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1. Introduction

The time evolution of the materials under the influence of both the flow velocity field and the macroscopic description of
the microscopic orientation configurations of rod-like liquid crystals is governed by the Ericksen-Leslie system [1,2]. When
the viscous fluid is incompressible, Lin [3] first derived a simplified Ericksen-Leslie system modeling liquid crystal flows.
Then Lin and Liu [4,5] study the existence of weak and strong solutions and the partial regularity of suitable solutions, of
the simplified Ericksen-Leslie system, under the assumption that the liquid crystal director field is of varying length by
Leslie’s terminology or variable degree of orientation by Ericksen’s terminology. Recently, Lin et al. [6] have established the
global weak solutions, which are smooth away from at most finitely many singular times, in any bounded smooth domain
of R%. However, once the fluid is allowed to be compressible, the Ericksen-Leslie system becomes more complicated. On the
hydrodynamics of the compressible nematic liquid crystals, under the influence of temperature gradient or electromagnetic
forces, there have been both modeling study [7] and numerical study [8], and yet very few analytic works seem to be
available.

In this paper, we consider the Cauchy problem in R> for the simplified version of the Ericksen-Leslie system

oc + div(ou) = 0,
. . |Vn|?
(ow)¢ +div(ou®u) +Lu+ Vp = —ydiv| Vn© Vn — Tld , (1.1)
ne + (u- Vyn = 6(An + |Vn|*n),
with the initial data
(0, u,M,—o = (o, U, no) InR’, (12)
and the far field behavior
(0,u,Vn) — (0°,0,0) as |x| — oo, (1.3)
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for some constant vector (0>, 0, 0) satisfying 0> > 0. This system was derived in the recent preprint paper [9] based on
energetic-variational approaches. Here o € R',u € R®,p = p(0) € R' and n € S? denote the density, the velocity, the
pressure, and the macroscopic average of the nematic liquid crystal orientation field, respectively, and

Lu = —puAu— (A + pn)V(divu).

The constant coefficients A, u are the bulk viscosity and shear viscosity coefficients, y is the competition between kinetic
and potential energy, and 6 is the microscopic elastic relaxation time. A and u satisfy the physical restrictions

nw>0, 2u+312>0.

There have been some important studies on the well-posedness to (1.1). In dimension one, Ding et al. [10,11] have
obtained the global existence for the weak and strong solutions. However, for dimensions at least two, it is reasonable
to believe that the local strong solutions may cease to exist globally. In fact, there exist finite time singularities of the
(transported) heat flow of harmonic maps (1.1); in dimensions two or higher [12]. In dimension three, Huang et al.
[13,14] have obtained the local existence of the strong solutions and some blow up criterions, suppose that the initial data
(00, U, ng) satisfies the regularity condition

00>0, 0oeW"NH'NL for someq € (3, 6],
up € DyND?,  Vng e H* with|no| = 1,

and the compatibility condition
Lug + Vp(oo) + yVng - Ang = /008y for some gy € 2.

Here motivated by the results in [15] for the compressible Navier-Stokes equations, we aim to look for the classical
solutions (o, u, n) to (1.1)-(1.3).

2. Main results

Theorem 2.1. Assume that
00o—0® €H’, 00>0, ueDyND?®  VngeH® with|n| =1, (2.1)
p=p() € CRY). (2.2)
Assume further that the data (o9, ug, no) satisfies the compatibility condition

|Vnol?

Lug + V(o) + ydiv (Vno © Vny — 1d> = 008 (2.3)

forsomeg € D(]) with /008 € L2. Then there exist a small time Ty and a unique strong solution (o, u, n) to the problem (1.1)-(1.3)
such that
0—0*€C(0,Tol,H’), 0 €L®(0,To; H?),  Jou € L¥(0, Tp; %), (
u € C([0, Tol; Dy N D*) NI*(0, To; DY),  ur € L®(0, To; D) N L*(0, Ty; D?), (2.5)
Vn e C([0, To); H*) N L*(0, Ty; D*), (
n, € C([0, Tol; H*) NL%(0, To; D®),  ny € L°(0, To; L?) N L*(0, Ty; D). (

Theorem 2.2. In addition to (2.4)-(2.7), the solution (p, u, n) in Theorem 2.1 satisfies the following regularity

t7u € [0, To; D%, t2u, € (0, Ty; D), (2.8)
tZuy € [2(0, To: DY), t2./puy € L0, Ty: [2), (2.9)
tue € L°(0, To; D), tuy € L%°(0, To; D) N L*(0, To; D?), (2.10)
t/Pllg € L°(0, To; [2),  t2uy € [°(0, To:; D?), (2.11)
£ /Pl € L0, T [2),  t2uy € 120, To; DY), (2.12)
tin € [°(0,To; D?),  timg € L(0,To;DY),  tng € L®(0, To; D), (2.13)

which imply that (p, u, n) is indeed a classical solution to (1.1)-(1.3).
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Remark 2.3. By a more simple proof, we can show that similar results hold for the case that the spatial domain £2 is bounded
with smooth boundary and the boundary condition is (u, dn/9v)|3; = 0. Here v is the unit outer normal vector of 9£2. The
main difficulty of this paper is that vacuum may appear. To get the regularity estimates for u, we need deduce some good
estimates for n.

Notation. In this paper, we adopt the following notations for the standard homogeneous and inhomogeneous Sobolev
spaces

DM = (v € Ly (2) : [vllper = V¥l < 00},
D(l) ={ve LG(.Q) : ||v||D(1) = ||Vv||2 < coand v = 0on 942},
Wk,r —I'N Dk,r Hk _ WI<.2 Dk _ Dk,2 Hl _ L2 N Dl
- ) — ) - ) 0o — 0°
And for matrices A = (ay)mxn. B = (bj)mxn, A:B=) [, 2;21 a;iby.

3. Linear equations

To prove Theorems 2.1-2.2, we first consider the following linearized equations

o: +div(ov) =0, (3.1)
. |Vn|?
our +Llu+Vp=—p@w- -V)v—ydiv|Vn© Vn — 5 id), (3.2)
n+ (v- V)n=6(An+ |Vm|*n), (3.3)
with (t,x) € (0,T) x £, and
(0, u, M) |;—g = (o, Uo, o) in 2, (34)
B]
(u, al> —(0,0) on(0,T) x 922, (35)
V
(0,u,Vn) — (0°,0,0) as|x| — oco. (3.6)

When £2 C R® is a bounded domain (or the whole space), the condition (3.6) at infinity (or the boundary condition in (3.5),
respectively) is unnecessary and should be neglected. Here v, m are known vector fields in (0, T) x §2 such that

v e C([0, T]; DyND*) NI*(0, T; D*), v, € LI°°(0, T; D) N L*(0, T; D?), (3.7)
Vm e C([0, T]; H*) N L?(0, T; D%, (3.8)
me € C([0, T]; H*) NIL2(0, T; D®),  my € L®(0, T; [*) N L*(0, Ty; D). (3.9)

4. A priori estimates for the linearized problem

Since (3.1) is a linear hyperbolic equation for p, (3.2) and (3.3) are linear parabolic systems for u and n, respectively, by
the standard existence and uniqueness theory for the linear system, we have the following results.

Lemma 4.1. Let 2 be a bounded domain in R® with smooth boundary. In addition to (2.1)-(2.2) and (3.7)-(3.9), we assume that

0o > §in §2 forsome § > 0 and v(0) - Vv(0) + Qo’l{Luo + Vp(0o) + ydiv(Vng © Vg — Wld)} € H(} (£2). Then there exist
T > 0 and a unique solution (o, u, n) to the linearized problem (3.1)-(3.5) such that

0—0® € C(0,T,H*(2)), o € C(0,T], H*(2)), (4.1)
u e C([0, T]; Hy(£2) N H3(2)) N L*(0, T; H*(2)), (4.2)
ue € C([0, T]; Hi(2)) NL*(0, T; H*(2)),  ug € [*(0, T; [*(£2)), (4.3)
n e C([0,T]; H*(22)) NI*(0, T; H3(2)), (4.4)
n, € C([0, T]; H*(2)) NL*(0, T; H3(2)), (4.5)
ng € L°(0, T; [?(£2)) N L%(0, T; H'(£2)), and o > 8, (4.6)

for some constant § > 0.

Our purpose is to show that for pg > 0, (1.1)-(1.3) has a smooth solution up to some time Ty. This will follow from the
following key estimates on (p, u, n).
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Proposition 4.2. Suppose the conditions in Lemma 4.1 hold. Let cy > 1 be a given constant such that

14+ 0% +lleo = 0™ llus + lluollpy + Vol + IIv/eoglliz + llgllp: < co-

(4.7)

Then there exist T, > 0, T, € [0, T] and constants ¢;(i = 1,2, 3,4) with 1 < ¢y < ¢1 < ¢; < ¢3 < ¢4, Which are independent

of & and the size of 2, such that if
O pynps + VMOl = 1+,

0<t<Ty 0
sup (lv(Ollp2 + lIme (O lp1 + Im(®)[lp3)

0<t<Ty
T,

%SS SlTlP(Ilvf(t)llnl + lv(Ollps + Ime (Ol 2 + Ime(©)lIp2 + [Im(©)]]p4)
<t<Ty
T

then the solution (o, u, n) satisfies

[u(O)llpnps + VROl < €1,

0<t<Ty 0
sup ([[u(t)llpz + [Ine(O)llpr + [In(©)Ip3)

0<t<Ty
T,

ess sup([luc (D) llpy + [u®llps + [Ine (Ol 2 + lIne O llp2 + N0l p2)

0<t<Ty

0<t<T

Ty
sup (Jv(®)llpg + ImeOllz + 1Vm©lg) + [ Av©lF + Ime@® 5 + Im@©l5)dt < 1+ ca,
+/ (||vr(f)||D1 + vO 15 + Ime O + Ime©) 15, + Im@©)15)dt < 14 c3,

+ | o2 + @12, + Ime O3, + Ime (O 1125 + Im(©)[175)dt < 1+ ca,
0

T
sup ([[u®llpy + lIne@ll2 + IVR©ll41) + (lu® 52 + e 151 + In©lIg:)de < ¢,
+/ (”ut(t)“Dl + U@l + Ine O + I3, + In@©15)dt < cs,

+/ (Ulue @122 + 124 + e (O3 + Ine O35 + IO 1I55)de < ca,

T
esssup([lo(t) — 0% llys + llec(®)lly2 + Iv/euc () l2) +/ Iv/Que (O)lIf2dt < ca.

(4.8)

(4.9)

The proof of this proposition occupies the rest of this section. We denote by C a generic positive constant depending only

on the fixed constants u, A, y, 0, T and ||p||63(ﬁ).

Lemma 4.3 ([15, Lemma 5]).
lloe @)l + llo(®) — 0% llys < Ceo, Ip(t) — p™llys < M(co),

t
loc(®)llyr < €2, / lon(s)l1%ds < Ccb.
0
t
Ipe(®) g1 < M(co)es, / Ipee(s)[12,ds < M(co)c§,
0
loc®)llg2 < Cci, POl < M(co)ei, and info(t) > c's,
for 0 <t < min(T,, Ty), where Ty = (1 4+ c4)~" and p™ = p(0™).
Lemma 4.4.
t
e () |1 4+ 1VR®) |1 +/ Une®) 1% + Ine©) 112, + ) [12)ds < M(cy),
0
31
In®llps < M(cey ey

t
llu(®)llp +/ (IVou ()17 + lu®)llz)ds < M(cr),
0

for 0 <t <min(T,, T), where T, = (1 +c4) ™%

(4.10)

(4.11)

(4.12)
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Proof. Multiplying Eq. (3.3) by n; and integrating the resulting equation with respect to x over £2, we have

6 d
Inell?, + 5Enwufz /{—v -V + 60|Vm|?*n} - nydx

1
=< Ellnfllfz + CIvlI VRl + VMl [V mls lInllf)

IA

1 2 2 4 2
Sl + CAIIRy o + 1M VRI.

This gives

d
aIIanlfz < Ceslinll} (4.13)

D'nD?*

We differentiate (3.3) with respect to x, then multiply the resulting system by V An and integrate over 2 to get

1d
ia||v2n||f2 +0(Van|?, /{V(v -Vn) — OV (|Vm|*n)} - V. Andx

%
< SIV ARG + CAlvly e + 1Ml IV,
1%
< SIVAnl + eIVl
which deduces
d
allvznllfz + IVAn|?, < Ce5(| Va2, (4.14)

Therefore adding the inequalities (4.13) and (4.14) and using Gronwall’s inequality, we conclude that

t
(NEIG] +/ IV An(s) 1 ds < M(co), (4.15)
0

for0 <t < min(Ty, Ty).
Differentiate (3.3) with respect to t to derive

g + (V- V) = 0(An, + (IVm[°n),). (4.16)
Multiplying (4.16) by n, and integrating the resulting system with respect to x over §2 lead to

1d 2 2 2

Eallntlle + 01Vl = [ {=( - V) +6(IVm|"n).} - nedx. (4.17)

Due to Sobolev’s inequalities, we have
—f(v Ve - nedx < Cllvellpy VRl inell2 + vl qpz I'VAell2 Inell;2)

9 2 2 2 2 2
< SIVRE + Cluely VR + L+ 0y o) el

0
< EHVHr”iz +M(C0)CZ + CC%””t”fz,
and
0 /(lvmlzn)t -nedx < C|\Vme | 2|Vl |0l Inell 2 + ClIIVml[os Ine )17,

2 2 2 2

< ClIvmllgzlinellz + Climelig IVl
2 2 2
< CC3||nt||,_2 + M(co)cs.

Thus one obtains

d

anntnfz +1IVne|1?, < Cc3linell?, + M(co)cs. (4.18)
On the other hand, since n, € C([0, T]; Hj N H?) and

n,(0) = —v(0) - Vng + 6(Ang + |Vm(0)|*ng) (4.19)
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we have
In:(0) ]Iz < M(co)ci. (4.20)

It follows from Gronwall’s inequality that

t
IO, + / (9112, ds < M), (4.21)
0

for0 <t < min(T,, T).
Multiply (4.16) by ng and integrate over 2 to give

flnnl dx+ X / |Vn,|*dx = /{—(v-Vn)t+9(|Vm|2n)t}-nndx

2
< ||nn||Lz + CAIV Ry o IVl + ey 1Vl )

+C(||Vm||Hz IneliZy + 1VmIZa llme 5 VRl

1 2 2 2 4
=< 5 ||”tt||,_z + Cc3 ||V”t||L2 + M(cq)cy. (4.22)
According to (4.19),
e (0)lIpr < C(||U(0)I|Dg) +1+ ||Vm(0)||i,z)||Vﬂo||H2 < M(co)ci. (4.23)
Thus
t
Ine©12, + f Ine(®)li2ds < M(c), (424)
0

for0 <t < min(T,, T»).
Moreover, since for each t € (0, T), n = n(t) is a solution of the elliptic system

0An =v-Vn—0|Vm/*n+ n, (4.25)
it follows from the standard elliptic regularity estimates that

Inllps < C(llv - Vi —6]Vm|*n + nel|p1)

A

< C(IVolllIValls + llvllee V2nll2 + 1 Vmllee | V2m|l 2 0]l + ||Vm||fe||Vn||L6 + Vel 2)
1 1 3 1
< C{(”U”;é”l}“;z + ||m||;2||m||;3 + IITTI||,232)||VTII|H1 + IVl 2}
31
< M(c1)cy ¢y, (4.26)

A

Inelipe = Clineellz + CAVIp1Ap2 + M) 1 Vel 2 + Cllvellpy + lmellpt IVmllg2) VAl

IA

Clingll2 + M(cr)es, (4.27)
and
Inlips < Clinelipz + Cllvllpiape Inllps + IVml12, 1Vl
< Clinellp2 + M(c1)c3. (4.28)
Thus we obtain
/Ot(llnt(s)ll,iz + [In()[I24)ds < M(cy), (4.29)

for 0 <t < min(T,, Tz). Up to now, (4.10)-(4.11) are proved.
Multiply (3.2) by u; and integrate over §2 to deduce

/g|ut| ot 5o /(mvmz O+ w(divi)dx

\V/ 2
—/Vp~u[dx—/g(v~Vv)~utdx—y/div(Vn©Vn—l 2n| Id)~utdx
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|Vn|?

= /(p — p®)divu,dx — / o(v-Vv) - udx + y / (Vn O Vn-—

d - |Vn|?
= (p — p™)divudx + y vn® Vn — 5 Id) : Vudx
) |Vn|?
— [ pedivudx — | o(v-Vv) -udx — y Vn® Vn— 5 Id ) : Vudx.
t

We estimate the terms on the right hand side of (4.30) separately as follows.

Id) : Vuedx

: 3 3
/(P — p™)divudx < gIIVullfz +Clp—p™|I2, < gIIVUIIfz + M(co),

vn|?
y/(w@w— = 1d>  Vudx < | vul, + vl < £ ivar + Mo,
~ [ pudivuc < VUl + Clp s < 194l + Mco)cs

1 1
- / 0@ - Vv) -y < Jlel vl o lv/@teliz < 5 llveuif; + Ce3,

and

Vn|?
—yf (Vnow—' 2' zd) L Vudx < Va2 [ Va2 | Vul2
t

< IVulll, + CIIVAlE IVndlf < IVullf +M(er)es.

Integrate (4.30) with respect to t and use the estimates (4.31)-(4.35) to get

t t
/ / ol [2)dxds + [Vu(O) < / V() % ds + M(epcie.
0 0

It follows from Gronwall’s inequality that

t
i, + [ [ eludnds < Mo,
0

for0 <t < min(Ty, T»).
Using the regularity estimates for the elliptic system, one has

1 3 1 3 1
lullpz < Cllelfllveoullz + IVpl2 + ”Q”LMHU”;(I)HUHDZZ + linll 52 lInll55)

301
< M(c)(l/oucll2z + ¢5¢c5),
and thus
t t
/ u(s)||2,ds < M(cy) </ Il /oue(s)[1%ds + c;‘t) < M(cy),

0 0
for0 <t < min(T,, T;). O
Lemma 4.5.

301
2

t
I/t (®)l2 + lu(®)llp2 + /0 (e @115, + 4 13)ds < M(ee; e

for 0 <t < min(T,, T3), where T3 = (1 4+¢4)° < T».

Proof. Differentiate (3.2) with respect to t to give

vnl|?
ouy + Luy + Vpy = —orur — (0v - Vv)¢ — ydiv (Vn ®Vn-— | > | Id) .
t

601

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)
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Multiplying this by u; and integrating over £2, one has

S [ eluddx+ / WIVUeP + (4 ) (divieg))dx

1
/Vpr ugdx — f/erurl dx

v 2
—/{Q[(U~Vv)—|—g(v-Vv)t+ydiv (wew—' 2"' Id) }-utdx.
t

Next we estimate each term on the right hand side of (4.41). First,

- / Vpe - uedx = /PtleurdX =< *IIVUrIILz + Clipell} IVuell?, + M(co)cs.

L2_10

Due to (3.1), we obtain

1
_E/Qt“ltlzdx = /dlv(ev)( |e )dXS fQ|U||Ut||VUt|dX

< Jlolik Il llv/@ el 1Vl < o Zvu?, + eIl vau 2.
By Sobolev’s inequality and Young's inequality, the third and fourth terms are computed as follows.
n
/ 0c(v - V) - el < el 10Ny | Vel < {51190l + €S,
and

/Q(v Vo) - ugdx < IIQIILoollvtllpl |IvI|D1||fur|| ”Vut”

IA

n _
oIVl + mllvel gy + Cn el /eue I,

where n € (0, 1) is a small constant to be determined. Finally,

. |Vn|? "
—V/dlv (VHGV 5 “uedx < CIIVn| Vil sl Vuell 2 < EIIVUrII , + M)l
t
Collecting the estimates (4.42)-(4.46) and Taking n = (1 + c3) !, we get

a | elulPdxt [ [VuPdx < Mlco)(nellg, + 5 +2(1+ )~ uelly, + Cesly/eul,

Since
ue € C([0,T]; Hy) and u(0) = —v(0) - Vv(0) — g,

then we deduce that
l/ou: (0)ll2 + llue (O)llpy = Cc;.

Integrate (4.47) to give
t t
l/oue ()17 +/ [ Vue(s)lI%,ds < M(cq)(1+ c5t) + Ccé’/ I /ouc(s) |17 ds.
0 0

Use Gronwall’s inequality to yield

t
llV/ou: (017, +/ IIUt(S)IIf,(l)dS = M(ay),
0

for0 <t < min(T,, T3).

D?*

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
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Applying the elliptic regularity result again, we have

3
2

3 1 1 31
lullpz = M(c)(1 + IIUII;EJIIUII,;z + lInll 2 lInll 55 + IVeu:(Dll2) < M(c)ey ¢y,

and
lullps < M(c)(X+ [v@)12 5 + IMO1125 + e )llp1).
DyND: o
which gives
t t
lus)[12:ds < M(ct) [ [Jue(s)|12,ds + M(c)est < M(cy),
D D}
0 0
for0 <t < min(T,, T3). O
Lemma 4.6.
t
Ine(®) Iz + / (e )121 + Ine®1125 + In(s)[25)ds < M(cy),
0

In(6)lps < M(c1)es,

t
||m(t)||f,8 + llu@® 12 + fo (I/Que (117 + lluc ()12, + lluls)[I74)ds < M(cr)es?,

for 0 <t < min(T,, T3).

Proof. Differentiate (4.16) with respect to x, multiply the resulting system by Vn,; and integrate over £2 to get

2dt

=< IIIVH I + CAVRlZallve 3y + lol5y pe lInel52)
=5 tllp2 g2 11Vt D} v Dinp2 Ntllp2

+ CIVmIZa (mell5 1Valg: + 1VmiZalinel5)

IA

1
5||Vnrt||fz + 3 linell2; + M(cr)e,

which gives

il 12, + Inell2y < c3linellZ, + M(cr)cs.
Since
Ine@)llpz < C(UIv(O)llpp2 + VMOl I Vo]l + O llnolips < M(co)ct,

applying Gronwall’s inequality to (4.57), we have

t
IO, + / ()12 ds < M),
0

for0 <t < min(T, T3).
Due to (4.28) and (4.59), we obtain

3
Inlipa < M(cy)es.

It follows from the regularity results for the elliptic system that

A

t t
f e (s)]|2:ds < c/ (v Vn) —6(Vm[*n); + ng|},ds
0 0

IA

t
M)l + / Il ds < M(co).
0

6 d
[lent|2dx+/|ant|2dx = /{—V(v-Vn)H—HV(lelzn)t}-Vnttdx

603

(451)

(4.52)

(4.53)

(4.54)
(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)
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and

t t
/ In(s)||2sds < c/ lv-Vn—60|Vm*n+ n||2;ds
0 0

IA

t
C/ (Ilvllf,amD;IIanlf,z + VMg 1ValZ, + lInel5s)ds
0

IA

t
M(ccdt + ¢ / Inel2ads < M(cy),
0

for0 <t < min(T,, T3).
Multiply (4.40) by u,; and integrate over 2 to give

1d .
/Q|Urt|2dx+ S f(M|VUr|2 + (A + ) (divuy)?)dx = —fVPr 'Urrdx—/QrUr “Updx

v 2
—/{Q[(U~VU)+Q(U~Vv)t+)/diV (wew—' 2"' Id) }-uttdx
t

1 vn|?
= o {ptdivu[dx - EQtlutlz —ot(v-Vv)-u +y (Vn ®Vn-— | zﬂl Id) : Vut} dx
t

1
— /pndivu[dx + 3 / Q[[|ut|2dx + / ou(v - Vv) - udx + / o:(v - Vu); - updx

|Vn
— | o(v-Vv)-uudx — y Vn®o Vn— 5

Using Eq. (3.1) and Sobolev’s inequality, one has

| 2

Id) s Vudx.
tt

1
E/Qtdut'zdx < /(IQtIIvI+IQI|vrI)|u[||Vu[|dx

3 1 3
Cllocllm IIUIIngszIIVUrIIfz + llelle vl lv/ouell 2 I Vuel 2)
Ce3 [ Vuellf, +C(1+ C3)71||vt||?)(ll(||\/§ut”fz + Ve,

IA

IA

2 2 4 2
/ 0u(v - Vv) - uedx = Clleelz 1y o I Vil < [Vuel + el

2 6 2
/Qr(v V) udx = Cllecllun v llpyrpa 1vellpg Vuellpy = IVuellz + Ceslively,

1 1
2 2 2
- / o - Vo)r - ugdx < Cllell vl pyrp lvellps llv/ourll 2 < 5||\/§Utt||,_2 + Cocsllvellpy

and

Vn|?
_y/ (VnG)Vn— | 2' Id) : Vuedx < C/(|Vnn||Vn| + |Vne|H) | Ve |dx
tt

< IVuell, + CAIValZa Ingl2: + 1Vl
< IVullZ, + M(c)S5 Vg |17, + M(cy).
Collecting the estimates in (4.64)-(4.68), we have

d
/Qlun|2dx LT f(MIVurI2 + Ot + p(divue)®)dx

< —
T dt

2 | 4 2 611, 112 30,0 012 4 2
+M ) Ulpellz + csllowll + C3||Ut||D(1) +C3||ut||D(1) +llnelly + 1

+C(T+ ) vl 2,
0 0
Denote

At) = /(/LIVUrI2 + Ok + ) (divie)*)dx

Vn|?
{Zptdivu[dx —oclue* = 20:(v - Vv) - up + 2y (Vn OVn-— | > l Id) : Vut} dx
t

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)



v 2
— / {Zptdivutdx—gtlut|2 —20:(v-Vv) - u; +2y (Vn@Vn— | 2”' Id) :Vut}dx.
t

It follows from (4.43) to (4.44) that

A(t)

v

v

"
) / [Vu[*dx — M(cy)c5,

and

A(0) = C|[Vu (0)[17, + Cc§ < M(cy)cs.
Using (4.70)-(4.71) and integrating (4.69), we get
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nw
3 / |VuePdx — C(IpellZ, + V02 ”nt”?)(ll) - Cd§

t t
Wﬁﬁ&+/HJ@MM@$§M@N¥+GLHw”/Hw@ﬁﬁm@%ﬂ&
0 0

In view of Gronwall’s inequality we conclude that

t
lue (O +/ IlV/Quu (9)lIf2ds < M(cr)es”.
0

By (4.52) and (4.72), we have

2 12
lullys < M(cr)es”

It follows from the regularity for the elliptic system again that

t t
/mmm@$sc/
0 0

Vnl|?
Vpe + (ou): + (v - Vo) + y <Vn OVn-— | 3 | Id)
t

2
ds

12

t
sM@q/@?WJ@NE+@M@pwﬂmQMSM@mﬁ
0

and

t t
/HMM@&SC/
0 0

|Vn[?
Vp+our+ov-Vo+y [ Vn©O Vn — > Id

2

ds
D2

t
swm/um@+ﬁmfmmm2
0

for 0 <t < min(T, T3). We complete the proof of Lemma 4.6. In summary, Lemmas 4.3-4.6 yield that

T

sup ([lu(®llpy + lIne(©ll2 + IVR©)lly1) + (u® 2. + Ine©12; + In©llps)de < M(c1),
0

0<t<Ty

sup ([lu(t)llpz + Ine(6)llpr + [In(®)llpz) +

0<t<Ty

0

T

ess sup([|uc (D) llpy + @ lips + e (©ll2 + lIne©llp2 + ()]s

0<t<Ts

T
+ [ ue® g 4+ 1u®llps + Ine O3 + Ine @175 + In©)17:)dt < M(cr)es?,

0

T,
esssup(llo(t) — 0™ llus + lec®llsz + ll/eu: () 2) +/ IVouu ®)1I7,dt < M(cr)es?,
0

0<t<Ts

605

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

31
eIy + 145 + I @1 + IO 50de < M(ene; e

for 0 < t < min(T,, T3). Here M = M(-) is a fixed increasing continuous function on [1, +00) which depends only on the

parameters of C. Therefore, setting

c1 = M(cop), = M(cy), 3 =c,

and
T, = min(T, T3), T5=(14cy ",

we complete the proof of Proposition 4.2.

O

12
Cq = 0057,
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5. Proof of Theorem 2.1

Let (0o, Uo, Np) be a given data satisfying the hypotheses of Theorem 2.1. To prove the existence, we construct a sequence
{(0", uk, n")}k21 of approximate solutions solving the linearized problem (3.1)-(3.4) and (3.6) successively. First, we solve
the heat equation

FF—AF=0 in (0, 00) x R,
. Vin? . 5.1
Fli—o = F(0) = —Vp(00) + 00g — ydiv <Vno ® Vng — | 20| Id) inR>. (5-1)

From the compatibility condition, we have F(0) € H'(R?), and thus there exists a unique solution F(t, x) € C([0, co); H')N
[%(0, oo; H?).

Since up € D} N D* and Lug — F(0) = 0 € D}, we can get a unique solution u® € C([0, c0); D} N D) N L?(0, oo; D*) to
the following linear parabolic system

u?—i—Lu0 =F in (0, 00) x R3,
0 0 5 (5.2)
Uli—g=u(0) =uy IinR’.
Define ¢y as
G =2+0% +lleo = % llys + lluollpy + Vnollyz + llv/eoglli2 + liglp; - (5.3)
It follows from the elliptic regularity result that
ol s = CUF@ g + lluolpy) < M(co)- (54)
Then by energy estimates for (5.2), one has
Ty
,sup (”uo(t)nnémﬁ + Ilu?(t)llng)) + | O + 1L’ ®)17)dt < M(co). (5.5)
<t<Tx 0
Let n° be the solution of the following problem
n’ —An’ =0 in (0, 00) x R,
n’li—o =n°(0) =ng InR>, (5.6)
vn® - 0, as x| = oo.
Then we have Vn® e C([0, co); H3) N L%(0, oo; H*) and
Ty
sup (IVn°(©) s + [Inf O llg2 + I O ll:2) + [ UG O 12: + [P 17 + I°©1125)dt < M(co). (5.7)

0<t=<Tx 0

Up to now, (u°, n°) is established. To determine (o, u¥, n¥) inductively, we need the following lemma.

Lemma 5.1. Suppose that the spatial domain is the whole space R3. Let (v, m) be a known vector field satisfying the
regularity (3.7)-(3.8) with T replaced by T,. Assume further that

(O lpynps + VMO I3 < c1,
Ty
sup ([[v(Ollpy + Ime©ll;2 + VM@ llg) + (o@®12: + Im©O 12 + Im©lI3:)dt < o,
0

0<t<Ty

sup (lv(®)llp2 + lIme (O lp1 + Im(6)[lp3)

0<t<Ty
" 2 2 2 2 (5.8)
+ | (lveOl5 + lv©ls + MmO 1l + Im®)ll5.)dt < cs,
0

ess SUOP(IIUr(f)IIDg) + v llps + Ime(©)llp2 + [Im(6)[Ipa)

0<t<Tx

.
+ | Uve®lg + IO N5 + Ime© 55 + Im©ll5s)de < ca.
0

Then there exists a unique solution (o, u, n) to the problem (3.1)—(3.4) and (3.6) such that the estimate (4.9) holds, and
0—0® eC(0,T.]H*(R%),  ueC([0,T.]; Dy(R*) N D*(R*)) N L*(0, T,;; D*(R)),
u € L*(0, T,; Dy(R*) NI*(0, Ty D*(R?)),  Jou, € L(0, Ty; L (R?)),
Vn e C([0, T,J; H*(R*) N L*(0, Ty; D*(R%)),
ne € C([0, T,]: H*(R*)) N I*(0, T; D*(R%)),
ng € L°(0, Ty; [2(R®)) N L2(0, T,; D'(R?)). (5.9)
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Proof. We first approximate the initial data. Let R be a sufficiently large number and ¢ € C§°(B) satisfy

w:linB%, 0<gpk <1.

We define
F=p(3).  gW=¢®E®. €0 =" @i,
06(x) = 00() + R,  mf(t,x) = p*m(t,x),  n§x) = " X®)no(x), (5.10)

for (t,x) € [0, T,] x £2.
Let uf € Hj(Bgr) N H3(Bg) be the solution to the elliptic boundary value problem

VnR 2
Luf = F¥ = —Vp(of) + ofg® — ydiv (Vng O Vnf — Vo] Id) , inB, (5.11)
uglag, =0,
and then extend ug to R® by defining zero outside Bz. We claim that
ul — ug strongly in Dj(R®), asR — oo. (5.12)
Recall that, by the compatibility condition
. |Vnol?
Lug = Fy = —Vp(0p) + 00g — ydiv| Vg © Vng — 5 Id ), (5.13)
we have L(uf — ug) = F§ — Fy on B. It follows that
(IVUl 2 + O+ ) ldivif Pydx — | (uVug : Vuf + (n + w)divuedivu)dx
Br Br
= [ (F§ —F) - ufdx. (5.14)
Bg
We compute the right hand side of (5.14) as follows.
(F¥ —Fo) - ufdx = [ (p(of) — p(oo))divuldx + R / g® - ufdx + / 00(g® — g) - ufdx
B B Bg Br
vnk|? Vngl?
+y/ {Vng O Vng§ — Vil (Vno © Vng — | 20| Id)} : Vufdx
Br
< ¢ [ 105 colVufax+1 [ tghufiax-+ [ ooge® - 1)
Bp B Bg
vnf|? Vg |?
+y/ {Vng © Vnf — Vi (Vno © Vng — | 20| Id)} : Vuldx
B
4
=2l
i=1
where
I < CR*/ IVuf|dx < CR™2 | Vuf|,2., (5.15)
Br
-3 R 2 -1 R
L = CR™7Igll s gr, g ll s a7y 1Brl 3 < CR™Igllpr Vgl 2, (5.16)

|Vngl?

I; = / (Luo + Vp(0p) + ydiv (Vno ®Vng — Id)) (% — 1) - ufdx
Br

C/ (IVtol + 1p(00) — P@™)| + V1ol IV [lug] + 19 — 1] Vug|)dx

Br

IA

IA

cCilIV -0~
I ”0”Lz( )+||Q0 el

1 3
R + [IVnol® Vo 2 IVugll 2, (5.17)
BR\Bg L (BR\Bg) 12 (BR\BR> Al (BR\BR)
2 2
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and

|Vno|?

<y | (@*-1 (Vno O Vno — Id) . Vufdx
B

—I—C/ (IVO"PInol? + 19" 11V " Ino| [ Vo]) | Vugldx
Br
2 1 1 R
e |Vne|” + — 4+ —~1Vng| | [Vug|dx
BR\Bg R R
2

1 3

< C|IVnol® Vo]l
2 (BR\B 3) 18 <BR \Bg
2 2

Substituting the estimates (5.15)-(5.18) into (5.14) and choosing R large enough, we have

_1 _
)wszanwm (5.18)

IVugllp sy = Vo llpy sy + (1) and /3 (Fy — Fo) - ugdx = o(1), (5.19)
R

where o(1) denotes a function of R which tends to zero as R — ooc. This implies that there exist a sequence {R;}, R; — oo,
and some vector ug® such that

ugj — ug® weakly in Dy(R%), asj — oo,
and
Luy — L in D' (®),  asj— oo.

On the other hand, similar argument as (5.19) can show that
/ (Ff —Fy) -wdx — 0, asR— oo, V¥ € Dy(R?),
R3

which means
Lugj — LuginD™'(R}), asj— oo.

Therefore Lug® = Lug. So we have ug® = ug, and
ugj — ug weakly in D} (R?), asj — oo.
It follows from (5.19) again that
Ri .
”Vu0}||D(1)(R3) — ||Vu0||Dé(R3)’ asj — oo.

Thus we obtain

Rj

u; — U, strongly in D;(R3), asj — oo.

Since the above argument also shows that every subsequence of {u§} has a subsequence converging in Dé(R3) to the same
limit up, we conclude that the whole sequence {u’g } converges to ug in D(l) (R?) as R — o0. The claim is proved.
We consider the following approximate problem in (0, T) x By

of + div(e"v®) =0,
VnR 2
ofuf 4 Luf + vpR = —of R - V)R — pdiv (VnR o Vnf — %Id) ,

nf 4+ @R - vnf = 0(anf + |vm®|Pn®), (5.20)
", uf, n®)| _, = (0§ ug. nf) in Bg,

anR B
(uR, 8R> = (0,0) on (0, T) x 9By,

where p?® = p(o®). Since of > R™3 > 0, it follows from Lemma 4.1 that there exists a unique strong solution (o®, u®, n®) to
(5.20) satisfying (4.1)-(4.6) with T = T,, 2 = Bg.
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By construction, as R — oo,

R R
" — U“C([O,T*];D(l)ﬂD3)ﬂL2(0.,T*;D4) + llve — Uf”LW(O,T*;Dg)ﬁLZ(O,T*:DZ)
R R
+IVm® = Vmllcqor, ;13020104 + M = Ml 1.:12)020,7,:03) = 0 (5.21)

and

H \/ZSgR — Voog

Combining (5.3), (5.8), (5.12),(5.21) and (5.22), we deduce that there exists a large number Ry > 1, such that forallR > Ry,

+1Ig" —glipy — O (5.22)
12

14 0% + R + llof = @ + Rl + 14§llp3 5

obg®

+ 1Vl 3@y + ‘ + 118" Iy ) = co. (5.23)

2 (Bg)

and (vR, m®) satisfies the assumption of Proposition 4.2, so the a priori estimate (4.9) holds for the solution (oR, uR, n®) with
the spatial domain being Bg. Since these estimates are uniform in R, there exist a subsequence {R;} and some vector (g, u, n)
such that

0%, u®, n%) — (o, u, n) weakly or weak- % asj — oo in the corresponding spaces.

Furthermore, since (o, u, n) also satisfies (4.9) with domain being Bg for each R > R;, we have the regularities in (5.9).

We will show that (g, u, n) is a solution to (3.1)-(3.4) and (3.6). First, from (4.9), it is clear that (o, u, Vn) — (0%, 0, 0)
as |x| — oo. For any fixed R > Ry, (0%, u®, n®) satisfies (4.9) on the ball By, thus the standard compactness argument
shows that

©@"%, u%) — (p,w) inC([0, T,]; H' (Bp)), asj— oo,
n®% — nin C([0, T,]; H*(Bg)), asj — oo. (5.24)

It follows from this, (5.10) and (5.12) that (g, u, n) solves (3.1)-(3.5) on Bg. Since R is arbitrary, (o, u, n) is a solution to
(3.1)-(3.4) and (3.6).

The uniqueness of the strong solution to (3.1)-(3.4) and (3.6) in the class (4.9) is trivial as follows from the standard
energy estimates. Finally, by the Lions-Aubin Lemma we have

ueC(0,T,);DyND*,  VneC(0,T];H?), n eC(0,T.]; H,
then from the transport equation (3.1);, we deduce that

0 € C([0, T.J: H).
Lemma 5.1is proved. O

Now we are ready to prove Theorem 2.1. We have established (u°, n°) satisfying (5.8), then we can define (o', u', n')
by solving (3.1)-(3.4) and (3.6) with v = u® and m = n°, and (o', u', n') satisfies (4.9). That is, (u', n') satisfies (5.8). Then
inductively we can obtain (0¥, u¥, n*) satisfying (4.9). Thus passing to the limit (o, u, n), we can show that (g, u, n) satisfies
the Cauchy problem (1.1)-(1.3) with the regularity (2.4)-(2.7).

6. Proof of Theorem 2.2

To prove Theorem 2.2, we follow the same methods as in the proof of Theorem 2.1. Hence we consider the linearized
problem (3.1)-(3.6). In addition to the conditions (3.7)-(3.9), we assume further the known vector (v, m) satisfies

20 €[00, Ty; DY), t2v, € 100, Tg; D), t2vg € [2(0, Ty; DY), (6.1)
tve € L(0,Tp; D°),  twg € L°(0, To; DY) NL*(0, To; D?), (6.2)
t2 v, € (0, Ty; D? 3 2(0, Ty; D}

tt , To; D), t2vy € L7(0, To; Dy), (6.3)
t2m, € 100, To: D¥),  timg € L¥(0,Ty: D),  tmy € L¥(0, Ty: D). (6.4)

Then the key point for the proof of Theorem 2.2 is the following estimates.
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Proposition 6.1. In addition to (4.8), we assume further

Tx
1
esssup t2 (fJuellp2 + [[vlips + Imeclipr + lImelips) +/ t||Urt||lz)(1)dt <1+cs,
0

0<t<Ty

Ty
2 2
esssup t(flvellpy + lvellps + [Imellp2) +/ t v lldt < 1+ cg,
0

0<t<Ty

3 T 3 2
esssupt2 [lug || p2 +/ S [vae () [I1ds = 1+ ¢,
0=<t=<Tx 0 0

for some constants cs and cg satisfying c, < cs5 < cg. Then (g, u, n) satisfies (4.9) and

Ty
1
1 2
esssup t2 (J|uellpz + llullpe + lIneellpr + lInellps) +/ t”utt”D(l)dt =< s,
0

0<t<T4

Ts
2 2
esssup t([lueellpr + lluellps + [1nellp2) +/ t el 2 dt < cs,
0=t<Ty 0 0

Ty
3 3 2
esssup t 2 (|| /pug ll2 + lluellp2) +/ S ||Uttt(s)||D(1]d5 = Ce-
0

0<t<Ts

Lemma 6.2 ([15, Lemma 11]).
t
ol < Ccl, f low ()12 ds < Ccb,
0
t
Ipee ()2 < M(co)cy, / Ipec () 17ds < M(co)c§,
0
t t
[ stewoiy zcc [ sipal <Mk
0 0
for 0 <t < min(T,, T;), where T; = (14 c4)~! and p>® = p(0™).
Lemma 6.3.
t
t(ll/Pue (D115 + lluc 17, + [lu()12,) +/ 5||utt(5)||2(1)df < M(cy)eg’,
0

for 0 <t < min(Ty, T4), where Ty = (1 4+¢5)"° < Ts.
Proof. We differentiate (4.40) with respect to t to derive

ouy + Lugy = —Vpy —o(v - V)¢ — 20¢(Ur +v - Vo),

. |Vn|?
—0u(U +v-Vv) —ydiv| Vn©O Vn — 5 Id) .
tt
Multiplying (6.12) by u; and integrating over §2, we have
1d 2 2 . 2
Sdt olug|“dx + | p|Vue|” + (A + p)(divig)“dx
= /p[[divu[tdx — / Q(U . VU)[[ . undx -2 / Q[(U . VU)[ . undx

3
- /Qtt(v'v)v'uttd - 5/9t|utt|2dx_/gttut'uttdx_yfdiv (VHQVH—

Now we estimate each term of the right hand side of (6.13) as follows.

|Vn|?

. w
/pttdlvutrdx < EIIVUnIIfz + Clipe (911,

Id) - UpedX.
tt

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)
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A

1
- / oW - Vo) - ugdx = C||Q||L200(||v||n(1]m02”vtt”Dé + loellpy loellpiap2) /@l 2
2 ~1,.3 2 2p,0 112
nHUIt”Dé + Cn~ s llVouellz + Ccyllve ”Dész’

IA

n
_Z/Qt(v » V) undx = Clleclli v lpyrp 1vellpg I Vulliz = 51 Vua 12, + Ccf.
— [ u(@- V)0 - tndx < Cllgulliz 101%, o 1Vt lz < 2o [ Vel + Cef el
it adX = U0l pinp2 wlliz = 75 tllp2 31Q1tll 25
3 2 K 2 3 2
) Oclueel"dx < 3 | olvllue || Vue|dx < E”VUnHLz + Ce; [l ourll;,

—thrUt “Ugdx < /(|Qt||v| + olve ) (Juel Vg | + [Vug||ug ) dx

IA

el g o 1Vl + el gl /2o I ey 1 V2
- Cllo i vl ey /@ 1 1 Ve 1

Cllu 2 1013y 12, + Cllole e /B2 e gy

+ o NI a2y + VBl + 42 1V 1

CCZ”Ut”f% + ||\/§Ut||fz + C||x/§utt||fz + %Hvutt”fza

IA

IA

and

Vnl|?
—y f div (Vn o Vn-— | 2' Id) SUgdx < C/(|Vnt|2 + |Vn||Vng )| Vug|dx
tt
"
< CUIVRellfn + 1V Alg2 e llp) | Vit [l 2 < EIIVunllfz + M(c1) + M(cr)cslIng |2, -
Substituting all the estimates into (6.13) and taking n = (1 + ¢s)~!, we have

7
Sdt Q|utt|2dx+ 5/ |V [2dx < M(Cl){”ptt”fz + CZ“Ut”lZ)ész + Ci + C§||Qtt||iz + C;l”ntt”él}

+ C(CZIlutlléé + IVoull?) + (1 +¢5)™! ||Utt||é(1] + Cesllv/Que I (6.14)

Multiplying (6.14) by t and integrating over (7, ), we obtain

t t
tll/euq 7 + u/ £ Vug (D% dt < M(cr)eg” + tll/eua (D)5 + Cc;‘/ tll/euq ()1 dt,
T

T

for0 < T <t < min(T,, T3). By virtue of Gronwall’s inequality, we deduce that

t
tll/oun (017, +/ sl Vi (5) 1 2ds < M(er)(cq? + ll/oun (D12, (6.15)

T

for0 < v <t < min(T,, Ty), where Ty = (1 4 ¢5)~° < Ts. Since . /ou, € L?(0, T; L?), there is a sequence {7} of positive
times such that

7w — 0 and rk||\/§un(1:k)||f2 — 0ask — oo.

Let t = 1t — 01in (6.15). We conclude that

t
nw&am@+fﬂWw@mmstx%
0

for 0 < t < min(T, Ty). It follows from the elliptic regularity result that
tlluc (D112, + tlu®) 12, < M(c1)eg”,

for 0 <t < min(T,, T4). This completes the proof of Lemma 6.3. O



612 S. Ma /J. Math. Anal. Appl. 397 (2013) 595-618

Lemma 6.4.

t
Eline (120 + tllne(©) 125 + / s 1% + Ine(s)12,)ds < M(cr)cjes, (6.16)
0

for 0 <t < min(Ty, T3).
Proof. We differentiate (4.16) with respect to t to derive

Ny + (V- V) = 0(Ang + (|Vm|2n)tr)- (6.17)
Multiplying (6.17) by ny; and integrating over £2, we have
0 d

Sdr |V |2dx + ||Tlm||iz = /(9(|Vm|2")rt — (V- V)y) - ngedx

2
= c{dIVmllgz lmelipr + Imellp) 1Vl 4+ [lmllp2 [Imellp2 [Ine [l
2
+lmllpa nelipr + VAl lvellpy + 1VRelyrllvellpy + e llp ollps Hinell
1
2 2 2 8 4 2 2
= Slinallz +McoClimelip + cg + Glinelp + llvely,)- (6.18)

Multiplying (6.18) by t and integrating over (7, t), we obtain

A

t t
Ellne 112, + f tline O I%de < Tlng (@)1, +M(c1)(cf§+ / t||Urt(f)||,23(1)dt)
T T

IA

tlng (012, + M(cr)cjes,
for0 < v <t < min(T,, T3). It follows from this and
Tiellng (z) 17, — 0 for some 7, — 0

that
t
Ellne (02, + f sl () II%ds < M(cr)cjcs.
0

for 0 <t < min(T, T3). Then in view of the elliptic regularity result, we complete the proof of Lemma 6.4. O

Lemma 6.5.
t
t2 g (0112, +/ %I (5) 12, ds < M(c1)es®, (6.19)
0

for 0 <t < min(Ty, Ts), where Ts = (1 4+ ¢g)™° < T4.
Proof. We differentiate (6.17) with respect to x, multiplying the resulting equation by Vn,; and integrating over 2, we get
0 d

24t / |V2n,|2dx + |Inm||f)1 = /V(Q(IVan)“ — (V- VN)y) - Vigedx

2
= C{diVmllg2llme lip2 4 IVmellg2 llmellp2) [Vallg 4 1Vl [l pr
VMl IVmellyz nelipr + 1Vl vellp + 1Vl vl

+ 1Nl p2 ||U||D[1)mD2}||nttt||D1
1
2 6 2 4 2 4 2 2 2
=< 5||nttt||D1 + M(c)( VM|, + c5linelly + 3 ”vtt”D(l) +cilVnelli2)
2 2 2 2
+ Ceslime |z + Cesline 5, - (6.20)

Multiplying (6.20) by t? and integrating over (z, ), we obtain

t
2 =112 2 2
g () 115 +/ E% e (O 1 dt
T

IA

t t
2l (012 +2 / g (0ot + M(c)cl® + CeE + ¢ / 2 g (0125t

T T

IA

t
% Ing ()12, + M(cr)es® + Cc3 / £ [l (6) 12,
T
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for0 < 7 <t < min(T,, Ts), where Ts = (1 + cg)~° < T, < Ts. It follows from this and Gronwall’s inequality that
e @17, JrffE [l (0112, dt < 7% (I (2)112, + M(c1)es®,
for0 < v <t < min(T,, T5). Using the fact that

2 2
T N (T l; — O for some 7y — 0,

we obtain
t
e (112 + / e (5)[12,ds < M(cr)el®,
0
for 0 < t < min(Ty, Ts). We complete the proof of Lemma 6.5. O

Lemma 6.6.

t
(e (O, + lur©)5:) + / S(I/Pueell + lue()2,)dt < M(cy)es®, (6:21)
0
for 0 <t < min(T,, Ts).

Proof. Multiply (6.12) by uy; and integrate over 2 to give

1d .
f ol P+ 5 4 [ I Vual? + G+ o) @ivise e

= - / Ve - UgedXx — / o - V) - Ugedx — 2 / or(Ur +v - V) - Upedx

|Vn[?

- /Q[t(u[ +v- VU) . U[[[dx -V / div (Vn ®Vn— Id) . utndx. (6.22)
tt

First, it follows from the Cauchy inequality and Sobolev’s inequality that

d . .
—/thr Ugedx = a/pttdlvuttdx— fptttdlvuttdx

d .
ar / Vpudivugdx + ||Utt||,23(1) + ||Pm||fz,
and

1
—/Q(v V)i - udx < Cllello (vl ppap2 Tvee lpy 4 Hvellpp el g p2) |/ Quiee 2

IA

1
Cci(||v“||2Dé + ”Ut”?)(l)sz) + 5||«/§Um||fz-

To estimate the third term, we observe that
—2/9[(% + v Vo), - Upedx = —%/{munﬁ +20¢(v - V), - urt}dx+/gt[|utt|2dx
+2 f ou(v - Vu); - upgdx + 2 / o0t (v - V)i - ugdx,
where
/Qtt|urt|2dx =< /(|Qt||U| + olveD) [ug | Vug [dx < CCfllunllf)é + C”v[”ZD(l]sz”\/autt”va
/Qtt(“ - Vo), - Ugdx < C”Qtt”LZ”U”DémDZ”vt”DémDZ”utt”[)(l) < CCZ(”v[”;(lJsz + ||utt||;é),
and

f 0c(v - Vo) tdx < Clloel (0l s el gy + 1ol 1 g el

3 2 2 2
= CC4(||Urt||D(1) + ||Ut||D(1Jsz + ||utt||D(1J)~
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Similarly, we can estimate the fourth term as follows.

d
- / 0ut(v - V)V - Ugedx = _di / 0t (v - V)v - ugdx + / Ouc(v - Vv - ugdx + / 0t (v - VU); - Ugdx

= —*/Qn(v Vv - ugdx + C(IIQmIILZIIUIID 1np2 T el 0l p1 a2 Ve llpyp2) e Nl o

= BT f (v - V)v - updx + CCi(”Qrtt”fz + ”vt”éémnz + ||Utt||2D(1]),

and
d
— | Ol - Ugedx = dt Oull - UgdX + | (Qeeelle + Oellyr) - UgedX
d . )
= dt Oulle - Ugedx — | div(QU)qly - UgdX + | Qg || dx
< 2 [ ot wadc+ el gy + )
+ CCvely o + o2 /@Ue S + Nl + 1@ ).
Finally,

. |Vn|? |Vn|2
4 div(Vno Vn — B Id . umdx = }/* Vn® Vn Id Vuf[dx
tt

|Vn|2
-V Vn® Vn — Id Vuttdx

d 2
ya/<Vn®Vn n| Id> : Vugdx

+ CIneellp VA2 + ”ntt Ip1 I Ve ”HZ)”utt”Dé

d/ viovi— Y1) . vud
—_— n n— . U dX
th > . it

2 2 2 —2 2 2
+M(co)es(Ineelly + ||Urt||D(1)) F e IVnellga el -

Substituting all the estimates into (6.22), we have
d
/ |t |2 dx + **/ |V |2dx < *A(f) + CC4(||pm||Lz + ||Qm||Lz)
MG vl + el e+ ey o+ ey + €3 e )

2 2 2 2 2 2 -2 2
+ ey + N0y + el /@ + e+ 11 /@ + 5 21V el ),

where

A(t) = /p[tdiv — /Qtlut[|2dx — / Q[tu[ . ut[dx — 2/@[(1} . VU)[ . ut[dx

d
- /Qtt(U'V)U'UndX-I—ydt/(Vn@Vn—

|Vn|?

Id) . Vut[dx
tt
satisfying

A = Sl + ' Menel® for0 < ¢ < min(T.. Ts).

Multiplying (6.27) by t? and integrating over (z, ), we obtain

(6.23)

(6.24)

/¢L— _ -l t _ _ t
Etzuwrt(r)ufz +3 / 2| /Que () [1%dt < 2| Vue (DI, + [P AD] + [T>AT)| + f t|A(D)]dt + M(c)cs®
T T

for0 < v <t < min(Ty, Ts). Using (6.24) and recalling that

t
| stuaids < Meeoc? for0 < & < minr.. o
0 0
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and

t,(2||ut[(r,<)||é1 — 0 for some sequence {7} with 7, — 0,
0
we conclude that
t
2 2 2 2 18
t ||“tt(t)||D(1J +/ S ||«/§utrt(5)||de5 < M(cy)cs°,
0

for 0 < t < min(T, Ts). Due to the elliptic regularity result we establish Lemma 6.6. O

Lemma 6.7.

t
t3(||\/ﬁuttt(f)||fz + ||Utr(f)||,§z) + / 53||Uttt(5)||é(1)d5 < M(cy)c2°, (6.25)
0
for 0 <t < min(T,, Ts).

Proof. Differentiating (6.12) with respect to t again and multiplying the resulting equation by u; and integrating over §2,
we derive

Sdr Q|um|2dx + / M|vum|2 + @+ M)(divum)zdx

. 5
= /ptttdlvutttdx - / oV - VU)yr - Ugedx — 3 / 0t - V)g - tgedx — 5 / Qt|Utrt|2dX

(6.26)
-3 / 0 (U +v - VU)p - Ugedx — / Oue (U + v - V) - Ugedx

. |Vn|?
—y [ div{Vn© Vn— Id - UgedX.
2 ttt

We estimate each term of the right hand side of (6.26) as follows.

. 122
/ eVt < L1Vl + Clel,

A

1
- / oW - Vu)y - Uedx = C”Q“LZOC(”U”Démm”Uttt”[)(l) + el pynpz vee o) | /QUae I 2
—1(03 2 2 2 2
n~ Ceslly/ouwmllz + 77||Um||D(1) + C||Ut||D(1)nD2”vtt||D(1)7

IA

A

—3f0f(v~Vv)n'umdx = Clloclls(vllpyapz lve llpg + el Hoellp1p2) IV teee 2

IA

6 2 2 M 2
CC4(||Utt||D(1J + ||Ut||Df1)sz) + ﬁ”vumlllz,

5 1z
) / oclu *dx < C/Q|U||Urrr||vum|dx = CC;”J@tht”fz + ﬁ”vuttt”zp

A

_3/Q[t(v - V)i - ugrdx < Cllog 2 ||U||D(1)mD2||Ut ||D(1)mDZ||VUm||L2
10 H 2
Ceg llvellpynpz + EIIVUmIILz,

IA

A

_3/Qttut[ SUgrdx < C/(|Qt||v| + o|ve ) (Juge || Ve | + | Vg | [uge | ) dx
Clleells 10l pype el 1 Vel 2

3/4 1/2 1/2 1/2 1/2
+ Clle N el (el /@t 3Vt + et /@ 3™ 1V kel )

m
CCZHUHH?,(]J + ”x/autt”fz + C||\/§um||fz + ﬁ”vuttt”iz»

IA

IA

"
- f 0ut (V- VIV - Ugedx < C”U”D})mnz llow Iz I Vugell 2 < CC§||Qtrt||Zz + ﬁ”vuttt”ib
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_/Qttrut - Upedx

IA

C/(|er||v| + locllvel + olve ) (lue [ Vuge| + [ V| luge|)dx

Cllowlizvlpinpz + loellyt el p) Huellpqpz 'V b ll 2

3/4 1/2 1/2 1/2 1/2
+ Clle & el el /@2 3 1V ez + kel /@3 Ve 5°)

"
Ceg”lluellgape +M(EE lvieligy + Cllv/@uu iz + T2l Vi,

1 2
DyND:

IA

IA

and finally,

. [Vn|?
-y / div (Vn ©Vn-— 3 Id “UedX < C(I[ngee 11 VAl g2 + Ve |1 Ve[ [ Vg |l 2
ttt

IA

nw
ﬁuwmnfz + M) e 17 4+ M)V el
Substituting all the estimates into (6.26) and choosing n = (1 4 cg)~', we have

d
i olug|*dx + ,LL/ |Vt |*dx < CC;(”pttt”fz + llowt ||fz)

+M(C1)C;0(||Ut||2D(1)sz + ||v[t||é(1) + IIvfllﬁ,észllvnllég)

+ (1 o) vy + Ceq” ey + Nuell gy + /@t 72)

+ch||x/éum||fz +M(C1)C§l(||”ttt ||,231 + ||V“tt||i,1)- (6.27)
Multiplying (6.27) by t3 and integrating over (z, t), we obtain

t t
Ellouu Ol + p / Elluee () I, dt < T ll/ouw (DI +3 f £ || /Quut (1) | dt

T T

t t t
+M(cy)es® + Ccg / £ || /Quut (D) |22 dt + M(c1)cs ( / £ I (012, dt + / t3||Vnn(t)||i,1dt>
T T T

t
< TB”\@”ttt(T)”fz +M(C1)C5]8 + ch/ t3||«/§uttt(t)||f2dt

T

i i i
+M(c1)cs {/ lelnm(f)llf,ldf+/ tllnn(r)llﬁzdt+/ IIHn(f)IIf)]df}
T T T

t
< Bt (P, + M(e)c® + Ccl f NG

T
for0 < v <t < min(T,, Ts). Recalling that
r,fll@um (rk)||f2 — 0 for some sequence {7} with 7, — O,

and using Gronwall’s inequality we conclude that

t
Ellv/puu (Ol + / $lluae (5) 5, ds < M(enes?,
0

for 0 <t < min(T,, Ts). Due to the elliptic regularity result we establish Lemma 6.7.
Combining all the previous lemmas, we obtain

T
sup ([[u®)llps + lIne (@ ll2 + [1VR©)l1) +/ (u®IIZ, + Ine @ 12; + In(©)17:)dt < M(cy),
0

0<t<Tx
T 2 2 2 2 33
OSUPT u@llp2 + lIne @ llpr + In(®)1Ip3) + (||Ur(f)||D(1J + [u@® s + Inc Ol + In®)l5a)dt < M(cr)ey c5
<t<Tx 0
eOSS sup([lue @) llpy + [u®)llps + e (O ll2 + Ine (O llp2 + In(©)lIp+)
<t<Ty
Ty

+ [ O + 1@ 12 + Ine O3 + In© 175 + In@)[125)dt < M(er)es?,
0

Ty
sup (lo(t) — 0% llys + llee®llpz + lIv/ouc () l;2) +/ IV/ouw ()1 2dt < M(cr)es?,
0

0<t<Ty
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T 23 1

l 2 -5 5

esssup t2 (fluellpz + llullps + lIneellpr + Inellps) + / Elluellpy dt < M(ci)ey’ ¢5
0

0<t<Ty

T,
esssup t(fluelipy + lluellps + lnellp2) +/ tlueellpodt < M(c1)cs®,
0

0<t<Ty

t
ess sup f3(||\/,5um||fz + ||Urt||2Dz) +/ 53||uttt(5)||f)(1)ds < M(Cl)fszos
0

0<t<Ts

for 0 <t < min(T,, Ts). Here M = M(-) is a fixed increasing continuous function on [1, +00) which depends only on the
parameters of C. Therefore, setting

c1 = M(cp), ¢, = M(cy), 3 = cé’, Cy = czcgz, Cs = cfcf, Cg = czcgo,
and

T, =min(T,Ts), Ts=(1+¢c) ",
we complete the proof of Proposition 6.1. O

By virtue of these a priori estimates, we can prove the existence and regularity (2.8)-(2.13) of a unique local solution
(0, u, n) to the original nonlinear problem following exactly the same arguments as that in the proof of Theorem 2.1. Then
the estimates in (2.7) imply

n; € C([0, T] x R®).
By the continuity Eq. (1.1); and the estimates in (2.4)-(2.5), we have
or € C([0, TI; H?), 0w € L®(0, T; L*) NL*(0,T; HY),
and then we get
0t € C([0, T] x R®).
According to (2.5) and (2.10), we deduce that
3 (tuy) = u; + tuy € L%°(0, T; DY NL2(0, T; D?);
hence
tu, € C([0, T]; D' N D?).

Rewrite the momentum equation as

Vn|?
Lu=—{Q(u[—l-u«Vu)—i—Vp-I—VdiV(Vn@Vn— | 2' Id)}-

Then it follows from (2.10), elliptic regularity results and the Lions-Aubin Lemma
[®°(0,T; H') NH'(0, T; H™') < C([0, T]; L), 2<q <8,

we have
tV2u e ([0, T]; Wi,

and thus
V2u e C((0, T] x R®).

So (o, u, n) is a classical solution to (1.1)-(1.3).
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