies

h(n) < a—bn* forall n>0 (1.6)

with A = 2 and sufficiently large b, then Winkler [41] proved that problem (1.4) possesses a unique global
in time and bounded classical solution for all sufficiently smooth initial data. Wang et al. [38] also showed
that when D(n) = (n+1)77, S(n) = n(n+ 1)7! with 0 < p+ ¢ < %, and h satisfies (1.6), then
problem (1.4) possesses a unique globally bounded classical solution (n,c). When D(n) =1, S(n) = n, h(u)
satisfies (1.6) with A = 2 and some a > 0, b > 0. Thus, Tello and Winkler [35] discussed the existence of
global bounded classical solutions under the assumption that either N < 2, or the logistic damping effect

b >

X h(u) satisfies (1.6) with some a > 0, b > 0, and in our recent study [51], we proved that if

0<p+gq<max{r—1+p, %} or b is sufficiently large when ¢ = r — 1, then the classical solutions to (1.4)
are uniformly bounded.

If S(z,n,c) = xS(c) with x > 0, and a given function S, —c+ n in the c-equation is replaced by —nf(c)
with a given function f, and the u-equation is a (Navier—)Stokes equation, then (1.1) becomes the following
chemotaxis—(Navier—)Stokes system in the context of signal consumption by cells

ne+u-Vn=V-(Dn)Vn) —V-(nS(c)Ve), z€Q,t>0,
a+u-Ve=Ac—nf(e), xe€Q,t>0,

us + k(u-Vu+ VP = Au+nVo+ g(a,t), x=e€Qt>0,
V-u=0, ze€Qt>0.

(1.7)

Systems of this type arise during the modeling of populations of aerobic bacteria suspended in sessile drops
of water [10,37]. This model describes the motion of oxygen-driven swimming cells in an incompressible
fluid. The motion of the fluid is under the influence of the gravitational force exerted by the aggregation of
cells in the fluid [10,37].

In recent years, approaches have been developed based on a natural energy functional, and some local and
global solvability aspects of the corresponding initial value problem for (1.7) in either bounded or unbounded
domains (e.g., see Chae, Kang, and Lee [4,5], Duan, Lorz, Markowich [11], Liu and Lorz [25,26], Tao and
Winkler [34,42,44,45], Zhang and Zheng [49], and the references therein). For instance, if the diffusion of the
cells is linear, i.e., D(n) = 1, in [26], certain local in time weak solutions were constructed for a boundary
value problem for system (1.7). Winkler [42] proved that the system possesses a unique global classical
solution for large data in a bounded convex domain 2 C R? and the simplified chemotaxis-Stokes system
possesses at least one global weak solution for large data in a bounded convex domain  C R®, whereas
n [25], global weak solutions for large data were constructed in two space dimensions by Liu and Lorz.
In the case of degenerate cell diffusion in a porous medium type, i.e., the diffusion term V - (D(n)Vn) in
the first equation of (1.7) is replaced by a porous medium-type diffusion term An™, and many results are
related to the mathematical analysis of (1.7). In fact, if K = 0 in the third equation of (1.7), [13] asserted the
global existence of weak solutions for the system with m € (%, 2] and Q C R?, whereas Tao and Winkler [32)]
proved that global bounded weak solutions exist whenever m > 1, which fills up the gap (1, g] Moreover,
[13] established the global existence of weak solutions for the system with m € [7"’1—@, 2] and Q C R3,
whereas Tao and Winkler [33] recently proved that the model possesses global weak solutions for large data
in a bounded convex domain  C R? that is locally bounded with m > %, when Q = R3. Liu and Lorz

25] and Duan and Xiang [12] also established the global existence of weak solutions for m = 3 and m > 1,

respectively.
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It has been noted that due to the presence of the tensor-valued sensitivity, the corresponding chemotaxis—
Stokes system loses some energy structure, which leads to considerable mathematical difficulties during the
analysis. Therefore, very few results appear to be available for chemotaxis—Stokes system with such tensor-
valued sensitivities [19,40,46]. In fact, in two space dimensions, assuming that

|S(x,n,c)| < So(c) forall (z,n,c) €N x[0,00)2, (1.8)
Ishida [19] proved that the following problem

ne+u-Vn=V-(Dn)Vn) —V - (nS(z,n,c)Ve), z€Q,t>0,
ct+u-Ve=Ac—nf(e), z€Q,t>0,

ug+ VP =Au+nVeo, x€Q,t>0,

V-u=0, ze€Qt>0,

(1.9)

admits a bounded global weak solution, where Sy is a nondecreasing function on [0,00), D(n) = mn™!
and f(c) = c. Winkler [46] developed alternative a priori estimates to prove that in a bounded convex
domain, Q C R3, the chemotaxis—Stokes system (1.9) possesses at least one bounded weak solution, which
stabilizes to the spatially homogeneous equilibrium (79, 0,0) with ng := \ﬁll fQ ng as t — oo. In this case,
the nonnegative function f € C1([0,00)), S satisfies (1.8),

D e C},.(]0,00)) for some ¢ >0, (1.10)
as well as
D(n) > Cpn™ " forall n>0 (1.11)

with some m > 1 and Cp > 0. For the case of linear diffusion in (1.1) without a logistic source, the global
bounded classical solution was established in a two-dimensional space [40] for arbitrarily large initial data
under the assumption that S(z,n, c) satisfies (1.2) and (1.3).

Motivated by these previous studies, our main aim is to consider the effect of the diffusion exponent on
the boundedness of solutions to (1.1) in a three-dimensional case. In contrast to the chemical consumption
setting considered by [24,46], which leads to a quite easily obtainable L> bound for ¢, our setting of signal
production by cells does not allow the application of the important auxiliary lemma of [24,46], which played
a crucial role in the proof of boundedness in previous studies. Therefore we derive a different sequence of
a priori estimates to overcome this problem.

The remainder of this paper is organized as follows. In Section 2, we recall some preliminary results, state
the main results of this study, and prove the local existence of the classical solution to (1.1). In Section 3,
we establish an iteration step to develop the main component of our result. In particular, we give a suitable
upper bound of [,n? + [, |Vec:[*?, where (n.,c.,u.) is the solution of the regularized problem of (1.1).
After this crucial step, only a straightforward rearrangement of the standard arguments is required (e.g.,
see [1] and Lemma A.1 from [30]), i.e., a Moser-type iteration will allow us to pass to a time-independent
a priori estimate for n in L>(Q2).

2. Preliminaries and main results

Before proving our main results, we provide some preliminary lemmas, which play a crucial role in the
following proofs. The proofs of these lemmas are not repeated in this study.
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Lemma 2.1. ([15,20]) Let s > 1 and q > 1. Assume that p > 0 and a € (0,1) satisfy

p
3 +

=(1-a)

w [

and p < a.

N~
e

Then, co,ch > 0 exist such that for all u € WH2(Q) N Lg(Q),

lf‘a
La(Q)

Jullwss@y < collVulaoy 5%+ chlull,
Lemma 2.2. (/50]) Let 0 < 6 < p < 6. A positive constant Cqn exists such that for allu € W2(Q)NL%(Q),

lull o) < Can (IVullfa g llull ooy + lullze))

3_3

. , . )

is valid with a = §_i € (0,1).
6 2

In this study, we assume that
¢ € WhHe(Q). (2.1)

Moreover, let the initial data (ng, co, up) satisfy

ng € C*(Q) for certain x>0 with ng >0 in £,
co € WH(Q) with ¢ >0 in Q, (2.2)

1
ug € D(A)) for some v € (5, 1) and any r € (1,00),

where A, denotes the Stokes operator with domain D(A,.) := W27 () N W, (Q) N LL(Q), and L (Q) :=
{p € L"(Q)|V - ¢ = 0} for r € (1,00) [29].

Theorem 2.1. Let (1.2), (1.3), and (2.1) hold, and suppose that D satisfies (1.10) and (1.11), with some

6 1
2 - 2.
m > max{5 a, 3}, (2.3)

and a > 0. Then for any choice of ng, co, and ug that satisfies (2.2), the problem (1.1) possesses at least one
global weak solution (n,c,u, P) in the sense of Definition 2.1 below. This solution is bounded in Q x (0, 00)
in the sense that
[n(, )l Lo (@) + lleC Dllwree @) + lul, ) [wree@) < C for all t>0. (2.4)
Furthermore, ¢ and w are continuous in € x [0,00), and
n € CY_([0,00); L%(Q)) in L®(Q x [0,00)), (2.5)
i.e., n is continuous on [0,00) as an L>°(Q)-valued function with respect to the weak-+ topology.

The assumption (2.3) originates from the modeling approaches, including the volume-filling effect, i.e.,
the movement of cells is inhibited near points where the cells are densely packed (see [28]), and thus the
exponent « > 0 implies that the role of chemotaxis will weaken when the cell density increases.
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Definition 2.1. Let 7' > 0 and (ng, co, up) satisfies (2.2). Then, a triple of functions (n, ¢, u) is called a weak
solution of (1.1) if the following conditions are satisfied

n € L, (2% [0,1)),
¢ € L5, (2 x [0,7)) N L, ([0,7); Wh(9)), (2.6)
U 6Lloc([ ) );Wl’l(ﬂ)%

where n > 0 and ¢ > 0 in 2 x (0,7) as well as V - u = 0 in the distributional sense in € x (0,7T); moreover,
H(n), n|Vec| and nlu| belong to L},.(Q x[0,T)), (2.7)

and

_/T/mpt /nmp /T/H A¢+/T/n(5(x,n,c)~Vc)~V<p
0O 0O 0O

T T
+O//nu Vgo—i—a/ﬂ/gon—bo/!san2

for any ¢ € C5°(Q x [0, 7)) that satisfies g—f =0on 90 x (0,7), as well as

T T T T T
—//cgot—/cogo //Vc-ch //cgo+/ n<p—|—//cu-V<p (2.9)
0 Q Q 0 0 Q 0 Q 0 Q
for any ¢ € C5°(Q x [0, 7)) and
T T T
—//u o — /uogo //Vu Vo — //anS g0+//ggo (2.10)
0 0 Q 0

for any ¢ € C°(Q x [0, T); R?) that satisfies Vo = 0 in Q x (0, T), where we let
s) = /D(a)da for s> 0.

If Q x (0,00) — R® is a weak solution of (1.1) in Q x (0,7) for all T > 0, then we call (n,c,u) a global
weak solution of (1.1).

Given Definition 2.1, we can verify that (1.1) is globally solvable by applying the previously established
estimates and in the standard manner of passing to the limit.

It is known that the solutions to (1.1) will serve as the limit of the solutions to the corresponding regular-
ized system. Thus, in this section, we first establish the regularized system of (1.1). Thus, we approximate
the diffusion coefficient function in (1.1) by a family (D ).¢(o,1) of functions

D. € C*((0,00)) such that D.(n) > ¢ for all n. > 0
and D(n) < D.(n) < D(n) + 2¢ for all n > 0 and € € (0,1).
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Next, we let (pc)ze(0,1) € C5°(€2) be a family of standard cut-off functions that satisfy 0 < p. <1 in Q and
pe — 1in Q as € — 0, and we define

S.(z,n,¢) = pe(x)S(x,n,¢), v€Q, n>0, ¢>0 (2.11)

for e € (0,1) to approximate the sensitivity tensor S, which implies that Sc(xz,n,¢) = 0 on 99 for each
€ (0,1). Therefore, the regularized problem of (1.1) is presented as follows.

Net + Ue - Vne =V - (De(ne)Vne) — V- (neSe(z,ne,¢)Vee) + ane —bn?, € Q,t >0,
Cet +Ue - Vee = Ace — e +ne, x€QE>0,

et + VP = Au. +n. Vo + g(x,t), x€Q,t>0,

Vou.=0, ze€Q,t>0,

Vn. - v=Ve.-v=0u. =0, z€d0t>0,

ne(x,0) = no(z), ce(2,0) = co(x), ue(2,0) = ug(x), =€ Q.

(2.12)

Given the well-established fixed point arguments (see [46], Lemma 2.1 in [28], and Lemma 2.1 in [45]), we
can prove that (2.12) is locally solvable in the classical sense, which is stated as the following lemma.

Lemma 2.3. Assume that € € (0,1). Then, Thar € (0,00] and a classical solution (n.,ce,uc, P:) of (2.12)
in QX (0, Thnaz) exists such that

ne € COQ % [0, Tnaz)) N C31(Q x (0, Thraz)),
ce € O X [0, Trnaz)) N C*HQ x (0, Traz)),
ue € CO(Q % [0, Tynaz)) N C3HQ x (0, Traz)),
P. € C°(Q x (0, Traz))s

(2.13)

by classically solving (2.12) in Q X [0, Tinaz). Moreover, n. and c. are nonnegative in @ x (0, Tinaz), and
[ne (- D)oo () + [lec () [wree @) + A ue (4 0) || L2(0) = 00 as t = Tiaa, (2.14)

where v is given by (2.2).

3. A priori estimates

In this section, we establish an iteration step to develop the main component of our result. The iteration
step depends on a series of a priori estimates. First, let us derive the following a priori bound for the solutions
of model (2.12).

Lemma 3.1. ([46]) Let 1 € [1,400) and r € [1,+00] be such that

3r .
{ - P73 (3.1)

l<oo if 7> 3.

Then, for all K >0, C = C(l,r, K) exists such that if for some € € (0,1), we have
ne(-, )l Lr) < K forall t € (0,Thaz), (3.2)
then

| Duc(-, )iy < C forall t € (0, Traz)- (3.3)
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The proof of this lemma is very similar to that of Lemma 2.2-Lemma 2.6 in [34], so we omit its proof

Lemma 3.2. C' > 0 exists such that the solution of (2.12) satisfies

[ne+ [1vulz s+ [IWep s [e<c porait te 0T, (3.4)
Q Q Q Q

Lemma 3.3. Let p > 1. Then, the solution of (2.12) from Lemma 2.3 satisfies

1 d CD(p— 1) _
_EHnEHip(Q) + T/nzﬂ-p 3 Vn.|?

Q
(3.5)
(p B 1)02 —m—2a
< TDS nEt M2 e |24 [ nP —b [ nPt

Q Q Q

Proof. By taking n?~! as the test function for the first equation of (2.12), combining with the second
equation, and using V - u. = 0, we obtain

1 d _
Gl + = 1) [ 022D ) T
Q

< (p-— 1)/n§*1Vns < (Se(x,ne,ce) - Vee) +a/n /n’;Jrl

Q

(0= 1Cs [ n2 Vnc|Verl +a [ 2 / Rt

(3.6)
Q Q Q

_ _ 2
S CD(p ]-) /ngz+p—3|vn€|2+ (p 26})05' /nsp+17mf2a|vcs|2
D

2
Q Q
—I—a/nﬁ—b/né’“,
Q Q

which together with (1.11) implies that

IN

Cop=1) [ mip-
LIz, Q)Jr#/ne 23|y, 2
Q

o (3.7)
< (p 2;)05 /n§+17m72a|vca|2 +a/n;§ _ b/n;;ﬂ'
D

Q Q Q
This completes the proof of Lemma 3.3. O

Lemma 3.4. For all § > 1, the solution of (2.12) from Lemma 2.3 satisfies

1 d 6—1 2 1 _
2Bdtchg||L2ﬁ(Q)+ <452 )/|V\Vc5|5| +§/|vc5|2ﬂ 2|D205|2+/\V05|2'6
< (3+2</3—1))/n§|wg|25—2+(3+2(5—1)>/|ug|2|vc5|2ﬂ+c for all t € (0, Tynas)
Q Q

where C' > 0 is a positive constant that is independent of €.
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Proof. Given that Ve, - VAc. = 2A|Ve.|? — [D?c.|?, then by a straightforward computation using the
second equation in (2.12) and several integrations by parts, we find that

1

4
23 dt

/ |Vc€|2’8*2VCE -V(Ace — ¢ +ne —ue - Vee)
Q

1
=5 [vepawer —/\Vc€|2ﬂ_2|D205|2 - [ 1vep
Q Q Q

| Vee Hiﬁzﬁ 0

- /nEV (Ve 252V, + /(ua VeV - (Ve PP 2Ve.)
Q

Q
ﬁ—l _ 2 1 _ 8V052
= —?/\Vcelzﬂ HV[Ve | +§/\Vc€|25 2%—/|V05\%
Q o0 Q

- / Ve [*~2|D%c.|? - / ne|Vee 7 Ac. — / neVe. - V(|Vee 72 (3.9)
Q Q Q

+ /(ue V)| Ve P2 Ace + /(ug V) Vee - V([ Vee 2P 72)

Q Q
_ _2(%; 1) /’V|Vcaﬂ’2+%/|vca|2ﬁ_za|giia|2 —/|Vca|2ﬁ_2|D205|2
) 89 )
—/nE\VcE\w*QAcE —/nEVcE-V(|VcE\2ﬁ72) —/\ch|2ﬁ
Q Q Q
+ [ Ve Te 200 + [ (e Ve Ve, T(Ve )
Q Q

for all t € (0, Tynaz). In this case, since |Ac.| < v/3|D?c.|, by Young’s inequality, we can estimate

Jonel Ve |72 Ac. < \/g/nE\Vcs\Qﬁ*2|D205|
o)

. (3.10)
< Z/|Vc€|25_2|D205|2+3/n?|VcE\2fB_2
Q Q
and similarly,
Jo(e - Veo)|Vee P2 Ac. < \/§/|u5~Vc€||VCE\25_2|D205\
Q
1
< Z/|vc8|2‘ﬁ—2‘\D2c6|2‘+3/|u8.vc5|2|vc5|2‘"2 (3.11)
Q Q

IN

1 _
3 19l DRl 5 [ v
Q Q

for all ¢t € (0, Thnaz ). Moreover, by the Cauchy—Schwarz inequality, we have
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— JoneVee - V(|Ve|#272) = —(8 — 1)/n5|vc€|2<ﬁ*2>vcg -V|Ve|?

Q
Bg—1 _ 2 _
< T [P v -y [Fve o)
< 252 /|V\Vc€|5| +2(8-1) /\n5| Ve |22
and
Jo(ue - Ve ) Ve - V(| Vee[2P72) /ug V)| Ve PP=DVe, - V|Ve. 2
Q
<ot / e[~ |V |Ve. 2|
& (3.13)
L5 - 1)/|u€-Vc€|2|ch|25_2
2
< 57 /IV\v e’ 208 - 1) /\u€| Ve,
Next, we deal with the integration on 02. From Lemma 2.1, we can see that
d|Vee|?
/ \af—' Ve 92
a0
S C«Q/|vcs|2ﬁ (314)

= Cal|Veel 7200 -

Let us take r € (0, 1). The embedding Wrt2:2(Q) < L2(89) is compact (e.g., see Proposition 4.22 (i) in
[16]), so we have

H|VC6|B||%2(GQ) < Cl|||vce\5||iw+%,z(m- (3.15)

In order to apply Lemma 2.1 to the right-hand side of (3.15), let us select a € (0,1) to satisfy

_3B8+2r—2
T 36-1

We note that 7 € (0,3) and 8 > 1 implies that r + 3 < a < 1, so from the fractional Gagliardo-Nirenberg
inequality (Lemma 2.1) and the boundedness of |ch|2 (see Lemma 3.2), we can see that

B2
VeI, 2
VIVl [faqeyll Veel? 15+ chlIveal’l,

Co||V|Vee|? 520 + Co-

IN

S (3.16)

A

By combining (3.14) and (3.15) with (3.16), we obtain
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9|Vee|? _ a
[ b e 2 < llvive g + o
o0

363

(3.17)

Now, by inserting (3.10)—(3.13) and (3.17) into (3.9), and using Young’s inequality, we can obtain the results.

This completes the proof of Lemma 3.4. O
By Lemma 3.3-3.4, we can obtain the following Lemma.

Lemma 3.5. Assume that m >1—«, and g > 1. If
4 2 4
max{1, 3 —m,m+ 20— 2} <p< [2m+a) 235~ 1)+ 5 —m,

then for all, small 6 > 0, we can find a constant C := C(p, 3,6) > 0 such that

m+

Q

Proof. By the Hélder inequality, we have

Ji = /nfg“*m*?ﬂvcaﬁ
Q

1 2
3 3
3 1-m—2 3
< \/n6 (p+1-m—2a) /|VC€|
Q Q
ptm—1 2(P+l-m—2a) 9
—ln. 2 prm—1
= [|ne | epti—m—2a) ||VCEHL3(Q)-
L p+m—1 (Q)
Since, m > 1 —«a and p > m + 2a — %, we have

2 <6(p+17m720¢)

< <6,
p+m—1 p+m—1
which together with Lemma 2.2 and m > 1 — « implies that
ptm—1 M
e =11 oii—m—ze)
L p+m—1
plo 1 ptm—1 ptm—1 2(p+l—m—2a)
2 K1 2 I—pu 2 2ptl-m_2a)
< Ca(l[vne ”LQ(Q)”nE ||Lp+3L71 (Q) e HLpJTi_l (Q)) e
ptm—1 Wiiia)ul
< G T )
p+m—1 2(1_6(7"4’51*_1))
= CS(HVng 2 ||L2(Q)3p+3 )y 1)
with some positive constants Cy, C5 and
3[p+m—1]  3(p+m—1) 3 3
= 2 6(p+1—m—2a) _ [p+ m— 1] 2 6(p+1—-m—2a) c (0, 1)

1, 3[p+m—1] 1, 3[ptm—1]
_5_1'_% ___1_%

In this case, we have use the fact that

/n§+1—m—2a|vcg|2 < 5/|Vn5 E2 2 4 59|V 2oy + C for all t€ (0, Tonaa):
Q

(3.18)

(3.19)

(3.20)
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6(m+a—1)

2(1 —
( 3p+3m—4

) < 2.

In addition, due to Lemma 2.2 and the fact that g8 > 1 > %, we have

||VCE||2L3(Q) = |||vca|ﬁ||ﬂ% @

IN

3 % 3 20;#2) 5 %

Co([IVIVee?[ 2o I Vee | IIL%(Q) + [[IVee| IILg(Q))
2ug

< O7(||V|VCE‘ ||L2(Q) +1),

with some positive constants Cg, C7 and

3

IS

o}

M2 =

=B

-1
38 (Oa 1)'
2

+ -

N[=
ofgIE

N[ [Nl

By inserting (3.20)—(3.21) into (3.19) and using Young’s inequality, we have

2(1 6(m+a—1)

B2 Co(I9nE E T PG D L)1V Vel R, + 1)
2(1 6(7n+o¢ 1) ) jg;%
= Ca([nS T ey A DIVIVee ey +1)
6/\Vn5 i |2+5||V|VC5|ﬁ\|iz(Q)+cg for all ¢ € (0, Tyas)
Q

where we have used the fact that p < [2(m +a) —2](38—1)+ 35 —mandp> 3 —m. O

Lemma 3.6. Assume that 5 > 2 and 0 > 2ﬁ+1 If

20 20 — 4
p > max{l,1— m+3 T 3(35 1)—|—§—m},

then for all small § > 0, we can find a constant C := C(p,0,,5) > 0 such that

/ n2|Ve, [26-2 <6/|Vn5 24 8 VIVeelf 2oy + C for all £ € (0, Tonaa)
Q

Proof. First, due to the Holder inequality, we have

Jo ::/n§|VcE|2ﬁ’2

Q
1 1
6 97
Q Q
+m—1 4
— e [T Ive (26-2)

Lp+%r?—1 ( L6- 2)9,(9)7

where 6 and ¢’ satisfy 5 + & = 1.

(3.21)

(3.22)

(3.23)

(3.24)
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Moreover, by using p > 1 —m + % and Lemma 2.2, we can conclude that

4
[ne 2 H”m '
—1(Q)
1— p+m—1 4
< CollVne ¥ liglne * 10 line s )T (3.25)
< Cu(Ival T 4 1)
with some positive constants C1g, C11 and
3ptm—1] _ 3(ptm—1) 3_ 3
2 10 2 19
p3 = o =p+m—-1]——7"——€(0,1)
_% + w _% + M

Then, from 6 > 5 ,8 +1, B > 2, and Lemma 2.2, it follows that

(26-2) g 5
||vc5||L(2B—2)9’(Q) = H|VC5| H (ﬁzﬁfz)s’ @
2)p (28— 2)(1 pa (28-2)
< Cm(lIVlVCaIBHLz(Q) HlVCalBH o g \||Vc€|5\|L%B(Q)) (326)
(28—2)uy
< Cu(IVIVel gy +1)
with some positive constants C15, C13 and
7 - ( 35) 3 - ( = )
2 26-2)00 52 28—2)0"
pa= S g = R € (0)
2 2 2 2

By inserting (3.30)—(3.31) into (3.29) and using p > gz 538 —1) 4+ 3 — m and Lemma 2.2, we have

32—%) 3(B—1-4)

pt ZL W 8 W
J2 < Cra(||Vne 210 + DUIVIVe 7|l 2 @y +1)

< 5/|vn;”*f5” 2+ 0|V|Veel*|[F2(q + Cas for all t € (0,Trpaz). O 2
Lemma 3.7. Assume that 5 > 1. If
p > max{l, g —m, %(3,87 1)+ % —m},
then for all small § > 0, the solution of (2.12) from Lemma 2.3 satisfies
/u§|Vcs|25 < 5/ 9ne E 2 4 8 VIV e 2oy + C for all t € (0, Tona), (328)
Q Q

where a positive constant C' depends on 3 and §.
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Proof. First, due to the embedding W12(Q) < L5(2) and the Hélder inequality, we have

Js = /u?\VCEFB

Q 1 2
5 5
6 38 (3.29)
< u, Ve
Q Q
2
< Col|Ducl|7 o)1 Vee 73 q)
2 < % and thus Lemma 3.1 and p > m imply that
| Ducll72 ()
<
016(”"5“ i@ +1)
= Cig(|Ins II”"‘gl +1) (3.30)
Lp+tm—1 (Q)
< Curl(IVnl 37 g g im0 . T 41
< Ol E iz line E IO T e )
< Cis(|Vn 5 II”“" fH1)
with some positive constants Cig4, C17, C1s and
3[ptm=1] _ 3(p+m-1) 3_3
2 5 D) 5
M5 = 1 3[ +m_21] = [p+ m— 1} 1 3 —im—l] € (07 1)
-3 + pf -3 + pf
In addition, due to Young’s inequality, we have
2
Vel ) = Vel 13
2 2(1—
< Cull¥IVe P i IV PP VeI ) (3:31)
< Coo(|VIVee 755, + 1),
with some positive constants C1g, Cyo and
1
He = 1 33 € (Oa 1)
2t
By inserting (3.30)—(3.31) into (3.29), we have
g 3(5-2)
p+m— [p+ —1] _ 1,38
J3 < Co([|Vne ||L2($ + D(IVIVelll 25

L2(Q) + 1)
2+ 0lIVIVeel |72y + Coz for all t € (0, Trnaa)

mtp—1
< 6/|Vng 2
Q

(3.32)
a
=3
C :=C(p,0) > 0 such that

Lemma 3.8. Assume that m > = and p > max{1, M} Then for all small § > 0, we can find a constant

[z [

|2 +C forall t€ (0, Tmaz)-

(3.33)
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Proof. p > max{1, 21> m)} and m > %, so we have

2 2p
< <6,
p+m—-1"p+m-1"

and thus by the Gagliardo—Nirenberg inequality and Young’s inequality, we have

J4 ::/ng

Q

—1 2p
2 ||p+m 1

L p+7n 1 (Q)

= [Ine

2p

phR—L ptm=l g phm=d
< Co3(||Vne | L2(Q)||n5 ”Lv + [|ne |

2 2
Fm=1 (Q) Lpr+tm—1(Q)

_ 3=1
,,JrJM

< (Vs | A +1)

<5/|V7’L |2+CQ5,

with some positive constants Coz, Ca4, Cos and

3ptm—1] _ 3(ptm—1) 3
2

_ 2 2p o
7 = T1 L Bpte] =[p+m-—1]
2

1
4. Combining preViOuS estimates

Lemma 4.1. Assume that m > {¢ — «, 3}. If

1883 —

max{1, 155

(35 1)+ —m7m+2a—§}<p<[2(m+a)—2}(35—1)+§—m,

4
3
then a number > 2 exists such that for any € € (0,1),

e, )l e) + [Vee(, )l p2s @) < C
for allp > 1 and B > 3.

Proof. First, due to 5 > 1, we have

17 2 4
1885 5

Bi-15 =§>Oandm—|—a>g,

Next, since 41585 ° is a decreasing function with respect to 3, then limg 40 3
so B > 1 exists such that

6

— < = 2 -1 for all 8> B.
455—15<5 5 <2(m+4+a—1) foral >0

Now, by choosing 6§ = % in Lemma 3.6, we have

QX% 2 X
1—m+ <
3 5 %

—1 4 188 -5

B+ g om= o

T B+ —m

RSIRSS

)PEm=T (3.34)
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8/35

B 15 — % > 0, so we can also derive

41585:15 is a decreasing function with respect to 8 and limg_ o 3

4 188 —5 4
C m< T2 83— 1) 4= —m.
3 M g g om

2
(B -1+ 3

Choosing (s = max{3m + &, 5(m3+a) — 2}, and thus for 8 > B, we have

1843 — 4 2 188 —5

4
155 (35 )+§—m,m+2a—§} 55— (36 1)+ - —m.

1
max{1, 3

Now, by choosing 3 = max{2, 31, 32}, for any 8 > f3, the fact that m > max{g - a, %} implies that

85—5

max{1, 155 -

(3,8 1)+ gfm,m+2af§}<p<[2(m+a)f2](3ﬁfl)+§fm, (4.1)

holds. Now, by choosing a sufficiently small § in Lemma 3.5-Lemma 3.8, the solution of (2.12) satisfies

— /np+/|Vc ‘219 +/np /|Vn \2 /|Vc |2ﬂ %/|V65\2ﬁ_2|D2c€\2 (4.2)
Q

S 0267

which implies that

C < Cas,
Y y(t) + Cary(t) 28
where y := fQ nk + fQ |Ve.|?8. Thus, a standard ordinary differential equation comparison argument implies
the boundedness of y(t) for all ¢ € (0, Tyaz). Clearly, ||n.(:,t)||zr(q) and [[Veo(-,t)][ 126 (o) are bounded
for all ¢ € (0, T)nqz)- Finally, we can obtain the results by using the Holder inequality. Thus, the proof of
Lemma 4.1 is complete. O

Based on the estimates established above, we can derive the following boundedness results by invoking a
Moser-type iteration (see Lemma A.1 in [31]) and standard parabolic regularity arguments.

Lemma 4.2. Let m > max{$ — «, 3} and v be as given in (2.2). Then, we can find (g;)jen C (0,1) such
that €; — 0 as j — oo and such that

(-, )| o) < C forall t € (0, Thaz), (4.3)
and

llce (-, ) lwroe )y < C forall t € (0,Thae), (4.4)
as well as

[ue () lwre @) < € forall t € (0, Tiax)- (4.5)

Moreover, we have

||A’Yu5('7t)HL2(Q) < C forall te€(0,Tmaz)- (4.6)
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Proof. By the Moser-type iteration (see Lemma A.l in [31]), we can use Lemma 4.1 to prove (4.3). In
addition, (4.4) and (4.5) can be proved by using the standard parabolic regularity arguments.
Next, we prove (4.6). We apply the fractional power A” to the variation-of-constant formula

t

ue(-,t) = e g —l—/e*(th)AP(nE(-,t)Vqé + g(-,t))dr for all t € (0, Thaz)
0

and then we have

t
470 Bl < 147 Az + [ 147 D076 + gl ) 1200 d
0
for all t € (0, Trmaz),

where P denotes the Helmholtz project from L?(Q) into L2(2). Due to ug € D(A?), we can find C; > 0
such that

AT e g L2y = le T ATuo| 20y < C1 for all t € (0, Thaz)- (4.7)
In addition, the estimates of the Stokes operator (see [14]) show that for each ¢ € LZ(Q) and some \ > 0,
||A’Y6_tA(pHL2(Q) < Cgt_ve_)‘tH(p”Lz(Q) for all t € (0, Trmaz)

is valid. By (2.1) and the boundedness property of P from L?() to L2(£2), we have

t
/ |ATe™C=DAP(ne (+, 1)V + (-, 7)) L2y dr
0

IN

t
C3([[nell Lo @) + gl () /(t —§) Ve M=) g
0

IN

Cy for all t€ (0, Thmax)
with positive constants C3 and Cy4, which combined with (4.7) gives (4.6). O

By virtue of (2.14) and Lemma 4.2, the local-in-time solution can be extended to the global-in-time
solution.

Proposition 4.1. Let (n.,c.,ue, P:).c(0,1) be the classical solutions of (2.12) constructed in Lemma 2.5 on
[0, Trnax). Then, the solution is global on [0, 00).

Proposition 4.1 allows for an extension of the outcome in Lemma 4.2 from [0, T}q4) to [0, 00), which is
the following lemma.

Lemma 4.3. Let m > max{% —a, 3} and v be as given in (2.2). Then, we can find C > 0 independent of
e € (0,1) such that

[ne(-;t)|[Loe @y < C for all t € (0,00) (4.8)

and
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llce(-, ) [lwree )y < C for all t € (0,00), (4.9)
as well as

lue (-, 1) |lwr.oy < C forall t € (0,00). (4.10)
Moreover, we have

| AV ue (-, 1) 2() < C for all t € (0,00). (4.11)

As a straightforward result from Lemma 4.3, the following lemma gives the uniform Hélder regularity
properties of ¢., Ve, and u.. We only state the lemma and for the detailed proof, readers can refer to the
arguments for Lemma 3.18 and Lemma 3.19 in [46].

Lemma 4.4. Let m > max{¢ — a, 1}. Then, we can find pu € (0,1) such that for some C' > 0
HCE("t)HC”’%(QX[t,tJrl]) < C forall te (0,00) (4.12)
as well as
Hu&("t>||C“’%(Q><[t,t+1]) < C forall te(0,00), (4.13)
and such that for any 7 > 0 a C(7) > 0 exists that satisfies
||Vc5(-7t)||C“,%(QX[t,t+1D < C forall te (1,00). (4.14)

5. Regularity properties of the time derivatives

Using the previously established estimates, we can obtain the boundedness property of the time deriva-
tives of certain powers of n. on a fixed finite time interval, which will contribute to passing to the limit for
the first equation in (2.12). Thus, we first derive the uniform bounds and the technical lemmas for n. by
using an idea derived from [46].

Lemma 5.1. Let m > max{g - q, %} Then, we can find € € (0,1) such that for some C > 0,

Hatn€<'7t)”(wg'2(9))* < C forall te(0,00). (5.1)

Moreover, let ¢ >m and ¢ > 2(m — 1+ «). Then, for all T >0 and € € (0,1), C(T) > 0 ewists such that

T
J 105l gyt < O (5.2)
0

Proof. First, by using Lemma 4.4, for all € € (0,1), we can fix a positive constant C; such that
ne < C1,|Vee| < Cp and |ue| < C; in Q x (0,00), (5.3)
and due to the fact that D, < D + 2¢ for all € € (0,1), we also derive

D.(n:) < Cy in Qx(0,00) forall € (0,1), (5.4)
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where Cy := || D|| 1 ((0,cy)) + 2. By recalling (1.3) and n. > 0 in © x (0, 00) for all € € (0, 1), we also derive

Cs <Cs in Q2x(0,00) forall €€ (0,1). (5.5)

< =
|Se (@, ne, )| < AnE S

Now, by testing the first equation with certain ¢ € C§°(Q2), we have

/n87t(~,t) cp = / [V (De(no)Vne) = V- (noSe(z,me,cc) - Vee) —ue - V] -

Q Q
+/ [ane — bng} ®
@ (5.6)
= /Hs(ns)AgoJr/nESE(x,ns,cs)VcE~Vg0
Q Q
+/n€u€-Vgo+a/n€g0—b/ngap for all ¢ € (0,00),
Q Q Q
where H.(s) := [, De(7)dr for s > 0. Moreover, by D. < D + 2 and n. > 0, we also obtain
Hg(ns) < 03 = CI(HD||L°°((O,C1)) + 2) in Qx (0,00) for all € € (O, 1). (57)
Therefore, (5.3) and (5.5)—(5.7) imply that
| [ sty ol < Ca [ 1801+ G214 Cs) [ 1961+ Catat b0 [ 1ol 58)
Q Q Q Q

for all t € (0,00) and for all € € (0,1). Thus, (5.8) yields (5.1).
Next, we prove (5.2). Thus, for any fixed 1 € C§°(Q), after multiplying the first equation by ng=11, we
have

% /8tn§(~,t) RUES /ngfl [V (De(ne)Vne) = V- (neSe(x,ne, ce)Vee) — ue - Vne] - ¢
Q

Q
+ /ng_l [ans — bnz} )
Q
= (= 1) [ m 2D Vao [ 0 D0 Vne - T (59)
Q Q
+ (s — 1)/n§_1Vn€ (Se(zyme,c) - Ve ) + /ngSE(x,ns,ca)ch -V
Q Q

1
+E/n§ug-vw+a/ngw—b/n§“¢ for all ¢ € (0,00).

Q Q Q

Next, we estimate the right-hand sides of (5.9). Thus, assuming that p := ¢ — m + 1, then ¢ > m and
¢>2(m—1+a)yield p > 1and p > m — 1+ 2a. Since (5.3), we integrate (3.5) with respect to ¢ over
(0,T) for some fixed T > 0, and we then have



372 J. Zheng / J. Math. Anal. Appl. 442 (2016) 853-375

T
1 —1
_/n§<.7T>+ M//ngﬁ-p—ﬂvneﬁ
P 2

0 Q

Q
1)C? r 1
S (p - ) S //n€+l—m—2a|vce‘2 + (leT 4+ /ng (510)
2Cp p
0 Q Q
(p - 1)02 +3—m—2« 1
< TDSCf TJraC;fTJrE n.
Q
In addition, by p = ¢ —m + 1, we have
T T
//ng*2|vn€|2 = //n;nﬂ’*ﬂvnsﬁ <C3(1+7T) (5.11)
0 Q 0 Q
for some positive constant Cs. Next, by (5.3), we also derive
a/ngw — b/n§+1¢ < C1Q(a+bCh)||Y|| Ly forall €€ (0,1). (5.12)

Q Q

Moreover, by (5.3)—(5.5) and Young’s inequality, and by employing the same arguments as those given in
the proof of Lemma 3.22 in [46], we can conclude that Cy > 0 exists such that

| [ amz() -l < Cul [ 029 4 D <o (5.13)
Q

Q

which together with the embedding Wg*(Q) < W>°(Q) in three-dimensional space implies that Cs > 0
exists such that

10ene (-, )| w2y < 05(/ ne 2| Vne|? +1) forall t € (0,00) and any e € (0,1). (5.14)
Q

Now, by combining (5.11) and (5.14), we can obtain (5.2). O

Lemma 5.2. Assume that m > max{% —a, }. Then, (¢;);en C (0,1) exists such that ; — 0 as j — co and
such that

ne = n ae in Qx(0,00), (5.15)

ne — n weakly star in L (Q x (0,00)), (5.16)
ne = n i CRL([0,00); (WEAQ)), (5.17)
ce. —c in CY (2 x][0,00)), (5.18)

Ve, — Ve in C) (2 x [0,00)), (5.19)
Vee — Ve in L*(Q x (0,00)), (5.20)

ue = uin Clye(Q x (0,00)), (5.21)

and

Du, — Du weakly in L>( x [0, 00)) (5.22)
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with some triple (n,c,u), which is a global weak solution of (1.1) in the sense of Definition 2.1. Moreover,
n satisfies

n e C?_([0,00); L®(Q)) in L>(Q x [0, 00)). (5.23)

Proof. First, by applying the same arguments as those given in the proof of Lemma 4.1 by [46], we can
conclude with (5.17)—(5.23), where the required equicontinuity property used in the proof is implied by (5.1).
In addition, by Lemma 4.3, we find that for a certain n € L>(Q x (0,00)), (5.16) is true. Furthermore, for
each T'> 0 and p > 1, (5.11) implies that

Ot~

/n?+p_3|Vn€|2 <y (5.24)
Q

for some positive Cy := C1(T'). Next, we fix ¢ > m to satisfy ¢ > 2(m — 1 + «) and we set p:=2( —m + 1,
and thus (5.24) implies that for each T' > 0, (ng)e(0,1) is bounded in L*((0,T); W2(9)). Using Lemma 5.1,
we can also show that

(0¢n%)eeo,1) is bounded in L' ((0,T); (W2(€))*) for each T > 0.

Hence, applying an Aubin—Lions lemma (e.g., see [36]) to the inequality above yields the strong precom-
pactness of (ng).c(o,1) in L?(Q x (0,7)). Therefore, we can select a suitable subsequence such that ng — z°
for some nonnegative measurable z :  x (0,Q) — R. Given (5.16) and the Egorov theorem, we necessarily
have z = n, so (5.15) is valid. The proof of Lemma 5.2 is complete. O

The proof of Theorem 2.1. Using Lemma 4.3 and 5.2, we can obtain Theorem 2.1. 0O
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