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Abstract

The nonlocal Fokker-Planck equations for a class of stochastic differential
equations with non-Gaussian a—stable Lévy motion in Euclidean space are
studied. The existence and uniqueness of weak solution are obtained with
rough drift. The solution is shown to be smooth on spatial variable if all
derivatives of the drift are bounded. Moreover, the solution is jointly smooth
on spatial and time variable if we assume further that the drift grows like a
power of logarithm function at infinity.
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1. Introduction

In this work, we consider the following nonlocal Fokker-Planck (NFP)
equation defined on R"

{Ut+/\0‘u+v-(a(x)u) =0, @

u(0,x) = up(x),
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where a : R" — R" is a time independent function. The fractional Laplacian
A* a € (0,2), is defined by

f(x) = fy)

A f(x) = conP.V.
( ) B y‘n—i-cv

d 1.2
T = v, (1.2)
where ¢, 5, is a constant depending on n, a.

The NFP equation has attracted many people’s attention due to following
reasons. First of all, the probability density function of anomalous diffusion
in a given position can be affected by distant points in space. In this case,
Eq.(1.1) is more appropriate than the usual Fokker-Planck equation, see e.g.
[2, 3, 11]. Moreover, since Eq.(1.1) can be regraded as a linearized Quasi-
geostrophic (QG) equation, the study of (1.1) will help us understand the
evolution of QG [10, 12]. Finally, Eq. (1.1) is connected with a stochastic
differential equation with a random source denoted by E(\t and a drift term
given by a deterministic function a(z):

dX, = a(X,)dt + dX,, (1.3)

where 3(: is the av—stable Lévy process (non-Gaussian process), and the so-
lution of (1.1) is the probability density of X;. For more background of
non-Gaussian process, we refer the readers to [6, 15].

The existence and regularity of solutions for (1.1) with bounded a(x)
were studied in [5, 9]. The heat kernel estimate of the semigroup generated
by the operator A® + V - (a-) was obtained in [1, 16] if a(z) belongs to some
Kato class. In particular, the drift a(z) is necessary to satisfy that

sup / la(z)|dr < oo, (1.4)
2eR" J B(a,1)

where B(xz,r) denotes the ball centered at x with radius r. In other words,
the average on a unit ball does not grow at infinity.

Recently, the solution of Eq.(1.1) with Ornstein-Uhlenbeck (OU) drift
a(r) = x was shown to be smooth in [17]. Note that the OU drift does not
satisfy (1.4). Motivated by this work, we are interested in the well posedness
and smoothing effect of (1.1) with general growing drift on the whole space
R". In section 2, we establish the existence and uniqueness of weak solution
of (1.1) in L? under some regularity assumptions on a(z). In section 3, we
first show that the unique solution is smooth on z if the derivatives of a(z)
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of arbitrarily order are bounded. It should be noted that a(x) allows to be
growing like |z| at infinity. Second, the solution is jointly smooth on = and
t if we assume further that a(z) grows at most like a power of logarithm
function at infinity.

Before leaving this section, we say a few words about the notations. We
use H?® LP to denote the usual Sobolev spaces on R". The domain R"
is also omitted for other function spaces in some places. We denote by
() = (1+]z2/)"2. A < B means A < CB for some absolute constant C,
A~ Bmeans A < Band B < A, and A > B means A/B is very big, say
A/B > 1000.

2. Well posedness

This section is devoted to the existence of weak solutions of (1.1) with
general potential function a(z). We assume that a(z) = (ai, a2, - ,a,)
satisfy the following conditions:

(A) a; € L},.,0p,a; € L, p > max{l,n/a},1 <i,j <n.

Here L2, 1 < p < 00, denotes the uniformly local LP—integrable space con-
sisting of functions such that

1/p
[ fllzz == sup (/ > |f(y)!pdy> < 0.

zeR"™

Let 0 < ¢ <1 be a smooth cutoff function such that ¢ = 1 if [z] < 1 and
o =0if || > 2. Set p; = p(x — j),j € Z". Then it’s easy to see that L
has the following equivalent norm

[ fllze = sup [[o; fllzo-
jezr

For e > 0, let n. = e "p(£)/|l¢|lrr. Then [n.dz =1, ¢ > 0. The proof of
the following lemma is standard, we give it for completeness.

Lemma 2.1. If f € LY, then

lim [|n. * f — fl|zz = 0.
e—0



Proof. The lemma follows if one can show
lim sup [l@;(#) (e * f = f)l[Lr = 0. (2.5)
e—0 jezn

It’s well known that 7. is an approximate unity in LP, note that ¢, f are
uniformly bounded in L” we have

limy sup [l * (5) = @ v = 0.

Now (2.5) is reduced to proving
lim sup [l (@) + ) — 0. * (23(2) )l zw = 0. (2.6)
e—0 jEZLN

In fact, since the support of 7. is contained in {z : |z| < 2¢}, we have

i (@) (ne % f) = ne * (5(2) f)
= [ (@) = es(nte =9 casa ) @)y, (27

where x4 is the characteristic function of the set A. Since ¢; is smooth and
¢ is bounded, we find

’(2-7)| N /R" ’V<Pj|L°°|$ ~ ylna(l’ - y)X\yfj|§2+25(y)|f(y>‘dy
N (X|~—j|§2+25|f|)'

Using Young’s inequality we obtain

15 (@) (e % F) = e * (05 (@) Nl v S €llnellor X —si<arael e S el fllg =0

as € goes to 0. Hence (2.6) follows, and the proof is complete. O

From Lemma 2.1, we find smooth functions are dense in L. As an
application, we prove that, under the assumption (A4), a; is a tempered dis-
tribution.

Lemma 2.2. Assume that (A) holds. Then for j =1,2,---, and R >0

14n
lajll ool <y S (R) >



Proof. Set a5 = 1. * a;, then a5 is smooth. Let [ro| < 1,|z[ < R > 0, by
Taylor’s formulae, we have

a5(x) = a5(wo) + (v — x0) - Va§(zo + 0(x — 20))

for some 0 € (0,1). Taking LP(|xz| < R) norm with respect to = on both side
implies that

a5 ()| o<y S a5 (zo)[RP + (R)[V a5 Lo (ai<rs1)-
Integrating on {zg : |xo| < 1} with respect to zg, using Lemma 2.1 yield that
a5 (@) 2o e1<r) S 05| L1 (zi<yRP + (R) e * Vag|| Lo(zi<r11)

S BF + (Rl oogmisnin S (R)'

for ¢ > 0 small enough. Since a5 — a; in LP(|z| < R), it follows from Fatou’s
lemma that

| oo <ry < Hm |5 pogei<ry S (R)7
e—0

as desired. O

Lemma 2.3. Assume that (A) holds. Then for j =1,2,--- ,n
)~ ayll2 S 1.
Proof. Since p > 1, it follows from Lemma 2.2 that for j =1,2,--- |

lajllze < (R)".

~

Note the implicit constant is independent of R, we find
)= Va0 S 1.

Also, thanks to the fact 0;a; € L7

w?

it is easy to see

()~ D05 e Y (k)" Giag ] S 1.
kezn
Hence

{z) =" eyl arw S 1.
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The lemma follows from Sobolev embedding theorems if we use the fact that
p>1whenn<2andp>20<a<2whenn>3. 0
It follows from Lemma 2.2 that a; € L7,.. Under the assumption (A), if

loc*

we L ((0,T)xR") then a;u € L}, ((0,T)xR"), j =1,2,---. Thus we can

loc loc
understand (1.1) in distribution sense. This leads to the following definition.

Definition 2.1. Assume that (A) holds. A function v € L2 ((0,T) x R")
is said to be a weak solution of (1.1) on ((0,7) x R"™) if

u+Au+ V- (a(z)u) =0

holds in 2'((0,T) x R").
Furthermore, if T can be arbitrary large, we say the weak solution is
global.

We shall construct a weak solution by the Galerkin method. Let f =

(B1, B2, -+, By) be a mult-index of nonnegative integers and
n
1
ep(r1, 9, wn) = [ [ Ha, (z;)e 2 (ritadttal)
j=1

where Hp, are Hermite polynomials of degree 3;. Then eg form an orthonor-
mal basis of L?. Moreover, it is easy to check that the es are eigenvectors of
the operator —/A\ + |z|* with eigenvalues 2|3| + n, |8] = B1 + B2+ -+ + Ba.
Denote the eigenvalues by 0 < A; < Ay < -+ < A; < --- = 00, and the
corresponding eigenvectors by e; satisfying

(—A -+ |$|2)€j = )‘jejvj = 1,2, cee

Then {e;(z)}32,; form an orthonormal basis of L? and e; are Schwartz func-
tions. Let PY be the orthogonal projection in L? onto the span of the basis
ej(z) with 1 < j < N.

Lemma 2.4. Ifp € .7, then for any k > 0 and mult-index 3 of nonnegative
integers
lim [|(2)" D (PYp — )|z = 0.



Proof. Let m = [k] + |B] + 1. It is easy to check that (z)*¢?/(|€|? +|z|?)™
is a pseudo-differential operator of order 0, thus (z)*DF(—A + |z|?)™™ is
bounded from L? to L?. Then the lemma follows if one can show

lim [[(=A +[z)™(PYo — 9)|l12 = 0.
N—oo

In fact, since (—A + |z[*)™ commutates with PY and (—A + |z[*)" 1y is
bounded in L?, we find

— 0

m 1 m
(=2 + )" (PYp = @l < oIl + )™ ] 12 S
)\N+1 )\NJrl

as N goes to infinity. O

The assumption (A) implies that diva € L?,p > max{1l, 2}. This enables
us to control diva by A® in the sense of quadratic form. In fact, by Theorem
4.2 in Zheng [18], for any € > 0, there exists ¢. such that

‘/n(diva)mzdx

Se/ |A%f]2dx+c5/ |f|*dx (2.8)
R" R"

for all f € Hz. Now we state the main result in this section.

Theorem 2.2 (Existence and uniqueness). Assume that (A) holds, ug €
L?. Then problem (1.1) has a unique global weak solution u € L>(0, 0o; L?)
N L*(0,00; H?).

Proof. For R > 1, we choose a smooth function g such that

() L |z| <R,
€T) =
R 0, |z|>R+1,

and || < C.
Now we approximate problem (1.1) by the following ODE system

Oun g+ PN (Auy )+ PN (V- (axrunr)) =0, ung(0,2) = Puy. (2.9)
Denote by Ff = PN(A“f) + PY(V - (axgrf)), f € L*. Then we claim that

1Efllz2 S CN, R)|[f]|2-



In fact, on one hand

N

IPY A )2 S Z|Aaf,ejr<||f||L2Z||A“eJ||Lz v [1£lze-

j=1 j=1

On the other hand, by Lemma 2.3 we have ayr € L?, thus

N
IPY(V - (axe Dz S laxe - Vegllezl flle Swr 1z

j=1

Thus F maps L? into L?. Since F is linear, F is Lipschitz continuous on
L?. Thanks to the Cauchy-Lipschitz theorem, for any uy € L?, there exists
a unique solution uy g € C([0,00), L?) to problem (2.9).

Now we give some uniform bounds of uy z. From the equation (2.9),
uyr = PNuy g, thus uy g € . Multiplying (2.9) with uy g and integrating
yield that

1 d o
- / ’UN7R‘2d£L' +/ ‘A5UN7R’2d£C -+ / (V . (QXRUN,R))UN,Rdx =0.
Rn R?’L n

2dt
(2.10)
Using integration by parts and (2.8) we get

/ (V- (axrunr))uy rdx| <

/ divaluy r|*dz
n

1 o
S —/ |A5UN7R|2dI -+ C/ |UN’R‘2dJ}.
2 n RTL

Then (2.10) becomes

d

y 4 |UN7R‘2d[L'+/ ’A%UNyRFdI' S/ "UJN,RIQdZ'.

By Gronwall’s inequality, we obtain

/ ‘UN,R(t)Fdl’ S €Ct/ |UO’2d$,
n R7l

t
/ / |A%UN’R‘2dl‘dt§260t/ |luo|2dz.
0 n R"L

8
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Thus we conclude that for 7" > 0 arbitrary, ux r is bounded independent of
N and R in L>®(0,T; L?) and L*(0,T; H%). By weak compactness we find
a subsequence denoted as U, =: Un,, and u € L=(0,T; L*)(L*(0,T; H?)
such that
Uy — win L®(0,T; L*) weak-star,
Up, — u in L2(0,T; H?) weakly.

It follows that for any ¢(t,x) € C§°((0,7) x R")

<atum7 S0> — <atu7 QO>
and
(P AU, ) — (A%, @)

as m — 0o. Combining this and Lemma 2.5, we can pass the limit to obtain
(ur, o) + (A%, ) +(V - (au), ) = 0

for all ¢ € C5°((0,7") x R™). Thus the limit u is a weak solution of (1.1).
Since for any 7' > 0, u is bounded in L*(0,T; L?), the solution is global.
Note that if ugp = 0 then uny p = 0, and of course the limit v must be zero.
This gives the uniqueness of the weak solution as problem (1.1) is linear. O

Lemma 2.5. Let a,,,u,, and  be the same as that in the proof of Theorem
2.2. Then

lim (P™(V - (axmum)), p) = (V- (au)), ¢).

m—ro0

Proof. Using integration by parts, it suffices to show

lim (a;Xmm, 0;P™p) = (au, d;p)

mM—r00
holds for 7 =1,2,---. Now write
(@ Xmtm, 0P @) — {au, 0jp) = (a;Xmum, 0;(P™p — ¢)) + (a;(Xm — 1)um, J;)

+ {aj(um — u), 9;)
- Il —|— [2 —l— I3



First, note that u,, is bounded in L*(0,T; L?), utilizing Lemma 2.3 and
Sobolev embedding H™ — L*, we obtain

1] < 1) ™" D a Xt | 220,720 1) 05 (P™ 0 — @) || 2(0/52)
< @)= D agxm Lo 0,0:02) 1t 20,222 1) 05 (P™ 0 — ) | L20uvamy
SO K@D (P — o)l
0<k,|B|<n+1
—0

as m — 0o, we used Lemma 2.4 in the last step. Similarly,

112 S 1K)~ Ya; (xm = Dll ez lwmll 20722 [K2) 050l 20,70y
< @)~ Va;(xm — DIz — 0

as m — oo. Finally, since a;¢ is bounded in L*(0,7’; L?) and u,, — u weakly
in L*(0,T; L?), thus

m—0oQ

This completes the proof. O

3. Regularity of solutions

In this section, we shall show the smoothing effect of the evolution (1.1).
We split the discussion into two subsections for clarity.

3.1. Smoothness on spatial variable x

The main result in this subsection is the following theorem. It says that
if the drift vector a is smooth with bounded arbitrary order derivatives, then
the solution is smooth on z. It should be noted that the vector a allows to
be unbounded. In particular, if @ = & we recover the result in [17].

Theorem 3.1 (Smoothing effect on ). Assume that uy € L?, and for
all mult-index B of nonnegative integers with |3| # 0,

|D%a||pee < Cpy,  §=1,2,--.

Then the unique solution of (1.1) u(t) € C*°(R") for all t > 0.
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To prove this result, we first recall the definitions of Littlewood-Paley
decomposition operator.
Let ¢ : R" + [0, 1] be a smooth radial cut-off function, say

1’ |§‘ S 17
Y(€) = < smooth, 1 < [¢| < 2, (3.11)
0, & > 2.

Denote by ¢(€) = () — $(2¢) and
QOJ(S) = 90(2_j€)7 ] = 17 27 )

o€ =1~ 3,6 = v16).

One can easily check that suppp; C {£ € R" : 2771 < [¢] < 27F'} and
supp o C {§ € R" : [¢] < 2}. The frequency localization operators {A;}%2,
and S; are defined by

Ajf:y_lgpjgfv j:O717”'7
Sif =Y Af.

0<k<j
Acting A; on both sides of (1.1) gives
oD ju+ N ANu+V-Aj(a(r)u) = 0. (3.12)
Similar to [4], we use Bony’s decomposition to write

Aj(au) = Z (A, Sk—1a)Agu + Z S;alAju

|k—j|<2 |k—j]<2
+ Y ((Ska = Sja) A Dju+ Y Aj(AraSi- )
|k—j|<2 |k—j|<2

+ Z Z Aj(AkuAla,).

k>j—1|k—1|<1

Multiplying (3.12) with 2A;u, using integration by parts, Plancherel the-
orem and the fact Z|k—j\g2 AR/ = Aj implies that

d )
EHAJUH%Z + CQJQHA]'UH%2 S [1 + IQ + 13 —+ [4 —+ [5,

11



where

.[1 =2 Z /[A]’, Sk_la,]Aku . VA]'U,,

lk—j|<2

IQ = 2/SjaAju : VAJ'U,

13 = 2/ Z (Sk,la — Sja)AkAju . VA]'U,

|k—j|<2

I4 = 2/ Z Aj(AkaSk,lu) . VA]‘U,

[k—j]<2

I5 = 2/ Z Z Aj(AkuAla) . VA]U

E>j—1 |k—1|<1
In what follows, we bound I, - - - , I5 individually. For I;, by Holder inequal-
ity,
L] S P Djulle Y 1A, Sk1a]dgul| 2.

lk—j|<2

It’s easy to check that

(A, Sk ra] A = / (F710)(@ — 1)[Skora(y) — Siora(2)] Axuly)dy.

Note that
[Sk-1a(y) = Sk-1a()[|~ < [[Valr=|z —yl.

Since the converse Fourier transform of ¢; is 27".7% ~1p(27+), we use Young’s
inequality to get that
1187, Se—1alApullze < llallp= 127" F " p(27x) 2] * Agul| 2
< 279 Agul| o

Hence

L] S 1Azulle Y 1Akl

lk—j]<2

For I, using integration by parts we have
12| S (| AjullZe.

12



For I3, by Holder inequality,

1131 S D 1Sk-1a — Salliee | Ak jul 2|V Ajul| 2

lk—j|<2

S22 ([Akalle || Ajullze.

J—2<k<j+1

Since arbitrary order derivatives of a is bounded, by [7, Theorem 6.3.6], for
any given K > 0, '
1Al S 275 (3.13)

Thus A
|I5] < 2719 Aulf7..

Similarly, using (3.13), we obtain

LI S2 ) lAkallze ) Semrullzll &l

[k—j|<2

< 27| ]| A | g2,

and
LIS Y Y Al Apull 22| Ajull 2
E>j—1|k—1|<1
< 27V )| o] A ju 2
Hence

d . o
%Hﬁjulliﬁc? 1Aulle S Al > I Akullz+27 5 ful| 2 || Ajul| 2.

[k—jl<2

Applying Holder inequality to the terms on the right hand side, we have

[ i
1Al > 1Akulle < 2% Ajullze + €127 > 1Akl

[k—j|<2 |[k—j]<2
and

2Dl o Bl 2 < TP Al + €72 .

13



Combining these inequalities and the fact ||u(t)| 2 < €||ugl|z2 implies that

TNl + 52 Al S 279 3 gl + 2
|k—j|<2
(3.14)
Based on (3.14), we have the following lemma.

Lemma 3.1. Assume that u is the solution of (1.1) with initial data ug € L2.
Then for any m > 0,e > 0

|lu(®)||gm-e St > 0.
Proof. We first note that the lemma follows from the claim:
[Au()]re S t7me 27

for all £ > 0 and nonnegative integer m, the implicit constant is independent
of j. In fact, for any ¢ > 0

1A u(t) [ gm-e 2| Aguflpe S Y27 e S e

J20 J20

Now we shall prove the claim by induction argument. By Theorem 2.2,
we find the claim holds in case m = 0. Now let 0 < ¢y < t. Using Gronwall
lemma to (3.14) on the interval [to, t] gives that

. t .
_UQJa(t_t ) _CQJO‘(t—T) o
1Au@)li: Se = Ault)l +/ e {2 D Akl

%o |k—j|<2

+ 2_(K_1+a)j60t||UQ||%2:| dr.

For t > ty, by Taylor formula, it’s easy to see

2l %(t—tg)
p)

e < (t—ty) 227,

Thus, by the induction hypothesis of || A u(t)]| 2,

J L 0

~

t .
_ e (t=r) _ _ (K- i
+/ e 5 |: § : T 2m62c7-2 (2m+1)ka+2 (K 1-&-o¢)j€2ctHu0H%2 dr.
fo lk—j|<2

(3.15)

14



The integral on the right hand side of (3.15) is bounded by

~

t .
7c2~7a(t77') _ _ . _ _ .
</ e~ 2 |:t02m€2ct2 (2m+1)ja+2 (K 1+a)]620t|‘u0|‘%2 dr
to
< t62m€2ct27(2m+2)ja + 27(K71+2a)j62ct”u0||%2
N .

Inserting this into (3.15) and setting ¢y = ¢/2 yields
||A]u(t)”LZ S t*(m+1)€ct27(m+l)ja + tfmectzf(erl)ja + 27(K71+20¢)]’/2€ct”u0”L2
< tf(m+1)ect27(m+1)ja{1 424 tm+12—j(%fm)”uOHL2]'

Let K = 2m + 2, choose Ny = 2In"" 21In |Jug| ;> such that

2~ N0 =m) |l yyo || 2 = 1.

Then for 7 > Ny, we obtain
128ju(t) || g2 S ¢~ D ta=tmtbie,
with some different constant ¢’ > ¢. For j < Ny,
185u®)lez S llu®)]rz S e S ¢t mebiey

where the implicit constant depends on ||ug|| 12, and is independent of j. This
completes the proof. O

Proof of Theorem 3.1. It follows from Lemma 3.1 and Sobolev em-
bedding theorems.

3.2. Smoothness on time variable t

In this subsection we shall show the solution is smooth with respect to
time ¢t. To prove this result, a extra growth restriction on a is needed com-
pared to the assumptions of Theorem 3.1. The main reason is that we benefit
less from the cancelation property of V - (au) now while which is very im-
portant in the proof of Theorem 3.1. The main result in this subsection is
the following

Theorem 3.2 (Smoothing effect jointly on x,t). Under the assumptions
of Theorem 3.1, we assume further that

ja] $7(2 + |2

for some v > 0, then the solution of (1.1) u € C*((0,00) x R").

15



Remrak 3.1. Theorem 3.2 holds for smaller v. In particular, if v < 0,
Theorem 3.2 is valid.

To prove the theorem, we first recall the definition of Muckenhoupt weights.

Definition 3.3. Let 1 < p < oo and a weight w(z) be a locally integrable
function. We say w is an A, weight, namely w € A,, if

y p/p’
x)dx - { / P pd:p} < 0.
|B| / | B

The importance of A, can be seen from the following proposition, see e.g.
the Corollary in [13, p.205] and Proposition 2 in [13, p.245].

B Balls in R™

Proposition 3.1. Let w € A,,1 < p < oo, m(§) € C(R"\{0}) be a
bounded function such that for

|D%m| < Cgl¢| 1,
then the Fourier multiplier m(D) is bounded from LP(wdx) to LP(wdx).
In what follows, we denote by
¢y =2+ |2]*).
Lemma 3.2. For ally € R, ¢, € A;.

Proof. It’s easy to see that w € A, if and only w™! € Ay. So we assume
v > 0 now. Let B(xg,r) = {z : |z — x| <1}, it suffices to show

sup 7“_2”/ ¢ (z)dx / ¢, (z)dr < . (3.16)
B(zo,r) B(xo,r)

zo€eR" ,r>0

We divide the proof into two cases. If |zg] > 3r, then |z| ~ |zo| for all
x € B(zg,r). Then

LHS(3.16) < sup 7“_2”/ qb,y(xo)dx-/ qﬁ;l(xo)d:v <1
B(zo,r) B(zo,r)

zo€R™,r>0

as desired. If |zg| < 3r, then B(z,r) is contained in B(0,4r). Since ¢, is
radial and increasing on |z|, thus

LHS(3.16) < sup r_2”/ ¢ (z)dx - / ¢, (x)dx. (3.17)
B(0,4r) B(0,4r)

r>0

16



Since (3.17) is bounded for r < ry with some fixed r, it suffices to show for
r>1

7“2"/ ¢~ (z)dx - / qﬁ,;l(x)dx <1 (3.18)
B(0,4r) B(0,4r)

On one hand, it’s obvious that
/ o (z)dz SrIn’ 7
B(0,4r)
On the other hand, let n > 0, we make the splitting

/ gb;l(:v)dzc :/ qﬁ;l(:c)dx%—/ qﬁ;l(x)d:c.
B(0,4r) B(0,n) B(0,4r)\B(0,n)

It’s easy to see that
/ ¢, (x)de Sy 41" In 7y, (3.19)
B(0,4r)
Minimizing the right hand side of (3.19) with respect to n gives
/ o\ @)de S I~ (1 + Ly, (3.20)
B(0,4r) n

where

" In" = 4,

Note that r > 1, we find n ~ r. Then (3.20) becomes
/ qb;l(x)dx <rtln 7
B(0,47)

Thus (3.18) holds. This completes the proof. O

Lemma 3.3. For ally € R, k € N, it holds that

s A ull g S (|l oo
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Proof. By Leibniz rule and the fact |D*¢,| < ¢, the lemma is reduced
to proving
16, A*D%ul| 2 S (|l rm+e

for all mult-index || < k. It is equivalent to
1A D (D)~ "+l gy S Nl 26,00 (3.21)

In fact, the symbol of A®DP(D)~k+) is m(&) = &8|¢[*(1 + |€[?) =+ Tt's
easy to check that for all u

[DFm(€)] < €],
Then (3.21) follows from Lemma 3.2 and Proposition 3.1. O

Lemma 3.4. Assume that u is the solution of (1.1) with initial data ug € L.
Then for every 0 <ty < T < 0o, we have

H(ﬁfk'vaquLm([to,T];Hm) < o0
for any integers m, k > 0.

Proof. Let vy = ¢_1,0fu. Acting 0F on both sides of (1.1) and multiplying
P—(k+1)y 8ive

Vi1 + G- (b1, A0 u + O (141),V (adfu) = 0.
Thus, for all integers m > 0,
il S No—mrryy A0 ullm + 60— 1)y V(@dfw) | .
On one hand, it follows from Lemma 3.3 that
19—t 1) A ullzrm S N G—r AOfull 11 S N0kl gt S [kl prms2.

On the other hand, we write ¢_(k+1)ﬂ,V(a8fu) = V(qb_(kﬂ)va(?fu)—V¢_(k+1),y-
adfu to obtain

16— k411, V (@dfu)] Hm

i S 62y @v)lames + [Vé_ sy, - adeyv

S vkl amer,

18



where in the last step we have used the fact that for all p,
D6_al  1,1D"Vé_ iy, - adiy| S 1.
Thus, we conclude that

||vk+1||Hm S ||UkHHm+2,

It follows from Theorem 3.1 that vog € H™ for all m > 0, ¢ > 0. Then an
induction argument implies the desired conclusion. O

Proof of Theorem 3.2. It follows from Lemma 3.1 and Lemma 3.4 that
forall0 <ty <T <o0,0<méeN, ue H"((ty,T) x R"). Then by Sobolev
embedding we find that u € C*((¢y,T) x R"™). Since t, can be arbitrarily
small and 7" can be arbitrarily large, Theorem 3.2 follows.

Remrak 3.2. The well posedness of nonlocal Fokker-Planck equation with
bounded drift on bounded domain is established in [8]. The restriction on
the drift in Theorem 3.2 is relaxed in a more recent work [14].
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