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1. Introduction

The study of the asymptotic behavior of the weak solutions of the three-dimensional (3D for short) Navier-Stokes system
is a challenging problem which is still far to be solved in a satisfactory way. In particular, the existence of a global attractor
in the strong topology is an open problem for which only some partial or conditional results are given (see [3,4,6,15,
17-20,31]). Concerning the existence of trajectory attractors some results are proved in [13,23,29]. The main difficulty in
this problem (but not the only one!) is to prove the asymptotic compactness of solutions (see [2] for a review on these
questions).

With respect to the attractor in the weak topology some results are proved in [15,20]. Also, the Kneser property (that is,
the compactness and connectedness of the attainability set for the weak solutions) in both the weak and strong topologies
is studied in [21,22].

In this paper we consider an optimal control problem associated with the 3D Navier-Stokes system which, in our point
of view, could give some light on all these questions. Namely, let us consider the problem

y
E—vAy—i—(wV)y:—Vp—l—f,
divy =0,

Y0ee =0, y(T)=1uq,

(1)
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where §2 ¢ R? is a bounded open subset with smooth boundary, v > 0 and u is a control function belonging to a suitable
set U; (see Section 3). Then we will solve the following optimality problem: to find a pair {u, y} such that y is a solution
of (1) associated to u and an appropriate functional J;(u, y) attaches its infimum at (u, y).

We note first that this problem is non-autonomous. Also, we cannot guarantee uniqueness of the problem for a given
initial data y., although for a given u the solution to (1) is unique. The reason is that more than one pair {u, y} can exist as
a solution of the optimality problem. Hence, in order to study the asymptotic behavior of solutions of such problem we use
the theory of pullback attractors for multivalued processes developed in [9] (see also [1,7,8]). This theory generalizes the
theory of pullback attractors for single-valued processes and cocycles, which has been studied intensively in the last years
(see e.g. [5,10,11,16,12,24,25,28,32], among many others).

We prove first that the optimal problem has at least one solution for every initial data in the phase space H, and then
we construct a multivalued process associated to these solutions. The main theorem of the paper states the existence of a
strictly invariant pullback attractor for this process. Moreover, we prove the existence of a uniform global attractor for the
process in the sense of [27] (see also [14] for the single-valued case), which contains the whole pullback attractor.

Finally, in the last section, we study the relationship of the pullback attractor of the optimal control problem with the
global attractor of the 3D Navier-Stokes systems under the unproved condition that globally defined strong solutions exist
for any initial data in V. In particular, we prove that in this case the global attractor of the Navier-Stokes systems coincides
with the pullback attractor. This result shows that there exists a close relation between the dynamics of the solutions of
the optimal control problem and the dynamics of the solutions of the 3D Navier-Stokes system. Therefore, we hope that
the optimal control problem will help us in the future to gain an insight into the problem on the existence of the global
attractor for the 3D Navier-Stokes system.

2. Pullback attractors for multivalued processes
In this section we will recall and extend some well-known general results on pullback attractors for multivalued pro-
cesses [9].

Let X be a complete metric space with the metric p, P(X) be the set of all non-empty subsets of X, and 8(X) be the
set of all non-empty, bounded subsets of X. Put Ry = {(t,s) e R?: t >s}.

Definition 1. U : Ry x X — P(X) is called a multivalued process (m-process for short) if:

1. U(t,7,X) =x, VT €R, Vxe X;
2. U, t,x) CUt,s, UG, T,x), VE=2s>T1,Vxe X.

U is called strict if in 2. a strict equality holds.

For t € R, B € B(X) we define the omega-limit set

o, B)=(Jut.B).

stTLS
Let dist(A, B) = supc, infyxep p(¥, x). We shall denote by O.(B) ={y € X: dist(y, B) < &} an &-neighborhood of B.

Definition 2. The family of compact sets {® (t)}¢cr is called a pullback attractor if:

1. For any t € R the set ©(t) attracts every B € 8(X) in the pullback sense, that is,

dist(U(t,7,B), ©(t)) > 0, asT — —ooc; (2)

2. O() CU(t,s,O()), YVt > s (negatively semi-invariance);
3. O(t) is the minimal closed pullback attracting set for all t € R.

The pullback attractor is strictly invariant if @(t) =U(t, s, @(s)), Vt > s.
We shall extend now a general result on pullback attractors proved in [9].

Theorem 1. Let us suppose that there exists a family of compact sets {K (t)};cr satisfying (2) and that the map x — U(t, T, X) has
closed graph for all t > t. Then there exists a pullback attractor {® (t)}ter, @ (t) C K(t), Vt € R, defined by

O(t) = U w(t, B).

Bep(X)
Moreover, if there exists a closed set By € S(X) such that for all B € B(X),
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supdist(U(s + 7,7, B), Bg) > 0, ass— 400,
TeR
then ®(t) = w(t, Bg) C Bo.
In addition, if U is strict, then @ (t) = U(t, s, ©(s)), forany t > s, i.e. O (t) is invariant.

Proof. The existence of the pullback attractor is proved in [9, Theorem 18]. Further, we can write
wt.B)= () Jue.t—sB).
T>0s>T

In view of [9, Theorem 6] the set w(t, B) is non-empty, compact and attracts B in the pullback sense. Also, w(t, B) C
U(t,s,w(s,B)), for all t >s [9, p. 160].
So, putting 7; =t — s, from

Ju@e—s,B)=JU(ws+5,7,B) C0:(Bo), VT >T(B,e),
s>T s>T

for an arbitrary small € > 0, it follows that w(t, B) C By and, hence, ®(t) C Bg.
On the other hand,

w(t,B) CU(t,s, w(s,B)) CU(t,s, Bo) > w(t, Bg), ass— —oo.
So, w(t, B) C w(t, Bp) and it follows that ®(t) = w(t, Bp).
If U is strict, then from
w(t,Bo) CU(t,s, w(s, Bg)), Vt>s,

we obtain

U(p.t,w(t, Bo)) CU(p,t,U(t,s, (s, Bp))) C U(p,s, Bo).

Since U(p, s, Bo) — w(p, Bo), as s - —oo, we obtain

U(p,t, o(t, Bo)) Cw(p, Bo), Vp=>t,

and then
O =U(p.t,O1), Vp=t. O
3. Setting of the problem and main results

Let £2 c R be a bounded open subset with smooth boundary. We shall define the usual function spaces
v={ue (CSO(Q))B: divu =0},
H = CI(LZ(Q))EIV, V = Cl(H(l)(_Q))sV,

where cly denotes the closure in the space X. It is well known that H, V are separable Hilbert spaces and identifying H
and its dual H* we have V c H c V* with dense and continuous injections. We denote by (-,-), | -| and ((-,-)), || - || the
inner product and norm in H and V, respectively. (-,-) will denote pairing between V and V*. We set L*(2) = (L*(22))>
with the norm denoted by || - || 4. We will denote by Bg a closed ball with radius R and centered at 0 in the space H.

For u,v,w eV we put

3
d
b(u,v,w):/ Z u,'%wjdx.
. 1
2

i,j=1

It is known [30] that b is a trilinear continuous form on V and b(u,v,v)=0,ifueV,ve (H})(Q))3. As usual, for u,veV
we denote by B(u, v) the element of V* defined by (B(u, v), w) =b(u, v, w), for all we V.
We consider also the Stokes operator A : D(A) — H, D(A) = (H2(£2))> NV, where Au= —PAu, P is the Helmholtz-
Leray projector and A is the Laplacian operator (see e.g. [19] for more details).
We consider the 3D controlled Navier-Stokes system
dy
i + Ay + B(u,y) = f, (3)
y(@)=yr €H,
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where f € H and

u € L®(r,4o00; HYNLE (T, 400; V) NLYX(T, +o0; L4(£2)),
u) €Uz =9 [F|ju(p)|2e~*P dp < oo, |u(p)| < Ro, foraa.p >, (4)
lu®)llps <o, foraa.t>rt,
+00
2 _ .
Je(u,y) = / |y(p) —u(p)|“e~*P dp — inf, (5)
T
with § = A1v, Rg = % and where « > 0 is some constant.

We have two aims. The first one is to prove that the solutions of the optimal control problem (3)-(5) generate a mul-
tivalued process U, which has a pullback attractor. The second aim is to prove that under the unproved assumption about
strong global solvability of the 3D Navier-Stokes system the pullback attractor coincides with the global attractor of the
multivalued semiflow for the 3D Navier-Stokes system given in [20].

By using standard Galerkin approximations (see [30]) it is easy to show that for any y; € H and u(-) € U; there exists a
unique weak solution y(-) € L°(t, +00; H) N L2 (T, 400; V) of (3), that is,

loc

d

E(y’ v)+v((y,v))+b,y,v)={(f,v), forallveV. (6)
Moreover, by the inequality

b, y, v)|=|b,v,y)| <cillullpalvilylie < czcrllullgaliviliyll, Vu,y,veV,

and (4) we have B(u(-), y(-)) € Lloc(t +00; V*), so dt € leoc(r, +00; V*) as well. Hence, it follows that y(-) € C([t, +00); H)

(so the initial condition y(t) =y, makes sense for any y; € H) and standard arguments imply that for all t >s > t,

F(y®) = (|y© | = R3)e™ < F(y(s), (7)
t t
1
Ve(y®) = 5 lyof + vf\|y(p)H2dp - f(f, V() dp < Ve (¥(5)). (8)
T
Ifl
ly®[* +v ||y(p)|| dp < ly<|? + (t—r) (9)

So, for all n >0,

T+(n+1) T+(n+1) T4+(n+1)

Iy —up) e dp<2e 00 [y fdp+2 [ fu|Pedp
T4n T4n T4n
2 T4+(n+1)
<;e*5(”“)<|y 12 + |fA| )+2 / |u(p)|®e=*" dp.
T+n
From this
o THOED
Jew,yy =Y f |y(p) —u(p)|*e*P dp
n=0 ¢,
T+(n+1)
2e”°° |fI? - - 2 _
<= <|yf|2+ e )Z M2y / |u(p)|"e*P dp < .
n=0 tin

Therefore, the functional J; and the optimal control problem (3)-(5) is correctly defined.

Lemma 1. For any T € R and y; € H the optimal control problem (3)-(5) has at least one solution {y(-), u(-)}, and, moreover,
dy e L% (t,400; V*), y(-) € C([T, +00); H) and (7)~(9) hold.

loc



0.V. Kapustyan et al. / J. Math. Anal. Appl. 373 (2011) 535-547 539

Proof. Let {y,, u;} be a minimizing sequence such that
+o00

1
f||yn<p)—un(p>||2e—5pdp<d+a, vn>1,
T

where d =inf J; (u, y). Thus, for all T > 7,
T

1
f\lynw)—un(p)uze*a"dp <d+ -,
T

T
1
/Hynua) — un(p)|*dp < <d+ E)e”' (10)

From (7)-(9) we obtain that {y,} is bounded in L°°(t, T; H) N L2(t, T; V). Hence, (10) implies that {u,} is bounded in
L%(t,T; V) and from the definition of U, it follows that

lun(p)| < Ro, Vp=>T,
lun(p)|| ;s <, foraa.p>rt.
Therefore, there exist u € L%°(t, T; H)NL2(t, T; V) NL®(t, T; L*(£2)) and y € L°(t, T; H) N L2(t, T; V) such that
up, — u  weakly in Lz(r, T;V),
up — u *x-weakly in L(t, T; H),
up — u  x-weakly in L(7, T; ]L4(SZ)),
yn— y weaklyin L*(t, T; V),
¥n—y *-weaklyin L*(t, T; H). (11)
dyn

Moreover, |B(un, yn)llv+ < c1llynlllliunlips. Hence, < is bounded in L%(t, T; V*). From this using standard arguments, we

obtain that y(-) € C([t, T]; H) is the solution of (3) with control u(-), y(-) satisfies (7)-(9), and for this control the following
relations hold:

lu(p)| <Rg, foraa.p>rt,
lup)| ;4 <a, foraa.p>rt,
uel’(t,T;V),

T
/Ily(p) —u(p)|*e*Pdp <d.
T

By using a standard diagonal procedure we can claim that y(-) and u(-) are defined on [T, +00), ¥n — ¥y, Uy, — u in the
previous sense on every [t, T], and

+00
/ Iy — u(p)|e P dp <d. (12)

By (9), arguing as before,

+00
/ |y ?e*?dp < oo,
T

and from (12) we have

+o0
/ Ju(p) |]2e_5p dp < oo.
T

It follows that u(-) € U; and from (12) we obtain that {y(-), u(-)} is an optimal pair of problem (3)-(5). O
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Now we are ready to construct a multivalued process associated to the solutions of problem (3)-(5).
For every y; € H, T € R, and t > T we put

U(t, T, y¢) = {J(): y()is a solution of the optimal problem (3)-(5), 3(7) = y<}. (13)
Lemma 2. The multivalued map U defined by (13) is a strict multivalued process.

Proof. It is obvious that U(t, 7, y;) = y-.

Let £ e U(t, T, yr). Thus, & = y(t), where {y(-),u(-)} is an optimal pair of problem (3)-(5) with y(t) = y,, u(-) € Us.
Then, of course, y(s) e U(s, T, y¢), for all s € (t,t). We should prove that y(t) € U(t,s, ¥(s)), that is, Bellman’s principle of
optimality. Let

—+00 S +o00
Je=J:(3.0) = / ||9—ﬁ||2e‘“’dp=/||9—ﬁ||2e‘5"dp+ f Iy —l%e~°P dp.
T T S

We consider the problem (3)-(5) on the interval [s, +o00) (formally s is instead of t) with the set of controls Us and the
initial data (s, y(s)). It is easy to verify that {y(-), i(-)} on [s, +00) is a solution of the optimal control problem. Indeed, we
note that ii(-) € Us and that y(-) is the unique solution of (3) corresponding to ii(-). Let {¥(-), i(-)} be an optimal pair of
this problem. Suppose that

400 +00
[1p-wrerap < [ 15— aire v ap.
N N
Let us consider the control
u(t):{l}(t)’ telr,s),
u(t), tefls,+o0).

We claim that u(-) € U;. Indeed, it is clear that |u(p)| < Ro for aa. p > 7, |lu(®)|lps <« for aa. t > 7,

u(-) € L®(t, +o0; HyN L2 (T, +00; V),

loc
+00
/ Ju(p) Hze’sl’ dp < oo.
T

Then u(-) € U; and
(t):{):/(t), telt,s),
y(), tels,+o0)

is the solution of problem (3) which corresponds to the control u(-) (because of uniqueness of the solution of problem (3)
for a fixed u(-)).
Finally,

S +o00
Jf<u,y>=/||9—ﬂ||2e*‘“’dp+ f I —al%e™Pdp > J,
T S

S “+oo
=/||y—a||2e*5"dp+ / Iy —)%e~°P dp,
T S

which is a contradiction. Hence, {y(-),i(-)} is an optimal pair on [s,+oc) and then y(t) € U(t,s, y(s)), so that U is a
multivalued process.

Let us prove that it is strict. Let & € U(t,s, U(s, T, ¥)). Then & = y,(t) and {y2(-), tip(-)} is an optimal pair of problem
(3)-(5) with y2(s) = ys, 1i2(-) € Us, and ys = y1(s), where {y1(-), 1i1(-)} is an optimal pair of problem (3)-(5) with y1(t) =
V¢, U1(-) € Ug. Let us consider the control
ui(t), tefr,s),
ux(t), tel[s,+o00).

As before u € U; and

u(t):{
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y1(0), telr,s),
Va(t), tels,+00)

is the solution of problem (3) which corresponds to the control u(-). Also, it is clear, as y1(-) is a solution of problem (3)
on [s, +00) corresponding to ii1(-), that

o= |

S 400
h(u,y):/n&l—ﬁ1||2e—‘”’dp+f 172 — fz1%e~* dp
T S

S “+o00
</||91—a1||2e*”dp+f Iy1 — ti1]I°e~°P dp.
T S

Hence, E =y(t) e U(t,7,y7). O

Theorem 2. For the multivalued process U, given by (13), there exists a strictly invariant pullback attractor {© (t)}er such that
O(t) C Bgy, forallt e R.

Proof. First of all, from (7) for every R > Rg, y; € H such that |y;| <R it holds
¥+ D)* — RE <e 60|y, 2 — R3)e’",
v+ D) <e (R — R2) + R2.

So,

supdist(U(s + T, T, Bg), Bg,) > 0, ass— 4oo. (14)
T7eR

In virtue of Theorem 1 and

U(t,s,Bg) CU(t,t —1,U(t — 1,5, Bg)) CU(t, t — 1, Bry11),

where the last inclusion follows from (14) by taking a sufficiently small s, we only need to prove that the set K(t) :=
U(t,t —1, Bry+1) is compact and that the map x— U(t, T, x) has closed graph. These two properties are true, if the follow-
ing statements hold for all t > t:

U1) If n, - n weakly in H and &, € U(t, T, 1), then the sequence {&,} is pre-compact in H;
(U2) If n, — n strongly in H and &, € U(t, 7, n,), then up to a subsequence &, — £ € U(t, 7, 7).

Let & € U(t, T,ny), Where n, — n weakly in H. Then &, = yn(t), yn(t) = nn, where {yn(-), tin(-)} is an optimal pair
of problem (3)-(5), tin(-) € U;. We have that {y,(-)} satisfy (7)-(9). If we consider the control u(-) =0 € U; and the
corresponding solution of (3), y,(-), with y,(t) = np, then

+00 0o THk+1
Jetin 3 < s 0y = [y Pe?dp =Y [ Inaole .
T k=0 %y

But y,(-) satisfies (7)-(9), so

T+k+1

—8(k+7) 2
2 __sp e 2 [f]
e Pdp < ——— -— ).
lyn(®)] p ” (|77n| o
T+k

Thus J¢ (fin, 1) < C, where C does not depend on n. Then in the same way as in Lemma 1 we obtain (up to a subse-
quence) that o, — @i € Uz, ¥, — ¥y in the sense of (11) on any interval (t, T), where y € C([T, +00); H) is the solution of
problem (3) with control ii(-). Moreover, in a standard way (see e.g. the proof of Lemma 11 in [20]) one can prove that
Yn(s) — y(s) strongly in H for all s > t. Therefore, (U1) holds.

Assume now additionally that n, — 1 strongly in H. Let us prove that {y(-), i(-)} is an optimal pair.

Fix an arbitrary u(-) € U;. Let y,(-) be the solution of problem (3) with control u(-) and initial data y,(t) = n,. Then, of
course, yn(-) = y(-) in the sense of (11), where y(-) is the solution of problem (3) with control u(-) € U; and initial data
y(t) = 1. Also, one can prove that y, — y strongly in L2(z, T; V) for all T < T. Indeed, in a standard way we obtain

d
5 geVn = Y+ vIyn = yI? + B, yn =y, yn = y) =0.
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As B(u, yn — ¥, ¥n — y) =0, we have
T
2
|yn(T) — y(T)| +2uf||yn—y||2ds=|nn—n|2%o, asn — oo. (15)
T

Further, since {y,(-), li,(-)} is an optimal process, we have

Jr(in, Yn) < Jz (Yn, ),
so that, for all T > 7,

T T +00 —+00
/ [|9n — tin||?e P dp < / llyn — ul?e™®Pdp + / llyn — ul®e™*Pdp — / I 9n — iin||e~°P dp. (16)
T T T T

As we showed before

Je(iin, ) < C,

where C does not depend on n. Moreover, since {J(-), iin(-)} is an optimal pair on [T, +00) (see Lemma 2), if for any T > 7
we consider the problem (3)-(5) with initial data (T, ¥,(T)), the control u(-) =0 € Uy and the corresponding solution of (3)
Zn(+) with z,(T) = y,(T), then

+0o0 +o00
f | 9n — tinl|?e P dp < / llznl|%e 2P dp.
T T

But z,(-) satisfies (7)-(9), so that for any € > 0 there exists T1(g) such that for any T > T(¢), n > 1, we have

+o00

~ - £
/ | n — tin||*e P dp < 5
T

The functions {y,(-)} from (16) also satisfy (7)-(9), and u(-) € U;. Hence

+00 +0o0 +0o0

/ llyn — ul?e™®Pdp <2 f llynll*e P dp + 2 f l[ul|*e~P dp
T T T

and for any ¢ > 0 there exists T, (e, u) such that for all T > Ty(e,u), n>1,
+00
2 -8p €
lyn —ull"e™"dp < 5.
T

Hence, for any & > 0 there exists T(e,u) such that forall T > T(e,u), n>1,

T T
f||yn—ﬁnuze*a"dp<f||yn—u||2e*5"dp+s. (17)
T T

Then by (15), passing to the limit in (17), we obtain

T T
/ 17 — @7 dp < lim_inf / 1T — GnllPe* dp
n—-oo
T T

T
< / ly —ul>e~*Pdp +e, VT =T(e,u).
T

Thus, letting T — +o0o0 we obtain

J:@, )< Je(u,y)+¢e, VYuelUe, Ye>0,

and {y, it} is an optimal pair.
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The property ©(t) C Bg, follows from Theorem 1. Also, by Lemma 2 and Theorem 1 we obtain that @ (t) = U(t, s, ©(s)),
forallt>s. O

Further we shall obtain that a uniform global attractor exists and that it contains the pullback attractor ©(t).

Definition 3. The compact set A is called a uniform global attractor for the multivalued process U if

lim supdist(U(t+17,7,B),A)=0, VBeB(H), (18)
100 reR

t—+00

and it is the minimal closed set satisfying this property.

Let us define now the multivalued map G : R* x H — P(H) given by

G(t,yo) = JUt+7,7,y0).

TeR

Lemma 3. G is a multivalued semiflow in the sense of [26].

Proof. It is clear that G(0,-) =1Id. Let £ € G(t + s, yo). Then for some 7 € R,

EcU(t+s+T1,7,y0) CU(t+s+7,5+7,U(S+7T,7,Y0))
C G(t, G(s, 0))-
Hence, G(t +5, yo) C G(t, G(s, yo)). O

Theorem 3. For the multivalued process U there exists a uniform global attractor A. Moreover, ©(t) C A, forallt € R.

Proof. In view of (14) we have that for all B € B(H) there exists T(B) such that G(s, B) C Bg,+1 if s > T. Hence,

G(t,B) C G(1,G(t —1,B)) C G(1, Bgy41), Vt=T(B). (19)

We will show that the set G(1, Br,+1) is pre-compact. If &; € G(1, Bg,+1), then there exist 7, € R, 1, € Bgy+1 and optimal
pair {yn(-), lin(-)} of problem (3)-(5) with iin(-) € U, such that &, = yn(7q + 1), ¥n(Ta) = nn. We have that {y,(-)} satisfy
(7)-(9), so

sup  [Jn(s)] < Cq,

se[tn, t+1]
T+1

/Hf’n(S)Hstng, for all n.
Tn

Also, by [[B(in, yn)llv= < c1llynlllltnlips < creel[ynll, we have

Tn+1 5
/ dyn

dt
Tn

Arguing as in Theorem 2 we obtain also that

2
ds < C3.

V*

Th+1
/ ()] ds < Ca.
Tn

Indeed,

00 Tn+k+1

Jz,(@in, ¥n) < J1,(0,25) < Z | 2a(p) Hzeﬂsp dp <e~*nC,

k=0 2"k

where the constant C does not depend on n and z,(-) is the solution of (3) corresponding to u =0 € Uz, and z; () = .
So
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Th+1 Th+1
e~ 3+ / lin(p) | dp < / lin(p)| e 2P dp
Tn Tn

Th+1 Th+1
- 2 _ - - _ ~
<2 f [3a(p)|"e ™ dp +2 / 15 — I ?e P dp < 267°™(C3 + ©),
Tn Tn

and we obtain the required estimate.

Let us define the functions y,(t) = yn(t + Tn), Un(t) = tin(t + 74), t > 0. The functions y,(-) are the unique solutions of
problem (3) with initial data y,(0) = n, and control u,(-). By the previous estimates there exist functions y(-) and u(-) for
which the convergences (11) hold in the interval (0, 1). Also, u € Ug and

d d
% N d_Jt/ weakly in L%(0, 1; V*).

Hence, by standard arguments we obtain that y € C([0, 1], H) and that it is the solution of (3) with control u(-) and initial
data y(0) = 7. Then in a standard way (see e.g. the proof of Lemma 11 in [20]) one can prove that y,(s) — y(s) strongly
in H for all s € (0, 1]. Hence, & = yn(th +1) = ya(1) is convergent and G(1, Bg,+1) is pre-compact.
By Theorem 1 in [26] the omega-limit set of any B € 8(H) given by w(B) = 0520 Ut>s G(t, B) is non-empty, compact
and attracts B, i.e.
dist(G(t, B), w(B)) — 0, ast— oo.
Since G(p + 5, B) C G(p, Bry+1), for all p >0, s > T(Rp), we deduce that w(B) C w(Br,+1) for all B € B(H). Then the set
A= | oB)=w(Brt1)
Bep(H)

is compact and attracts every B € 8(H). Hence

lim supdist(U(t+ 7,7, B), A)=0. (20)

t—=+00 1 cR

The set A is the minimal closed set satisfying (20). Indeed, let C be a closed set satisfying (20) with B = Bg,4+1 and
such that A ¢ C. Then there exists y € A such that y ¢ C. We take sequences yj, t, such that y, € G(tn, Bry+1), so that
Yn € U(th + T, Tn, Bry+1) for some 7, € R, and converging to y as n — oco. Since

dist(yn,C) — 0, asn— oo,

we have y € C, which is a contradiction.
Thus, A is a uniform global attractor.
Finally, since @ (t) C Bg,, for all T € R, we obtain that

Oty cU(t,t—s,O(—s)) CU(t,t—s, By =U(Ts +5, Ts, Bry)
C G(s,Bgy) > A, ass— +oo.
Hence, O(t) C A, forallteR. O

4. Relationship with the attractor of the 3D Navier-Stokes system

Consider now the three-dimensional (3D) Navier-Stokes system

dy

— +Ay+B =

R A VA (21)
y(@)=yr €H.

Our aim now is to study the relation between the pullback attractor of the optimal control problem (3)-(5) and the global
attractor for the multivalued semiflow generated by (21). We recall first some conditional results proved in [20].

Assumption 1. Assume that for any 7 € R, y; € V there exists a unique globally defined strong solution y(-) of the 3D
Navier-Stokes system, that is,

y() € C([t, +o0); V) N L}

loc

(t. +00; D(A)).
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Then following [20] one can correctly define the map G : R* x H+> P(H) by
G(t, yo) = {y(t): y(-) is a weak solution of (21) with y(0) = yg such that y(-) satisfies (8)}. (22)

We state a result about existence of regular solutions.

Theorem 4. (See [20, Theorem 5].) Let Assumption 1 hold. Then for any R > 0 and yo € H such that |yg| < R there exists at least one
weak solution of (21) such that

y(-) € C([0, 4+00), H), (23)
y() e L®([s, TI;L*(82)), forall0<s<T, (24)
[y© a0y SGR,T,5), (25)

forall T>0,0<6<T, and for aa. t € (8, T), where R — G(R,T,é8), T — G(R, T, 8) are non-decreasing functions. Moreover,
(8) holds.

Recall that a bounded complete trajectory of (21) is a weak solution defined on (—o0, c0), which satisfies (8), and such
that |y(t)| <C, for all t € (—o0, 0).

Theorem 5. (See [20, pp. 261-262].) Under Assumption 1 the multivalued map (22) is a multivalued semiflow which has a strictly
invariant global attractor A, consisting of all bounded complete trajectories, that is,

A= {(p(t): @ () is a bounded weak solution of (21) satisfying (8) and defined on (—oo, +oo)}, (26)

where t € R can be chosen arbitrarily.
Now we are ready to prove that the global attractor A of (21) and the pullback attractor @ (t) of (3)-(5) coincide.
Theorem 6. Under Assumption 1 there exists C(Rg) such that if & > C(Rg) in (4), then A = O (t), Vt € R.

Proof. First, we shall check that A C ©(t), for any t € R. We know from [20, p. 259] that the ball Bs ={y € H: |y| < Ro+ 4}
is absorbing for G for any 8 > 0, and then it is clear that A C Bg,. Also, it follows from Theorem 4 the existence of
C > 0 such that ||€|l;4 < C, for any £ € A. Indeed, since A = G(1, A), we can choose a weak solution y(-) of the Navier-
Stokes system (21) satisfying (8) and such that y(0) € A, y(1) = &. This solution is unique in the class of weak solutions
satisfying (8) [20, p. 262]. Then (25) implies that

1 1
|y©®]Laq) < G(Ro, 1, 5), forall > <t<1.

Choosing C = G(Ry, 1, %) we obtain the desired property.

Let us take o > C in (4). Then for any & € A, t > 7, there exist n € A and a weak solution y(-) of the 3D Navier-Stokes
system (21) satisfying (8) such that £ = y(t), n =y(7), y(p) € A, for all p > 7. So, ||y(p)ll;4 <C and y(-) can be taken as a
control, that is, y(-) € U;. Thus, y(-) is in fact the optimal control, because for ii(-) = y(-), y(-) = y(-) we have J; (i, y) =0.
So, E=y(t)eU(t,t,n) CU(t, t,A) and taking T — —oo we deduce that & € O(t).

Further, we shall prove that @(t) C A, for any t € R. Let & € O(t). Since O (t) = U(t,s, ©(s)), for all t > s, there exists
an optimal pair {y(-), @(-)} of problem (3)-(5) with y(s) = ys € @(s), ui(-) € Us, such that y(t) =&.

We take s <t — 2. In view of (9) and |ys| < Ro, there exists s < sg <t — 1 such that

R2 2
6ol < 2 + 13- =2 (27)

It is clear that y(sp) € V N @ (sp). From the arguments in Lemma 2 ii(-) € Uy, and the pair {y(-), ii(-)} is also an optimal
pair of (3)-(5) in [sg, +00). But by Assumption 1 for the initial data y(sg) there exists a unique globally defined strong
solution yg(-) of the Navier-Stokes system (21). We shall check that {yo(-), yo(-)} is an optimal process of the problem
(3)-(5) with yo(so) = ¥(s0), yo(-) € Us,.

First, we note that any strong solution of (3) satisfies (7). Using this inequality and |y(so)| < R it is obvious that
|yo()| < Rg for all r > sg.

It is known [31, p. 382] that

sup [y®] = KR, T —s0) < +o00, (28)
llyso ISR1,telso, T]
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where y(-) is the unique strong solution of system (3) corresponding to ys,. We note that the function K is non-decreasing
with respect to both variables. Then (27) and (28) imply

lyo| < K(R1,2), forallso<r<so+2.

Since yo(-) also satisfies (9), one can choose Sy € (so + 1,50 + 2) such that yo(Sp) satisfies (27). Hence, using again
(28) we obtain that ||yo(r)|| < K(Rq,2) for all sg <1 < sp+ 3. Repeating the same arguments inductively we obtain that
lyoM|l < K(Rq,2) for all r > sg. Therefore,

ol s <cK(R1,2), forallr>sp.

Finally, fszo llyo(r)|I2e~% dr < oo follows from (9).

We choose o > max{G(Ry, 1, %), cK(R1,2)}. Then yo(-) € Us,. Since Js5,(¥0, ¥o) =0, the pair {yo(-), yo(-)} is an optimal
process.

It follows that Js, (¥, 1) = Js,(¥o, Yo) =0, so that y(-) =u(-) and y(-) is a weak solution of the Navier-Stokes sys-
tem (21). As y(-) is unique in the class of weak solutions satisfying y(-) € L8 (sq, +00; L*(£2)) [30, pp. 297-298], we have

loc

Yo =y on [Sg, +00) and then yg(t) = &. We note that @(s) = U(s, s, ©(sg)), for all s > s, implies that yo(s) € O(s),
for all t > s > sg. In the same way for some s1 < sop — 2 we can define a weak solution (in fact strong) y1(-) such that
¥1(s0) = Yo(S0), y1(5) € ©(s), for all s; < s < sp. The same can be done for some sequence sg > S; > S3 > -+ > S, — —00.
Concatenating the functions yg(-) we obtain a weak solution y(-) of (21) defined on (—oo,t] and such that y(t) =&,
y(s) € O(s), for all s<<t. It is easy to see that y satisfies (8). On the other hand, in the interval [t, +00) we take an op-
timal process {y(-), @(-)} of (3)-(5) such that y(t) =& and in the same way one can check that y(-) is the unique strong
solution of (21) with y(t) = &. Hence, we put y(s) = y(s) for s > t. The invariance property @ (s) = U(s, t, ©(t)) implies that
y(s) € ©(s), for all s > t. By Theorem 2 we have @(s) C Bg,, so that the function y(-) is bounded on R. It follows from (26)
that & = y(t) € A.
Therefore, A=O(t), forallteR. O
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