J. Math. Anal. Appl. 353 (2009) 99-113

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Micropolar generalized magneto-thermoelasticity with modified Ohm’s
and Fourier’s laws

Magdy A. Ezzat, Emad S. Awad *

Department of Mathematics, Faculty of Education, Alexandria University, Alexandria, Egypt

ARTICLE INFO ABSTRACT
Article history: In this work, we introduce the modified Ohm’s law, including the temperature gradient
Received 11 November 2008 and charge density effects, and the generalized Fourier's law, including the current

Available online 27 November 2008

! density effect, to the equations of the linear theory of micropolar generalized magneto-
Submitted by Goong Chen

thermoelasticity, allowing the second sound effects. A normal mode analysis is applied to
obtain the exact formulas of temperature, displacement, micro-rotation, stresses, couple

Ipfgsv;if; stresses, electric field, magnetic field and current density. Application is employed to our
Micropolar thermoelasticity problem to get the solution in the complete form. The considered variables are presented
Heat transfer graphically and discussions are made.
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1. Introduction

The discrepancy between the classical theory of elasticity and the experiments is striking in the dynamical problems
characterized by high frequency and small wave length; in such problems the influence of body microstructure becomes
significant. So, the theory of micropolar elasticity, which deals with such materials having microstructure, gained a great
importance in the last decades and found its applications mainly in the problems of deformation of granular media and
multi-molecular systems.

The general theory of linear and non-linear micropolar continuum mechanics was given by Eringen and Shuhubi [1,2]
and Eringen [3,4].

The coupled theory of thermoelasticity was introduced by Biot [5] to eliminate the paradox inherent in the classical
uncoupled theory that elastic changes have no effects on the temperature. The heat equations for both theories are of
parabolic type predicting infinite speeds of propagation for heat waves, contrary to physical observations.

Lord and Shulman [6] introduced the generalized theory of thermoelasticity with one relaxation, in which the acceler-
ation of heat flux was taken into account and the Fourier’s law of heat conduction was replaced by a generalized version
including a constant represents the time-lag needed to establish steady state of heat conduction in an element of vol-
ume when a temperature gradient is suddenly imposed on that element, this constant was called relaxation time and
Chester (1963) gave a clear physical interpretation for this constant.

The theory of micropolar elasticity was extended to include the thermal effects by Nowacki [7], Eringen [8,9], Tauchert
et al. [10], Tauchert [11] and Nowacki and Olszak [12]. The generalized theory of micropolar thermoelasticity, which ad-
mits the second sound effect, was established by Boschi and lesan [13], Sherief et al. [14] introduced another model and
proved the uniqueness theorem and solved an axisymmetric thermal shock problem. El-Karamany and Ezzat [15] studied
the boundary integral equation formulation for this theory.
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Nomenclature
AU Lame’s constants k thermal conductivity
o, B, &, v micropolar elastic constants qi components of heat flux
j micro-inertia T relaxation time
P density D electric displacement vector
Uuj components of displacement E induced electric field vector
wi components of micro-rotation ] current density vector
ojj components of stresses H magnetic intensity vector
Mij components of couple stresses h induced magnetic field vector
e dilatation H, initial magnetic field vector
T absolute temperature Pe charge density
T, reference temperature &o dielectric constant
0 =T-T, o magnetic permeability
Ce specific heat at constant strain o electric conductivity
or coefficient of linear thermal expansion 8ij Kronecker delta function
y =Gr+2war eijk permutation symbol

The foundations of magneto-elasticity were presented by Knopoff [16], Chadwick [17] and developed by Kaliski and
Petykiewicz [18].

The propagation of electro-magneto-thermoelastic waves in an electrically and thermally conducting solid has been
studied by many authors. Paria [19,20] discussed the propagation of plane magneto-thermoelastic waves in an isotropic
unbounded medium under the influence of a uniform thermal field and with magnetic field acting transversely to the di-
rection of propagation, Paria used the classical Fourier’s law of heat conduction and neglected the electric displacement
together with charge density, the coupling between the current density and the heat flow density and the coupling between
the temperature gradient and the electric current. Wilson [21] corrected an error in [19,20] and extended Paria’s results by
introducing a component of the magnetic field parallel to the direction of the propagation. Nayfeh and Nemat-Nasser [22]
introduced a more general model of electro-magneto-thermoelasticity which included the relaxation time of heat conduction
and the electric displacement current.

Among the authors who considered the generalized theory of magneto-thermoelasticity, Sherief [23] solved a problem for
a solid cylinder, Sherief and Ezzat [24] solved a thermal shock half space problem using asymptotic expansion, lately Sherief
and Ezzat [25] solved a problem for an infinitely long annular cylinder, while Ezzat [26-28] and Ezzat and Youssef [29]
solved some problems for a perfect conducting media.

The linear theory of micropolar generalized magneto-thermoelasticity was studied by Nowacki [30] who studied a two-
dimensional problem, Chandrasekhariah [31] investigated the magneto-thermoelastic plane waves in micropolar elasticity.
Nath et al. [32] studied magneto-thermoelastic waves in micropolar elastic media.

In this work, a more general model of micropolar generalized electro-magneto-thermoelasticity is used, a two-
dimensional problem is formulated and solved using the normal mode analysis, the formulas of temperature, displacement,
micro-rotation, stresses, couple stresses, electric field, magnetic field and current density are obtained. Application is em-
ployed to our problem to get the solution in the complete form. The considered variables are presented graphically and
comparisons and discussions are made.

2. Mathematical model

The variation of electric and magnetic fields inside the medium are given by Maxwell’s equations as follows

curlh=J]+D, (1)
curlE = —B, (2)
divB=0,  divD = p,, 3)
B=H,  D=¢gE, (4)

where H=H, + h and H, is the applied magnetic field and h is the perturbation occurred in the total magnetic field by
induction, the dot in the above equations denotes to the differentiation with respect to time.
The above equations are supplemented by the modified Ohm'’s law for media with finite conductivity

J=00[E+u x B] 4 pet1 — ko grad 6, (5)

where k, is the coefficient connecting the temperature gradient and the electric current density.
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The equation of balance of linear momentum including the effect of Lorentz force and in the absence of body force can
be written in the following form
0ji,j + J x B); + peE; = pi;, (6)
where the comma symbol denotes to differentiation with respect to coordinates variables.
The equation of balance of angular momentum without body couples and taking into account the electromagnetic cou-
ples can be written as follows
eijkOjk + Mji,j + eijkXjJ X By = pjw;. (7)

The equation of energy in the absence of heat source is given by

pTN=—qi;. (8)
The entropy n may be written in terms of temperature, in an isotropic media, as follows
pC
pn=""0+ye. 9)

0

The generalized Fourier’s law including the current density effect is given by

qi + Togi = —k6; + 70 ], (10)

where 7, is the coefficient connecting the current density with the heat flow density.
In the framework of linear theory, we will neglect all second order quantities and terms of higher orders equa-
tions (5)-(8) can be written in the following linearized version

J=00[E+ ot x Hy] — ko grad 6, (11)
0iji,j + o x Ho)i = piij, (12)
eijkOjk + MWji.j = Pjwi, (13)
pTon) = —qij. (14)

By eliminating 1 between (9) and (14) and using (10) we get the equation of heat conduction for the linear theory as
follows
2

d d
kv26 = (— +1

T: 8?>(,oc(39—0—yToe)—|—71'0 div]. (15)

Egs. (1)-(4), (11)-(13) and (15) are supplemented by the following constitutive relations

0ij = Mg k6ij + (U +o)uj i + (U — a)u; j — 20eje Wy — Y 038ij, (16)
Wij =W Sij + (v + W)+ (v — B)wi j, (17)
e=divu. (18)

Thus Egs. (1)-(4), (11)-(13) and (15)-(18) constitute the field equations and constitutive relations of the linear theory of
micropolar generalized magneto-thermoelasticity with modified Ohm’s law and modified generalized Fourier’s law.

3. Formulation of the problem

We consider an isotropic homogeneous micropolar thermoelastic medium undergo an applied constant magnetic field
oriented in a fixed direction, say z-axis, H, = (0,0, Hy) and let the induced magnetic field, as a special case, occur in the
same direction of the applied magnetic field, h= (0, 0, h).

Assuming that all quantities related to the medium is dependent on the Cartesian coordinates x, y and the time t and
independent of z. And the deformation of the medium is two-dimensional.

Under the previous considerations we may write the displacement components as u = (u, v, 0), the micro-rotation w =
(0,0, w), the electric field is normal to the considered magnetic field E = (E1, E2,0) and the electric current density is
parallel to the electric field J = (J1, J2,0).

Using the above assumptions and Eqs. (1)-(4) and (11) we can obtain
on Er + toHo ol | 40 251 1, 27 (19a)
Z b L k2,
gy | F1 T HeTo g | T e T ok
oh £ g ou . dE; K 00
e _ el iy

o E2 —MoHo 0 5f 0 ay

19b
X at ( )
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0E1 BEz_ oh

By ax Moo

J1 —O'o|:El +M0Hoav] _ko%,
at X

Jo=o00|E H ou —k 90
2=00|LE2— Wo rrs an

and using Eqgs. (16)-(17) in (12)-(13) we get

(U +)V2u+ (A + o — o) grad(divu) + 2o curlw — y grad6 + (1, (J x Hp) = pii

W+ B)V*W + (¢ + v — B) grad(divw) + 2o curlu — daw = p jW.

Introduce the following non-dimensional variables:

X" = conoX, Yy =conoy, u* =conoll, V¥ =CoNoV, t* = cgnot,
L i
pcs’ n+a’ VT u+al U como(+a)(v +B)’
n*— Noh pr— _ Mok o NoJi 212
OolboHo’ " ooudHoco ' 0dudHoco o
where
Cg:A+pZM7 no:%-

2
Tl;k =CoNoTo,

(22)
(23)

Now using the non-dimensional variables (24), Eqs. (15)-(17) and (19)-(23) may take the following component form

(after dropping the asterisks for convenience)

de 8<p 39 a ou
2 2

B +2 +ﬁve£ B B +1e
18x ay oy TheeEe 1( ) 1<8t2 12at)

de  dp _ow 30 30 9%v av
2__——2—X—ﬁ12v18251 ﬂl(——lq—) ﬂ1<8t2 +V1828t>

oy  oax P ay
V2w w= Pw
819 —582W=¢3 92
V2o = 9 +1 i O +ee)—m g aE1+8E2
ot 7 %2 ! e\ ox T oy )
Jau av
Oxx = 0 81—,
XX /31(ax >+ 18y
au av
Oy =17 +ﬂ1( 9),
ay
Uzz=5le—/3197
o _3V+8 ou w
xy = 9% 23y s
ou av
Oyy=— +6— +2w,
yx 8y+ 23X+
ow s ow
MUxz = ax Mzx =03 ox’
_aw 5 ow
Hyz = 3y’ Mzy 38y’
ah v IE; 30
 —VE + — 4+ v,
ay V1Rt TV Thegy
h u 0E> 00
P iy v i Y Oy
9 1Bt o at P
0E; 9E _ oh
dy  9x  ot’
] E + 1 ov K a0
TR e T P
] ou a0
2=Er— ———k3—,

(25)

(26)
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where
r+2 o c2 1 2T, H?2
pr=ttolh oy Tobo, vi=-g, = . &= yz", 82='u°2°,
n+a Mo c Moo pPCsNok foJors
WoHok k1 ko 202 4o
! :_0 ooa k2: 5 k3:_1 g1 = 2.2 ’ &2 = 2.2 )
vi€2 V1 o+ B)(u+a) cono(v+ B)
;2
C TTo 0 A - v —
g3=pJ°, m=nie Vi, wi=— Dy, s = , 52=M , 53=—ﬂ,
v+ 8B kH, n+o n+o v+

2 _ 2
moreover; V 8x2 + 3 37 is Laplace’s operator and

ou v

=—+_—,
ax  dy (41)
Ju  Jdv
dy  ox’
After simple manipulations for Egs. (25)-(26) and (36)-(38), one can obtain the following:
32 9 ah
vio — — =V20 +viey— 42
( a2 v1823t)e MR TS (42)
a2 3\ dE;  0Ey
Vi g2 — +viea— k1V26 —2V2w — g2v — 43
[ ﬂ1(3t2+128t 19~ Bik pivie 50+ 5, (43)
92 ] de
VZovi_ 4 — Jh=—, 44
( a2 T lar) at (44)
d\[9E1 JE2] dg )
v + V2 — 4+ ==L +k V3. 45
<1+ 8t>[8x+8y_ ar T2 (45)

4. Normal mode analysis

We consider here that all considered variables can be expressed at the form of plane wave by expressing it in the
following exponential form:

[u, v, w,6,e,¢,0i;, wij, Ei, Ji,h1(x, y,t) = [u*, v¥, w*, 0%, %, o*, a}%, s, Ef, J§, h*] () exp(et + iay) (46)

where w is the complex time constant (frequency), a is the wave number in y-axis direction, i is the imaginary unit and u*,
v, w*, 6%, e*, p*, ai’]‘., /L;"] E}, Ji and h* are the amplitudes of the represented plane waves to the considered variables.
Using Eq. (46), Egs. (27)-(28), (42)—(45) can be reduced to the following equations:

(D? — (a® + @? + v1&20))e* = (D? — a?)6* + vieyh*, (47)

( <a + Biw +ﬂfv162w—\jf%)>¢*:ﬂ%<k1 — %)9*—2(D2—a2)w*, (48)

(D* = (a® + &2+ g30) ) W* = 19", (49)

D _ ( L @+ Tw) (v +v2w)))9* _ a0+ 50)vi + Vi) ™’ o (50)
v+ V2w 4+ miwks v + V2w 4+ miwks v + V2w 4+ miwk;

(D? — (@ + V?&? + vi0) )h* = we*, (51)

where D = =
dx'
Eliminating w*, e*, ¢* and h* between Eqs. (47)-(51) we get the following tenth order differential equation satisfied
by 6*:

(D' — & D® +£D° — &D* + &D* — £)0*(x) =0, (52)
where

&1 = (a1 + a3 + o5 + o + a7 + g) — g0y — 281,

& = o161 — A + 03823 + @424 + 5825 + E26 + (9o,

£3 = 1831 + A2é3) + 03633 + (taf3a + Asézs + dpkss + 7637 — 2a° g1 ao,

&4 = 1841 + @282 + 03843 + E44, &5 = a1851 + &5 + 7857,
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&1 = a3 — o408 + a5 + o + g, &3 =as +ag + o7 + a9,
&24 = —ag(05 + @g), &5 =g + a7 + g,
£26 = —a(2g1 + ca0g — at7), &9 =0 + a7,

£31 = a3 (05 + o6 + 0rg) — g0y (05 + Qg + 02) + a5 (0t + 0t9) + g (o9 — 281) — 281 (w9 + 02),

&30 = —w (a3 — o408 + o5 + g — 281), £33 = a5 (0l + 07 + Qo) + g0t + a7 (ctg + a?),

£34 = —ag(as (oo +0a%) +a’g),  E35 = gt + a7 (ot +a?),

£36 = —2g1 (o +a%), £37 =g (a® — 2g1) — 4a’ g,

£41 = o3 (ot (06 + 0tg) + oty — craers (a5 (ctg + %) + a’arg) + asaugerg — 281 (atg (et + a?) + a’a),
£42 = —o(a3(at5 + o) — ctgarg (005 +a?) + asag — 281 (at +a2)),

£43 = a5 (agte + a7 (g + a2)) + a’a70tg,

£44 = —a* (aaos 0309 — 50700 + 281 (0t0tg + a7 (209 +a?))),

£51 = g (350 — a2 (28100 + 40tssg) ),

£57 = 0° (28106 + 014Ql50l8) — 350G,

£57 = —a’ag(2a% g1 — azas),

and
Vi€
=+ + 1820,  ax=Viex, a3 =0a’+ i’ + fiview — ﬁ1+1V2
2 2
5 vieaky 5 5 o+ T1w) (v + Vew)
= ki — ———— a5 =a w, g =a
4 ﬂ1<1 u1+V2a)) 5 +g+83 6 + o Vet ok
s10(1 4+ Tow)(v1 + V320 T w?
_ & I+ w)(v1 + ), O3 C A o= + V22 + vo.
v + V2w 4+ miwk; vy + V20 + mwk;

Again from Eqs. (47)-(51) we find also that e*, ¢*, h* and w* satisfy the same differential equation of 6*:

(D' — & D® + &D° — £3D* + £,D* — &5)e* () (53)
(D' — & D® + £D° — £3D* + £,D* — &5)¢* (x) =0, (54)
(D' — & D® + &D° — £3D* + £,D* — &5)h* (0 = (55)
(D' — & D® 4 &D° — £3D* 4+ £D* — &5)w*(x) = (56)
In order to get the solution of (52), we firstly factorize it to the following form:
5
[T(D* =m?)o* 0 = (57)
j=1
where m? (j=1,2,3,4,5) are the characteristic roots of the characteristic equation of Eq. (57) which is
—&m® +&m® —&m® +&m® — &5 =0. (58)
Thus the solution of (57) which is bounded for the values x > 0 may be written as
5
0* ()= Aja, wye ™, (59)
j=1
by the same, the solutions of (53)-(56) which also are bounded for x > 0 may be written as
5
e =Y AV @ we ™, (60)
j=1
5
¢*0 =) AP @ we ", (61)

j=1



5
W)=y Af) (a, w)e ™*,
j=1
5
wrx) =Y A (@ we ™,

j=1

where Aj(a, w), A§1)(a, ), A;z) (a, w), Af)(a, ), A;‘U (a, w) are some constants depending on a and w.
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(62)

(63)

The above unknown constants can be reduced to five constants Aj(a, w) (j=1,2,3,4,5) by substituting from (59)-(63)
into (47)-(51) we get the following relations:

(m3 — a®)(m? — ag)

Ag.”(a, ) = J

(m? —a1)(m? — ag) —

aa(m3 —a®)(m3 — as)

Ajla,w), j=1,2,3,4,5,
w

Aja,w), j=1,2,3,4,5,

2)
AP @, w) =

! (M3 — a3)(m3 — as) + 2g1 (M5 —a?)

w(m? — a?)
Af’)(a’ C()) = (mZ y )(mJZ — Qo) —
i (M5 —ag) —
2_ 2

A(.4)(a w) = g]d4(m]- —a%)

ol

Using (64)-(67), Egs. (60)-(63) become

(m3 — a3)(m — a5) + 281 (m — a?)

—a*)(m3 — o)

Aj(a, w)e ",

5
e(x:Z

5

—om)(m —Qg) —

aq(mj — a®)(m} — as)

o

Pr=y

5 w(m? —a?)

e (M3 — a3) (M3 — 5) + 281 (M3 — a?)

Aja, wye ™,

W=7

5

= (m} —an)(m] — ae) — o2

grog(m; —a*)

Aj(a, wye™™X,

W=D

j=1 "]

—a3)(m} — a5) + 2g1(m5 —a?)

Aj(a, w)e™™X.

Aj@,w), j=1,2,3,4,5,

Aja,w), j=1,2,3,4,5.

(68)

(69)

(70)

(71)

By using Eq. (46) into (41) and eliminating u* and v* consequently we can obtain the displacement components as follows

2
laa4(m —5) mj(mj —Qag)

W = Zi(m —a3)(m} — as) +2g1(m? —a?)

5

oz4mj(m —as5) ia(m? —ag)

(2 —an)(m? — atg) — @00

V*(X):Z{

j=1

The electric field components can be obtained by substituting from (46) into (36)-(37) then using Egs. (5

and (72)-(73) we get

5

(m? — a3)(m? — as) +2g1(m3 —az) (m?

2
J

— o) (M} — og) —

ot4a)mj(m? —as)

1 iaw(og — a?)
Ei = "+ Vo Z{ 2 2
j=1

(m? —a)(m? — o) — o2

5

: 2
wm;j(og — a?) iaoqw(my — os)

—kom -}A e miX
(m? — a3)(m? — s) + 281 (m? — @2 Y

1
EX(x) = ———— iak
50 Ve Z{za 2+ -

j=1

5 +
—a1)(mj —ag) —nw  (m]

2
J

—a3)(m} — a5) + 2g1(m5 —a?)

(72)

(73)

9), (70)

(74)

(75)

To obtain the components of current density, substituting from (46) into Eqs. (39), (40) and using Eqgs. (59), (72)-(75) we

get
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*(X)_XS:{<I< )m'_’_( Viw )( a4a)mj(m?_a5) )
" A Lo V2 ] ViV + Vi) (m? - “3)(’"? —as5) +2g (m§ —a?)

=1

-

2 .
_a m4 — g
+ < (07¢) 7 J )( . 16;60 )}Aje—mjx’ (76)
v+ Vo V1 (m5 —ay)(m; —ag) — caw
5 2 i 2 _
Viw iawo4(ms — as)
0= o) +( I : )
20 ;{ (o) * (v (7 — at5) (. — @) + 281 (2 — @)
_ 42 m2._og .
g —a 9 wm )
+< e+ )( 3 > )}Aje_mfx' (77)
v+ Vi V1 (mj—a1)(mj—a9)—a2w

In order to get the components of stresses, substituting from (46) into (29)-(33) and using Egs. (59), (60), (63) and (72)-(73)
we get

U*(X)_i{ (Bfm7 —a?81)(m? — ao) iaasm; (81 — B7)(m} — as) —ﬁz}A-e_mJ’X 78)
Tl —anm? —ag) —ww | (m? —az)m? —as) +2gimd —ar) T
(1m7 —a®p7)(m} — ato) iacam; (B} — 81)(m?% — ats) 2} _
X + - AjeMiX, 79
% ® = Zi( —a1)(m? —ag) — o  (? —a3)(m? — as) + 2g1(m? — a?) Prits 7o
> 61(m§ —a?)(m? — o) 5
* — _ A,—m-x’ 80
o2 ;{(mf—m)(m?—ag)—azw ﬁl} e (50
ot (= 25:{ aal(mj +a*8)(m% —as) +2g1(m3 —a»)]  ia(1+8&)m;m? — ao) }Aje_mjx’ s1)
Y Sl mi—anmi —as) +2g1(mf —a?)  (mF — )] — a9) — 20
> 8ym3 +a*)(m? — as) — 2g1(m? — a? ia(1+ 82)mj(m? —
ol mj—a3)(mj —as) +2g1(mj —a?) (m} —a1)(m§ — ag) — waw

Moreover, the components of couple stresses can be obtained in a similar manner by substituting from (46) into (34)-(35)
and using (63) we get

> —giom;(m? —a®)

o) = Z(m “an i —as) + 281 —ad) 83)
i > iagioa(m? — a?) o
w0 =>" T e —ay) < 251 _az)AJ»e i*, (84)

j=1 V1

Thus Eqgs. (60), (68)-(84) constitute amplitudes of plane waves of the considered variables of the model of two-dimensional
problems.

5. Application

We consider a micropolar thermoelastic material occupying the semi-space region:

R={(x,y,2): x>0, —o0 <Y,z < oo} and the other semi-space R* ={(x, y,z): x<0, —oo < y,z < oo} is a vacuum, let
the surface of R is traction free and subjected to decreasing thermal source with time which affects on a narrow band of
width 2L surrounding z-axis and R* is kept at room temperature T, and the boundary surface between R, R* is thermally
isolated such that the thermal source affects only on R.

In order to apply the appropriate boundary conditions we must firstly obtain the components of induced magnetic and
electric field in R*.

So, let h, = (0,0, hy) and E, = (Eqo, E29,0) be denoted to the induced magnetic and electric field in R* respectively,
hence Maxwell’s equations for region R* in the non-dimensional form can be simplified to the following:

dho _ v2 aE“’, (85)
ay ot

o _ _y2 9k (86)
ax at

0E1o _ 0E2 _ a_ho (87)

dy ax ot
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Again, the variables of R* can be written as a plane wave form as follows
[E1o, E20, hol(x, y,t) = [E7,, E35, hi1(x) exp(wt + iax). (88)

By using Egs. (85)-(88) we can obtain the considered variables for R* which are also bounded for x <0

h%(x) = B(a, w)e™, (89)
ia
ETO = mB(a, a))e"x, (90)
n
Ezo :7VTwB(a,a))enx, (91)

where B(a, w) is a parameter depending on a and w, n =+va? + VZw?.
We choose the following boundary conditions for the purpose of determination of the unknown parameters Aj(a, w)
(j=1,2,3,4,5) and B(a, w).

(4-a) Thermal boundary condition.
Let f(y,t) be a known function so that 6(0, y,t) = f(y,t). (92)

(4-b) Mechanical boundary conditions.
Under the assumption that the surface of R is traction free we can get the following conditions

0xx(0,y,t) =0xy(0, y,t) = ux;(0, y,t) =0. (93)

(4-c) Electromagnetic boundary conditions.
The transverse components of the electric field intensity are continuous across the boundary surface

E>(0,y,t) = E(0, y,1). (94)
The transverse components of the magnetic field intensity are continuous across the boundary surface
h(, y,t) =he(0, y,t). (95)

By applying Egs. (46) and (88), Eqs. (92)-(95) will constitute six boundary conditions, in the normal mode form, for our
application, with the help of Egs. (59), (70), (75), (78), (81), (83), (89) and (91) the present boundary conditions may be
reduced to

5

Y Aj=f*a ), (96)
j=1

25:{ (Bim? — a?51)(m3 — o) iaoam;(81 — B7)(m% — as) ﬁZ}A —o e7)
Slam? —am? —ag) —ww  (m? —az)m? —as) +2g1md —ar) T

O (al(m? +a®8)(m3 —as) +2g1(m5 —a®)]  ia(1 4 8)mj(m? — o)

Z 2] 2 : 2 : 2 2 2 ’ =0, (98)
o U (mf—o3)(mf —os) + 281 (mj —a®) (m5 — ar)(m§ — ag) — 2
25: my(mj — @) Aj=0 (99)
= (m} —az)(m] —as) +2g1(m} — a?) =5

> {iak N wmj(ag —a?) . iacqw(m? — as) } n(w + V2w) B (100)

2 . =0,

P (M3 —a1)(M3 —ag) — 0w (M5 — a3) (M5 — &5) + 281 (M7 — a?) ! Viw

5 w(m? —a?)
> 2 Aj—B=0. (101)
= (mj - al)(mj —0g) — AW

By solving this system of equations for A; (j=1,2,3,4,5) and B, we can complete the solution of our problem.
6. Numerical results and discussion

The magnesium crystal [33] is chosen for the purposes of evaluations, the values of physical constants of magnesium,
are given at the reference temperature T, = 23°C as follows



108 M.A. Ezzat, E.S. Awad / J. Math. Anal. Appl. 353 (2009) 99-113

0.6 q

7,=00, k,=0.00

7,=06, k;=026

7,=0.0, k,=0.00

7,=06, k,=026

0 T T T T T T T T T - 1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

X

Fig. 1. Variation of temperature with the coefficients of Ohm’s and Fourier’s laws.

A =9.4x 10" dyne/cm?, =45 x 10" dyne/cm?, o =0.5x 10" dyne/cm?,

v+ B=0.779 x 1074 dyne/cmz, p=174 gm/cm3, j=0.2x 10" cm?,

k=0.6 x 1072 Cal/cmsec°C,  c,=0.23 Cal/gm°C, 0, =9.36 x 10° Col?/Cal cmsec,
we consider the following electric constants for our problem

—18

~ 367
The function f(y,t) applied on the boundary, is taken as follows

fy,0)=0,H(L— |yl) exp(—bt),
where 6, is constant and H(-) is the Heaviside unit step function, putting f(x,t) in normal mode form, we obtain that

_ 6p[cos(al) —isin(al)]
- exp[(w + b)t]

o =41 x 1072 dynesec?/Col?, &, Col?/dynecm?,  H, =10 Col/cmsec.

f*(a, w) , —L<e¢<L, tis a certain value of time.
We have that @ = w, + iw; then e®! = e®!(coswit + isinwit), so for small values of time we can take w is real (i.e.
w = w,), in numerical calculations, the other constants of the problem is taken as follows

we=2, a=2, T1,=001, L[=2  6,=1, b=1, £=0, 71 =06, k =0.26.

The computations are carried out at the non-dimensional time t = 0.2, in the plane y =0 and in the range 0 < x < 2.0,
and we consider the real part of the amplitudes of the field quantities which represented on the vertical axis.

7. Discussion

In all figures, comparisons are made between the theory of micropolar magneto-(coupled and generalized)-thermoelastic-
ity with the presence or absence of modified Ohm’s and Fourier’s laws, one can notice that the behavior of generalized
theory is evident in most figures that the generalized theory predicts finite velocity more than the coupled one.

Fig. 1 describes the variations of the temperatures under four models, it is noticed that the modified Fourier's and Ohm'’s
laws influences is significant, the temperature in the modified model records values higher than these in the old model.

Figs. 2, 3 describe the variations of the normal and transverse displacements, it is noticed that the normal displacement
is increased in the modified model while the transverse displacement is decreased.

Fig. 4 describes the variations of the micro-rotation, it is evident that the influence of modified model makes the rotation
of the particles decreased.
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Fig. 2. Variation of normal displacement with the coefficients of Ohm'’s and Fourier’s laws.
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Fig. 3. Variation of transverse displacement with the coefficients of Ohm’s and Fourier’s laws.

Figs. 5, 6 describe the variations of the normal and one of the shearing stresses, the influence of the modified model
affects on the normal stresses by increasing their values and on the shearing stresses by decreasing their values.

Fig. 7 describes the variations of the couple stresses, in accordance with the results appeared in Fig. 4, the values of
couple stresses are decreased in the modified model.

Figs. 8, 9 describe the variations of the induced magnetic and electric fields respectively, it is evident that the values of
both fields are increased in the modified model.
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Fig. 4. Variation of micro-rotation with the coefficients of Ohm’s and Fourier’s laws.
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Fig. 5. Variation of normal stresses with the coefficients of Ohm'’s and Fourier’s laws.

From the above discussions, one can deduce that the new model of micropolar magneto-generalized thermoelasticity
predicts new values for the temperature, displacements, micro-rotation, stresses, couple stresses, electric field and magnetic
field which are of similar nature to these in the old model.
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Fig. 6. Variation of shearing stresses with the coefficients of Ohm’s and Fourier’s laws.
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Fig. 7. Variation of couple stresses with the coefficients of Ohm’s and Fourier’s laws.

The increasing in the values of temperature may be explained as the lost heat generating from the movement of electric
current, this heat may be the main reason to make that the deformation of the medium tends to be normal, but the rotation
of the particles becomes slower than that in the old model and the components of electric and magnetic fields record values
greater than the values recorded in the old model.
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Fig. 8. Variation of magnetic field with the coefficients of Ohm’s and Fourier’s laws.
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Fig. 9. Variation of transverse electric field with the coefficients of Ohm’s and Fourier’s laws.

References

[1] A. Eringen, E. Shuhubi, Non-linear theory of simple microelastic solids, part I, Internat. J. Engrg. Sci. 2 (1964) 189-203.
[2] A. Eringen, E. Shuhubi, Non-linear theory of simple microelastic solids, part II, Internat. J. Engrg. Sci. 2 (1964) 389-404.



M.A. Ezzat, E.S. Awad / J. Math. Anal. Appl. 353 (2009) 99-113 113

[3] A. Eringen, Linear theory of micropolar elasticity. ONR technical report No. 29, School of Aeronautics, Aeronautics and Engineering Science, Purdue
University, 1965.
[4] A. Eringen, Linear theory of micropolar elasticity, ]. Math. Mech. 15 (1966) 909-923.
[5] M. Biot, Thermoelasticity and irreversible thermo-dynamics, ]. Appl. Phys. 27 (1956) 240-253.
[6] H. Lord, Y. Shulman, Generalized dynamic theory of thermoelasticity, ]. Mech. Phys. Solids 15 (1967) 299-309.
[7] W. Nowacki, Couple stresses in the theory of thermoelasticity, I, Bull. Acad. Polon. Sci., Ser. Sci. Tech. 14 (2) (1966) 129-138;
W. Nowacki, Couple stresses in the theory of thermoelasticity, II, Bull. Acad. Polon. Sci., Ser. Sci. Tech. 14 (3) (1966) 263-272;
W. Nowacki, Couple stresses in the theory of thermoelasticity, III, Bull. Acad. Polon. Sci., Ser. Sci. Tech. 14 (8) (1966) 801-809.
[8] A. Eringen, A unified theory of thermomechanical materials, Internat. J. Engrg. Sci. 4 (1966) 179-202.
[9] A. Eringen, Foundation of Micropolar Thermoelasticity, CISM Courses and Lectures, vol. 23, Springer, Udine, Vienna, WD, New York, 1970.
[10] T. Tauchert, W. Claus Jr., T. Ariman, The linear theory of micropolar thermo elasticity, Internat. J. Engrg. Sci. 6 (1968) 36-47.
[11] T. Tauchert, Thermal stresses in micropolar elastic solids, Acta Mech. 11 (1971) 155.
[12] W. Nowacki, W. Olszak (Eds.), Micropolar Thermoelasticity, CISM Courses and Lectures, vol. 151, Springer, Udine, Vienna, 1974.
[13] E. Boschi, D. Iesan, A generalized theory of linear micropolar thermoelasticity, Meccanica VIII (1973) 154-157.
[14] H. Sherief, F. Hamza, A. El-Sayed, Theory of generalized micropolar thermoelasticity and axisymmetric half space problem, J. Thermal Stresses 28
(2005) 409-437.
[15] A. El-Karamany, M. Ezzat, Analytical aspects in boundary integral equation formulation for the generalized linear micropolar thermoelasticity, Int. J.
Mech. Sci. 46 (2004) 389-409.
[16] L. Knopoff, The interaction between elastic wave motion and a magnetic field in electrical conductors, J. Geophys. Res. 60 (1955) 441-456.
[17] P. Chadwick, Ninth Int. Congr. Appl. Mech. 7 (1957) 143.
[18] S. Kaliski, J. Petykiewicz, Equation of motion coupled with the field of temperature in a magnetic field involving mechanical and electrical relaxation
for anisotropic bodies, Proc. Vibr. Probl. 4 (1959) 1.
[19] G. Paria, On magneto-thermo-elastic plane waves, Proc. Cambridge Philos. Soc. 58 (1962) 527-531.
[20] G. Paria, Magneto-elasticity and magneto-thermo-elasticity, Adv. Appl. Mech. 10 (1967) 73-112.
[21] A. Wilson, The propagation of magneto-thermo-elastic plane waves, Proc. Cambridge Philos. Soc. 59 (1963) 483-488.
[22] A. Nayfeh, S. Nemat-Nasser, Electromagneto-thermoelastic plane waves in solids with thermal relaxation, J. Appl. Mech. 39 (1972) 108-113.
[23] H. Sherief, Problem in electromagneto-thermoelasticity for an infinitely long solid conducting circular cylinder with thermal relaxation, Internat. J.
Engrg. Sci. 32 (1994) 1137-1149.
[24] H. Sherief, M. Ezzat, A thermal-shock problem in magneto-thermoelasticity with thermal relaxation, Internat. J. Solids Structures 33 (1996) 4449-4459.
[25] H. Sherief, M. Ezzat, Problem in generalized magneto-thermoelasticity for an infinitely long annular cylinder, ]. Engrg. Math. 34 (1998) 387-402.
[26] M. Ezzat, Generation of generalized magneto-thermoelastic waves by thermal shock in a perfectly conducting half-space, J. Thermal Stresses 20 (1997)
617-633.
[27] M. Ezzat, State space approach to generalized magneto-thermoelasticity with two relaxation times in a medium of perfect conductivity, Internat. J.
Engrg. Sci. 35 (1997) 741-752.
[28] M. Ezzat, Fundamental solution in generalized magneto-thermoelasticity with two relaxation times for perfect conductor cylindrical region, Internat. J.
Engrg. Sci. 42 (2004) 1503-1519.
[29] M. Ezzat, H. Youssef, Generalized magneto-thermoelasticity in a perfectly conducting medium, Internat. J. Solids Structures 42 (2005) 6319-6334.
[30] W. Nowacki, Two-dimensional problem magneto-elasticity, Bull. Acad. Polon. Sci., Ser. Sci. Tech. XIX (4) (1971).
[31] D. Chandrasekhariah, Magneto-thermo-elastic plane waves in micropolar elasticity, Tensor (N.S.) 25 (1972).
[32] S. Nath, P. Sengupta, L. Debnath, Magneto-thermoelastic surface waves in micropolar elastic media, Comput. Math. Appl. 35 (1998) 47-55.
[33] A. Eringen, Plane wave in non-local micropolar elasticity, Internat. J. Engrg. Sci. 22 (1984) 1113-1121.



	Micropolar generalized magneto-thermoelasticity with modified Ohm's and Fourier's laws
	Introduction
	Mathematical model
	Formulation of the problem
	Normal mode analysis
	Application
	Numerical results and discussion
	Discussion
	Conclusion
	References


