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Abstract

The main purpose of this paper is using the mean value theorem of Dirichlet L-function and the estimates
for character sums to study the asymptotic properties of a hybrid mean value of Kloosterman sums with the
weight of Hurwitz zeta-function and the Cochrane sums, and give an interesting mean value formula for it.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

For a positive integer ¢ and an arbitrary integer 4, the Dedekind sum S(#, g) is defined by

S(h.q) = f((?)) <<aq_h)>

a=1
where
1 . . .
x —[x]— 5, if x is not an integer,
() = { 22 7t IO AR
0, if x is an integer.

The sum S(%, g) plays an important role in the transformation theory of the Dedekind » function.
The various properties of S(h, g) were investigated by many authors. For example, Apostol [6]
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and Carlitz [3] obtained a reciprocity theorem of S(4, g). Conrey et al. [5] studied the mean value
distribution of S(h, q), and proved an important asymptotic formula for /Z=1 |S(h, q)|%*, where
lezl denotes the summation over all 1 < & < ¢ such that (h,q) = 1. Professor Zhang [7]
improved the error term of [5] for k = 1.

In October 2000, Professor Todd Cochrane introduced a sum analogous to the Dedekind sum
as follows:

Ch,q) = i((%)) ((Clq_h»

a=1

where a is defined by the equation aa = 1 mod g. About this sum, some scholars have studied
the arithmetical properties and mean value distribution of it. For example, Professor Zhang found
that there exist some relations between C (h, ¢) and Kloosterman sums

q

K@m,n;q) = 2:/9(M>7

b=1 q

where e(y) = e>™7, he [2] obtained the following asymptotic formula: If ¢ is a square-full num-
ber,

q

’ 1 31
Z K(h’I;Q)C(h"”:FCI¢(Q)+0<qexp< g )) 0

| Inlng

where ¢ (g) is the Euler function.
In this paper, we shall study the asymptotic properties of the hybrid mean value

a4, 1 b
> K(a,l;qx(i,—)cwb,q),
q

where ¢ (s, a) is Hurwitz zeta-function.

This problem is interesting, because it can help us to find some relations between the Cochrane
sums, Kloosterman sums and Hurwitz zeta-function. By using the estimates for character sums
and the mean value theorems of Dirichlet L-functions, we shall prove the following main con-
clusion:

Theorem. For any positive integer q, we have the asymptotic formula

q/ q/ 1 b 3 1
>N K(a,1§CI)§<§,a)C(ab,q)z_qzz‘i(;I)H(l_m)_i_o(qz—ks)’

rlig

where ¢ denotes any fixed positive number, [ [, denotes the product over all prime divisors p

rlg
of q such that p | q and p*1q.

2. Several lemmas

To complete the proof of Theorem, we need the following lemmas.
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Lemma 1. Let integer g > 3 and (a, q) = 1. Then we have

~ 2
G )
x<a><z x ”)) ,

n=1

—1
Cla.q)=—-—
@) edy
x(=DH=-1
where x denotes a Dirichlet character modulo q with x(—1) = —1, and G(x,n) =
ZZ: 1 X (b)e(bq—") is the Gauss sums corresponding to x.
Proof. See Lemma 1 of Ref. [2]. O

Lemma 2. For any positive integer q, let x be a non-primitive character modulo g, and q*
denotes the conductor of x with x = X;* X(?, then we have the following results:

(D) if (n,q) > 1, we have

_ -1 ; —
Glx.n) = {x*(—(nilq))x*(—q*g,,q))u(—q*(?,,q)w(m (G0, ifa* =g,
0, otherwise,

where xf} denotes the principal character modulo q, q is the largest divisor of q that has
the same factors with q*, and w(n) is the Mébius function;
(ID) if (n,q) =1, we have

- q q
G(x,n)= x*(n)x*<—*)/x<—*>r(x*);
q q
(I) if x is a primitive character modulo q, we have

G(x,nm) = xmt(x).

Proof. See Lemma 3 of Ref. [8]. O

Lemma 3. Let g and r be two integers with q > 2 and (r, q) = 1. Then we have the identities
Y o= Y w(L)e@
d

x mod ¢ d|(g,r—1)
and

I =Y u@¢(L).

d
dlq

where Z; mod g denotes the summation over all primitive characters modulo q and J (q) denotes
the number of primitive characters modulo q.

Proof. See Lemma 3 of Ref. [2]. O

Lemma 4. Let g = uv, where (u,v) = 1, u be a square-full integer or u = 1, v be a square-free
integer. Then we have the asymptotic formula
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TYY Y Y WCd 1 (g 1 (g

q q
/  8182d1dap () (
d s b i oy S18NRPEPG)

* 1
x Y K(gigadid)LA(1, X)L< ,qu)

x mod ud

x(=D=—1

q l+s
+0(q27),

ﬂ( p(p—l)) (™)

where X((;) is the principal character modulo q.

Proof. For convenience, we define

(q) (9)
Y F(y.8)=) F(ud,didrg182)
y,0

YYY YT Mmd didhg1ga),

dlv di|§ dal} gllﬁ gzl# ¢(d1)¢(d2)

where F(y, ) denotes an arbitrary function with y = ud, § = d1d>g1g>. Then we can further
define:

B(q) (q) C(q) (@)

YFw.) =) yBTFr.8), Y Fw.8)=) rF(.9),
2 y,8

B(q) (@) C(g) (@)

DF@.8)=) y'F,8 and Y F(r,8) =) y*F(.9),
y,8 ,0

where the definition of Z(")/ is similar to that of Z(q), but with each factor of the form (k)
replaced by | (k)| = u>(k).
We also put

A, 0= Y, xm),

M<n<y

where x is any character modulo ud (= y) and M is any parameter with M > ud.
By Abel’s identity we have

0o - _ S _

_ x(n) x(n) Ay, x)
L(s.)=)_ = prail - dy,
n=1 1<n<M M Y
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so we get
% 1
> IOLAOL( 5 xx
x mod y
X(=DH==1
(0 (AT Zm) [ A, T)
* X X, X X (m V. X
- (g B )
x mod y 1<IKM M 1<m<M M Y
x(=D=-1
Om) 1 [ AG xx0)
xxJ(n Z, XX
x( Z ’1_ 5/7§‘fdz>. )
1<ngM N2 I, 22

Note that for (a, g) = 1, from Lemma 3 we know that

3 x(a)=% 3 (l—x(—l))x(a)=% Y x(a)—% 3 x-a)

x mod ¢ x mod g x mod g x mod g
x(=D=—1
1 q 1 q
=5 2wl )ew—5 > ul-)ew.
2 u 2 u
ul(qg,a—1) ul(q,a+1)
So we have
B(q) - _
o x () X (m) xx ()
> X o )X M)y
v.8 x mod y I<I<M 1<m<M 1<n<M n’
x(=DH=-1
B(q)
n2 X O(n) _
DD D DD DR DD
.8 IKISM 1<m<M 1<n<M x mod y
x(=D=-1
B(q)
nz x2(n) y
DD MED M~ D 3 V1
y,8 IKISM 1<m<M 1<n<M s|(y,8lmn—1)
(Imn,y)=1
B(q)
n? x2(n) Y
D MID M M D L T
7,8 1KISM 1<m<M 1<n<M s|(y,8lmn+1)
(Imn,y)=1
C(q) y n%
P NI DD SR D
7.8 sly I<ISM 1<m<M 1<n<M
(m,y)=1 (n,q)=1
Slmn=1(s)
C(q)

P NICIZCI VD DD D -

.8 sly 1KISM 1<m<M 1<n<M
(lm,y):l (n,q):l
Slmn=—1(s)
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The main term in the above formula comes from the term corresponding to §lmn =
g182d1dalmn =1 with g1 = go =dy =dy =1 =m =n =1, and all the other terms are the
error terms. In fact, from the above formula we have

(2, )

1
1<m<M I<n<M N2

B(q)

Y x e ¥ )
x mod y 1I<ISM
>¢(S)

x(=DH=-1
Z e—1
M<S>‘¢(S) E (hs +1) )

5

_Zrﬁz(q) Z”(

[ Cly
0<M7 Z Z

y.8 sly 1<h<M38/s
]C(q) y
M7 _ e—1
ol X (¥ e T o)
v.8 sly 1<hEM35/s
hs>1

= Z¢2(q)2 ( )¢>(s)+0(Mz(Mq))

2
= %57 ZdzJ(ud) + 0(M2(Mq) )

W)
=397 )Zd J(d) + O(Mz(Mq) )

i (e =171 5 5)) o0t wnar
= —" D1 ——— o(M2(M
2 L\Pe =01 =G ) )+ o na)

:qn<

plv

1
O(Mz2(Mg)?), 3
p(p—l))+ (M7 (M) ©

where we have used the fact that v is a square-free number, u is a square-full number, and the
identity J (1) = ¢*w)/u,if uisa square-full number.

In the following we shall estimate the other error terms. For any non-principal Dirichlet char-
acter x1 mod g, and any z > M, from the periodic property one has

D = > x1(n),

M<n<z M<n<M+{(z—M)/q}q

where {x} denotes the fractional part of x, so we have
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B(q)

X(ml) A(z, XX
LY e Y Y f :
x mod y ISISM 1<m<M
x(=D=-1
Blg) % x9( . ,
—Z/( DDA 3 Gt )2
1KISM 1<m<M M<n<z x mod y
x(=D=-1
B(q) % 5
<3/ (2 X ¥ p X ev)ia
M 1<ISM 1<m<M lgngq sly
Slmn=1(s)
B(g) %
< Z/(st) In M)z 2dz
sly
<<q1+8M71n2M. 4)

With the same method as for (4), we can also get the estimates of other error terms:

B() _ (0.¢] OO _
d > (8 x( A(y x) Z XX
Z PIERIONY —l —3
x mod y 1<IKM
x(~h=—1 M M
<g*EM 2 In M, (5)
e x(nl)xq(n) A2
DRI NP / ;
¥,6 x mod y IISM 1<n<M nl i Y
xX(=DH==1
<g"tM Il M, ©)
B(q)
_ A(x, x) Ay, %) A xx )
YX g [ [ 400, [
x mod y Zz
x(~D=—1 M M
< q3+8M7§, (7)
B(9) _ 00 _
* x(m) [ Ax, x) Az, X x )
zzx«»zm/zd/ T
y,8 x mod y 1<m<M M * M z2
X(=DH==1
<g*eMTI M, (8)
2 x(nm)xq M) [ Alx, %)
Z PR IOND DY 7 dx
x mod y 1<m<M 1<n<M nim i *

K(=D=—1

<g" M M, ©)
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oo o0

B() 0 ) i
* XX;m) [ Ax, x) Ay, %)
> Y e & T [ AR [ 20 ey
y.8  x mod y I<nsm M2 M y
x(—DH=-1
< g*M P InM. (10)

Taking M = q and combining (2)-(10), we obtain

B(q)
ko _ 1 — q 1 1
HLALOL( = xx0)=2TT(1 - —— ) + 0(¢2).
YT xGLALx) (2 qu) 2]_[< p(p_1)>+ (¢2*)
y,8  x mody rlq
x(=DH=-1
This completes the proof of Lemma 4. 0O
3. Proof of the theorem

In this section, we complete the proof of Theorem. For any complex number s = o + it with
1/2 <o < 1, from [1] we know that

1 & a
L 7_ = X s
(s, %) qsl;x(a)z(s q)

and

q q q _
Y @K@ =33 X(a)e(ac; c)
a=1

a=1 c=1
q , c q , a
= xw(—) > )Z(a)e<—> =72(0)-
c=1 q a=1 4

Applying these identities and Lemma 1, we have

1 g
= 0@ > (Z)’((a)K(a, 1;q>)

x mod g a=1
x(=DH=-1

9 1b ® GGm\
X x(b);“(—,—>> X(
(; 2 q Z n

n=1

1 [} 2
q? 2= 1 _ G(x,n)
w0
T29(@) mXO;i . 2 ,; n
x(=D=-1
Let g = uv with (1, v) = 1, u be a square-full integer or u = 1, v be a square-free integer, for
any non-primitive character x modulo g, there is one and only one m | g with a unique primitive
character x* modulo m such that y = x*x f]), where x g is the principal character modulo g, from
the properties of Gauss sums (see Ref. [4]) we have 7(x*)t(x*) = —m, if x(—1) = —1.
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It is clear that y*(q/m)u(g/m) # 0 if and only if m = ud, where d | v. For any non-primitive
character x modulo g with x = x* Xg , from Lemma 2 we can obtain the following identities:

7(x) =x*(%)u(%)r<x*>¢o

iG(X*xf},n): i X (G X Gt W Gty ) @) T ()
ne (Giss)

and

n
n=1

GG @TO)

=2 Z ng (%2

dilg (dl ddl) 1
B Z i ()X (m) x* (7 ) (g, )¢ (@) T (X ™)
= glm md1¢(le
gldd]

Yy 1@ X (@1 (g ) (T (x L1, x*)
- sdip (%) '

v v
dilg 8lay

Therefore, by Lemmas 2 and 4 we have

N\

- 2¢<q>z > ()2(X)L(l’”q)

dlv x mod ud
x(=DH=-1

u(g)X(g)x(ﬁ)u(ﬁW(q)t(x)L(l,X))2
* (Z 2 gdig (2

v v
dilg g\m

2 2 v v
_ 612¢>(61) 4" (g5 )" T2y,
B Z Z Z Z Z 818212 () (F)
dlv dlld dzld g1|(1d| gz‘ddz 1 2
* 1
x Y X(@igdid)L (1, X)L( ,qu>

x mod ud
x(=DH=-1

1 3 1 e
=—zn—z‘“"“‘”,§£<1‘m)+0("” )

This completes the proof of Theorem.
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