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An Extension of Carlson’s Inequality
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An extension of Carlson’s inequality is made by using the Euler-Maclaurin sum-
mation formula. The integral analogues of this inequality are also presented. 0 2002
Elsevier Science (USA)

Key Words: Carlson’s inequality; Euler-Maclaurin summation formula; integral
analogues of Carlson’s inequality.

1. INTRODUCTION

Ifa, > 0and 0 < 3%, n?a? < oo, then Carlson’s inequality (see Carlson

[1], Beckenbach and Bellman [2], and Kuang [3]) is

<§:1 an)4 < wz(é afl) (’g nzaﬁ>, (1.1)

where 72 is the best possible.
If f(x) = 0, then the integral analogue of Carlson’s inequality is

“rodx) <2 P ([ 2R dx),  (12)
0 0 0
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where 72 is the best possible, provided the integrals on the right-hand side
of (1.2) exist.

Remark 1. 1t is a well-known fact that (1.1) holds for @, > 0 and that
not all a, are zero. Mikhlin [4, p. 7] noted that f(x) > 0 and f(x) # 0
represent conditions for inequality in (1.2). However, these conditions are
not sufficient since equality in (1.2) holds when f(x) = (@ + Bx?)~! for any
positive numbers « and B.

In recent years, considerable attention has been given to generaliza-
tions of Carlson’s inequalities (1.1) and (1.2) by several authors, including
Mikhlin [4]. As pointed out by Mikhlin, inequality (1.1) may be strength-

ened as
(gan>4 - ”2<§ ai) <§<n— %)Zag). (1.3)

The main purpose of this paper is to study an improvement and extension
of (1.1) and (1.2). More precisely, we prove the following:

THEOREM 1. Let S, = Y02 n®an, Sg = Y52 nPay, 4+, =1,0 < B <
p—1<a. Suppose a, >0,n=1,2,...,and 0 < S§,, Sz < 0o, then

(i o) <2 {%B(AB, (~A)) — e(pr @, B)}p/q
n= o — B

x (il e (il wap). (1.4)

where
p—oaq p—Bq
A= D=2 - P=Pa 15
pa—pB T p@-p) (15)
and
(pap)= [ ——= 1
P B =y (Spxe £ S xByalr (S, + Sg)ilv

and B(u, v) is the Beta function.

>0 (1.6)

Remark 2. When p =g =a =2 and B =0, inequality (1.4) reduces to
00 4 00 00
(La) <@-22(La)(Xma). 17)
n=1 n=1 n=1
where

S 5o\
¢ = G(S) =arctan § — TIs? > 0, S = 5) (1.8)
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and
o0 o0
2.2
So=2an  S=) na,
n=1 n=1

Hence, inequalities (1.4) and (1.7) are new improvement and extension of
(1.1).

THEOREM 2. Let f(x)20,a>0,0<B<p—1<a, ++1=1and
the integrals S, = [° x*fP(x)dx and Sg = [ xPfP(x)dx exist. If 0 < S,
Sg < 00, then f € L[a, 00) and

([ rema) <o {%Buﬁ, (~A) — c(p, B)}P/q
B

o —

« (/w x“f”(x)dx) </°° xBf”(x)dx), (1.9)

with equality occurring only if f(x) = (Sgx® + S,xP)~9/?, where
o(p,a, B) = / (Spx® + SexP) /P dx > 0 (1.10)
0

and A,, Ag are defined by (1.5).

Remark 3. When p = g = « =2 and B = 0, then the inequality (1.9)
reduces to

(/;o f(x)dx>4 < {77 - 2arctan(§—j)]/2a}2<faoo fz(x)dx>
« (/Oo xzfz(x)dx>, (1.11)

with equality occurring only if f(x) = (S, + Syx?)~'.
When a — 0, Inequality (1.11) reduces to (1.2). This shows that Inequal-
ities (1.9) and (1.11) are a new improvement and extension of (1.2).

2. PROOFS OF THEOREMS 1 AND 2

Proof of Theorem 1. Let g be defined as
g(x) = (Spx® + S,xP)~9/. (2.1)
f0<B<p-—1<a, %—i—%:l,weprovethat

Aq

oo Soz
8(n) < ————B(Ag, (—Ay)) — c(p, a, B), (2.2)
nZ::l (a — B)Sy" g
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where A, Ag, and ¢(p, a, B) are defined by (1.5) and (1.6), respectively.
In fact, by the Euler—-Maclaurin summation formula, we have

gg(n) < f]mg(x)dwg(l) = /Ooog(x)dx— </01 g(x)dx—g(l)).

Direct computation yields

00 00 dx
dx =
/0 g(x)dx /0 (Sﬁx“ N Saxﬁ)q/p

= 5P /°° : x_ PP dx Sa*
0

= B(Ag, (—A,)).
S x P (g

Since g is a strictly decreasing function on [0, 1], i.e.,
g(x)>g()  (x<1),

c(p,a, B) = fol g(x)dx — g(1) > 0. This yields (2.2).
Applying the Hoélder inequality and (2.2), we get

a, = a,(Sgn® + SanB)l/l’(SBn“ + S,nPy"1/p
n=1 n=1
00 1/p 1/q
=< { Z aﬁ(SBn“ + Sanﬁ)} { Z(Sﬁn“ + SanB)‘q/P}
n=1 n=1
00 1/q9
- 5,597 L st
n=1
| Sé‘a 1/q
< @550 | == B0 (A~ cp )]
(a— B)Sg

This proves (1.4). Theorem 1 is proved.
Proof of Theorem 2. Application of Holder’s inequality yields

/Oof(x)dx=foof(X)(S,3x“+Sax3)1/P(sﬁxa+Saxﬁ)71/pdx

< { / Oofp(x)(SBx“—i-SaxB)dx}l/p{ / Oo(Sﬁx“—i-SaxB)_q/pdx}l/q

00 1/q
:(ZSHSB)”"{[ (Sﬁx“—i-Saxﬁ)_q/de} . (2.3)
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If g(x)=(Spx*+S,xP)~9/7, then direct computation yields

00 Ao
[ gtodx= %B(AB,(—AQ)). 2.4)
)Sg

a—pB

Hence, from (2.3) and (2.4), we obtain

(/:of(x)dx>p <2S8,85 </:Og(x)dx)p/q

=258,85 { /Ooog(x)dx—/oag(x)dx}p/q

S
(a—PB)Sp

This is the desired result. The proof is complete.

=2sas,3{ B(Ag, (—Ay))— / (x)dx}p/q.

Remark 4. Our proofs are simpler than those in [1, 2].
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