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Low-cost control

1. Introduction

Let n > 2, 2 be a bounded open set in R" and Y = (0, 1)" be the reference cell. Let S, the hole, be an open subset of Y
and S denote the closure of S in R™. Let Y/ =Y \ § be the material part. If S+ Z" = {x+k |x € S and k € Z"}, then, for a
parameter ¢ > 0 tending to zero, we set S, = &(S + Z"). Note that the open set R" \ S is periodically perforated with the
reference periodic cell ¢Y’. We define a periodically perforated domain £2; as,

2:=02N(R"\ Sg).
Let x be the characteristic function of Y' in Y, i.e,
1 ifyeyY,
X(y)_{O ifyes.

We extend x periodically to whole of R" and shall denote this extension also by x. Observe that

o= fees (%) =1).

Let xo denote the ratio of the measure of Y’ to the measure of Y, i.e.,

I

Xo= =Y.
Y]
Assume that the constant g is strictly positive. The holes S; may either be isolated or connected, and they may also meet

the boundary 8£2. We also assume that the open set R" \ S, is connected and that the boundaries are all of Lipschitz type.
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We remark that the hypothesis on the holes S and the perforated domain §2, are similar to that of [2], and are stated here
only for completeness sake.

We shall denote the norm in L?(£2) by || - ||l and the norm in L?(£2,) by | - 2,2, For a function g defined on £2¢, we
shall denote by g its extension by zero on the holes £2 N S,. The symbol C will always denote a generic positive constant
independent of ¢.

Let a,b,c and d be given constants such that 0 <a<b and 0 <c <d. Let A= A(x,y) be an n x n matrix, Y-periodic
in y, such that,

alsl* <A, y)E£ <b|g]* ae inxandy, V&= (&) eR".

The above assumptions on A implies that the matrix is in [L®°(£2 x Y)]™*". We shall, in addition, assume that A is in
C[£2; ngr(Y)]”X”, i.e., the entries of the matrix are continuous functions with respect to x € £2 and with their values in the
Banach space of essentially bounded measurable functions, Y-periodic in y. We remark that the results of this article remain
valid if C[£2; ngr(Y)]”X” is replaced by either L°[£2; Cper(Y)I™" or L3 IY; C(£2)1™". The weakest possible assumption on
A(x, y) = (ajj(x, ¥)) is that a;;(x, g) is measurable and satisfies

2
/aij<x,g> dxa//}aij(x,y)fdydx.
2 2y

Let B = B(x, y) be a matrix with entries from L*(£2 x Y), Y-periodic in y satisfying

clE? < B(x, y)E.£ <d|E|> ae. inxand y, VE = (&) e R".

Also, B satisfies the other hypotheses as that of A. In addition, we assume that B is symmetric. This assumption will not
play any role in the homogenization process and is inherited from the optimal control problem.

Let U, be a closed convex subset of L2(§2;), called the admissible control set and f € L%(£2). Given 6, € Uy, let the cost
functional J, be defined as,

¢ 2
]S(GS)ZFE(uSsQE)_F5”96”2’98 (1.1)

where u; = u,(0;) € H(£2;) is the unique solution of

—div(A(x, S)Vug) = f+6, in e,

X 1.2
A(x, E)Vug.vzo on 982, \ 9052, (12)
us =0 on 02 NS,
and v is the unit outward normal on 982 \ 952.
The aim of this article is to study the limiting behaviour of the system (1.1)-(1.2) in the following two situations:

(a) When F¢(ug, 6;) is a Dirichlet-type integral, i.e.,

1
Fo(ug, 0,) = i/B(x, g>Vu€(0€).Vu€(9€)dx. (1.3)

&

(b) When F¢(ug, 8¢) is the LZ-norm of the state, i.e.,
1 2
Fe(ug) = E””a(ea)’|2ﬂg~ (1.4)
It is a classical result from the calculus of variations that there exists a unique 6, € U, such that
6F) = mi Og). 1.5
]8( g) efgéllr]lsfs( ) (1.5)

The main results of this paper are: Theorem 2.1, Theorem 3.3, Theorem 3.7 and Theorem 4.4. In this article, we study the
situation where the Neumann condition is imposed on the boundary of the holes and the Dirichlet condition on the exterior
boundary (cf. (1.2)). In fact, the results will remain valid (locally inside £2) when the Neumann condition is imposed both
on the boundary of holes and on the exterior boundary (cf. [2]). However, the problem with Dirichlet condition on the holes
is more delicate and is the topic of a future article.

The ¢ factor appearing in the second term of the right-hand side of the cost functional (1.1) is, usually, in literature called
the cost of the control. The fact that this is of ¢ order motivates the name low-cost control. The low-cost control problems
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were first introduced by ]. L. Lions (who called it ‘cheap’ control) in [14,15]. Several variants of low-cost control problems
have been studied by Kesavan and Saint Jean Paulin in [12], for non-perforated domains. The study is taken up further in
[8,19] for both perforated and non-perforated domains. In the above articles, the problems are considered in the general
(non-periodic) case using the method of oscillating test functions, introduced by L. Tartar (cf. [17,18,23]). In spite of these
studies, the problem has not been completely settled in its full generality. One major drawback is the lack of information
on the convergence of the optimal controls itself, except in some trivial cases (cf. [19]). The problem has only been settled
for particular cases of admissible control set.

In [8,19], the state-adjoint system governing the optimal control problem was homogenized for the non-perforated do-
main with the assumption that the control set was the set of all positive functions (positive cone) of the control space.
The perforated case was unsettled, even for the positive cone of the control space. In this paper, using the notion of two-
scale convergence (cf. [1,16,20,21]), we show that the state-adjoint system governing the optimal control problem can be
homogenized without any assumptions on the control set for both perforated and non-perforated domains.

However, we would like to note that the positive cone hypothesis on the admissible control set is not relaxed for the
homogenization process of the optimal control problem. This is due to the lack of characterisation of the optimal controls,
in general. The case of the positive cone gives a nice characterisation of the optimal controls in terms of the adjoint state
which cancels out the product of two weak limits. Such a characterisation is not available, in general.

This article settles the problem, in non-perforated case, left open in [12] and the perforated case left open in [8]. Also, the
positive cone hypothesis has been relaxed wherever possible. Moreover, it contains different approach to the results obtained
for non-perforated case which easily carry forward to the perforated case. Though this article announces only the results
concerning perforated domains, the results remain valid even for non-perforated domains with necessary modifications.

We end this section by recalling some preliminary notions used in the sequel. We first define the sequential notion of
K-lower limit in its full generality. A detailed study of this and related notions can be found in [5]. Let X be a topological
space and E, be a sequence of subsets of X.

Definition 1.1. A point x € X is said to be in the sequential K-lower limit of E, w.r.t. the topology in X if and only if there
exists k € N and a sequence {x,} converging to x in X such that x, € Ey, for all n > k.

We now recall the notion of two-scale convergence. We refer to [1,16,20,21] for a detailed study of the same and certain
applications.

Definition 1.2. A sequence of functions {v¢} in L%(£2) is said to two-scale converge to a limit v € L%(£2 x Y) (denoted as

2s .
ve —v)if

/v8¢><x, g)dxe/[v(x, N, y)dydx, Vo € L?[$2; Cper(Y)].
2 2y

The most interesting property of two-scale convergence is the following compactness result.

Theorem 1.3. For any bounded sequence v, in L%(£2), there exist a subsequence and v € L?>(£2 x Y) such that, v, two-scale converges
to v along the subsequence. Also, if v, is bounded in H'(£2), then v is independent of y and is in H'(£2), and there exists v{ €
L2[£2; H;EF(Y)] such that, up to a subsequence, Vv, two-scale converges to Vv + Vyvi.

The article is organized as follows: In Section 2, we prove H-convergence for weak data under some assumptions, one of
the main results of this article. This is significant by itself and we use this result for our analysis. In this section, we work in
the non-perforated set-up to fix ideas. However the results remain valid in the perforated case and are used with necessary
modification in the subsequent sections. In Section 3, we study (1.1) where F, is the Dirichlet-type integral as given in (1.3).
In Section 4, we homogenize the system (1.1)-(1.2) under the situation (1.4).

2. H-convergence for weak data

We begin by recalling the notion of H-convergence. Let g. be a sequence in H~1(£2) which converges to g strongly in
H~1(£2). If v, is the solution of

—divAxE Vv | = in 2
g e | =8¢ ) 21)

ve =0 on 052,

then, there exist vo and a matrix Ag such that
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Ve = Vg weakly in H}(£2),

2.2
A(x, S)Vvs — AgVvgy weakly in (Lz(.Q))n. (22)

Here vg € H(l)(.Q) is the unique solution of the homogenized problem

—div(ApVvg) =g in £2,
vo=0 on 0f2.

Further, the ijth entry of the matrix Ag is given by

(Ao)ij = / A, [ Vyrix, y) +ei].[Vymjx. y) +ej]dy. (24)
Y

The function w;, for 1 <i < n, is the solution of the cell problem

{ ~divy(A(x, Y)[Vypi(x, y) +ei]) =0 inY, 25)

Yy mi(x,y) is Y-periodic,
where {e1, ..., ey} is the standard basis of R".

The above result is not true, in general, when g, converge weakly in H~1(£2). However, it was shown in [6] that if, in
addition, g, are positive distributions of H~1(£2), the H-convergence result remains valid. A very general study of the weak
converging data was done by L. Tartar and his result can be found in [3]. It involves a homogenized problem defined in
a complicated way (involving corrector functions) and which reduces to (2.3) under the strong convergence hypothesis of
data in H~1(£2).

In this section, we give another hypothesis on the data under which the H-convergence remains valid.

Theorem 2.1. Let & < 1 be a fixed real number. Let v, € H(l)(.Q) be the weak solution of (2.1), where g € L?(£2) is such that g — g

weakly in H-1(£2) and % g is bounded in L%(£2). Then, there exist v and a matrix Ao such that (2.2) is satisfied, where vo € HE) (£2)
is the unique solution of (2.3) and Ay is given by (2.4) and (2.5).

Proof. Let w; € H(l)(Q) be the solution of

(2.6)

—Awg =g in £,
we=0 on d52.

Then it is easy to see that w, is bounded in H(l](SZ). In fact,

||W8||H(1)(Q) < gellp-1(2)-

Thus, it follows from the two-scale convergence theory, that there exist wg € Hé (£2) and wq € L2[£2; H;er(Y)/R] such that,
up to a subsequence,

w z w
L (2.7)
Vwe = Vwo(x) + Vywi(x, y).
Further, we see that the homogenized equation of (2.6) is

—Awg=g in £2,
wo=0 on 052.

By choosing ¢ € D(£2), ¢, € cggr(Y) and setting

¢(x, g) — ey (X)¢2<g> e D[2: Car (V)]

as a two-scale test function for (2.6), we have

8/VWs~V¢1¢2(S>dX+/VWs-Vy¢2<g>¢1 dx=e““/s“gs¢1(x)¢z(g>dx.
2 2 2
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By passing to the two-scale limit, we get

//[VWO + Vywi(x, ¥)].Vyd2(y)$1(x) dxdy =0.
Qy
Since fy Vy$2(y)dy =0, we have for every ¢1 € D(£2),

/dn (X)[[Vym(x, }’)-Vy(bZ(J’)dY] dx=0.
2

Y

Thus, for almost every x € £2,

/ Vywi(x,y).Vyga(y)dy =0,
Y

which implies Ayw1(x, y) =0, where wq is Y-periodic. Thus, w1 is a function independent of y and V,w; = 0. Therefore
in (2.7) we, in fact, have

2s
Vwe = Vwo(x).

Observe that the solution v, of (2.1) is bounded in H{(£2). Thus, there exist vo € Hj(£2) and vy € L*[£2; Hpe (Y)/R]
such that, up to a subsequence,

Ve = Vo,
”e (2.9)
Vve = Vvo(x) + Vyvi(x, y).

Now an usual two-scale analysis of (2.1) by replacing g, with Eq. (2.6) and by choosing ¢ (x, £) = ¢1(x) + e¢a(x, %) as
the two-scale test function will yield,

//{A(x, W[Vvo+ Vyvix, y)] — Vwo}.{Ve1(x) + Vyga(x, y)} dxdy = 0.
2y

Then, the usual arguments of decoupling and Eq. (2.8) together will yield (2.3) and the convergences (2.2). O
3. Dirichlet-type integral of state in cost functional

Let U, be a closed convex subset of L?(§2¢). The optimal control problem is to minimise in Uy, the cost functional J,
given as,

1 X &
et =5 | B(x, g)Vus.wg dt S10: 13 g, Ve € U, (31)

€

where u; € H'(§2,) is the unique solution of

X
—div(A(x, E)V%) =f+4+6 in 2,

X
A(x, —>Vu5.v:0 on 082 \ 042,
&
u,=0 on 9£2 N9s2,,
and v is the unit outward normal on 9£2; \ 952.
Let 6 € U, be the unique optimal control and u} be the state corresponding to 6; (cf. (3.12)). The solution space of (3.2)
is given as,
Ve={ueH"(2)|u=00nd2nae,}
and uj} € V. We now state a Poincaré inequality result of £2;, proved in [2].

Lemma 3.1. (See [2, Lemma A.4].) There exists a positive constant C, independent of &, such that

IVi2,2, <CIVVI2,2,, VVEVe.
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The above lemma gives an equivalent norm on V; as, ||[Vl]lv, =[VV]2,¢,.
We introduce the adjoint optimal state associated to the optimal control problem. Let p} € V, be the solution of,

—div(tA(x, S)ij) = —div(B <x, £>Vuz> in 2,

<tA(X, S)Vpg—B(x, S)Vuj).uzo on 982 \ 882, (3.3)
p;=0 on 92 N 92.
Then the optimality condition, in terms of the adjoint optimal state, is
/(pé‘ +607) (0 —07)dx >0, ¥ € U,. (34)
$2¢

Note that the symmetry hypothesis on B comes in hand only to derive the optimality condition (3.4).
In the rest of the section we will consider control sets, U, satisfying the following hypothesis:

(H1) There exists n, € U, such that {#;} is bounded in L%(£2).

The motivation for this hypothesis will be clear in next lemma. We shall now show that the admissible sets satisfying
(H1) are in abundance. Let U be a closed convex subset of L2(§2) and U, be the set of all elements of U restricted to £2;.
Observe that U, is a closed convex subset of L2(£2,). Let 6 € U, then by choosing 1, = f|o. we note that U, satisfies (H1),

: 2 <116 2
since 17112 o, < 16113.

Lemma 3.2. Let the admissible set U, satisfy the hypothesis (H1), then {u}} and {p}} are bounded in V.. Also, there exists 6* €
H~1(£2) such that, for a subsequence,

6 —0* weakly in H~1(£2) (3.5)

and

e120% ~0 weakly in L*(52). (3.6)

Proof. Let v, be the state corresponding to the control 6; = n, in (3.2). Then, it is clear, from the hypotheses on A(x, g)
that v, is bounded uniformly with respect to ¢ in V, since,

welv, < S (25 + 7
!:‘Vg\axg Ne

2
Hence, it follows from (1.5) that

Je(67) < Je (o).

Therefore, from (3.1) we obtain that {u}} and {8%9:} are bounded in V. and L2(£2;), respectively. Moreover, from (3.3),

{p?} is bounded in V. For v € H}(£2), consider
* X
<(Pluzly, +Cx(Z)F] )IVinye-
¢ & 2 0

‘/H}de :‘/ijdx :‘/Agﬁg.Vvdx—/x<g>fvdx
2 2 2 2

Therefore {é:;‘} is bounded in H~1(£2) and thus there exists 6* € H~1(£2) such that, up to a subsequence, (3.5) holds and
hence (3.6) holds. O

Our objective is to know whether #* is an optimal control of a problem similar to (3.1)-(3.2). We deduce from the

a priori estimates obtained in Lemma 3.2 that there exist u*, p* € H})(Q) and uq, p1 € L2[$2; H;er(Y/)/R] such that, up to a
subsequence,

~ 25

ur =~ u* @ x ),

~ 25

Vug = xM[Vu*x) + Vyui(x, y)],

~ 25

pE—=p Xy,

—— 25

VpE = X[V ®) + Vypi(x, y)].

The above results can be derived from the two-scale convergence analysis which we skip (cf. [1]).
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Observe that the right-hand side of both (3.2) (written for 6, = 6;) and (3.3) involve functions whose extensions to £2
are only weakly compact in H~1(£2). A homogenization result is not available, in general, for such equations.
We shall now define some cell problems which will be used in the sequel to identify the limit problem. For 1 <i <n,

let the function u; € Hll)er(Y/)/R be the solution of the cell problem

—divy (A, Y)[Vyrix, y) +ei]) =0 inY’
A, Y [Vyrix, y) +ei].v=0 on 3Y’\ dY, (3.7)
Yy pix,y) is Y-periodic.

A note of caution that we are using the same notation w; as in (2.5). But in the rest of the article u; will always denote

the solution of (3.7). The distinction is clear if one keeps in mind that we are dealing with the perforated situation in this
article.

Let w; € Hrl,el.(Y/)/R be the solution of the adjoint cell problem
—divy ("A(x, »)[Vywi(x, y) +ei])=0 inY’,
"Ax, y)[Vywix, y) +ei].v=0 on dY’\ dY, (3.8)
Yy wix, y) is Y-periodic,

and let ¢; € H;er(Y’)/R be the solution of the cell problem

—divy ("A(x, Y)Vy¥i(x, y) + B, y){(Vypi +ei}) =0 in Y,
[‘Ax, »)Vy¥i(x, y) + Bx, y){ei + Vypi}].v =0 on dY’\dY, (3.9)
Yy ix, y) is Y-periodic.

We now provide the homogenization theorem for the state and adjoint-state equations. The non-perforated analogue of
the following theorem was proved in [8,19] under the hypothesis that the admissible control set is the positive cone of
L2(£2). The theorem given below relaxes this hypothesis on the admissible control set, thus proving the result in its full
generality both for fixed domains and varying domains with Neumann condition on the holes.

Let the homogenized matrix Ag be defined as,

(Ao)ij = / A [ Vyrix, y) +ei].[Vyujx. y) +ej]dy (3.10)
v
and the transpose of Ag, fAo, is given by a similar equation written for the function w; (cf. (4.9)). Let B* be given as,
(B¥)e; =/{B(x, W[Vyrix, y) +ei] + A »Vyix, y) } dy. (311)
Y/
Theorem 3.3. Let U, satisfy the hypothesis (H1) and let u} be the solution of
. X .
—d1v(A<x, E)Vu§> =f+0F ing2,
X 312
A(x, E>Vuf§.v=0 on 982\ 982, (312)
ut=0 onos2Naos2g,

&
and p} be the solution of (3.3). Then, xou™ and xop* are the weak limits of[f’g and Eg respectively, in H(l)(.Q) where (u*, p*) €
H{(£2) x H}(£2) solves
—div(AgVu*) = xof +6*  ing2,
—div(*AgVp* — B*Vu*) =0 in g2, (313)
uF=p*=0 onas.

The control 6* is as obtained in (3.5).

Proof. Since U, satisfies (H1), the results of Lemma 3.2 remain valid. Let p} € V¢ be the solution of
—Apy =06} in £,
Vogv=0 on 382\ 952, (3.14)
pe=0 on 92 Nas2.
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Then,

2
Iz | v, S ”9§HH4(Q) HPg'O:”Hé(.Q)’

where P, is an extension operator (cf. [4, Lemma 1]) from V. to H(l)(.Q) such that [[V(P¢v)|l2 < C||VV]l2,e,, for all v e

Ve, and the constant C is independent of &. Thus, % is bounded in (L2(£2))". Also, by Lemma 3.1, ;7; is bounded in
L?(£2). Thus, by the two-scale convergence theory, there exist p* € Hj(£2) and p; € L?[£2; H}o (Y')/R] such that, up to a
subsequence,

~ 28
pE=p ()XY,

—— 2 (3.15)
Vor = xW[Ve*®) + Vyp1(x,y)].
It is easy to see that the homogenized equation of (3.14) is
* 1 *
—Ap*=—~0" in £2,
X0 (3.16)

p* =0 on 9£2.

Arguing as in the proof of Theorem 2.1 with the obvious modification for perforated domain, we have the first equation
of (3.13) as the homogenized state equation. We also have that,

n Ju*
(% 3) = Y i, ) 5 — (0.
i=1 !

We shall now show that the second equation of (3.13) is the homogenized equation corresponding to adjoint equa-
tion (3.3). In the case of (3.3), g, = —div(B(x, g)Vuz) may not satisfy the hypotheses of Theorem 2.1, but here we obtain
the limit equation using the divergence form of g..

We choose ¢ (x, g) =p1(x) + eda(x, g) as a two-scale test function in (3.3), and passing to the limit, we have

/ / LA, X D{VD* + Vyp1(x, )} [Vo1(x) + Vyga(x, y) ] dy dx
Y

=/fB(x, WXW{VU* + Vyur(x, ) }.[Vo1(0) + Vyga (x, y) | dy dx.
Y

By choosing ¢1 =0 and the cell problems (3.8) and (3.9), we deduce that

n

ou* ap*
pi= Z[wf(x, » aui (%) + wi(x, y)ai;i(x)}

; X
i=1

and by choosing ¢, =0, we get the second equation of (3.13). O
Remark 3.4. Let u, be the solution of (3.2) and if 0, — 6 strongly in H=1(£2), then

/‘BSVus.Vugdxe /BﬁVuo.Vuodx (3.17)
¢ 2

where B* is as given in (3.11) and ug =uo(®) € H(l)(.Q) is the unique solution of

—div(AgVug) = xof +6 in £2,
ug=0 on 0s2.

Ag is given as in (3.10). This result is, in a sense, the ‘generalised’_energy convergence. This fact has been observed in
[9,11]. We, however, remark that (3.17) is not true, in general, when 6, — 6 weakly in H=1(£2). A one dimensional example
establishing this fact for the non-perforated domain can be found in [19].

Remark 3.5. If By is the homogenized limit of the sequence B(x, g). then, in general, B  By. For more such interesting
properties of B* and its applications we refer to [7,9-11,13,22].
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Now that we have identified the limit state equation, it now remains for us to find the limit cost functional and to prove
that 6* is its optimal control.
Using p; as a test function in (3.12) and u} as a test function in (3.3), one can rewrite the cost functional J.(6)) as,

1:02) = 5 [ £+ pzan+ Soz} (318)
¢
The above functional (3.18) involves product of two weakly converging sequence, namely, fﬂs 07 p; dx, whose limit is un-
known in general. This makes the problem difficult to tackle in a general admissible control set U,.

We could identify the limit cost functional only in the situation when the control set is the set of all positive elements of
L%(£2;), i.e., the positive cone of L2(§2¢). More precisely, let Uy = {0 € L2(§2) | 6 >0 a.e. in £2:} be the closed convex subset
of L2(§2). Observe that the elements of U, restricted to §2; is the set of all positive elements of LZ(£2;). Let U’ be the
sequential K-lower limit of U, with respect to the strong topology in L?(£2). We shall now establish that U’ is non-empty.
If U denotes the positive cone of L2(£2), i.e, U= {0 € L2(£2) |6 >0 a.e. in §2}, then U is a subset of U, for all €. Thus, U is
a subset of U’ and hence U’ is non-empty.

Let V' be the strong closure of U’ in H~1(£2). Since U’ is convex, V'’ is same as the weak closure of U’ in H~1(£2).

Remark 3.6. If V is the strong closure of U in H~1(£2) then V is the set of all positive distributions of H=1(£2). In other
words, V is the positive cone of H~(§2). We refer to [19] for a proof of this fact. Also, observe that V is a subset of V'.
Since U is convex, V is same as the weak closure of U in H~1(£2).

Theorem 3.7. Let Uy = {0 € L%(2) | 0 > 0 a.e. in £2;}. Then

1 1
Je(67) — 5/1&311Vu*.vlﬁax— 5(9*,p*>H,1(9),H(1)(9) (3.19)
2

where 6* is as obtained in Lemma 3.2, u*, p* are as obtained in (3.13) and B* is given by (3.11). Also, p* € U and hence in V'.
Further, if (6%, p*) y-1(g) 1 (2) = O then 6™ minimizes

1
J () = 5/BﬁVu.Vudx (3.20)
2
over V', where u = u(0) solves

—div(AgVu) = +6 inS$2,
(AgVu) = xo f (321)
u=0 onos2,

and the convergences (3.5) and (3.6) hold for the entire sequence.
Proof. Observe that 0 € U, for all e. Thus, the set of all elements of U, restricted to §2; (the positive cone of L2(§2;))
satisfies the hypothesis (H1). Hence the results of Lemma 3.2 and Theorem 3.3 remain valid.

Since the admissible set is now the positive cone of L%(£2;), the optimality condition (3.4) implies that €0f = (p%)~. This
equality will in turn imply that

2
/ Oprdx=—e|07 3 .- (322)
2
Thus, J¢(0;) (cf. (3.18)) reduces to

1
1:(02) =5 [ 1oz dx
¢
and passing to the limit will yield

1
1:0) > 5 [ xofp*ax.
Q2
Using p* and u* as test functions in the state and adjoint-state equation of (3.13), respectively, we have

/ Xxofp*dx = / BFVu* Vu*dx — (0%, p*), @).HI(®@)"
2 2
Thus, (3.19) holds true.
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Using (3.22), we rewrite the optimality condition (3.4) as,

/pjgedx+/(s%9;)(a%9)dx> 0, VOeU,.
2 2
In particular, the above inequality holds for all 6 € U. Thus, passing to the limit, we deduce that

/Xop*QdXQO, Vo eU.
2

This implies p* >0, i.e., p* € U and hence p* € V'.
For 6 € V', let | be defined as in (3.20) where u solves (3.21). Recall that 6; is the minimiser of J, over Ug, i.e.,

]a(9§)<15(9), Vo € Ue. (3.23)
Given 6 € U’, there exists § > 0 and a sequence 6, — 6 strongly in L2(£2) such that 6, € U, for all & < 5. Observe that

166113, , < 1613, Ve <8,
and hence

1515 < 1166113, Ve <.
Thus 8||¢98||§!95 — 0. Thus, passing to the limit in (3.23) (also using Remark 3.4), we deduce

! ij*v*d—l(e* *) <J©O), voeU

5 unVUTAX = {07 DY) -1 ), i) S T ) el

2

Since V' is the strong closure of U’ in H~1(£2), we actually have (using Remark 3.4)

1
J(*) - 5(9*’ p*>H*1(Q),H(1)(.Q) <JO)., voeV'

Observe that 6% € U C U,. Thus, the weak limit of 6% in H~'(£2) is in V c V' by Remark 3.6. Therefore, if
(9*’1’*)1-1*1(9),14}](9) =0, then 6* minimises ] over V’'. The strict convexity of | would then imply the uniqueness of

6* and thus the convergences (3.5) and (3.6) hold for the entire sequence. O

Remark 3.8. We note that though we have identified the possible limit cost functional as (3.20), the possible limit admissible
set as V’ and the possible homogenized state equation as (3.21), we are unable to prove that 9* minimises | in V' in
general. However, we prove 8* is a minimiser of J in V' under the hypothesis that (6%, p*>H*1(.Q),H(1)(.Q) = 0. Considering the

fact that st 0psdx <0 (cf. (3.22)) and (0%, p*)H-l(Q),Hg(m > 0, one would expect that (6*, p*>H—1(Q),H(’)(.f2) = 0. However,
we have no means of proving this hypothesis.

In the next section, we shall study an optimal control problem with a different cost functional (cf. (1.4)) where the
difficulties noted in the above remark are overcome for the positive cone situation.

4. L%-norm of state in the cost functional
Let U, be a closed convex subset of L?(£2;). The optimal control problem is to minimise the cost functional J, given as,
Je(Oe) = %nugnﬁ,gg + %nes 15,0, (41)
for all 8, € U, where u, € H'(§2;) is the unique solution of (3.2). From classical theory, there exists a unique 0 € Ug which

minimises J. in U,. Let u} € V. be the state corresponding to ;.
We now introduce the adjoint optimal state associated to the optimal control problem. Let p} € V, be the solution of,

—div<tA(x, S)ij;> =u¥ in £,

X 42
fA(x, E)v;;z.v=0 on 352 \ 942, (4.2)
p;=0 on 92 N 382s.

Then the optimality condition is as given in (3.4).
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Lemma 4.1. Let U, satisfy the hypothesis (H1), then {p}} is bounded in V. Also, {u}} and {81/29;*} are bounded in L%(£2,). Thus,
there exist ug(x, y) € L*(2 x Y), p* € H}(£2) and p1 € L?[2; H}.(Y')/R] such that, for a subsequence,

e120x ~ 0 weakly in L*(52), (4.3)
~ 2

ux 2 uox, y), (4.4)
~ 2

pE = pr 0 x (), (4.5)

and
—_ 2
Vi =2 xW[VP* () + Vyp1(x, y)]. (4.6)

The limit p* solves

—div(*AoVp*) :/uo(x, y)dy in s,

v (4.7)
p*=0 on ds2,
and
n
3 *
Pi=Y @i(x. ) 5. (438)
i=1 !
The entries of ' A are given as
(fAO)U :/‘A(X, W[Vywix, y) +ei].[Vywjx, y) +ej]dy (4.9)

Y/
where wj(x, y) is the solution to the cell problem (3.8).

Proof. Let v, be the state corresponding to the control 7, given by the hypothesis (H1), in (3.2). Then, as argued in

Lemma 3.2, v, is bounded uniformly with respect to ¢ in V.. Hence, it follows from (1.5) that {u}} and {8%92(} are both
bounded in L?(£2;). Moreover, from (4.2), {p}} is bounded in V. Thus there exist 8’ € L?(£2), up(x, y) € L*(£2 x Y), p* €
H{($2) and p; € L?[£2; Hp (Y")/R] such that, for a subsequence,

e120x —~ 0’ weakly in L?(£2),

and (4.4)-(4.6) are satisfied.
Now an usual two-scale analysis of (4.2) will yield (4.7) and (4.8). It now only remains to prove that 6’ = 0.
Let g, € V¢ be the solution of

—div(A(x, S)ng) :8%(f +67) in £,

X 410
A(x, E>Vq£.v=0 on 082 \ 052, ( )

ge=0 on 02 Nos2.

By linearity, q. = s%ug‘. Since, 8%9; is bounded in L2(82,), q¢ is bounded in V, and thus, by Lemma 3.1, g, is bounded in
L%(£2¢). This together with the fact that u} is bounded in L2(£2) will imply that, for a subsequence,

G — 0 strongly in L%(£2).
Thus, the homogenized equation of (4.10) is the zero equation, which implies that ' =0. O
Remark 4.2. In the above lemma, we conclude that #” =0 which cannot be done, in general. This argument is also valid in

Lemma 3.2. However, there the estimate on the optimal controls was enough to conclude this, which is not available in the
present situation.
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Remark 4.3. The above lemma is the counterpart of Lemma 3.2 for the problem considered in this section. In contrast to
the problem in Section 3, here we do not have a priori bound on GN; even in H~1(£2) (as in Lemma 3.2). Hence, we also
do not have an estimate of u} in V.. Hence the homogenization of the state equation is not achieved as in Theorem 3.3.
In other words, one is unable to address this problem for an arbitrary admissible set U, in general. However, in the next
theorem we shall study the positive cone case which will offer some estimates on the optimal controls. Also, in the above
lemma, we have homogenized the adjoint-state equation (as in Theorem 3.3). In the next theorem we homogenize the state
equation, as well, for the positive cone case.

Let Ug = {0 € L2(£2) | 6 > 0 a.e. in £2;} be the closed convex subset of L2(£2). The elements of U, restricted to 2, is the
set of all positive elements of LZ(£2,). Let U’ be the sequential K-lower limit of U, with respect to the strong topology in
L%(£2). U’ is non-empty. Let V' be the strong closure of U’ in H~1(§2). Let U denote the positive cone of L2(£2). Let V be
the strong closure of U in H~1(£2).

Theorem 4.4. Let U, = {0 € L>(2) | 6 > 0 a.e. in £2;}. Then {u}} and {QNQ‘} are bounded in V, and H~'(£2), respectively, and there
exists 0* € H—1(£2) such that

éz‘ —~6* weaklyin H~1(). (4.11)
Also, ug(x, y) = x (y)u*(x) where u* H})(Q) solves

—div(ApVu*) = 0* ins2,
(AoVu*) = xof + (412)
u=0 onas2.
Moreover, p* € U and (6%, p*)Hfl(rz),Hg](m = 0. Further, 6* minimises
1
J©O)=3 f Xou® dx
Q2
over V', where u = u(0) solves (3.21) and
Je(07) = J(07). (413)

Proof. Observe that U, satisfies the hypothesis (H1), since 0 € U, for all €. Therefore the results of Lemma 4.1 remain
valid. Also, the optimality condition (3.4) implies that €6 = (p})~ and thus (3.22) holds. An argument similar to the one
in Theorem 3.7 will show that p* € U.

Using u} as a test function in the weak form of the state equation satisfied by uj (cf. (3.12)), we have

/A(x, g)v@.Vujdx:/(f+9j)u§dx:/fu§dx+e‘1/(pj)fujdx.
2 $2¢

€ &

Now, using (p})~ as a test function in the weak form of the adjoint equation (4.2), we have

J e uzax= [a(x 2)vier)wpta= [a(x2)v(or)v(pr) o

and hence we derive the equality,

/A(x, §>Vuz.Vujdx+e_1/A<x, g)v(pj)f.v(pz)fdx:/fuzdx. (414)

& & QS

Since {u*} is bounded in L?(£2;), we deduce from (4.14) that {u?} and {¢~1/2(p¥)~} are bounded in V. Therefore, there
exist u* € Hj(2) and uy € L2[£2; Hp, (Y')/R] such that ug(x, y) = x (y)u*(x) and, up to a subsequence,

~ 25 %

Vug = xM[Vu*x) + Vyui(x, y)].

Now, arguing as in Lemma 3.2, we show that {GT;F} is bounded in H~1(£2) and thus there exists 6* € H~1(£2) such that
(4.11) holds, for a subsequence. Now, arguing as in the proof of Theorem 3.3, we show that u* solves (4.12).
Moreover, we have (cf. [2, Theorem A.1])

2
2

., = xollu
[e7V2(P2) a0, = 67202 15,0, > 0

Thus, passing to the limit in J.(6;) we have (4.13).
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On the other hand, using p} as a test function in (3.12) and u} as a test function in (3.3), one can rewrite the cost
functional J.(67) as in (3.18). Now, using (3.22), J(67) reduces to

1
1:0) = 5 [ st
¢
and passing to the limit will yield

1
1:05) = 5 [ xofp*ax.
2

Using p* and u* as test functions in (4.12) and (4.7), respectively, we have

1
/Xofp* dx=J(0%) - 5(9*7 p*>H*1(Q).H(1](9)'
2

Therefore, (4.13) implies that (6*, p*)H*I(Q),Hé(Q) =0. Now an argument analogous to the one in the proof of Theorem 3.7

will show that 6* minimises J in V’. The strict convexity of J would then imply the uniqueness of #* and thus the
convergences (4.11) and (4.3) hold for the entire sequence. 0O

Remark 4.5. The above theorem differs from Theorem 3.7 in the sense that we now have the fact that

[ ozpiax=—clozl} o, —o.
2

In other words, we have identified the limit of the product of the two weakly converging sequence. This was possible due
to (4.14) and similar equality is not available for the problem in Section 3.

5. Conclusion

We have studied the asymptotic behaviour of some low-cost control problems left open in [12,19]. The results are proved
for perforated domains but they remain valid for non-perforated domains as well, with necessary modification. We prove
an H-convergence result for weak data (cf. Theorem 2.1) which forms the backbone of the article. It would be interesting
to see if the difficulties discussed in Remark 3.8 could be overcome.
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