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1. Introduction

E. Bishop and R. Phelps in [6] proved that every continuous linear functional z* on a Banach space X
can be uniformly approximated on the closed unit ball of X by a continuous linear functional y* that attains
its norm. This result is called the Bishop—Phelps Theorem. Shortly thereafter, B. Bollobas [7] showed that
this approximation can be obtained with the additional property that the point at which z* almost attains
its norm is close in norm to a point at which y* attains its norm. This is a “quantitative version” of the
Bishop—Phelps Theorem, known as the Bishop—Phelps—Bollobas Theorem. Throughout the paper, X and
Y will be Banach spaces over the scalar field K (R or C). As usual, Sx, Bx and X* will denote the unit
sphere, the closed unit ball, and the (topological) dual of X, respectively.
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Theorem 1.1 (Bishop—Phelps—Bollobds Theorem). (See [8, Theorem 16.1].) Let X be a Banach space and
2

0 <e< 1. Given v € Bx and x* € Sx+ with |1 —x*(x)| < 5, there are elements y € Sx and y* € Sx-~

such that y*(y) =1, ||ly — z|| < € and |ly* — 2| < e.

In what follows K will be a compact Hausdorff space and p will be a o-finite measure. Different versions
of the Bishop—Phelps—Bollobds Theorem for operators were proved in [1|. Amongst them it is shown a
characterization of the Banach spaces Y satisfying an analogous result to the Bishop—Phelps—Bollobas
Theorem for operators from ¢; into Y. There are also positive results for operators from L;(y) into Lo 0, 1]
[4,10] and for operators from an Asplund space into C(K) [3]. For some more results on the subject see also
[9,19,20].

Our aim in this paper is to provide classes of spaces satisfying a version of the Bishop—Phelps—Bollobas
Theorem for operators. By £(X,Y") we denote the Banach space of bounded linear operators from X into Y.
Before going on, we need the following definitions.

The next property was introduced in [1].

Definition 1.2. Let X and Y be both real or complex Banach spaces. The pair (X,Y) satisfies the Bishop—
Phelps—Bollobds property for operators if given € > 0, there are n(e) > 0 and B(¢) > 0 with lim; o 5(¢) =0
such that for any T' € Sp(x y), if 2o € Sx is such that ||Tzo|| > 1 — n(e), then there exist a point 1y € Sx
and an operator S € Sg(x,y) that satisfy the following conditions:

ISuoll =1, lluo —aoll < Be) and IS —T] <.
In this case, we also say that the space £(X,Y) has the Bishop—Phelps—Bollobds property.

When the operator T' (in the definition above) belongs to a certain class, we expect that .S also belongs
to the same class. Therefore we introduce the following notion.

Definition 1.3. Let X and Y be both real or complex Banach spaces and M a subspace of £(X,Y"). We say
that M satisfies the Bishop—Phelps—Bollobas property if given € > 0, there is n(¢) > 0 such that for any
T € S, if g € Sx satisfies that ||Txg|| > 1 — n(e), then there exist a point ug € Sx and an operator
S € Sy satisfying the following conditions:

[ISuol| = 1, llup —zo|| <& and ||S—TJ <e.

Remark 1.4. The above definition can be reformulated as follows. Given € > 0, there are n(¢) > 0 and
B(e) > 0 with lim, o 8(¢) = 0 such that for any T' € Sy, if z9 € Sx satisfies that || Tzo| > 1 — n(e), then
there exist a point uy € Sx and an operator S € Sy, satisfying the following conditions:

[Suoll =1, Jluo —woll < B(e) and |5 —=T| < B(e).

Notice that if M = £(X,Y), Definitions 1.2 and 1.3 are equivalent.
To study the Bishop—Phelps—Bollobas property for operators on 7, the following geometric property was
introduced in [1, Definition 3.1].

Definition 1.5. A Banach space X has the approzimate hyperplane series property (AHSP) if for every € > 0

there exist y(¢) > 0 and n(e) > 0 with lim;_,o+ v(¢) = 0 such that for every sequence (z) C Sx (or
(z) C Bx) and every convex series ), -, ay satisfying

>1- 77(5))
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there exist a subset D C N, {zx: k € D} C Sx and z* € Sx~ such that

(1) >pepar >1=7(e),
(ii) ||zx —zx|| < e for all k € D,
(iii) x*(2) =1 for all k € D.

Note that X has AHSP if whenever we have a convex series of vectors in Bx whose norm is very close
to 1, then a preponderance of these vectors are uniformly close to unit vectors that lie in the same affine
hyperplane. For instance, finite-dimensional spaces, uniformly convex spaces, C(K) and Li(u) have AHSP
[1, §3].

The outline of the paper is as follows. In Section 2, we characterize the Banach spaces Y such that certain
subspaces of operators from L (p) into Y satisfy the Bishop—Phelps—Bollobas property. As a consequence,
we show that the following conditions are equivalent:

satisfies AHSP.

(L1(p),Y) (finite-rank operators) has the Bishop—Phelps—Bollobéas property.
(L1(1),Y) (compact operators) has the Bishop—Phelps—Bollobés property.
W(L1(u),Y) (weakly compact operators) has the Bishop—Phelps—Bollobés property.
RN (Li(p),Y) (Radon-Nikodym operators) has the Bishop-Phelps-Bollobéds property.

We also deal with the Bishop—Phelps—Bollobas property for Asplund operators. In Section 3, we extend
Theorem 2.4 and Corollary 2.5 of [3] to some spaces of vector valued continuous functions. As a consequence,
we obtain new spaces of operators satisfying the Bishop—Phelps—Bollobas property. We prove that the pairs
(X, K(Y,C(K))), (X, W(Y,C(K))), and (X, L(Y,C(K))) satisfy the Bishop—Phelps-Bollobas property if X is
an Asplund space and Y has property « of Schachermayer [23] (for instance Y = ¢;). Finally, new examples
of spaces having AHSP are provided in Section 4, for instance K(X,C(K)) and £(X,C(K)) whenever X is
uniformly smooth.

2. Bishop—Phelps—Bollobas property for the space of Radon—Nikodym operators

It will be convenient to begin by recalling a few definitions and results related to Radon—Nikodym
operators. Let (£2, X, 1) be a finite measure space. A bounded linear operator T : L1 () — Y is said to be
representable if there exists g € Sg,__(,,,y) such that

T(f) = /gf du  for all f € Lyi(u)

(9}

(see [14, p. 61] or [16, Definition 5.5.15]).

We recall that a Radon—Nikodym operator is an operator T : X — Y such that T'S is representable
for every operator S : Li(p) — X (see [16, Definition 5.5.12 and Theorem 5.5.19]). A bounded operator
T : Li(pn) = Y is representable if and only if T is a Radon—Nikodym operator (see [16, Proposition 5.5.18]).
Also, a Banach space Y has the Radon—Nikodym property if and only if every operator T': Li () - Y is a
Radon—Nikodym operator (see [16, Proposition 5.5.16]).

Following [13, Definition 9.1], an operator ideal Z is a subclass of the class £ such that for any pair of
Banach spaces (X,Y), Z(X,Y) is a subspace of £(X,Y") which contains the finite rank operators and satisfies
the so-called “ideal property”. That is, given arbitrary Banach spaces Xg, Yo, we have Ro SoT € Z(X,Y)
for any S in Z(X,,Yy), T in L(X, Xp), and R in L(Y),Y), and for every Banach spaces X and Y. The
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operator ideal 7 is said to be closed if the subspace Z(X,Y) is closed in £(X,Y") for all Banach spaces X
and Y.

As mentioned above, we denote by RN the closed operator ideal of all Radon—Nikodim operators. Also
we have F C K CW C RN (see [16, Proposition 5.5.20]).

The elementary result below will be useful in the sequel.

Lemma 2.1. (See [1, Lemma 3.3].) Let (c,,) be a sequence of complex numbers with |c,| < 1 for every n, and
let n > 0 be such that for some convex series y , oy, Re Zzozl QnCy > 1—mn. Then for every 0 <r < 1, the
set D := {i € N: Rec; > r}, satisfies the estimate

n
ZO@}l*l_T.

i€D

The following result is a refinement of [10, Theorem 2.1].

Proposition 2.2. Let (2, X, 1) be a measure space such that Ly () is infinite-dimensional, Y a Banach space,
and M a subspace of L(L1(u),Y) containing all finite-rank operators. If M has the Bishop—Phelps—Bollobds
property, then' Y has AHSP.

Proof. For every € > 0 there exists n(e) > 0 satisfying Definition 1.3.
Now, given 0 < & < §, we will prove that Y satisfies AHSP for the functions 7j(¢) = min{n(e?),e} and ~
given by

v(e) :=8e(1—¢) + e+ 31 —e). (2.1)

It is clear that y(¢) > 0 and lim._,oy(¢) = 0 as it is required in Definition 1.5.
Let (yn) be a sequence in Sy and a convex series ) «,, satisfying

Z QnYn|| >1— 7_7(5)
n=1
Fix N such that
N
> anya| >1-0()=1-c>0. (2.2)
n=1
If we write a,, = m then
N N N
deyk > Zakyk >1-n(e*) and de =1. (2.3)
k=1 k=1 k=1

By assumption, there is a sequence (E,) of pairwise disjoint subsets in X' satisfying 0 < pu(E,) < oo for
each n. For every positive integer n, let 2% be the functional on Lq(u) associated to x g, , that is,

an(f) = [ fdu (f € Li(p)).
/
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Now we define the finite-rank operator (therefore in M) T : Ly ()—Y by

N
T(f) = =i (Hue  (f € La(w).

k=1

Note that || T|| < 1 and ||T(xg,)|l = lIxE,|l1 for all & < N, then T € Sy,.

Define fo i= Y0, dp 2. By (2.3), [folli = 1 and [T(fo)] = |20, el > 1 — ().
Since M has the Bishop—Phelps—Bollobés property, there exist go € Sp,,(,) and S € Sy satisfying

ISgoll =1, llgo = follh <& and [|S T <& (2.4)

Proceeding as in [10, Theorem 2.1] we obtain
ZR€$Z(90) >1-—&3 (2.5)

k=1

Let s=1— % and D :={k € N: k <N, Rez};(g0) > szi(lgo])}- By (2.5) and following the proof of [10
Theorem 2.1] we obtain

3

ZRex;(gO)>1—1€ =1-8>0. (2.6)

keD - F
Thus D # 0.
Combining (2.6) and (2.4) and using ¢ < § we deduce that

Zak ZRG.’Ek go ||go—f0||1>1—8€—||go—f0H1>1—8€—€3>0.
keD keD

By (2.2) and the previous inequality

Zak:(z ><Zak> (1-8—e)(1-7n(e)) = (1-8—¢&*)(1—¢)=1—17(e).

keD keD

Therefore, condition (i) of Definition 1.5 is satisfied. Now, note that for a complex number w with |w| < 1
and Rew > r > 0 it is satisfied |1 —w|? = 1 + |w|? — 2Rew < 2(1 — r). So for every k € D we have

2

3
1

5 (g0) ?
‘1— k ‘ <2(1—3s)=

72 (190]) 27

For k € N we define 2z, = S(%) if 3 (|go|) # 0 and 0 otherwise. In particular, ||zx| < 1 for every k. We

write 21 = 2\ Uy~ Ex. Let us notice that go = > p-; goXE, + goxsn, and the series is norm convergent.
Then

= S(goxe,) + Sgoxa,) = > i (lgol) zr + S(goxe)-
k=1 k=1

By the Hahn—Banach Theorem, there is a functional y* € Sy« attaining its norm at S(gg). Then

1= Z% l901)y" (21) + " (S(g0x22,)) < Z( / 90|dﬂ> + llgoxe. I = llgollr = 1.
k=1 E),
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Therefore
y*(z) =1 for all k € N with z(|go|) # 0.

In particular, z € Sy for k € D and condition (iii) of Definition 1.5 is also satisfied.
Now for every k € D we have that z}(go) # 0 and T(ii’g;’“)) = yi. Hence by (2.4) for every k € D we
deduce that

o b)) e

i (190l) i (190l) 3 (l90l)

Finally, by (2.7), for every k € D we obtain

T} ¥ €
2k =yl < sz _ *k(QO) ka + H( *k(gO) _ 1>ka <34 <o,
77(|g01) 3 (|g0) 2

and Y has AHSP. O
Improving [10, Theorem 2.2], we give a partial converse of Proposition 2.2.

Theorem 2.3. Let (£2, X, 1) be a finite measure space, Y a Banach space with AHSP and M a subspace of
L(L1(p),Y) such that contains all finite-rank operators and it is contained in the subspace of all representable
operators. Also, assume that the operator Sa(f) = S(fxa) belongs to M whenever S € M and A is any
measurable subset of £2. Then M has the Bishop—Phelps—Bollobds property for operators.

Proof. By assumption Y has AHSP; let v and 1 be the functions satisfying Definition 1.5. Given 0 < & < 1,
we choose 0 < d < § such that 0 < y(0) < g and 0 < ¢’ < min{§, @}. Define p(e) := @ and assume that
T € Sy and fy € Sp, () satisfy that ||Tfol| > 1 — p(e). There is a function h € Lo () such that |h(f)] =1
for every t € 2 and satisfying also that h(t) fo(t) = |fo(t)] for every t € £2. Now we define a surjective linear
isometry ¢ : Ly () = L1 (u) given by

O(f)=nf (f € Li(n),

that satisfies 1 (fo)(t) € Ry for every ¢ € £2.

We write R = T4~! and ug = ¢(fo). Clearly, we have ||R(uo)| = [|T(fo)|| > 1 — p(e), with ug € Sp, ()
nonnegative and R € Sg(r,(u),v)-

Since T is a representable operator, R is also representable. So there is g € Lo (1, Y') such that

R(P) = [ofdu forall 1 € L.

0

By [14, Lemma II.1.4], g also satisfies that ||g]lcc = ||R|| = 1. By [14, Corollary IL.1.3], there exist
a measurable function h : 2 — Y, whose range is countable, and a p-null subset E of (2 such that
[(g—h)xo\Elle < §. Write b = > | x5, wn (pointwise convergence) with (w,) C Y and (B,) a sequence
of pairwise disjoint measurable sets of {2 with |J,, B, = 2. Hence, fixed n € N and s,t € B, \E we have

lots) — 90| < lla(s) = his)| + [ACs) = |+ [16) — 90} < 5.
Both functions g and gx o\ g represent R, then we may assume that
lg(s) —g(t)|| < % for all s,t € B,, and n € N. (2.8)
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By the Monotone Convergence Theorem the sequence (uoXr_, p,) converges to ug in Lj(u). Since
1 —p(e) < ||R(up)l|, for some m large enough we have

1—p(e) < ||R(uoxyr, B,)| and [luo —uoxyr , 5, ll <9 (2.9)

We write B = UZZI By, Since ug is a non-negative function in Sy, (,), there is a non-negative simple
function v in By, (,) with support contained in B satisfying |[vo — uoxs|| < ¢’ and ||vo|| = ||uox 5|l and so

0 <1-—20¢" < |lvg]] £ 1. The element so = ng” belongs to St (). Its support is contained in B and also
satisfies that

l[so — wox Bl < [|so —voll + [lvo — wox Bl =1 — [[voll + [lvo — uwox sl < 26’
. fe n()
< = R 2.10
mm{ 35 (2.10)
Hence, there is a finite number of pairwise disjoint measurable sets in B, {A1,..., Ay}, such that sy belongs

to the space generated by {xa,: 1 <i< N}.

Let {C;: 1 < i < p} be the family of pairwise disjoint measurable subsets obtained by indexing the
set {4, NB;: 1 <i<N,1<j<m, pu(d; N Bj) > 0}. Write s = > r_; Bixc, with B > 0 and
S Beit(Cr) = llsoll = 1.

From (2.9) and (2.10) we obtain that

(%)
2

1) =1 p(e) ~ "D < | Roxs)]| - B < || Riso)| =

3 XCh

XCy

Since R € Se(n,(u),v)s Yk = R(H(Ck)) € By for 1 <k <pand

1=n(6) < ||>_ Brer(Cr )y |- (2.11)
k=1
Observe that by (2.8), for every k < p and ¢ € Cy we have that
B - g(t) U SO lg@®) —g()ll , ~ < €
9(t) = yrxe, @)|| = HC/ A dyi(u) /M(Ck) dp( )H <C{ AR dp(u) < 5. (212)

Ch
Since Y has AHSP and Y 7 _, Bkp(Cy) = 1, by (2.11), there are sets D C {1,...,p}, {z1: k € D} C Sy
and y* € Sy« satisfying

¥ (zk) =1, |z —yxl| <0 forallke D and Z Brp(Cr) > 1 —~(8) > 0. (2.13)
keD

Now define the function g; : 2—Y given by g1 = gxo\¢ + D_rep 2kXcy, Where C = [, cp C. Tt is clear
that g1 € Br__(u,y)- By (2.12) and (2.13), we have

lgr = glloe = [[(91 = 9)xc|, <O+ % <e.

Let Ry be the element in £(L1(u),Y) associated to g;. Then ||R;]| < 1 and

1Ry = Rl = [lg1 — glloc <e. (2.14)
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Let s1 = ) .cp BrXc,, which by (2.13) is nonzero and satisfies

Hlsall = lsall-

fsal = 3 ) = ( X s ) = (Rafon) <

keD keD

Then, |R:|| < 1 and R; attains its norm at sy = 2t-. By (2.9), (2.10) and (2.13) we have

— S
lls1ll

S1

||82—uo|<Hm—sl s soll + lso —woll = |1~ lnll [+ 32 BuasCi) + lso — ol
! k<p, kgD
2 ) BenlCr) + llso —uoxs + lluoxs — uoll < 24(6) + 5 Sid<e

k<p, k¢ D

Now, define T} = R1% and fo = ¢~ 'sy. Since v is an isometry, T} € Sc(Li(u),y)s f2 € Spi(u) and Th
attains its norm at fo. By (2.14), |Th — T|| = ||R1 — R|| < &, also || f2 — fol| < e.

Let us notice that Ry — R is the operator associated to the function g; — g. Hence, for every f € Lq(u)
we have

(Ra = B = (o = B)(xe) = (1 Fd) o = Bifxe) = () = Re(s).

keD
where Ro(f) = R(fxc) and S is the finite-rank operator given by S(f) = ZkeD(ka f du)zi,. Hence

Ty - T = (B~ R) = (S - Ro)y. (2.15)

To show that T7 € M note that

Re(¥(f)) = Re(hf) = R(hfxc) =T (W (hfxc)) = T(hhfxc) = To(f),

where h stands for the conjugate of h.

Now, the hypothesis on M implies that Rc o ¢ also belongs to M. On the other hand, M contains
all finite-rank operators, thus (2.15) gives that T3 is in M. Therefore M has the Bishop-Phelps-Bollobds
property. O

As a consequence of Theorem 2.3, if Z is an operator ideal such that Z(Li(p),Y) € RN(Li(w),Y),
Y has AHSP and p is any finite measure, then the space Z(L;(u),Y") satisfies the Bishop—Phelps—Bollobés
property. By Proposition 2.2, we deduce the following;:

Corollary 2.4. Let Y be a Banach space and (2, X, 1) a finite measure space such that Li(u) is infinite-
dimensional. The following conditions are equivalent:

Y satisfies AHSP.

F(L1(n),Y) has the Bishop—Phelps—Bollobds property.
K(L1(w),Y) has the Bishop—Phelps—Bollobds property.
W(L1(),Y) has the Bishop—Phelps—Bollobds property.
RN (L1(1),Y) has the Bishop—Phelps—Bollobds property.

There are very different Banach spaces having AHSP. For instance, finite-dimensional spaces, uniformly
convex spaces, C(K), L1(p) (p o-finite) and K(H)* (K(H) = compact operators on a Hilbert space) satisfy
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this property (see [1, §3] and [2, Proposition 4.7]). Also every lush space has AHSP [11] (see also [9]). We
will provide later some examples of spaces of operators satisfying AHSP.

Remark 2.5. Theorem 2.3 (and hence Corollary 2.4) actually holds whenever p is a o-finite measure. To
obtain this let us notice that every element g in Lo (u,Y) is the almost p-everywhere pointwise limit of
a sequence of pu-measurable and countably valued functions. So the range of g is essentially separable and
almost p-everywhere coincides with a Borel measurable function. Hence the classical Lebesgue’s horizontal
approximation method can be applied to show that every element in L., (u,Y) is the p-almost everywhere
uniform limit of countably valued measurable functions that are bounded. The proof of Theorem 2.3 goes
exactly along the same lines by using this fact and standard techniques in case that p is o-finite.

Theorem 2.3 applies not only to operator ideals, as the next remark shows.

Remark 2.6. There is a closed subspace M C L(L1(u),Y) satisfying the hypothesis of Theorem 2.3 which
is not an operator ideal. Let Y be any infinite dimensional Banach space and Li(u) = Li[—1,1]. Let
M C L(L1(u),Y) be the linear space given by

M ={K+R: Ke€K(Li(),Y), Re€ RN (L1(p),Y) and R = R 1)},

where Ro(f) = R(fxc) for any f € Li(u) and any measurable subset C' C [~1,1]. Note that Tj_; o) is a
compact operator for any T in M. Let ¢(t) = —t and Cy: L1(u) — L1(u) be the surjective linear isometry
defined by Cy4(f) = fo¢. Take T' € RN (L1 (1), Y)\K(L1(1),Y). Since (T'0Cg)—1,0) = T}o,1) is noncompact
and, therefore, M satisfies all the requirements.

3. Bishop—Phelps—Bollobas property for the space of Asplund operators

We recall that an operator T € L£(X,Y) is said to be an Asplund operator if T* is a Radon—Nikodym
operator (see [16, Definition 5.5.22]). We denote by A the closed operator ideal of all Asplund operators.

A Banach space Y is said to have property 8 (of Lindenstrauss [21]) if there are two sets {y,: @ € A} C Sy,
{y}: a € A} C Sy~ and 0 < p < 1 such that the following conditions hold

(1) y;(ya) = 13
(2) lysa(yy)l < p<lifa#y,
(3) llyll = sup{lys(y)|: a € A}, forall y € Y.

Aron, Cascales and Kozhushkina in [3, Theorem 2.4 and Corollary 2.5] proved that A(X,C(K)) has
the Bishop—Phelps—Bollobas property. In this section we extend this result to some spaces of vector-valued
continuous functions C(K,Y) (Theorem 3.1).

In general, it is known that not every operator into a C(K') space can be approximated by norm attaining
operators (see [22, Theorem A] or [18, Corollary 2]). Moreover, in view of [5, Example 4.2], we have to
introduce some restrictions on Y in order to get a positive result of Bishop—Phelps—Bollobés property for
operators into C(K,Y).

We recall that a subspace Z of Y* is said to be norming for Y, if for every y € Y, we have
lyll = sup{|e(y)|: ¢ € Bz} for any y € Y. We also say that a subset C' of Y* is l-norming, if
lyll = sup{|¢(y)|: ¢ € C} for every y € Y. We denote by o(Y, Z) the topology on Y of pointwise con-
vergence on Z. If Z is any norming subspace for Y and 7 is any linear topology on Y with o(Y,Z) C 7 Cn
where n is the norm topology then C(K, (Y, 7)) is a Banach space with the norm induced by (o (K,Y).
Also C(K, (Y, 7)) is stable under products by elements of C'(K).
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Theorem 3.1. Let Y be a Banach space satisfying property B for the subset of functionals A = {y%: o € A}
and Z the closed subspace of Y* generated by A. Let T be a linear topology on'Y with o(Y,Z) C 7 C n.
Then for every closed operator ideal T such that T C A, we have that Z(X,C(K,(Y,7))) has the Bishop—
Phelps—Bollobds property for every Banach space X and every compact Hausdorff topological space K.

Proof. Let us fix T in the unit sphere of Z(X,C(K, (Y,7))), 0 < e < 1 and zg € Sx such that

52

HT(.’L‘Q)H >1— 1

We will prove that there exist ug € Sx and R in the unit sphere of Z(X,C(K, (Y, 7))) such that
8p
HR(uO)H =1, lup — xol] <& and ||R—-T| <e|3+ )

where p is the constant appearing in the definition of property 3.
Since Y has property (3, the set

B:={6oy,: te K, acA}

is a I-norming subset of B¢k, (v,r))+- By [3, Lemma 2.3] one can find a w*-open subset U of X* so that
UNT*(B) # 0 and two elements ug € Sx, uf € Sx~ such that

ug(uo) =1, up — wol| <& and ||z* —uj|| <3¢ forall z* € UNT*(B). (3.1)

Since UNT*(B) is nonempty, we can find some ¢y € K and g € A such that T%(d;, ®y,,) € U. Consider
the set

W:={teK: T*(6,®y. ) €U}

which is open and contains tg.
By Urysohn’s Lemma, there is a continuous function f : K — [0,1] whose support is contained in W
such that f(tg) = 1. Define the operator S : X — C(K, (Y, 7)) by

S(a)(t) = T(x)(t) + (1 +n)ug(z) = T* (8 @y, ) () f()ya, (v € X, t € K),
where n = 145‘; . The operator S is clearly bounded and linear.
Our aim now is to show that S belongs to Z(X,C(K, (X, 7))). In order to do that, we consider the
bounded linear operators R : X — C(K, (Y, 7)) and F, My : C(K,(Y,7)) = C(K, (Y, 1)) given by

R(z)(t) = A +n)ug(z)f()ya, (v € X, t€K),
Mg(g)(t) = f(t)g(t) and F(g)(t) =ya,(9(t)¥a, (9 € C(K,(Y.7)), t € K).
It is clearly satisfied that S =T+ R— FoMjyoT. Since T is an operator ideal we have that the rank-one

operators R, F'o My oT and so S belong to Z(X,C(K, (Y, 7))).
We will check that ||S]| = ||S(uo)|| = 1 + 7. Indeed, we have that

Yoo (S(u0)(t0)) = (1 + n)ug(uo) =1+ 1. (3-2)
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On the one hand, for ¢t € K \ W we know that f(¢) =0, so S(z)(t) = T'(z)(¢t), hence
|S(@)(#)|| <1 forall z € Bx. (3.3)

On the other hand, if ¢ € W we distinguish two cases to estimate |y (S(z)(t))].
For a@ = g we obtain that

|y, (S(@) ()] = |yi, (T(@)()) + (1 + n)uf(a) — T* (8 @y, ) (@) ()]
= (1 - f())ye, (T(@)(1) + 1+77)uo( V(1)
<= F®))ya, (T(@)(1) + f(H)u s@)| <1+, (3.4)

since (1 — f(t))ys, (T'(x)(t)) + f(t)us(z) is a convex combination of y (T'(x)(t)) and ug(x).
For a € A\ {ag}, since ¢ is in W, by (3.1) we know that ||uf — T*(6; ® y,)|| < 3e. Thus,

S (S@)®)]

Yo (T(@) )]+ [ (ug = T* (6 ® y5, ) (@) + nug (@) ||y (Yao ) | £(E)
1+@Be+n)p<l+n. (3.5)

<
<

By (3.3), (3.4) and (3.5), we have that ||.S|| < 147 and by (3.2) we obtain ||.S|| = 1+n and ||S(uo)|| = 1+n.
We will check that ||S — T < (3 + 122 5)- 1t € K\ W then S(z)(t) = T()(t). If t € W then by (3.1)

[5G0 = T = (14 1) = T 6 1 00)) 1O | < 32 41 =2 (34 1),

Finally, taking R = H_g\l we get

4p 8p
R-T|<||-—= =-S5 S—T|=(1-|S S-T 3+ — | =¢34+ — |,
IR-70 < |5 -5+ 15 - TI= = sn +hs -1 <o (34 1) =2 (34 1)

which completes the proof. O

Our aim now is to provide examples of pairs of Banach spaces with the Bishop—Phelps—Bollobéas prop-
erty for operators. Recall that the spaces C(K,Y™), C(K, (Y*,w)) and C(K, (Y*,w*)) can be isometrically
identified with K(Y,C(K)), W(Y,C(K)) and L(Y,C(K)), respectively (see [15, Theorem VI.7.1, p. 490]). It
is also known that £(X,Y) = A(X,Y) whenever X is an Asplund space. The following property will be
required.

A Banach space Y is said to have property a (of Schachermayer) if there are two sets {y,: « € A} C Sy,
{y%: € A} C Sy~ and 0 < p < 1 such that the following conditions hold

(1) ¥k (yo) =1 for all a € A,

(2) lyalyy)| <p<lfora,ye€d a#y,
(3) the unit ball of Y is the closed, circled convex hull of {y,: a € A}.

For every set A the space £1(A) has property «. Property « is quite general if we admit equivalent norms
(see [23, Theorem 4.4] and [17]). It is clear that Y™* has property 5 whenever Y has property «. Hence, we
obtain the following corollary:

Corollary 3.2. Let X be an Asplund space andY a Banach space satisfying property a. Then (X, K(Y,C(K))),
(X, W(Y,C(K))), and (X,L(Y,C(K))) have the Bishop—Phelps—Bollobds property for operators for every
compact Hausdorff topological space K.
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4. New examples of spaces with the approximate hyperplane series property

It is known that uniformly convex spaces have AHSP (see [1, Proposition 3.8]). Hence X* has AHSP
whenever X is uniformly smooth. We will generalize this fact by providing some spaces of operators satisfying
the same property.

We recall that a Banach space X is uniformly convez if for every € > 0 there is 0 < § < 1 such that

>1-§ = |u—v]<e

u,v € By, ||u;v||

In such a case, the modulus of convexity of X is given by
5(e) = inf{l - ”“7;””; u,v € By, |ju—v| > 5}.

Given a (non-empty) bounded subset A of X, an element 2* € X* and « > 0, the slice S(A, z*, «) is the
subset of A given by

S(A, %, a) = {z € A: Rez*(z) > supRez™(z) — oz}.
z€A

The following elementary fact will be useful below.
Lemma 4.1. (See [2, Lemma 2.1].) If X is uniformly convez, then for every e > 0,
diamS(BX,x*,(S(e)) <e forallx* € Sx=«.

Theorem 4.2. Let X be a uniformly conver Banach space and T be a linear topology on X satisfying w C
7 Cn. Then the space C(K, (X, 7)) has AHSP for any compact Hausdor(f topological space K.

Proof. We write Y = C(K, (X, 7)) and denote by § the modulus of convexity of X. Take (f;)"_; C By and
a finite convex series Y .- a; satisfying

>1—ed(e).

n
> aifi
i=1

Choose z{; € Sx~ and ty € K so that

z (Zaifi(to)> > 1—ed(e).

By Lemma 2.1, the set D := {1 <14 < n: Rexzj(fi(to)) > 1 — d(e)} satisfies that >, par > 1 —«.
Consider the subset U of K given by

U= £ (S(Bx,5,6(2)))-

i€D

Since w C 7, U is open and it clearly contains ty. By Urysohn’s Lemma, there exists a continuous function
¢ : K — [0,1] with supp(¢) C U and ¢(to) = 1.
By assumption X is reflexive, so there is g € Sx so that z{(z¢) = 1. For each i € D, define g; € By by

gi = ¢pxo + (1 — ) fi.
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For i € D, we have that g;(t9p) = xo and by Lemma 4.1 we obtain

lgi — fill = ||¢(2170 -1 - fi)H < jg{IJDHon - fi(t)H
< diamS(BXwS,é(E)) <e.

On the other hand, the element z{ o d;, belongs to Sy« and (xf o dy,)(9:) = z§(gi(to)) = 1 for every
ieD. O

C(K, X) has AHSP whenever X also satisfies AHSP [12, Theorem 2.15]. As we already noticed in the
previous section, sometimes vector-valued spaces of continuous functions can be identified with spaces of
operators. Hence, we deduce the following result.

Corollary 4.3. Let X be a Banach space whose dual has AHSP. Then the space K(X,C(K)) has AHSP for
every compact Hausdorff topological space K.

The above corollary implies that £(X,C(K)) has AHSP for any finite-dimensional space X. It is a natural
question whether or not there are infinite-dimensional spaces with the previous property. The answer is
positive since it is not difficult to show that for every set I, the space (,;c; Y )¢, has AHSP whenever Y/
satisfies AHSP. Hence the space £(¢1,Y) = (D,,cn Y )e.. has also AHSP. We will provide another example
that follows from the main result of this section.

Corollary 4.4. The spaces L(X,C(K)) and K(X,C(K)) have AHSP for every uniformly smooth Banach
space X and every compact Hausdorff topological space K.
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