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Abstract

We compute the limiting subdifferential d F (x) of the indefinite integral of the form F(x) = f ; f(t)dt where f is an essentially
bounded measurable function, or a function continuous on an interval containing x € R (except for, possibly, x), or a step-function
which has a countable number of steps around x. The related problem of computing the Aumann integral of the limiting subdiffer-
ential mapping df (-), where f is a Lipschitz real function defined on an open set U C R”", is also investigated.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The Clarke subdifferential is one of the most significant concepts in nonsmooth analysis; see [4]. Its nonconvex
counterpart, introduced in [7] and called the limiting subdifferential (or the Mordukhovich subdifferential), plays a
central role in variational analysis and set-valued analysis (see [7—11]). The problem of computing or estimating the
Clarke subdifferential of the integral functional

G(X)=/g(x,t)du(t), (1.1)
Q
where g is a real function defined on U x §2, U is an open subset of a Banach space and (£2, ) is a positive measure
space, has been discussed in [4, Section 2.7]. As noted by Professor B.S. Mordukhovich, it would be interesting to
obtain some formulae for the limiting subdifferential of G (-). In this general setting, the problem has not been solved
so far.
In the first part of this paper, we will compute the limiting subdifferential d F (x) of the indefinite integral

F(x) = / f@dt, (1.2)
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where f is an essentially bounded measurable function, or a function continuous on an interval containing x € R
(except for, possibly, x), or a step-function which has a countable number of steps around x. Letting  be the Lebesgue
measure on [a, b], 2 =[a, b], g(x,t) = f(¢t) fort € [a, x] and g(x,t) =0 for ¢ € (x, b], we see that

F(x)=ff(t)dt=/g(x,t)du(t)=:G(X)-

2

So, the function in (1.2) is a special case of that one given by (1.1). The limiting subdifferential d ' (x) is the Painlevé—
Kuratowski limit of a family of the Fréchet subdifferentials dF (x), x € [a, b]. We also present a formula for the
Fréchet subdifferential of F.

The second part of the paper gives a representation formula for the Aumann integral (a set-valued integral) of the
limiting subdifferential mapping df(-), where f : U — R is a Lipschitz function on an open set U C R". Similar
formulae for the case of the Clarke subdifferential mapping d¢ f(-) were given in our preceding paper [6]. From the
obtained results one can derive a formula of the Newton—Leibnitz type.

The rest of the paper is divided into 3 sections. The next section contains some definitions and results which are
needed in the sequel. Section 3 computes the Fréchet subdifferential and the limiting subdifferential of the function F
defined by (1.2). Formulae for the Aumann integral of the limiting subdifferential of a Lipschitz function are obtained
in Section 4.

2. Preliminaries

Most of our notations are standard. Some special symbols are introduced when they are needed. Unless otherwise
stated, all the spaces considered are Euclidean. In R”, we always select the Euclidean norm || x|| := (xl2 4+ 4 x,f)l/ 2
and the Lebesgue measure m. For a set-valued mapping F : R” = R”, the expression

Limsup F(u) := {x* € R" | ux — x, uj — x*, ui € F(up) fork=1,2,...}
U—>x

denotes the sequential Painlevé—Kuratowski upper/outer limit. If f : R" — R := [—o00, +00] is an extended-real-
valued function, then limsup f(x) and liminf f(x) denote the upper and lower limits in the classical (scalar) sense.
Recall that f is lower semicontinuous (l.s.c.) at a point x with | f(x)| < oo if

J ) < liminf f (u).

We say that f is l.s.c. around x when it is L.s.c. at any point in some neighborhood of x.

DeﬁnitiorAl 2.1. (See [8].) Let f : R" — R with | f(x)| < oo be Ls.c. around x. The Fréchet subdifferential of f at x
is the set d f (x) defined by

liminf
Uu—>x

df(x):= {x* eR”

f@) = f() = (& u—x) >O}

llu — x|l
We put 5f(x) =0 if | f(x)| = co. The limiting subdifferential of f at x is defined by

df (x) :=Limsupd f (u),
f

u—>x

where “Limsup” stands for the sequential Painlevé—Kuratowski upper/outer limit, and u —f> X means u — x with

Jf) = f(x).

The set 9 f(x) is convex while, in general, the limiting subdifferential df (x) may be nonconvex (see, e.g., Exam-
ple 3.2). The notion of Fréchet subdifferential is an extension of the notion of Fréchet derivative.

Theorem 2.1. (See [8, p. 90].) Let f :R" — R with | f (X)| < oo be Fréchet differentiable at x. Then éf()?) ={f'(x)}.
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Definition 2.2. (See [4].) Suppose that f : R” — R is Lipschitz near x. The Clarke directional derivative of f at x in
direction v € R" is defined by

"4ty — /
fo(x; v):= limsup o+ = flx ).
x'—=x, t—07t t

The Clarke subdifferential of f at x is the set
dc f(x):={€ eR" | (£, v) < fO(x;v) forall v in R"}.

The directional derivative of f at x in direction v € R", denoted by f/(x; v), is defined by

Jx+1v) - fx)
; ;

f/(x;v):= lim
t—0t

if the limit on the right-hand side exists. One says that f is Clarke regular at x if, for every v € R”", the directional
derivative f’(x; v) exists and f’(x;v) = fO(x; v).

The next theorem establishes a relationship between the Clarke subdifferential d¢ f(x) and the limiting subd-
ifferential df (x). It was obtained in finite dimensions by B.S. Mordukhovich [7] and then in Asplund spaces by
B.S. Mordukhovich and Y. Shao [10].

Theorem 2.2. (See [10].) Let f : R" — R be Lipschitz near X. Then
dc f(x) =¢odf (x),
where “Co” stands for “closed convex hull.”

The following result is due to J.M. Borwein and S.P. Fitzpatrick.

Theorem 2.3. (See [14].) Let g be locally Lipschitz on an interval 1 and x € I. If dcg(y) = [a(y), B(y)] for y € 1,
then

dg(x) = [lign_)i}r(lfoz(y), lim sup ,B(y)] U [1;Eigfa(y), lim sup ,B(y)].

y—>xt y—x
We now recall the concept of integral of set-valued mappings due to R.J. Aumann [2]. Let (£2, A, 1) be a complete

o -finite measure space, and G : 2 =2 R” be a set-valued mapping from §2 into closed nonempty subsets of R"”. We
denote by G the set of all integrable selections [1, p. 326] of G, that is

G={ge L'($2; R", 1) | g(x) € G(x) p-a.e. on 2}.

Definition 2.3. (See [1, p. 327].) The integral of G on §2 is the set of integrals of the integrable selections of G

/Gduzz{/gdu‘geg},
Q2 2

where [, gdu= ([ g1du, ..., [ &ndn) whenever g = (g1, ..., gn).

Recall that a set-valued mapping G is said to be integrably bounded if there exists a nonnegative function k(-) €
L'(£2; R, u) such that G(x) C k(x)Bg» a.e. on §2, where

Ber = {y eR" | lly| <1}.

Theorem 2.4. (See [1, p. 310].) Let G : 2 = R", where $2 is a measurable subset of R", be a closed set-valued
mapping with nonempty images. Then G is measurable.

The following property of the integral of set-valued mappings is used in the sequel.
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Theorem 2.5. (See [1, p. 330].) Let G : 2 = R" be a measurable set-valued mapping with nonempty closed images,
where S2 is a measurable subset of R". If G is integrably bounded, then

/G(x)m(dx):/(Y)G(x)m(dx).

2 2

3. Limiting subdifferential of an indefinite integral

In this section we present some formulae for computing the Fréchet subdifferential and the limiting subdifferential
of some special classes of indefinite integrals.

Recall (see [12]) that a measurable function f : [a, b] — R is said to be essentially bounded on [a, b] if there exists
areal number M such that | f(x)| < M a.e. for x € [a, b] (with respect to the Lebesgue measure). Let L>[a, b] denote
the class of all essentially bounded measurable real functions on [a, b]. Let

fT () :=inf{M | 3e > 0 such that f(x') < M ae.forx'€[x —&,x +¢]},
[ () :=inf{M | 3¢ > 0 such that f(x') < M ae.forx’ € [x,x +¢]},
f~(x) :=sup{M | 3¢ > O such that f(x") > M a.e. forx’ € [x — &, x + €]},
fZ (x) :=sup{M | 3e > O such that f(x') > M a.e. forx’ € [x — &, x]}.

Itis clear that f~(x) < f~(x) < fT(x) and f~(x) < f:_“(x) < ft(x). Therefore,

[0, FE@JU 20, frw] c[f~ @), FFw)].

Theorem 3.1. Let f € L°°[a, b] and F(x) := fax f (@) dt for all x € [a, b]. Then for each x in (a, b), one has

IF() =[x, fF@OJU[fZ @), FFm]. (3.1)
Proof. It is known (see [4, p. 34] or [5, p. 96]) that F is a Lipschitz function and

IeFM =[O ] (3.2)
for all y € [a, b]. By Theorem 2.3 we obtain

af%x>=[ﬁgggff—<yxlgiipfﬁxyﬂtJ[gggﬁf—cw,hgjgpf+cw]. (3.3)
By (3.2), (3.3) and Theorem 2.2, one has

)= li){n_j)lclfff(y) and ft(x)= 111}1_5;11) . (3.4)
Next we will show that }

fio)= hyrifﬂp . (3.5)

Indeed, for any § > O there are M € R and ¢ > O such that
f(xHY<M ae. forx'e[x,x+e]
and
ffo+s=m.
Hence
NS fE@) +8 ae forx’ €lx,x +el. (3.6)
For any y € (x, x + &), there exists ¢ > 0 such that

[y—¢,y+elcCx,x+el
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By (3.6) we have
FfO< e +8 forallye (x,x +e).
Hence

limsup f*(y) < £ (x) +6.

y—xt

Since § > 0 is arbitrary, one has

limsup f*(y) < £ (x). (3.7)

y—>xt
If (3.5) does not hold, then by (3.7) there is §p > O such that
limsup £+ (y) < £ (x) — .

y—xt
Hence there exists € > 0 such that
fro) < ffe) =8 forallye (x,x +e). (3.8)
Now we will prove that
FO L fx) =8 ae. forx’ e (x,x+e). (3.9)
From (3.8) it follows that for each y € (x, x + ¢) there exist &y > 0 and My, < f_f(x) — 8o such that
Vyi=(Q—¢y,y+e)Cx,x+¢)
and
f&xH <M, ae forx' eV,
Hence
&Y< fHx) =8 ae forx' e V. (3.10)

Since {Vy | y € (x,x + &)} is an open cover of (x,x + &), there is a countable subcover {Vy, | j =1,2,...} of
{Vy |y € (x,x +¢)}. So (3.10) implies (3.9), and thus

[ @) < fE0) = .
This is impossible. Therefore, (3.5) holds. Similarly, we have
[~ (x) =liminf £~ (y). 3.1D)
y—=XxT
From (3.3)—(3.5) and (3.11) it follows that

AF)=[f" ), f[f®]U[fZ). fTw)].
This completes the proof. O

We now give several examples to illustrate the computation of the limiting subdifferential by using the for-
mula (3.1). They also show that if f € L®[a,b] and F(x) := f(f f(@®)dt for all x € [a, b], then 9 F(x) may be
either a single closed interval or a disjoint union of two closed intervals.

Example 3.1. Let E be a measurable set in [0, 1] with the property that the intersection of any nonempty open interval
in [0, 1] with both E and its complement has positive Lebesgue measure. Such sets do exist (see [13, p. 307]). Let xg
be the characteristic function of E, i.e., xg(f) = 1 if t € E and xg(¢) = 0 otherwise. Define F(x) = f(f Xxg(t)dt for
all x € [0, 1] and put f(¢) := xg(¢). It is easy to see that f € L*°[0, 1] and

ffo=fr@=1 and f (x)=f(x)=0 forallxe(0,1).
Thus, by Theorem 3.1 we have d F (x) = [0, 1] for all x € (0, 1).
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Remark 3.1. Since 0 F (x) = [0, 1] for all x € (0, 1), by Theorem 2.2 one has d¢ F (x) = [0, 1] for all x € (0, 1). The
last formula is due to R.T. Rockafellar (see [3, p. 191]).

Example 3.2. Let E be defined as in Example 3.1. Take any xg € £ N (0, 1), and define the function f : [0, 1] - R
by

iff € [xo, 1N E,
if € [xo, 1\E,
ift €[0,x0) N E,
3 ifre[0,x0)\E.

Let F(x) := f; f(¢)dt for all x € [0, 1]. Tt is clear that f € L°°[0, 1] and
ffxo=3.  fifeo=1,  fx)=0, f(x)=2
Hence, by Theorem 3.1,
dF(x0)=1[0,1]U[2,3].

NN O =

f@) =

Corollary 3.1. In addition to the assumptions of Theorem 3.1, suppose that F (x) # . Then one has
IF(x)=[f"(). fT)].
and thus 0F (x) = dc F (x).

Proof. We have
u
t)dt
liminf L‘L > x*

u—xt u-—x

" f(t)dt
limsupfo < x*.

- u—Xx

’

x*E€IF(x) & (3.12)

u—x
For § > 0 there exist ¢ > 0 and M € R such that

M<ffax)+8 and fGx)<M ae forx elx,x+el.
The latter implies that

&Y< ) +8 ae forx’ €lx,x +el.

Hence

liminf < fHeo +s.

L f@de
u—xt u—x

Since § > 0 is arbitrary, we have

1iminfM < f). (3.13)
u—>xt u—x

Similarly, one has

() <limsup 2 L D4

- u—x

(3.14)

u—>x

Since ) F (x) # @, from (3.12)—(3.14) we deduce that f~ (x) < ffrr (x). Therefore, by Theorem 3.1 we obtain 9 F (x) =
[f~(x), fT(x)], which completes the proof. O

Remark 3.2. From Corollary 3.1 it follows that if d F(x) is nonconvex, then dF x)=40.
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Example 3.3. Let {r¢}ren be the set of rational numbers in (a, b) C R, a < b. For each k € N, choose & > 0 as small
as (rx — 8k, i +8%) C (a, b) and 8 < 2~ *+I (b —a). Put A := | J;2y(rk — Sk, 7% + ) and P := [a, b]\A. Since A is
an open set in R, one has A = Uf,f:o(am, b)), where {(am, bm)}men 1s a sequence of disjoint open intervals. Define
a function f :[a, b] — R by

0 ifx e P,
FOY=N (0 = am)> @ = b sin gg—asoiasmpy £ % € (@, bn)-
It is known (see [6]) that f is Lipschitz on [a, b], and for every x € A,
1

(b — am)(x — ) (x — by,)

F'0) =2(x —am)(x = bp)(2x — am — by) sin

2x —ay — by, 1
— COS .
by — ap (b — am)(x — ap)(x — by,)

Besides, f/(x) =0 for all x € P. For each x € [a, b], let F(x) := fax f/(¥)dt. Since f is Lipschitz on [a, b], we have
f(x) = f(a)+ F(x) for each x € [a, b]. Hence

dc F(x) = dc f (x), IF(x) =9f(x)

and

AF(x)=df(x)£0

for every x € [a, b]. By Corollary 3.1, 9 F(x) = ¢ F (x) for all x € (a, b). On the other hand, by [6, Example 4.1] we
have

[—1,1] ifxeP,
dcfx) = { {f'(x)} ifxeA.

Therefore,

[—1,1] ifxeP,
0f (x) = { {f'(x)} ifxeA.

Proposition 3.1. Let f € L'[a, b), where L'[a, b] is the space of Lebesgue integrable real functions on the interval
[a,b], —c0o<a <x <b <400, and F(x) := fax f(@®)dt for all x € [a, b]. Suppose that f is continuous on some
neighborhood of % except, possibly, at X; and lim,_, ;- f(t) := a € R, lim,_, z+ f(¢) := B € R. Then we have the
following assertions:

(i) Ifo = —00 and B = 400, then IF (%) = IF (%) = R.

(i) Ifa = —oc0 and B € R, then F () = dF (x) = (—o0, B].
(iii) Ifx € R and B = +o00, then 3F(}E) =0F(x) = [a, +00).
(iv) If o =400 and B = —o0, then dF(X) = dF(X) = 0.

() Ifa=+00 and B € R, then dF(X) =¥ and dF (X) = {B}.
(vi) Ifa € R and B = —o0, then F (x) =@ and dF (%) = {a}.
(vii) Ifa, B €R, then

Aoy |, B] fora<p, | lo, Bl fora <8,
E)F(x)_{@ for B <a and aF(x)_{{ot,,ﬁ} for B <a.

Proof. Assume that f is continuous on U := (x — §, x) U (x, x 4+ §) C [a, b] for some § > 0. We have

x—xt X—X ~

X f()dt
limsupfxfi()_ <x*.
— X —X

’

FEdfE) o (3.15)

X—>X
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If B € R, then for any x € (x, X + &), one has

X f()dt
LJlL—:ﬂ%)hmmw@e@w)
X —X
Therefore,
X @) dt
timing 2 /O _ timinf f(6,) = . (3.16)
X X

x—xt X=X

If B =400 or B = —00, then it is easy to see that

X @) dt
[rod

limirlf (3.17)
X—>X X —X
Similarly,
L (@) dt
lims_upfxxff())E —— (3.18)
X—>X"

From (3.15)—(3.18) it follows that

[o, B] ifa,BeRand o < B,

@ ifoe =4+ocoor f=—-ocoora > g,
IF@H={R ifo = —o00 and B = 400,

(—00,B8] ifa=—occandp eR,

[, +00) ifaeRand B =+o0.

Since f is continuous on U, F(x) is Fréchet differentiable and F'(x) = f(x) for all x € U. By Theorem 2.1, dF(x) =
{f(x)} forall x € U. Hence

{a, B} ifa,BeR,
. A S RC% ifo e Rand || = +o0,
ng??paF(X) ] {8} if |o| = +o0 and B € R,
e ) if |a| = | 8] = +o0.

From what has already been said we obtain the assertions (i)—(vii). O

Proposition 3.2. Suppose {t,}, {t,}, {an}, and {B,} are sequences of real numbers such thata =t <t; <--- <t, <
] < <X < < Ty <Tp < <171 <79 =Db, limy_ 0ty =lim,_, 0 T, = X, both Zf,ozloln(fn —ty,—1) and
Z;’lil Bn(th—1 — ) converge absolutely. Consider the indefinite integral F : [a, b] — R given by F(x) := f; f@)dt
forall x € [a, b], where

of ifti<t<t,i=1,2,...,
f)=4 a0 ift=rx,
B if‘rj<t<‘l,'j_1,j=1,2,....

Putting

o0 [e¢)
o e —liminf D icpqr @it —tiz1) 8 = liminf D ieki1 Bi(Tic1 — W)
' k—o00 th — X ’ T k>0 T — X

)

and

2 .= [_lim Olik} Ui lim ,Bjk] ULimsup[e;, oj41] U Limsup[B;41, B;1,
ig—>00 Jie—>00 N Ny
i—00 j—So0
where N1 :={i € N: o; <ajy1}, No:={j e N: Bj11 <Bj}, {limj, 00, } and {limj, . B, } are the set of all the
cluster-points of sequences {ay} and {By}, respectively, we have the following assertions:
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() Ifa =—00 and B =400, then IF(¥) = dF (¥) = R.

(ii) If a = —oc0 and B € R, then éF()E) = (—00,Bland 9F (x) = 2 U (—o0, B].
(iii) Ifx € R and B = +o00, then EA)F()E) = [a, +00) and 0F (x) = 2 U [, +00).
(iv) If ¢ =400 or B = —o00, then éF()E) =@ and 0F (x) = S2.

W) Ifa, B eR, then

[a, B] fora < B,
{a, B} forB <a.

[a, B] foroa < B,

BF()?):{Q) for B <a and BF()E)z{

Proof. Clearly, f is a measurable function and

b 00 00
/|f(t)|dt:Z|an(tn_tn—l)|+Z|ﬂn(Tn—l_Tn)|-
a n=1 n=l1

Since both the series Z;i 1 O (ty — ty—1) and ZE’;I Bn(th—1 — T,) converge absolutely, | f] is integrable on [a, b] and
so is f. By some easy computations, one has

Sl @it — tim1) + agr (x — 1) if x € [1, ts1),
Fx)= 9272, 0 (ti —ti—1) ifx=x,
FX)+ Y Bt — 1)+ f(x — ) ifx € (oo, i1l
For x € (a, b)\{x}, by Proposition 3.1, we get

{ai} ifxeti—1,t),

. (B} ifx e (tj,tj-1),

oF(x) =1 [oj,i+1] ifx=t;andi € Ny, 3.19)
[,Bj—l-l:,Bj] ifx=7,'j andjeNz,
] otherwise,

where i, j € N. It is clear that F'(x) is continuous at x. Therefore,

dF(¥) =LimsupdF (x) = 0 F(x) ULimsup d F (x).
xX—>X XFEX _
X —> X

It follows from (3.19) that Lim sup .z _ dF (x) = £2. By Definition 2.1, we have
X —>X

fF&) - F&) > ot

limir}r - )

Aroo X—>X X —X

x*eaf(x) <~ ) F(x) — F(X) .
lim sup ————> < x*.
X=X~ r—=x

For each k € N there exists i € {k, k + 1} such that
F(7j) — F(x) . Fx)—F(x)
———~= min ————,

T; —X X€[thy1,7%] X —X
Hence,
F(x)— F(x F(t) — F(x
fiminf 2O = EFO) i O = FO
x—>xt X —X k— 00 Tk — X

Fx)-FXx)
X

= = «. Therefore,

Similarly, limsup, _, ;-

[o, B] ifa, e Rand o < B,
] ife =+ocoorB=—occora > g,
IF@®={R ifa = —0c0 and B = 400, (3.20)
(—00,B8] ifa=—occandp eR,
[, 4+00) ifaeeRand g =+00.

The desired assertions (i)—(v) follow from (3.19) and (3.20). O
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4. The Aumann integral of the limiting subdifferential mapping
Our main result of this section reads as follows.

Theorem 4.1. Let f : U — R be a Lipschitz function defined on an open subset U of R" and §2 be a measurable
subset of U with m(§2) < co. Then we have

/af(x)m(dx)z{x*eR" (x*,v)</fo(x;v)m(dx)forallveR"}, 4.1)
I?) 2

where 3f (x) and f°(x;v) denote, respectively, the limiting subdifferential of f at x and the Clarke generalized
directional derivative of f at x in direction v.

Proof. Suppose that f is Lipschitz of rank £ on an open subset U of R”. Then the set-valued mapping 0/ (-) : U = R"
is closed, and thus df (x) is closed for all x € U; see [3, p. 199]. By Theorem 2.2, one has codf (x) = dc f(x) # 0
(thus df (x) # @) for all x € U. Hence, by Theorem 2.4 the set-valued mapping df(-) is measurable. Moreover,
m(£2) < 0o, and ||x*|| < £ for all x* € 3f (x) and for all x € U; see [8, p. 86]. Hence, df (-) is integrably bounded on
§2, and by Theorem 2.5 we get

/ of (x)ym(dx) = / codf (x)m(dx).
2 2
On the other hand, codf (x) = d¢ f (x) for all x € §2. Therefore,

/Bf(x)m(dx):/acf(x)m(dx). 4.2)
2 2

The following assertions hold (see [4]):

(i) For each v € R", the mapping f°(-; v) is measurable.
(i) For all vy, v € R" and x in £2, one has

| £ v = £OGes v)| <k@)llvg = v2ll,
where k(x) := ¢ for all x € £2.
(iii) For each x € £2, the function f O(x; -) is convex (thus Clarke regular) on R”.
Since m(£2) < 0o, k(-) € L'(£22; R). Hence,
ocF(v) = / acfo(x; Y(v)m(dx) forallveR",
Q

where F (v) := fQ fo(x; v)m(dx); see [4, pp. 75-76]. Since F and fo(x; -) are convex functions satisfying F(0) =0
and fO(x;0) =0, one has d¢ fO(x; 0) = ¢ f(x) and

IcF(0) = {x* eR"

(x*,u)gffo(x;v)m(dx) for all v eR”}.
2

Therefore,

/Bcf(x)m(dx) = {x* eR”
2
Combining (4.2) and (4.3) we have (4.1). O

(x*, v) < / FO(x; v)ym(dx) for all v € R” } (4.3)
2
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Recall [4, p. 30] that a mapping f : X — Y, where X and Y are Banach spaces, is said to be (Hadamard) strictly
differentiable at xo € X if there exists a continuous linear operator Dy f (xg) : X — Y such that
l‘ —
lim fx+1v) — f(x) — D, [ (o)

x—>xq, =01 t

and the convergence is uniform for v in compact sets. Let f : R” — R be Lipschitz near x. It is known (see [4, p. 33])
that d¢ f (x) reduces to a singleton if and only if f is strictly differentiable at x, and d¢ f(x) = {Ds f(x)}. If f is
Fréchet differentiable and Clarke regular at x, then d¢ f (x) = { f'(x)}.

Corollary 4.1. If f is a real Lipschitz function defined on an interval [a, b] C R, then
b

10 - f@e [oreas (44)
and the equality

b

/t'?f(x)d)C ={f) - f@} 4.5)

a

is valid if and only if f is strictly differentiable almost everywhere on [a, b].

Proof. Since f is a Lipschitz function defined on an interval [a, b] C R, f is Fréchet differentiable a.e. on [a, b] and

)= f@ = [’ f'(x)dx. Put
D= {x € [a, b] | f is differentiable atx}.
We have
m([a,b]\D) =0 and (f'(x),v)< fO@x;v) forallx e Dand veR, (4.6)

where m stands for the Lebesgue measure on R. Hence

b

b b
</f’(x)dx,v>=/<f’(x),v)dxS/fo(x;v)dx for all v € R.

a

By Theorem 4.1, one has f(b) — f(a) € fab af (x)dx. If f is strictly differentiable a.e. on [a, b], then df (x) reduces
to a singleton a.e. for x € [a, b]. Hence (4.5) holds. Now we suppose that the equality (4.5) is valid. For each v € R, it
follows from (4.1), (4.5) and (4.6) that ( f'(x), v) = f%(x; v) a.e. for x € [a, b]. Put 2y :={x € DN[a,b]| f'(x) =
fOCx, Dy and 2_1:={x e DN[a,b]| —f'(x) = fOx,—1)} and £ = £2; N £2_1. One has m([a, b]\£2) = 0 and
(f'(x),v) = fOx; v) for all x € £2 and v € R. This means that f is both Fréchet differentiable and Clarke regular at
any x € £2. Hence f is strictly differentiable at any x € §2. This finishes the proof. O
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