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1. Introduction

Let # be a Hilbert space and T € B(#), the set of bounded linear operators on #. The numerical range W (T) of T is the
subset of the complex plane defined by

W(T) = {(Tv,v) [ v e J, |v]| = 1}.

The Toeplitz-Hausdorff Theorem [25,12] states that W (T) is always convex.
Other well-known properties of the numerical range [9,13] include the following.

) The closure of W(T) contains the spectrum of T.

) If T and S are unitarily equivalent, then W (T) = W (S).
) If # is finite-dimensional, then W (T) is closed.
)

a
b
c
d) If dim # = 2, then W(T) is a possibly degenerate elliptic disk with foci equal to the eigenvalues of T.

(
(
(
(

In [26], Tso and Wu showed that result (d) generalizes to any Hilbert space # as follows. If T is a quadratic operator on
J, i.e., if there is a second-degree polynomial g such that q(T) = 0, then W(T) is a possibly degenerate elliptic disk whose
foci are the eigenvalues of T. These numerical ranges are always either open or closed; Tso and Wu include norm conditions
that determine which case holds. Rodman and Spitkovsky extended these results to generalizations of the numerical range
in[21].

In this paper, we will consider the numerical range of T when T is a certain composition operator on H> = H?(D). Recall
that H? is defined to be all analytic functions f on I such that

2 012 de
IFI2, = sup / e 57 < oo.
0 T

O<r<1

This space is a Hilbert space with inner product

2w
.8y = llm/ f(re”) (re’9) / f(z)g(z) -

where in the latter integral f and g refer to the corresponding functions on the boundary of D.
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If ¢ is an analytic self-map of the open unit disk D, the associated composition operator is defined for f € H? by
Cof = f o ¢. The mapping g is called the symbol of the composition operator. On H?, the operator C, is bounded for all
analytic mappings ¢ from D to itself. This and many other results about composition operators appear in [8,22].

Several authors [1,4,5,17,18] have studied the numerical ranges of composition operators. In particular, in [4], Bourdon
and Shapiro analyzed the numerical ranges of composition operators with automorphic symbols. This paper is concerned
with an open question in [4], so we recall some relevant results.

Any automorphism of the disk can be classified into one of three types: hyperbolic (with two fixed points on dD);
parabolic (with one fixed point on dD); or elliptic (with one fixed point inside D and one fixed point outside the closure
of ). Any elliptic automorphism is conformally conjugate to a mapping of the form @ (z) = ez for some real number «;
the value e is called the rotation parameter of the automorphism.

Bourdon and Shapiro showed that if C, is a composition operator on H? with symbol ¢ equal to a hyperbolic or parabolic
automorphism of D, then W (C,) is a circular disk centered at the origin. (Throughout the remainder of the paper, the term
“disk” implies circular disk.) Matache [ 18] recently showed that, more generally, all inner functions of hyperbolic or parabolic
type have numerical ranges which are disks. If ¢ is an elliptic automorphism that fixes the origin, then W (C,) is either a
polygon (if the rotation parameter is e with « equal to a rational multiple of ) or a disk with some boundary points;
see [17,4].

Finally, if the elliptic automorphism ¢ does not fix the origin and has rotation parameter with argument « not equal to a
rational multiple of 7z, then Bourdon and Shapiro showed that the numerical range of C, is a disk centered at the origin. In
several of the cases mentioned above, the question of which, if any, boundary points were included in the numerical range
is open.

The remaining case discussed by Bourdon and Shapiro involved an elliptic automorphism ¢ that does not fix the origin
where « is equal to a rational multiple of 7. The mapping ¢ has a rotation parameter with argument « equal to a rational
multiple of 7 if and only if there is a positive integer n such that C;} = I. More precisely, if ¢ has rotation parameter e® with
o equal to a rational multiple of i, then there exists a positive integer n such that the rotation parameter is a primitive nth
root of unity. In this case, the mapping @ (z) = e/*z induces a composition operator C, with minimal polynomial equal to
z" — 1, and therefore the similar composition operator C, also has minimal polynomial z" — 1. Conversely, if C, has minimal
polynomial z" — 1, then the rotation parameter of ¢ is a primitive nth root of unity.

Bourdon and Shapiro showed that when C, has minimal polynomial z? — 1, the numerical range of C, is an elliptic disk
with foci at 41; in fact they showed this result holds for any operator T with minimal polynomial z2 — 1, as is consistent
with the general results about quadratic operators in [26]. When n > 3, they conjectured that if C, has minimal polynomial
z" — 1, then the numerical range of C, is not a disk.

A natural question is to what extent the phenomenon that T has minimal polynomial z" — 1 implies that W(T) is not a
disk holds when T is not a composition operator. When T is an operator on a finite-dimensional Hilbert space, results in [ 16]
(see also [28]) show that if W(T) is a disk, then the center of the disk is a multiple eigenvalue of T. Since an operator with
minimal polynomial z" — 1 has no multiple eigenvalues, such an operator on a finite-dimensional space cannot have a disk
as its numerical range.

However, unlike the quadratic case, this type of result does not extend to infinite-dimensional Hilbert spaces; in [11],
an operator T on an infinite-dimensional Hilbert space with minimal polynomial equal to z> — 1 and with numerical range
equal to an open disk is constructed.

In this paper, we show that the conjecture of Bourdon and Shapiro does in fact hold for composition operators on H? with
minimal polynomial equal to z> — 1: the numerical range of such a composition operator is not a disk. In order to prove this
result, we first show that for integers n > 2 a composition operator C, with minimal polynomial z" — 1 is block Toeplitz
with respect to a certain orthonormal basis, and the Toeplitz symbol of the operator is an n x n matrix-valued polynomial
of degree 1. A recent result of Bebiano and Spitkovsky [2] about numerical ranges of Toeplitz operators with matrix-valued
symbols is then applied to characterize the closure of the numerical range of C, as the convex hull of the numerical ranges
of the n x n matrices in the range of the Toeplitz symbol. In the n = 3 case, enough specific information about the Toeplitz
symbol is known to conclude that the numerical range of C,, is not a disk.

For each A € D, and for each f € H?,f(A) = (f, k), where k, is the reproducing kernel in H? given by k; (z) =

2. Preliminary calculations

For an analytic self-map ¢ of the disk and a natural number m, let ¢,,, denote the function obtained by composing ¢ with
itself m times. Set ¢o(z) = z for all z € D, and note that ¢ = ¢.
Throughout the paper, ¢ will denote an elliptic automorphism whose rotation parameter is an nth root of unity. That is,
¢n(z) = z for all z € D. Since g is a disk automorphism, there exist n € 9D and p € D such that
-z

w(z>=n1”_5z. (1)

As discussed in the introduction, numerical ranges of composition operators with symbols that are rotations fixing the
origin were analyzed in [17]. If p # 0 but n = —1, then ¢ is a hyperbolic automorphism. Therefore we may assume without
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loss of generality that n > 2 (because the n = 1 case leads to the identity mapping and operator), p # 0 and n # —1. With
these assumptions, we will find conditions on p and 5 that guarantee ¢,(z) = z for all z and ¢, (z) # z for any k satisfying
1 < k < n. To find these iterates, represent the linear fractional transformation ¢ by the matrix

M = (_ﬂ "p) ,
The matrix M has eigenvalues

1—n /(14 n)?—4n|p/? 1—1n (1+n)? —4nlp|?
= and = — .
& 5 + 5 & 3 3

If these eigenvalues were equal, ¢ would be a parabolic automorphism or the identity mapping, so we know that &; # &,.
Hence M can be diagonalized as M = PDP~!, where D is the 2 x 2 diagonal matrix with &£ and £, on the diagonal and P
contains the corresponding eigenvectors in its columns:

p_ (b
n+é& n+é&)°

(2)

Consequently,
M" = pD"P~!
mp{nGEl &) +6HEE T -] op)?Er —&D
_ np&2 — &) np&2 — &)
+&)n+&)E — &) np {n(Ey —&H + &1 — &}
np&2 — &1) np&2 — &1

Since ¢, is the identity map if and only if M" is a constant multiple of the identity matrix, the following result holds.
Proposition 1. Let n be an integer with n > 2. The automorphism of the form (1) with p # 0 and n # —1 satisfies ¢x(z) = z
for all z when k = n but for no positive integer smaller than n if and only if

& =&, and
KL &k forallintegers kwith 1 < k < n,
where &1 and &, are given by (2).
When n = 2, the conditions in Proposition 1 are & £ & and n = 1.
When n = 3, the conditions simplify to & # &, and
1—n+n*—np=0 and n#1. 3)

When n = 4, the condition becomes 47 = 2|p|? along with the restriction that the previous conditions forn = 1, n = 2,
and n = 3 do not hold.
Fix an integer n with n > 2. The conditions in Proposition 1 that guarantee ¢,(z) = z for all z € D are also equivalent to
-1
Yn—1=¢ . Set

A =¢i—1(0) forj=1,...,n, @

sothat Ay =0, Ay = @(0) = np, ..., An = @a_1(0) = ¢~ 1(0) = p. This cyclic condition motivates a choice of orthonormal
basis which exhibits the numerical range behavior of the associated composition operator. The basis depends on the Blaschke
product of degree n defined below:

B(z) = p1(2)92(2) - - - ¢n(2). (5)
Note that B(Aj)) = Oforj =1, ..., nbecause ¢,_j11(%;) = @,(0) = 0.
Also,

B(¢(2)) = 02(2)93(2)@a(2) - - - pn(2)91(2) = 01(2)92(2)P3(2) - - - Pn—1(2)pn(2) = B(2),
which implies that

c,B" =B" (6)
for all non-negative integers N.
Letgy, ..., g, be any collection of orthonormal functions in H? such that

span{g; | 1 <i<j}=span{k;, | 1 <i <j}
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forallj e {1, ..., n}.LetGdenote the subspace of H? spanned by g1, £, . . . , gx. Clearly, H? has the orthogonal decomposition
H? = G ® BH?. Furthermore,
H?=G®BG®BGD --- = Dy, B"G,

because the summands are pairwise orthogonal, and any function f in H? that is orthogonal to all of the summands must
satisfy f(A) =) =f"(L) =--- =f™ Q) =--- =0foralli = 1, ..., nand for all non-negative integers N. That is, f
is identically zero.

In other words, the set

&=1{B'g|j=1,2,...,n,andN =0,1,2,...} (7)

is a complete orthonormal basis for H2.

A convenient formula for the g; functions will be motivated by the Malmquist basis. In [ 10], Guyker used an orthonormal
basis to represent certain composition operators in terms of a lower triangular matrix. Bourdon and Shapiro [5] and
Abdollahi [1] each used Guyker’s basis to study composition operator numerical ranges; Bourdon and Shapiro point out
(with credit to Harold Shapiro) that the Guyker basis is a special case of the Malmquist (or Malmquist-Takenaka) basis
which is used in interpolation problems.

In general, the Malmquist basis is defined in terms of a sequence of points {z;}{°; in the disk D. If Zf’il (1 —|z]) = oo,
then the basis defined by m; (z) = k;,(2)/l|k;, || and

VI-1ZRPH z2—z
&l L, j=2,3,...

1—-2z

(8)

m;(z) =

is a complete orthonormal basis for H?(D). In addition, if z1, . . . , z, are distinct, then the basis vectors {my, ..., m,} have
the same span as the reproducing kernels {k,,, ..., k;,}. See [15,20,24], or [27] for more information.

In most interpolation applications, all of the points {z;} are distinct. However, the Guyker basis is the special case of the
Malmaquist basis with z; = « foralli = 1, 2, 3, ..., where « is the fixed point (assumed to be in D) of the symbol ¢ of a
composition operator.

The basis & in (7) is (up to unimodular constant multiples) a different case of the Malmquist basis where the sequence
{zi}2, is the repeating sequence

Ay Ao, ooy A Ay A2, o A A, A, e Ay e

That is,
zZi = (pj,1(0) = @(—1)[mod n](o) = )Lj[mod n]- (9)
Assume that 7y, ..., n, are unimodular complex constants. For any choice of g, ..., g, such that g = n;m; for
j = 1,...,nwith m; defined as in (8) for points given by (9), the basis & from (7) will result in a complete orthonormal

basis for H?, as claimed. Since our computations involve composition with ¢, it will be convenient to define the g; functions
directly in terms of iterates of ¢. Consequently, let g1(z) = m1(z) = k;,(z) = 1,and for 2 < j < n define

g = /1= X1k @n- - Onojia. (10)

The proposition below can be used to prove that these g; functions are in fact unimodular constant multiples of the
corresponding Malmquist basis vectors. The proof of the proposition is a straightforward but lengthy induction argument,
so it is omitted.

Proposition 2. Let n be an integer with n > 2. Let ¢ be an elliptic automorphism of the form (1), where n and p satisfy the

conditions in Proposition 1. Let ¢; be the jth iterate of ¢, and let A4, ..., A, be defined as in (4). Then
Aj Z — An—j
@j(2) = — sl ( LH) forj=1,...,n—1
)"nfijl 1-— An7j+]z
and ¢, (z) = z.

A consequence of Proposition 2 is that each ratio Aj;1/An—j11 is unimodular; hence the choice of iterates of ¢ in (10)
implies that each gj is a unimodular multiple of the corresponding Malmquist basis vector.

Next we present some technical results that are used to compute the matrix for C, with respect to the basis & in (7).
The proposition below is simply a special case of Cowen’s adjoint formula for composition operators with linear fractional
symbol; for details, see Theorem 2 in [7] or Theorem 9.2 in [8].

Proposition 3. Let ¢ be a disk automorphism of the form (1). Then, for any f in H?,

p(f (" (2)) — f(0)) n fle (@)
nz—p 1-pn(2)

(11)

(Cf) @) =
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Proof. Assume that 7(z) = g“d’ with a, b, ¢, d € C. Cowen'’s formula states that if this linear fractional transformation is

a self-map of the unit disk, then the corresponding composition operator has adjoint

CF =T,C, T,

where o (z) = fnga h(z) = cz+d,and g(z) = 7B;+E' For a bounded analytic function g, the operator T, denotes the
Toeplitz operator on H? with symbol g. That is, T, is multiplication by g followed by projection onto H 2. The Toeplitz symbols
that arise in the formula are bounded whenever T is a self-map of the disk.

We will apply Cowen’s formula directly to ¢(z) = 7 ]”__gz. In this case, 0(z) =
h(z) = —pz + 1.

Note that T, = —pS + I, where S is the unilateral shift (multiplication by z followed by projection onto H?) and I is the
identity operator on H2. Therefore, T = —pS* +1,s0

—f(0
T = —p (f(z)zf()> + @),

where the removable singularity makes the right side of the expression above well defined for all z € D.
Therefore,

T = 97'(2),8(2) = 1=, and

f@P(@) —f(0)

(CGTH@) = —p< ) +f(e"P@)).

()
Finally, since ¢~ (2) = {52,
o =p (f@V@) — f(0) T
aetine = i (IO ey
D(z)) — -1
— (f((ﬂ (Z)), f(0)> +f(§0 7(2))7
p—7z 1 —1npz

which is equivalent to the statement in the proposition. O
The remaining results in this section will all use the following hypotheses.

(i) The value n is an integer with n > 2;
(ii) the map ¢ is a disk automorphism of the form (1);

(iii) the composition operator C, has minimal polynomial z" — 1; (12)
(iv) the points A4, ..., A, are defined as in (4); and
(v) the functions Band gy, .. ., g, are defined in (5) and (10), respectively.

We will repeatedly simplify terms by canceling inner functions (including B and all iterates of ¢) that appear in both sides
of any inner product in H2.

The following result about C;f evaluated at the points Aq,..., A, is an immediate consequence of the previous
proposition. The special case when j = 2 occurs because A, = np corresponds to the removable singularity in (11). Recall
that Ag = Ao[mod n] = An.

Corollary 4. Assume that the conditions in (12) hold. If f € H?, then
pf'(0) f(0)
—1+[pl*  1—1pP
p(f(xj—1) — F(0)) n f-1)
nj—p 1—pnh,

lf] = 25
<C;fa k)»j) =

fl1<j<n,j#2.

The above corollary allows us to compute (C:;f, Iqj) even if we only know the values f(0), f'(0), and f (Aj_1).

Lemma 5. If the conditions in (12) hold, then
7(pf(0) — f'(0))
1—1|pP
7(1 = |pI*)f (A1) 7f(0)

— — — = f3<j=<n
mAj—p)(A —pnd;))  7Nrj—p

ifj=2.
(C2f Koy ) =
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Proof. In general, if h € H? and zy # 0 is in D, then

1 h@z dz 1 h@ . _ h@) —h)

h, k =— —_—— = =
(. kzo on) i Jon (1 —202) 2z 27i Jop 2(z — 20) 2

When j = 2 (thatis, zy = A, = np) and f € H?, the equation above and Corollary 4 show that

f©—pf'(0)

C*f, k = = =
< (pf Az(/’n> )\'2 )\.2 1_ |p|2

Finally, when 3 <j < nandf € H?,

L) fGj-1)
Cof ) — CGF (0) _ (p ( jﬂj—ﬂ ) + 1—1'7113*1) —fO
Aj A '

(C:;fv kkfpn) =
The final term simplifies to the expression in the lemma. O

Lemma 6. If the assumptions in (12) hold and 1 < i, j < n, then

1 ifi=i=1,

0 fi=1i>2,
V1= [xil? .
— ifi—i=1,
JI— 527
0 ifji—i=2,
(Cogir &) =1 —n ifi=i=2,

A a1 — |2

NAn n—i+3 [Ail ifi=2i>]

vl—lpl2

An_i 1 — |Ail%2/1 — |Ai]?

_77 n—j+3 An— 1+3\/ | |\/ |]| lf]>2,lZ]

nAj—p

Proof. When j = 1, the formula for (C,g;j, g;) follows from the identity C,g; = g; and the orthonormality of g1, ...

Cf02) = Cf O ——pr — O 7@r0) —f(0)

(13)

k;
Whenj —i= 1(implyingj > 2andi <n—1),g = ﬁ(pn -+ @n—j+2 has at least one factor that is an iterate of ¢. In

addition, ¢(A;) = Aiy1 = Ajfori=1,...,n — 1. Therefore,

ki, Kyi
(Cpgj &) = (Cy $n - Pn—jt2 ) » mwn C o Pn—it2

kM
P1Pn ** * Pn—j+3» m‘ﬂn c o Pn—it2

Aj

— (e (-2 ) g0 I
- 1@n - Cn—i+2, 7, ¥n" " En—it2
Y\ e | T ks, | i

ky., k A
= (e (2 ) o 2 ) = 1= T e — )
CAPASEY 1- 70k
1—
e,
- [P

Whenj—i> 2(andthusn —j+ 3 < n —i+ 1), g has at least two factors which are iterates of ¢. Consequently,

C k}v k3
<pgj gi) ® ||’<kj|| cPn—jr2 | ||k)»,-||¢n Pn—i4+2

C () g1 s, g i
n n—, £ n n—it
“\ ik, I T el
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kAj k)ti
PR TR
[V AR A T

0,

because ¢,_i11(Aj) = Ap_ip14i =0fori=1,...,n—2.
Whenj = 2 andi > j, Lemma 5 yields

k kx,
(Cog ) = (Co | 2o ) &) = (2 n, Cp8 ) =V 1—Ipl* (ki ¢n, C;81)
Ik, " ||’<A2 l

_ np gl g(0) —g/(0))  n(pgi(0) — g/(0))
1— 2 is k 2®Pn) = 2 ! = ! .
= V1= Ipl?(C}gi, ki¢n) = v'1—Ipl Eyp e

Sincei > j = 2,

ki, (2)

gi(2) = Zon-—1(2) -+ - Pn_i2(2)
(LW

always contains the factor z. Hence g;(0) = 0 and

ky, (0) v1—|p|? ifi =2,
(LW 1— |AilPAn - Apigs  ifi> 3.
We conclude that, wheni > 2,

g 0) =

@n-1(0) - - - op_i12(0) = !

_p ifi=2,
(Co82,8i) = 3 —Nhn++ hn_irsy/1— A2
V1—Ipl?

Finally, wheni > j > 3, we obtain

ki ki,
<C(pgj7gi> = C(p P1Pn " Pn—j+3s 757 Pn " Pn—it2
i, I e,
=(C By ) gy, By ¥
— 1, 2" —i+2
Ik, e [ 2T
||kxj|| " ||’<x,|| A
e |z<n(1—|p|2)hij(xj1) nhﬁ(o>>
= Jiopp (2L ) 10 )

(mAj—p) (1 —pnkj) nij—p

ifi > 3.

where h; = Hlljﬁ%—f” -+ @n—_it2, and the last equality follows from the j > 3 case of Lemma 5. Note that h;(4;_;) has

@n—j+2(Aji—1) = Apy1 = 0 as a factor. In addition, h;(0) = /1 — |Ail?Ap_jt3 - - - An—iy3. Therefore, when i > j > 3, we
conclude that

Mg ks 1= IRV = L2
nAj—p '
Therefore, in all cases, (C,gj, &) has the value given in the theorem. O
Lemma 7. If the assumptions in (12) hold and 1 <i,j < n, then, for n > 3,

(Cpgi, &) =

0 fi=j=1,
0 fi>1,1<j<n,
—PA3- - hn . .
Bo) = | — fi=1j=2,
<C(pgijgl> 1_ |p|2

D3 Aneira/1 — A

DA3- nj+37\/ [Aj fi=13<j<n
nij—p
When n = 2, the relevant (i, j) values are the same except that (C,g>, Bg1) = P

IV
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Proof. If j = 1, then (C,gj, Bgi) = (1, Bg;) = O for all i, since B(0) = 0.1fi > 1andj > 1, then

kk k)w
© On—jt+2 © On—it2

flig, 9o Pl o1 i

c k)‘l B kki

® |kA] I ©1$n Pn—j+3, ”k)»,- i ®n Pn—it+2
kxj ky,;
||k I cQn—jr2T ||k ” On—i+2
kkj |: k},

= LC @ Onjir———n - O ] .

<||/<A,.|| RS G T R S

Whenj # 2, the function in the square brackets to which C;f is applied has a zero at A; = 0 and at A;_; due to the factors
¢n and @, _j;», respectively. When j = 2, the factor ¢, appears twice in this function, which consequently has a zero of order
two at A; = 0. Therefore Corollary 4 shows that (C,g;, Bg;) = 0 wheneveri > 1.

Ifi=1and2 <j < n, then

(Cpgj, Bgi)

(Cpgj, Bgi) 08j, B

= (C
I(A
C ] e Qnei B
c k}L
!(p PR go i
O\ kI )72

Y FETYE WS PP )

Corollary 4 provides the values to the expression above as follows. Define f; = ¢ - - - ¢y_j4o. Whenn > 3 andj = 2,
£@) = ¢2(2) -+ - pn-1(2)2,50 2(0) = O and

£0) = 02(0) - @n1(0) = Az dy.

Therefore
- o
(Cog2. B) = =153 F.
Vv1—Ipl
Whenn =j = 2,f(z) = z,s0f,(0) = 1, and therefore (C,g, B) = — P

V1=p2’

When j > 3, the value fj(Aj—1) has ¢n_j12(Aj—1) = 0 as a factor, so Corollary 4 yields

OV —bhe ST
1— X120k, C:lgs - POV =~ 417 _ —PAs ”71+3\/7|1|.

2 Pnojy2l) = — —
nij—p nAj =P

This concludes the proof. O
3. Block Toeplitz form of C,

We next review the material (available in [3] or [6]) about block Toeplitz operators that is used in what follows. Let #
be a Hilbert space. Define £?(#) to be the Hilbert space of square-summable sequences with entries in #. That is, £2(#)
consists of the set of sequences

C={(C.C1.C,..) | GeHforj=0,1,2,...}

that satisfy Z o IG ||2 < 00, where || - || 5~ denotes the norm in # and the expression Z] 0 IIG ||2 defines ||C||L,2(m There

is a natural Hilbert space isomorphism between £2(#) and the space H?(#) of #¢-valued analytic functions in the unit disk.
That is, a function f € H2(#) has a power series expansion valid in D of the form f (z) = Z;’i o Cnz" with square-summable
coefficients.



LJ. Patton /J. Math. Anal. Appl. 400 (2013) 363-376 371

The space L (B(H#)) is the set of essentially bounded, weakly measurable functions defined on the unit circle 9D with
values in B(J¢). For F € £ (B(¥#)), the norm is defined by

IFlloc = ess sup {IIF (2) | s(x) | z € ID} .

o0

The functions in £°°(B(#)) have Fourier expansions of the form F(z) = ) .-

integers n.

If T is a bounded linear operator on H?(#) (or equivalently ¢2(#)), then T has a block matrix representation of the
form (Bij)szo, where each Bj; is in B(#). If there exists a sequence {A,};2 _ . in B(H) such that the (i, j) block Bj satisfies
B;j = Ai_j, then T is called a block Toeplitz operator. The symbol of T is defined to be the following B (#)-valued function
defined on the unit circle 0D:

F(z) = i Anz".

n=—0oo

AnZ", where A, € B(#) for all

As in the scalar-valued case, if T is a block Toeplitz operator on H?(#) with symbol F, then T will be denoted T¢. The
operator Tr is the projection onto H?(#) of multiplication by F. Consequently,

ITell = IFlloo = ess sup {IF(2)ll s | Z € 3D} . (14)

If F(z) = Z’:':_M Anz" with Ay or A_y nonzero, then F is called a trigonometric polynomial of degree M, and F is
continuous on dD. In this case, the supremum in (14) is attained at some zy € 9D.

The main result of this section is that a composition operator on H?(D) with minimal polynomial equal to z" — 1 has a
block Toeplitz matrix with respect to the orthogonal decomposition H? = B BNG. In particular, the matrix with respect
to this decomposition is

Ay 0 0 0 O
Ay A, 0O 0 0
0 Ai A 0 O
0 0 A A O
M(Cp) = R E (15)

0 0 0 A A

where Ay and A; will be defined in the theorem below.

Theorem 8. Assume the hypotheses in (12). The matrix M(C,) for C, with respect to the basis & in (7) is block Toeplitz of the
form (15), where Ag and A1 are n x n matrices whose entries depend on n and p. For 1 < i, j < n, the (i, j) entries of Ag are given
by (C,gj, &) in Lemma 6, and the (i, j) entries of A; are given by (C,g;, Bg;) in Lemma 7.

Remark. The form of A; is particularly simple, since Lemma 7 implies that

0 (ngz, B) <C<pg3v B) e <C<pgna B)
0 0 0 - 0

Ay =
0 0 0 0

Proof of Theorem 8. Let n > 2 be an integer. Let ¢ be a disk automorphism of the form (1). The corresponding composition
operator has minimal polynomial z" — 1 if and only if ¢ satisfies both conditions in Proposition 1. Let £ and m be non-negative
integers, and let 1 < i, j < n. We will compute the (i, j) entry of the (¢, m) block of the matrix M(C,) with respect to the
basis &; this entry is given by (C,B"g;, B'g;), so the remainder of this proof will consist of computing this expression for

different values of £ — m.
If£ —m > 1, then (6) shows that for 1 < i,j <n,
(C,B"g;. B‘g)) = (B"(C,g). B'gi) = (Cpg. B &) = (g. C; (B "g)) =0.
The final equality follows from Corollary 4, because each g; is a linear combination of the kernels k;, ..., k,\]., and the

function B‘~™g; has zeros of order atleast £ — m > latAq, ..., Ay
If £ — m < 0, then again (6) shows thatfor 1 <i,j <n,

(C,B"g;, B'g)) = (B"(C,g), B'g) = (B *C,g, &)
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If either i = 1 orj = 1, then orthonormality of the basis & and the fact that B(0) = 0 show that the above expression is
zero.If 2 < i, j < n, then there is at least one factor in each of g; and g; that is an iterate of ¢, and we obtain

_ k)u k)”.
(C,B"g. B'gi) = (B" “Co [ —Ln @njia | ———n -+ it
llKes, | (e, I

k)»' k)\.
= Bm7271¢ . l"’§01c 7Jg0 c e On—jt2 ’7’
< m A\ Moy I ) e

=1—=1[43 () =0,

where
k.
f=B"""0nit101Cp | = n- Pnji2
k|

has a zero at A; because ¢,_i11(A;) = Apy1 = 0.

Hence the only possible nonzero blocks in the matrix for C, occur when £ = m and when ¢ = m + 1. Furthermore, the
identity (6) shows that for each (i, j), the entry (C,B"g;, B'g;) depends only on £ — m and not on the separate values of £ and
m. Therefore C, is block Toeplitz, with the form given by (15). To complete the proof, we will compute the entries of Ay and
A

To compute the entries of Ag, set £ = m, and let 1 < i,j < n. The (i, j) entry is

(C,B"g;, B'g)) = (B"C,gj, B"g:) = (C,g. &),

and these values are given in Lemma 6.
Next, we will compute the entries of the matrix A;,soset £ = m+ 1and 1 < i,j < n. The same reasoning as before
yields

(C,B"g;, B'Zi) = (C,g, Bg).
Therefore the entries of A; are given by Lemma 7, which results in the form for A; stated in the theorem. O

When n = 1, Theorem 8 trivially holds, because both the composition operator with minimal polynomial z — 1 and the
associated Toeplitz operator are the identity operator. In fact, the only composition operator that is also scalar Toeplitz is the
identity operator. See [19,23] for more general connections between composition operators and scalar Toeplitz operators.

The corollary below follows directly from the theorem and basic properties of block Toeplitz matrices.

Corollary 9. Assume the hypotheses in (12). The symbol of the block Toeplitz form of the matrix for C, with respect to the
basis (7) is the n x n matrix-valued function defined for z € 0D by

A(z) = Ag +Avz, (16)
where Ay and A1 are defined as in Theorem 8. That is, C,, is unitarily equivalent to Tj.

It is well known (e.g., see [8]) that the norm of the composition operator C, on H?(D) with automorphic symbol ¢ is

1 1
given by [|C, || = (}ﬂzfg;}) ‘= (E—m) *  Therefore, the norm identity (14) shows that, for all n > 2, the [*° norm of the

symbol A given in (16) is equal to the composition operator norm:

1
1+ pl ) 2
1—1pl) ~

Our original goal was to study the numerical ranges of composition operators with minimal polynomial z" — 1. Recently,
Bebiano and Spitkovsky [2] described the numerical range of Toeplitz operators with matrix-valued symbol in terms of the
numerical ranges of the values of the symbol. Let R (a) denote the essential range of the matrix-valued function a defined on
dD; for a continuous function a, the essential range is simply the range. The convex hull of a set S in the complex plane will
be denoted conv S, and the closure of S is denoted clos S. One of the results from [2] that is relevant to this paper is stated
below.

sup [|[A@2) |l scmy = (
z€dD

Theorem 10 (Bebiano-Spitkovsky).If a € £°(B(C")) and T, is the Toeplitz operator with symbol a on H>(B(C")), then
closW(T,) = conv{W(A) : A e R(a)}.

Bebiano and Spitovsky also showed that the closure of the numerical range of the multiplication operator with symbol a
is the same as the set given above. The n = 1 version of their result was proved by Klein [14].
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Since the numerical range of an operator is invariant under unitary equivalence, an immediate consequence of the
combination of Theorems 8 and 10 is the following.

Theorem 11. Assume the hypotheses in (12). The closure of the numerical range of C, is given by
clos W(C,) = conv {W(A(z2)) : z € 9D},
where A(z) is defined in Corollary 9.

As an application of Theorem 11, we will use the n = 2 case to find the closure of the numerical range of the conformal
automorphism ¢ = ]”:ﬁzz. The original proof of this result appeared in [1].
Recall that the numerical range of a 2 x 2 matrix of the form

(6 ) )

is an elliptic disk with foci at 1 and —1, and it is also straightforward to show that the major axis of the ellipse has length
/4 + |v|? while the minor axis has length |v|. Thus, any collection of matrices of the form (17) has numerical ranges that
are increasing with |v| with respect to set containment. If the Toeplitz symbol A is computed in the n = 2 case, then we get
that A(z) has form (17) with

p p
v = -z .
v1i—=Ip*  J1-=IpP
The value of |v]| is clearly maximized on 0D whenz = zg = — %, in which case |v| = %, Therefore, for any z € 9D,

the set containment
W(Az)) € W(A(z0))
holds, and consequently
conv {W(A(z)) : z € 9D} = W(A(29)).

Thus the closure of the numerical range of W (C,) equals the elliptic disk with foci at =1 and with major axis of length
2 which is exactly the result that appears in [1].

V1=’
Using a similar argument with increasing nested numerical ranges of certain 3 x 3 matrices, Theorem 11 will be used in
the next section to answer the question of Bourdon and Shapiro affirmatively in the n = 3 case. That is, we will show that

the numerical range of a composition operator on H?(D) with minimal polynomial z> — 1 is not a disk.

4. The case wheren = 3

We next review some properties of the support function of a convex set. We will use some of these concepts to prove the
conjecture of Bourdon and Shapiro in the n = 3 case. Let T be a bounded linear operator on a Hilbert space #. Since W (T)
is a convex set in C, every boundary point of W (T) intersects a line (called a support line) such that the interior of W (T) lies
entirely on one side of the line. The support function of W (T), which will be denoted pr, can be defined as follows. For each
0 € [0, 2x),

pr(6) = supfRe (e (Tvv)) | v € X, [lv] = 1}.

The value pr(0) is the maximum scalar projection of W(T) in the direction of 6. For every operator T discussed in this
paper, the numerical range W (T) contains the origin. Therefore, for each value 6 € [0, 277), the ray in the direction of the
vector (cos @, sin ) hits a support line L, of W(T) that is orthogonal to (cos 8, sin ). The value py () is the distance from
the origin to the line Ly. Properties of convex sets show that the closure of W (T) is completely determined by its support
lines. Consequently, if T and R are bounded linear operators such that pr(0) = pg(0) forall 6 € [0, 27), then the closure of
W (T) equals the closure of W (R).

Furthermore, the following proposition immediately follows from the definition of py.

Proposition 12. If T and R are bounded linear operators on a Hilbert space H such that pr(6) < pgr(0) forall 6 € [0, 27), then
closW(T) C clos W(R).

A simple calculation shows that Re (e™”(Tvv)) = (Re(e T)v, v). Therefore, it is convenient to define the operator

Hy = Re(e7T) = #T + %T*. Clearly Hy is self-adjoint. When T is an operator on a finite-dimensional Hilbert space,
properties of self-adjoint operators imply that pr(6) is the maximum eigenvalue of Hy.
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Define a subset S of the complex plane to have three-fold symmetry about the origin if z € S implies that ez eS.Iifgpis
an elliptic automorphism with rotation parameter equal to a cube root of unity, that is, if ¢ satisfies (3), then the numerical
range of C, has three-fold symmetry about the origin, as noted in [4]. The values of the Toeplitz symbol in the n = 3 case of
Theorem 8 have numerical range with three-fold symmetry about the origin. Such matrices were classified in [11], where
the following result appeared.

Theorem 13. Let M be any 3 x 3 matrix. Assume that W (M) is not a disk. Then the following are equivalent.

(i) W (M) has three-fold symmetry about the origin.
(ii) Tr(M?M*) = 0 and the spectrum o (M) has three-fold symmetry about the origin.
(iii) There exist p, q, r € C such that M is unitarily equivalent to the matrix V of the form

0 0 p
qg 0 0].
0 r O

As mentioned in the introduction, the numerical range of an n x n matrix with no repeated eigenvalues cannot be a
circular disk, so if the minimal polynomial of a 3 x 3 matrix M is z> — 1, then W (M) is not a disk. The support function for
a 3 x 3 matrix M with minimal polynomial equal to z*> — 1, derived in [11], is given by

2 s (10 [
pM(G)_ﬁ«/Ecos<3arccos< 5 53>>,

where s = Tr(MM*) /4 and t(6) = ; [cos(36) + Re Tr((M*M*) cos(6) + Im Tr(M>M*) sin(6)].
Hence, if the minimal polynomial of the 3 x 3 matrix M is z> — 1 and W (M) has three-fold symmetry about the origin,
then
t(@) |27 V27 cos(30)
2V (mume)?
In this case, the support function simplifies to

pM(G):i\/Tr(MM*)cos 1arccos M ,
V3 3 (Tr(MM*)) 2

a function which achieves its absolute maximum only at & = 0, 2%, and *%.
When n = 3, the calculations in the previous sections can be done explicitly. Definition (4) results in A; = 0, A, = np,

and A3 = p. By Theorem 11, we know that if ¢ is an automorphism of form (1) that satisfies (3), then
closW(C,) = conv{W(A(2)) : z € 0D},

where A(z) = Ag + A1z with Ag and A; equal to the 3 x 3 matrices defined in Theorem 8. Substituting into the values given
by Lemmas 6, 7, and (3) yields

1 Lz 0
0 -1 p
0 —np —1+n

and
o P R

A = V1—Ipl? 1—1Ipl? | (19)

0 0 0
0 0 0

We are now prepared to show that the conjecture of Bourdon and Shapiro is correct in the n = 3 case.

Theorem 14. If ¢ is a disk automorphism of form (1) such that the associated composition operator C, has minimal polynomial
equal to z3> — 1, then the closure of the numerical range of the composition operator C, is equal to the numerical range of

the 3 x 3 matrix Ag + A1z, where Aq and A; are given by (18) and (19), respectively, and zo = —%.
of C,is

3
1 [3—|pl*+2Ip? 1 V1 —1|pl2 ~/27 36

pc, (0) = — Lzm cos | — arccos Pl COS(3 ) . (20)
VEL 3 (3 — Ipl* +2IpP)2

In particular, W (C,) is not a disk.

The support function
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Proof. Let C, be a composition operator with symbol ¢ satisfying (1). The operator C, has minimal polynomial 23 —1if
and only if the parameters of ¢ satisfy (3). We will show that the support function for C, is given by (20), from which it will
follow that W (C,) is not a disk.

By Theorem 11, the closure of W (C,) is given by

closW(C,) = conv {A(z) : z € D},

where A(z) = Ap + A1z and the 3 x 3 matrices Ag and A; were computed above so that

A@Z) = Vi=bP V1= 1pP V1—1pP?
0 =1 p
0 —np -1+

For each z on the unit circle, A(z) has distinct eigenvalues 1, eizTn, and ei%, and therefore the numerical range of A(z) is
not a disk. Furthermore, the eigenvalues of A(z) have three-fold symmetry about the origin. A straightforward but lengthy
computation using identity (3) shows that

1+1pP? —np’z—7npz —p+pz —p*+upz

1—|p? Vi—1p>  J1-1pP
—p+p’z _
ADAR)" = W 1+ p np
—p* + npz _

np 1
Vv 1—1pl?
From this calculation, we obtain
3—pl*—np’z —np’z
1—|p|?

TrA(2)A(z)" =

5

and another matrix multiplication and trace computation show that Tr A(z)?A(z)* = 0. Therefore, Theorem 13 shows that
W (A(z)) has three-fold symmetry about the origin. The remarks following the statement of Theorem 13 show that the
support function for A(z) is

3
1 [3—1Ipl*—7p’z—np’z 1 V1 —1pI* v/27 cos(36
Pace)(0) = \/ IpI* —np - L Ipl = ( 7) ). 21)
V3 1= Ipl B~ Ipl* =P’z — 1p*2)?

For any real value of k, the function xcos(% arccos(x%)) is an increasing function of x at any positive x in its domain.
Therefore, for each value of & € [0, 21), pa;) (f) attains its maximum at the value of z on the unit circle that maximizes

Tr A(z)A(z)*. This occurs when zy = — %. Hence

PA@) (0) < Pa@y) (0)

forall 6 € [0, 27r). Proposition 12 thus shows that
W(A@2)) € W(A(20))

for all z € 9. Consequently,
closW(C,) = conv {A(z) : z € D} = W(A(2)).

Since W (A(z0)) is not a disk, it follows that W (C,) is not a disk.
In addition, the support function for C,, is equal to the support function for A(zp), namely, the function given in (21) with
Z = zy. Hence,

1 [3—Ipl+2ipp (1 1= [pIF /27 cos(30)
P, (0) = —= | ——— 5 cos |  arccos - )
VEL I 3 G — Ip* +2Ip*)3

The question of whether the numerical range of a composition operator on H(ID) with minimal polynomial equal to
z" — 1 can be a disk is still open for n > 4. It seems possible that in these cases, the closure of the numerical range of C, will
also be equal to the numerical range of a fixed n x n matrix with distinct eigenvalues, and thus will not be a disk.
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