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1. Introduction

In this work we are interested in study the asymptotic behaviour, as the parameter & goes to 0, of the family of integral
functionals F. defined by

T
FAB,H)://f(t,x,2,;—2,BtB(t,x),curlH(t,x))dxdt, (1.1)
0 R

where the density f:(0,T) x £2 x R x R3 x R3*2 — R is a Carathéodory function satisfying the hypotheses:

H1) f(t,x,-, ¥, A, p) is (0, 1)-periodic in R;
H2) f(t,x, 7, 4, p)is Q-periodic in R3, with Q = (0, 1)3;
H3) f(t,x,7,y,-,-) is convex in R3*2;
H4) there exist constants C > ¢ > 0 such that
c(IAP+1pl? =1) < ft.x, T,y 4, p) SC(IA* +[p* + 1),

for a.e. (t,x) € (0, T) x £2 and every (T, y, A, p) € R x R3 x R3x2,

—~ o~ o~ —~

with T > 0 and £ an open bounded set in R3. The functional F, is well defined for pairs (B, H) such that B is a vector
field in L2(§2; H1(0, T)3) while H is a vector field in L2(0, T; X(£2)). We define the space of functions X(£2) by

X@2)={we Lz(.Q; R3): curlw e Lz(.Q; R3), divw=0in 2, w-v=00n 02},
where v stands for the outer normal vector to 952, so that X(£2) is a Hilbert space respect to the norm

Wiy = IWI32 .3, + I Ut Wi g s,
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It turns out that X(£2) is continuously embedded into the Sobolev space H'(£2; R3) if §2 is either of class C!:1 (for defi-
nition, see [4, Notation 2.1]) or a convex polyhedron, see [4,11,13]. Thus, the space L%(0, T; X(£2)) is defined as the space
of all vector fields H: (0, T) x £2 — R3 such that, for a.e. t € (0, T), the solenoidal field H(t,-) is in X(§2) and its norm is
finite:

T T
||H||%2(0’T;X(Q)):/HH(t, .)||i(mdt://(|H(t,x)|2+|curlH(t,x)|2)dxdt<oo.
0 0 @

The space L2(0, T; X(£2)) is a Hilbert space respect to the previous norm -2 0.7: x(2))-

Our aim is to study the asymptotic behaviour of the sequence {F.} through the I'-convergence, i.e. a variational con-
vergence for sequences of functionals defined in metric spaces, see [7,9]. In this way, we look for the characterization of
the limit functional, in the sense of I'-convergence, of the sequence of functionals F, as the parameter £ goes to 0, as an
integral functional whose density may be defined through the density f. Since Young measures turn out to be a useful tool
to represent weak limits of sequences composed with nonlinear functions, we intend to apply this concept to study the
I'-convergence of the sequence of functionals F,, following the ideas introduced in [18] for multiscale periodic functionals
depending on gradient fields (see also [3,19]). Here we are interested in multiscale periodic functionals defined for pairs
(B, H) and depending on the time-derivative d;B as well as on the curl of H. Thus, we generalize the notion of multiscale
Young measure associated with sequences of time-independent functions to sequences of time-dependent functions, and
develop the concept of multiscale Young measure in time-space associated with sequences of pairs of type {(d;B¢, curl Hy)}.

A motivation to study the I'-convergence of sequences of functionals of type (1.1) is the homogenization of linear prob-
lems of type

— 3 (b(t, £)3Bg) + curl(A(t, x, ¢, %) curl Hp) = curl g(t,x, £, %) in(0,T) x £,

v g o2
divB, =divH, =0 o in(0,T) x £,
He-v=0 on (0,T) x 082, (12)
(AcurlHy) x v=gxv on (0,T) x 052,
B (0, x) = Bo(x) in £2,
0tB¢(0,x) = B1(x) in £2,

when the positive parameter & goes to 0, see [6,21]. We assume that b(t, 7):(0,T) x R — R* is a Carathéodory function
and, for a.e. t € (0, T), b(t,-) is (0, 1)-periodic in R; the 3 x 3-matrix-valued function A(t, x, T, y) is symmetric, there exist
B > o > 0 such that «|£]? < &TAE < BI€|% for every £ € R3, A(t,x, -, y) is (0, 1)-periodic in R, and A(t, x, T, ) is Q -periodic
in R3, and the function gt,x,7,y):(0,T) x 2 xR x R3 — R3 is also (0, 1)-periodic in the third variable and Q -periodic
in the last one. Notice that, in this initial boundary value problem the quadratic coefficients b and A, and particularly the
source term g, oscillate in separated time and space length scales. We would like to investigate whether the interactions
between the microscopic oscillatory behaviour in both time and space variables of each coefficient may determine the
macroscopic behaviour of the source term.

The initial boundary value problem (1.2) may be considered as the first-order optimality condition associated with the
minimization problem in L2(§2; H' (0, T)) x L2(0, T; X(£2)) of quadratic energies of type

T

be(t Ag(t

EE(B,H)://<§|8tB|2+ %curlH-curlH—gS(t,x)-curlH> dxdt, (1.3)
0 2

where the quadratic coefficients b, (t) and A(t, x), and the linear coefficient g.(t, x), are defined by

t t t
bs(t)=b<t, —>, As(t,X)=A<t,x,—,%>, gs(t,x)=g<t,x,—,iz>,
& & & E €

respectively. Thus, for each ¢ > 0, if the pair (B, H;) minimizes the energy E. in L2(§2; H'(0, T)3) x L2(0, T; X(£2)), it
turns out that it is a solution of the system (1.2). In this way, we may study the homogenization of initial boundary value
problems of type (1.2) through the I'-convergence of the sequence of its associated energies of type (1.3), because once the
sequence {E;} I'-converges to the quadratic functional E, we may deduce that the sequence of optimal pairs {(Bg, He)}
solution of (1.2) converges weakly to the optimal pair {(B, H)} which minimizes the limit energy E.

This work is divided into 5 sections as follows. In Section 2, we study the multiscale convergence in time-scale of
sequences of pairs of type {(d;B, curl Hy)}, which turns out to be fundamental to prove the main result on I"-convergence
of sequences of functionals of type (1.1). In Section 3, we introduce the definition of multiscale Young measure in time-
space associated with sequences of time-dependent functions, and present the main properties which will be applied lately
in Section 5 to prove the main result Theorem 4.1, which is presented in Section 4.
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2. Multiscale convergence in time-space

In this section, we extend the notion of two spacial scale convergence introduced by Nguetseng in [15] (see also [1,2]) to
two-scale convergence in time and space, as it is proposed by Holmbom, Svanstedt and Wellander in [14] (see also [16,22]).
Consider two separated length scales I1(¢) and [,(¢), that is two smooth functions I1,I5 : (0, &9) — (0, +00) such that
limg\oli(e) =0 (i =1,2), and limg\ o E% = 0. In order to study the oscillatory behaviour of a sequence of functions u,

with respect to a slower time variable and a faster space variable, we test it against sequences of oscillatory functions of
type ¢(t, X, %, ﬁ), according to the following definition.

Definition 2.1. We say that a sequence {u;} C L2((0, T) x £2)3 multiscale converges in time-space, with respect to two
temporal and two spatial scales, to the function ug in L2((0, T) x £2 x (0,1) x Q)3, i.e. ug A ug, if

T T
t X
li t,x)-olt,x, —, —— ) dxdt = t,x,7,y) @, x,T,y)dydr dxdt
pp | [recn-olen g g ot [ [ [ [uoesvp-pteapares
02 0200Q

for every ¢ in L?((0, T) x £2; Cper((0,1) x Q)3%), where I;(¢) and I(¢) are two separated length scales.

The following compactness result ensures the existence of a multiscale convergent subsequence in time-space for every
bounded sequence in LZ((0, T) x £2)3, see for instance [14,16].

Theorem 2.1 (Compactness Theorem). If {u} is a bounded sequence in L2((0, T) x £2)3, then there exist a subsequence {ug,} and a
function ug in L>((0, T) x £2 x (0,1) x Q)3 such that {ug, } multiscale converges in time-space to ug.

Nevertheless, in this work we are mainly interested in study the multiscale convergence in time-space of sequences of
pairs of type {(3;B, curl Hg)}, as the parameter goes to 0, when the sequence {B;} is bounded in L?(s2; H'(0, T)3), and the
sequence of solenoidal fields H, is bounded in the Hilbert space L2(0, T; X(£2)) defined previously. Let us analyze firstly
the multiscale convergence in time-space of a sequence of time-derivatives {d;B}.

Theorem 2.2. Let {B,} be a bounded sequence in L%(2; H'(0, T)3). Then, there exists a subsequence {Be,} and a function B €
L2(£2; H' (0, T)3) such that

Be, — B strongly in L*((0, T) x ).

There exists a function By € L2((0, T) x £2; Hp,, (0, 1)%), and a function V, € L?((0, T) x £2; 13,,(Q)?) satisfying

/ Va(t,x,y)dy =0,
Q

so that {9; B¢, } multiscale converges in time-space:

9Bsg, Z8B(t,X) + 0:B1(t, %, T) + Valt, x, y) in L?((0,T) x £2 x (0,1) x Q)3.

Proof. There exists a subsequence {B,,} converging strongly to a function B in L2((0, T) x £2)3, provided L%(£2; H'(0, T)%)
is compactly embedded into LZ((0, T) x £2)°.

Consider the sequence {9B¢,} bounded in L2((0, T) x £2)3. It comes from [12, Theorem 12] that, for a.e. x € £2, the
sequence {9;B,} two-scale converges in time to d;B(t,x) 4+ d;B1(t,x, T) in L2((0, T) x £ x (0, 1))3, for some function B; in
L2((0,T) x £2; H;er(O, 1)).

Moreover, the sequence {d;B,,} two-scale converges in space to d;B(t, x) + V,(t,x, y) in L2((0,T) x §£2 x Q)3, for some
function Vy in L2((0, T) x £2; L2,,(Q)?) such that

/ Va(t,x,y)dy =0.
Q
In this way, it follows that the sequence {d;B,,} multiscale converges in time-space to d;B(t, x) 4+ d;B1(t,x, T) + V,(t,x, y)

in L2((0,T) x 2 x (0,1) x Q)3. O

Now, we focus on the sequence of solenoidal fields {curl H¢} under the constraint that each field H, is itself divergence-
free. The next theorem gives a characterization of the multiscale limit in time-space of such sequence.
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Theorem 2.3. Let {H,} be a bounded sequence in L2(0, T; X(£2)). Then, there exists a subsequence {Hg,} and a function H e
L%(0, T; X(£2)) such that

He, — H strongly in [%((0, T) x £2)°.
There exists a function Hq in L?((0, T) x £2; X(Q)) for which curly Hy(t, x,-) is Q -periodic, and a function W in L2((0, T) x
(0, 1); X(£2)) for which curl Wy (t, x, 1) = curl Wy (t, x, 0),
1
/curly Hq(t,x,y)dy =0, fcurl Ws(t,x,T)dTt =0,
Q 0

so that {curl H¢, } multiscale converges in time-space:

curl Hg, 2 curl H(t, %) +curly Hi(t, %, y) + curl W (t,x, T) in Lz((O, T) x 2 x (0,1) x Q)B.

Proof. Since the space L2(0,T;X(£2)) is compactly embedded into LZ((0,T) x £2)3, there exists a function H in
L2(0,T; X(£2)) and a subsequence {H,,} such that {H,,} converges strongly to H in L2((0, T) x £2)3.

Let us consider the sequence {curl Hg,} bounded in L2((0, T) x £2)3. Applying [12, Theorem 1.2] it follows that, for a.e.
t € (0,T), {curl H, (t, -)} two-scale converges in space to curl H(t, x) 4 curly, H1(t, X, y), for some function Hy in L%((0, T) x
£2; X(Q)) such that curly Hy(t, x, -) is Q -periodic, and

/curly Hq(t,x,y)dy =0.
Q

On the other hand, for a.e. x € £2, the sequence {curl H,, (-, X)} two-scale converges in time to curl H(t, x) + Ux(t, x, T), for
some function Uy in L2((0, T) x £2: L2,,.(0, 1)%) so that

1

/Uz(t, x,7)dt =0.

0

If we consider test functions ¢ € L2((0, T); C3°(82) x Cper(0, 1)), then

T T 1
t
li{r(l)//curmek(t, x)-V¢<t,x, E) dxdt:///(curlH(t,x)—i—Uz(t,x, 1)) - Vo (t, x, T)dT dxdt.
&
0 2 020

Integrating by parts over the variable x, we get

T 1 T 1
///(curlH+U2)-vqﬁderdt—//[div(curlH(t,x)~|—U2(t,x,r))¢(t,x,r)drdxdt:O.
020

0 0082

So, since divU; =0 in 2, there exists a field W5 such that U,(t, x, T) = curl Wy (t, x, 7).
Thus, the sequence {curl He,} multiscale converges in time-space (with respect to two temporal and two spatial scales)
to curl H(t, x) 4+ curly Hi(t, x, y) + curl W (¢, x, 7), i.e. for every ¢ € L%((0, T) x £2; Cper((0,1) x Q)),

T
t X
]. lH t, . t,,—,— ddt
el\r‘l‘(l)//cur & (6 %) ¢( X l1(e) 12(8)> g
02
T 1
:////(curlH(t,x)+curly Hi(t,x, y) + curl Wy (t, x, 7)) - o(t, x, T, y)dydrdxdt. O
0 200Q

The previous characterization of the multiscale limit in time-space of the sequence of pairs {(d;B¢, curl Hg)} is the key
point, together with the properties of the multiscale Young measures in time-space introduced below, to achieve a full
representation of the density of the I"-limit of the sequence of functionals F of type (1.1).
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3. Multiscale Young measures in time-space

Here, we extend the definition of two-scale Young measure associated with sequences of time-independent functions
introduced by Pedregal in [18] to sequences of time-dependent functions. Firstly, let us recall that if the length scale I, (¢)
is faster than 1 (¢), then the Young measure associated with the sequence of pairs

el

where (y) € [0, 1)! stands for the fractional part of y e R! (I=1 or I = 3), is the product of two Lebesgue measures dt ® dy
over (0,1) x Q, see [17,23].

Definition 3.1. A family of probability measures {it x,¢,y}te(0,7),xe2,7€(0,1),yeQ Supported on R is said to be the multiscale
Young measure in time-space associated with the sequence of functions ug : (0, T) x £2 — R (at the separated length scales
l1(¢) and I (¢)) if the joint Young measure 6 = {6; x}rc(0,7),xe2 associated with the sequence of pairs

(0 i)

may be decomposed, for a.e. (t,x) € (0,T) x £2 and (z,y) € (0,1) x Q, as
Orx(A, T, Y) = Ut x7,y(M) ® dt ®dy.
Therefore, if {i¢x,z,y}te(0,7),xe2,7€(0,1),yeq 1S the multiscale Young measure in time-space associated with the se-

quence {ug} we know that, for any Carathéodory function ¥ :(0,T) x 2 x R x RY - R such that the sequence
{w(t, x, ,1(8)) (,2(8>) ug(t,x))} converges weakly in L1((0, T) x £2), it follows

g%// < <I1(5)> <lz(s)> ug(t, x))dtdx_/////w(t X, T,Y, M) de xz,y(A)dydT dxdt.

Nevertheless, when the weak convergence in L1((0, T) x £2) is not ensured, we always have a lower estimate for the
lower limit given through such multiscale Young measure, as follows in the next proposition.

Proposition 3.2. If {14t x, .y }te(0,T),xe2,7€(0,1),yeq i the multiscale Young measure associated with the sequence {u.} (at the sepa-
rated length scales |1 (¢) and I, (¢)), then

llmlnf// < <11(8)> <12(8)> ug(t, x)) dxdt > /////W(t X, T,Y, M) duexz y(A)dydr dxdte,

for every Carathéodory function v : (0, T) x £2 x R x R3 x R? — R bounded from below.

Notice that, the definition of multiscale Young measures in time-space is intimately related to the multiscale convergence
in time-space of its associated sequence. Namely, the barycenter of a multiscale Young measure in time-space may be
characterized as the multiscale limit of the associated sequence of functions.

Proposition 3.3. Let {u.} be a multiscale convergent sequence in time-space, and ug be its multiscale limit. If
{lt,x,7,y)te0,1).xe02,7€(0,1),yeq IS the multiscale Young measure associated with {u.}, then ug:(0,T) x £ x (0,1) x Q — R4
is the first moment of such multiscale Young measure given by

uo(t,x,r,y)=/kdut,x,f,y(k).
Rd
4. The I'-convergence result

I'-convergence is a variational convergence for sequences of functionals introduced by De Giorgi and Franzoni in [10] as a
useful tool to study the asymptotic behaviour of minimizing problems depending on a parameter (see the monographs [7,9]).
The notion of I"-convergence is based on two conditions: the lower-bound estimate for the lower-limit of the sequence of
functionals, and the existence of a recovering sequence for which the lower estimate is attained.
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Let us consider the sequence of integral functionals F, defined in the Hilbert space L%(£2; H'(0, T)3) x L2(0, T; X(£2))
by

T
t
FAB,H)://f(t,x,E,8%,atB(t,x),curlH(t,x))dxdt,
0 R

where the density f: (0, T) x £2 x R x R3 x R3*2 — R is a Carathéodory function satisfying the hypotheses (H1), (H2), (H3)
and (H4), with T > 0 and £2 an open bounded set in R3.

Definition 4.1. We say that the sequence {F,} defined in L%(£2; H'(0, T)3) x L2(0, T; X(£2)) I'-converges, with respect to
the weak topology, to the functional F if, for every B in L2(£2; H'(0, T)3) and every H in L2(0, T; X(£2)):
(1) for any B, — B weakly in L2(£2; H'(0, T)3), and H, — H weakly in L%(0, T; X(£2)), we have
liminf Fe (Be, He) > F(B, H):
e\0

(2) there exist By — B weakly in L2(§2; H'(0, T)3), and H, — H weakly in L%(0, T; X(£2)), such that
lim Fe(Be, He) = F(B, H).
e\o0

Our main result here is the following explicit representation of the I"-limit of the sequence {F.} as an integral functional
whose density is defined by means of an infinite dimensional minimization problem. This result is proved in the next
section.

Theorem 4.1. The sequence of integral functionals {F.} defined in (1.1) I'-converges, with respect to the weak topology in
L%(£2; H'(0, T)3) x L2(0, T; X(£2)), to the functional I defined by

T

F(B,H)=//fh0m(t,x, dB(t,x), curl H(t, x)) dxdt,
0 2

where the homogenized density from : (0, T) x £2 x R3*2 — R is given by

thm(tvxv)"v p)

1
= inf{/ / (6%, T, ¥, A+ 3 B1(t, X, T) + Va(t, X, y), p + curly Hi (£, X, y) + curl Wa(t, X, 7)) dy d:
0Q
By € L?((0.T) x £2; Hpor (0. 1)), V2 € L2((0, T) x £2: L2, (Q)?),

Hi € L*((0,T) x 2; X(Q)), W2 € L*((0, T) x (0, 1); X(2)),
curly Hq(t, x, -) is Q -periodic, curl W3 (¢, x, -) is (0, 1)-periodic,

1
/curly Hq(t, x, y)dy:O,/cuerz(t,x, r)dt:O,/Vz(t,x, y)dy:O}.
Q 0 Q

Notice that, the functionals F, are defined in the product space L2(£2; H'(0, T)3) x L2(0, T; X(£2)) so that the vector
field H is assumed to be divergence-free. The I'-convergence of sequences of (time-independent) two-scale periodic in-
tegral functionals under a divergence-free constraint was studied previously in [5,8,12]. In the non-periodic context, the
I'-convergence of a particular sequence of (time-independent) non-periodic functionals under a divergence-free constraint
was treated in [20] by means of div-Young measures.

As commented in the Introduction, an application to the above I'-convergence result is the homogenization of initial
boundary value problems of type (1.2). Indeed, we may deduce the convergence of solutions of a family of boundary value
problems from the I"-convergence of the families of their associated energies. If the sequence of energies F, I"-converges to
the functional F, and if each energy F. has an optimal pair (B¢, H.), then the sequence of minimizers {(B¢, H¢)} converges
weakly to a minimizer of the I"-limit F, as follows.
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Proposition 4.2. (See [7].) If {F¢} is a sequence of equicoercive functionals in L2(§2; H' (0, T)3) x L2(0, T; X(£2)) such that it I'-
converges, with respect to the weak topology, to F, then

min F(B, H) = lim inf F¢(B, H).
B.H e\\0B.H

Moreover, if the sequence {B} converges weakly in L2(£2; H'(0, T)3), {H,} converges weakly in L2(0, T; X(£2)), and limg\ o Fe (Be,
H¢) =limg\ o inf(g 1) Fe (B, H), then the weak limit of {(B¢, H¢)} is a minimum of F.

5. Proof of Theorem 4.1

This section is entirely dedicated to prove our main result Theorem 4.1. For such purpose, firstly we will prove the lower
limit inequality, and then prove the existence of a recovering sequence, according to Definition 4.1.

Let B € L2(§2; H'(0,T)3) and H € L?(0, T; X(£2)). Consider any sequence {B;} C L?>(£2; H'(0, T)?) converging weakly
to B in L2(§2; H'(0, T)3), and any sequence {H.} C L2(0, T; X(£2)) converging weakly to H in LZ(0, T; X(£2)). Thus, the
sequence of pairs {(d;Bg, curl Hg)} converges weakly to {(3;B, curl H)} in L2((0, T) x £2)8.

Let {14t ,x,7,y}te(0,1).xe2,7€(0,1),ycq be the multiscale Young measure in time-space associated with the sequence of pairs
{(8:Bg, curl Hy)} with support on R3 x R3. Then, it comes from Proposition 3.2 that

T
t
liminf/ / f(t,x, s 8% 0tB¢ (t, x), curl Hg(t, x)) dxdt
Q

T 1
[ [ rexcyirpdise, . pdydran
0 20

Q R3xR3

Since the density f(t,x, T, y, -, -) is convex in R3 x R3, for a.e. (t,x) € (0,T) x £2 and every (7, y) € (0,1) x Q, we may
apply Jensen’s inequality so that

/ f(t,X,T,y,k,p)dﬂt,x,r,y()\»p)>f<t7x7f,yv / Mitx,z,y(A, ), / th,x,r,y(&p))-

R3xR3 R3xR3 R3xR3

Notice that, the sequence {d;B.} multiscale converges in time-space to d;B(t, x) + 9 B1(t,x, T)+ V2(t, x, ¥) in L2((O, T) x
2 x (0,1) x Q)3, for some functions By in L2((0, T) x £2; H},er(o, 1)) and V3 in L2((0, T) x £2; Lfm(Qﬁ) satisfying

[ Va(t,x,y)dy =0,
Q

according to Theorem 2.2. Thus, the multiscale limit of {3;B;} may be written as

0 B(t,x) + 0cB1(t, X, T) + Va(t,x, y) = / Ahtxzy(h, P)
R3xR3

for a.e. (t,x) € (0,T) x £2 and (7, y) € (0,1) x Q, according to Proposition 3.3.

In a similar way, provided the sequence {curl H;} converges weakly to curl H in L2((0,T) x £2)3, it follows from
Theorem 2.3 that {curlH,} multiscale converges in time-space to curl H(t,x) + curly Hi(t,x,y) + curl W(t,x,T) in
L2((0,T) x £2 x (0,1) x Q)3, for some functions Hy in L2((0,T) x £2; X(Q)) and W3 in L%((0,T) x (0, 1); X(£2)) such
that curly, Hy(t, x, -) is Q -periodic, curl W(t, x, -) is (0, 1)-periodic, and

1
/curly Hq(t,x,y)dy =0, /curl Ws(t,x, t)dt =0.
Q 0
Moreover, this multiscale limit may also be characterized through the multiscale Young measure in time-space {{t; x 7.y} in
the following way
curl H(t, x) 4 curly Hy (¢, x, y) + curl W (t,x,7) = / Pl xt,y(A, 0),
R3xR3

for a.e. (t,x) € (0,T) x £2 and every (7, y) € (0,1) x Q, according to Proposition 3.3.
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Therefore, we conclude that there exist functions Hq, By, V, and W5 such that

t
liminf//f(t,x, -, %,ath(t,x),curng(t,x)> dxdt
N0 e ¢
Q

T 1
>f///f(t,x,r,y,arB(t,X)JrarB](t,x,r)+Vz(t,x,y),
0 2 0 Q

curl H(t, x) + curly Hy (¢, x, y) + curl Wa(t, x, 7)) dy d dxdt.

If we take the infimum over such functions, we achieve the desired lower inequality:

T T
t
lim\i(l)ﬁ//f(t,x,E,%,BIBg(t,X),curng(t,x)> dxdt}//fhom(t,x, 9 B(t,x), curl H(t, x)) dxdt,
&
02 02

where fhom is the homogenized density defined in Theorem 4.1.

Now, let us prove there exists a sequence of pairs {(B., Hg)} converging weakly to (B, H) in L2(£2; H'(0, T)?) x
L2(0, T; X(£2)) for which the lower limit inequality above is indeed an equality. For fixed B in L%(£2; H'(0,T)?) and H
in L%(0, T; X(£2)), assume there exist minimizers Hi, Bq, V2 and W> such that, for a.e. (t,x) € (0, T) x §2, we have

Srom (£, %, 9 B(t, x), curl H(t, x))

1
://f(t,x,r,y,atB(t,x)+afB1(t,x,t)—i—Vz(t,x,y),
0 Q
curl H(t, x) + curly Hq(t, x, y) + curl W (¢, x, ‘L')) dydrt dxdt.

Let us start by defining the sequence of functions B : (0, T) x £2 — R3 by putting

t
t X
B:(t,x) = B(t,Xx) + &€B; (t, X, E) +/V2 (s, X, 5_2> ds.
0

Then the sequence of time-derivatives d;B; : (0, T) x £2 — R> given by

t t X
0rBe(t,x) = 0:B(t, x) +€0:B1 (t, X, g) +0: B4 (t,x, E) +Vs <t, X, 8—2>
converges weakly to 9;B in LZ((0, T) x £2)3, and it multiscale converges in time—space to 8;B(t, x) 4+ B1(t, X, T) + V2 (t, X, y)
in L2((0, T) x £ x (0,1) x Q)3.
If we define the sequence of fields Hy : (0, T) x £2 — R3 by

X t
He(t,x) = H(t, x) +6‘2H1 (t,X, 8_2> + W2<f,X7 g>7
so that

X X t
curl Hg (t, X) = curl H(t, x) + &% curl Hiq (t, X, 8—2> + curly Hq <t, X, 8—2> + curl W» (t, X, g>

for a.e. (t,x) € (0, T) x £2, the sequence {curl Hg} converges weakly to curl H in L2((0, T) x £2)3, and it multiscale converges
in time-space to curl H(t, x) + curly Hy (t, x, y) + curl W2 (t, x, T) in L2((0, T) x £2 x (0, 1) x Q).
Therefore, if we consider the sequence of the pairs {0;B., curl H¢} just defined above, it follows that

£\0 £

T
t
lim//f(t,x,g, xz,8th(t,x),curng(t,x)>dxdt
0 Q

T 1
=////f(t,x,r,y,8t3(t,><)+BTB1(t,x,t)+Vz(t,x,y),
020 Q
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curl H(t, x) 4+ curly Hq(t, %, y) + curl W (¢, x, ‘L’)) dydt dxdt
T

://fhom(t,x, dB(t,x), curl H(t,x)) dxdt,
02

which concludes the proof of Theorem 4.1.
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