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A UNIFIED APPROACH FOR THE HANKEL DETERMINANTS
OF CLASSICAL COMBINATORIAL NUMBERS

MOHAMED ELOUAFI

ABSTRACT. We give a general formula for the determinants of a class of Han-
kel matrices which arise in combinatorics theory. We revisit and extend exis-
tant results on Hankel determinants involving the sum of consecutive Catalan,
Motzkin and Schroder numbers and we prove a conjecture in [20] about the
recurrence relations satisfied by the Hankel transform of linear combinations
of Catalans numbers.

1. INTRODUCTION

Let a = {an} denote a sequence of numbers. The n X n matrix

neN
Hn (a) = (ai+j)0§i,j§n71 )

is called Hankel matrix. If h, = det(#, (a)), then the sequence {h,},, is
referenced as the Hankel transform of the sequence a and was widely investigated
in numerous papers. Hankel determinants are particularly interesting when applied
to classical combinatorial sequences arising from the lattice path enumerations and
has attracted an increasing amount of attention recently [2, 3, 5, 7, 15, 18]. One of
the most popular themes in this context is to consider the determinant of the Hankel
matrix generated by the sequence that are linear combinations of the sequences
{a,} where a,, = C,,, M,, and R, are Catalan, Motzkin or Schroder numbers
respectively. For instance, Hankel determinant evaluations such as

det ((Ci+j)ogi,jgn—1) = L
det ((Mi+j)ogi,jgn—1) = 1
det ((Rivi)oesjen ) = 203,

or these involving consecutive terms have been addressed numerous times in
the literature. Among the method employed to prove such formulae we cite the
combinatorial methods based on the Lindstrém-Gessel-Viennot lemma on non-
intersecting lattice paths and orthogonal polynomials. The reader is referred to
Krattenthaler papers [12, 13].

In this paper, our main focus is an overall generalization of these results. We
evaluate det (H,, (b)) for b = {b,} of the form

r
bn == E )\kan-Hca
k=0
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2 MOHAMED ELOUAFI

where A\g, A1,..., A\r—1, A\r, 7 > 1, are complex numbers such that A, = 1. We
shall assume that det <(ai+j)0<ij<n71) # 0 for all n > 0 and we denote by £
the linear functional on the vector space of all polynomials defined by

L(z")=a, forn=0,1,...

To {a,} we associate the monic orthogonal polynomial sequence {p, ()} nen
[30] such that p,, is monic of degree n and

L (pnpm) =0 for n # m.

We remark that b, = > Apanir = L (2"q), where
k=0

q(z)=a"+ Mo1z" VL N

The r—kernel ICE:}) of P = {pn},cy is defined by

det { (Pnyi—1 ()14 i<r
ICS.ED (z1,22,...,2p) = ( J/1<i,5< )
| H (zj — i)

1<i<j<r

for r > 2 and ICS)P () = pn (x). As it will be shown latter, ng:}g (1,22, .., )
is a polynomial of the variables x1, x5, ... and .
The following Theorem constitutes our main result:

Theorem 1. We have

(1.1) det (Hn (b)) = (—1)"" det (Hn () KV (a1, a2, 0.

where ay, s, ..., q,. are the zeros of q.

In most examples considered in the existing literature, b,, has a specific pattern.
Namely

by, = Gpir — Capypr—1, with c € C.

Theorem 2. We have for ¢ # 0 :

(1.2) det ((az‘+j+r - Cai+j+r—1)0§i,j§n—1> = (=1)"" det (Hy (a))
Pu(0) P, (0) Py ~2(0) Pa(c)
0l i S () o1
Pn+1(0) Phy1(0) 1”5::12)(0) Pnt1(c)
« det 0! 1! T (r—2)! cr—1
Prtr—1(0) piz-f-r—l(o) pizr-;rz—)l(o) Prtr—1(c)

ol 1l e (r—2)1 o1
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and
(13) det ((ai+j+r)0§i,j§n—1) — (_1)717" det (an (a))
Pn(0) ,,(0) PP (0)
0! 1! Tt (r—1)!
puir(0)  Phir(0) P (0)
< dot o‘! 1 (ril)!
Prtr—1(0) Prtr—1(0) p£:+7:31(0)
] 10 (r—1)1

The proof of these theorems will be the object of the next section. In the
second section we give various of its applications on Catalan, Motzkin and Schroder
sequences. This is done by identifying the corresponding orthogonal polynomials
through their generating functions. In the last section, we will prove a conjecture
in [20].

2. HANKEL DETERMINANT AS A GENERALIZED KERNEL

2.1. Proof of the Theorem 1. The proof of the Theorem 1. follows the method in
[28]. We will divide it into many lemmas but first, we will assume that aq, aa, ..., o,
are pairwise distinct.

Lemma 1. ICX; (a1, a9, ..., q;) is polynomial of degree n of the variable Ay = ¢ (0)
with leading coefficient (—1)"".

Proof. Let the alternant determinant

pn(fl) pn($2) e pn(-Tr)
h(m1,$27...,mr) = pn+1.(ff1)
anrrfl(l’l) pn+r71($2) anrrfl(l'T)

We have by the Leibniz formula

h (1’1,:1;2, teey I’r‘) = Z sgn (0) H pn+k—1(‘ro'(k))7

o€Sy k=1

which show that h(z1,x9,...,2,) is a multivariate polynomial of degree at most

.
—1
Zn +k—1=nr+ % For any 7 < j, ; — x; divide h and hence
k=1

ICS:)P (r1,2,...,2,) is a symmetric polynomial in variables 1, s, ..., 2., of de-

r(r—1
gree at most nr, since the polynomial H (zj —x;) is of degree (T) By
1<i<j<r

consequent, ICS}D (r1,2,...,2,) can be expressed in terms of elementary symmet-

ric polynomials
T T
o1 = E ZTi, ...,UT:HJ}i.
i=1 i=1
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Let us write
ICS:ZD (~T1,ZL‘27 e ,xr) — AU:L +F

where F is of degree < n of o, and A € C. The coefficient of the term x5 ™" .. gnt7—1 =

onzl...am"Vin h(zy,29,...,7,) is 1, while its coefficient in
(r)
H (xjfl'i)XKn7P($1,$27..,7IT),
1<i<y<r

is A, this because one of the terms in polynomial H (w; — ) is ad. .27l
1<i<j<r
This give A = 1. On the other hand, we have by Vieta’s formulas:

Or (Oél,OéQ, . '7a7‘) = (_1)T )‘0'

The proof is completed. O

Lemma 2. det ((bi+j)0<ij<"71) is polynomial of degree n of the variable Ao =
q (0) with leading coefficient det (Hy, (a)) .

Proof. We can write

((biﬂ)ogi,jgnq)

= )\0 it v + B
0<i,j<n—1 (@i+5)o<i j<n1 '

where the matrix B is independant of A\g. The result follows. O

Lemma 3. We have
det ((bi+j)0§i7j§n_1) = det (([' (piij))ogi_ngn_1) .

Proof. Let us write

i

pi(2) = Z Ci,kxk,

k=0

with ¢;; = 1. The j, k entry of the matrix (£ (pipjq)),<; j<n—1 18

Z chmck’lﬁ (xm""lq) .

m<j 1<k

Form this it follows that (£ (pip;jq))g<; j<,_1 is a product of three matrices T, (b) T
where the matrix T is lower triangular with entries cjm,m < j. It is easy to see

from this that the lemma follows. O

Lemma 4. If ICX%D (o1, 0,...,a,) = 0 then det ((bi+j)ogi,j§n—1) = 0. The con-

verse 18 true.

Proof. Assume that ICK)P (1,2, ...,a,) = 0. Then, the row vectors of the matrix
pn(oa) pn(o2) - palar)

Prt1(0a) D1 (a) Pr+1 (o)

pn+r—1(a1) pn+r—1(042) e pn+r—1(a'r)
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are linearly dependants, i.e, there exist scalar ¢, ca,..., ¢, not all zero such that
r—1
Zcipnﬂ» (ag) =0, fork=1,2,...,r
i=0
r—1
It follows that ay, g, ..., @, are zeros of the polynomial g () = > ¢;pnys (¢) and
consequently ¢ divide g : =
g = qh.
Obviously h is of degree at most n — 1, we can write
n—1
h = Z Py, with (pq,...,p,) € C" —{0}.
j=0

n—1

and then g = »_ p;qp;.We have for k =0,1,2,...,n —1:
j=0

r—1
L(gpr) =Y il (Prpnsi) =0,
=0

so we obtain
n—1

> L (prpjq) =0 for k=0,1,2,...,n—1,
7=0

which implies that the matrix (£ (pkqu))?;io is singular and so is for (bit;)o<; j<p_1-

It follows from the Lemmas that (—1)"" IC;T)P (a1, as,...,a,) and det (H, (a)) " x

det ((bi+j)0<i 7.<n_1) are monic polynomials of the variable Ay with degree n, with

the same distinct zeros. Consequently, if their zeros are all simple then

det (Hn (@) ™" x det ((bl-ﬂ)og’jgn_l) = ()" K} (a1, s, ar).

Since this relation is an equality between multivariate polynomials then it still valid
for the general case. This completes the proof of the theorem.

Example 1. Assume that q (x) = x — c. Then

det ((aiﬂ»“ - Caiﬂ')ogi,jgn_l) = (—1)"det (Hn (a)) X py (c).

This formula can derived by rows operations from the formula:

ap aiy e Ap—1 1

a7 ag AP oy, &

1 a 2
X 2 as RPN Anp+1 C

P () = et o (@)

Gn  Qpt1 ... Gop—1 C"
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Example 2. Assume that q (x) = (x —¢) (x — d). Then

det ((ai+]—+2 —(c+d)airj41+ Cdai-’-j)ogi,jgnﬂ) = det (H,, (a)) x IC,E?}D (¢,d)

where ICS)P (c,d) is the classical kernel of the orthogonal polynomials P defined by:

palc)  pn(d) ‘
Pn+1 (C) Pn+1 (d)

1
Kip (e.d) = ——

—C

if e d and KJp (¢.¢) = Plir (0)pa (€)= Pura (€) Pl (0).
2.2. Proof of the Theorem 2. By the proof of the Theorem 1.we have seen that

ICELT)P (1,9, ..., a,) is well defined even if oy, o, ..., a, are not distinct. We will
explicit ICE:;D (a1, z,. .., ) in this case.
Let assume first that aq, as, ..., a, are pairwise distinct and write

Pryi (€) = di () g () + 74 (2)

r—1 X
where d; (x),r; (x) are polynomials with r; (x) = >_ B, ;27 of degree < r. Then
j=0

r—1
_ J
Pni (Qky1) = Z Bi i1
=0
and hence

(Pnti (ar+1))o<insr—1 = (/Bi,j)ogi,jgr—l X <ai+l)0§j,k§r71 ~

Using the formula for the Vandermonde determinant, one can find that

(2.1) ICX}) (a1, 9, ..., a,) = det ((ﬁiyj)ogz‘,jgrA) .
Since f3; ; are polynomial functions of the variables Ao, A1,..., Ar—1, then the

formula (2.1) is valid in the general case. We assume more generally that

S

q(2) =] (@ —an)™.

k=1
S
where my, ma,...,ms are non null integers with > my =r and ay,ag, ..., as
k=1
are pairwise distinct. For k=1,...,5,0<i<r—1 and 0 <[ <my —1, we have
r—1

Py () =D B G- l)!a’;
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It follows that if we denote by A the r x r matrix

pn (1) ph(ar) o T ()
mi1—1
Poii(e1)  phi(an) oo U ()
/ (mlfll)
Prir—1 (1) Dhy,_1(a1) ... py_y (a1)
P (a2) ph(as) . p7 Y (a2)  palag)
mo—1
Poii(a2)  phi(a2) oo pUT (a2)  pata (a3)
Prtr—1(02) Py (a2) oo pUETY (@2) pugron ()

and by V' the confluent Vandermonde matrix

1 0 e 0
aq 1
a? 201 2
0
a;nl—l (ml];l)l
my!
2 M
A (R ) VYt P _(57‘_;2’)! r-m
1 0 0 1
a9 1 . 3
a3 209 2 0 o
: 0 :
ang—l (mgllfl)! s
. ag"“_l
ag—l (7” — 1) ag—Q . A (5’"_*"2')‘ 12”—m2 ag—l
then A = (Bi,j)ogi,jgrfl x V and consequently
det (A)
K™ Q) = ———=.
n,P (Oél,Oég, ,Ch) det (V)
Ifg(z)=2""'(x—c¢), c#0, then
pa0)  PL( o PO pae)
r—2
| @ P @ AT P ()
7'—2. .
Prr-1(0) Phyr 1 (0) o UL (0) pasri (o)
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1 0 --- 1
0 1! c
v=|: - : .
oo(r=2) 2
0 --- ... 0 1

and

The formula (1.2) follows immediately. Similarly, if ¢ (x) = 2" then
pn0) P00 . pl P ()
0 / 0 (r=2) (o (r=1) o
e pn+1( ) Pn+1( ) ceo Ppga (0) n+1 ( )
. . 7‘—2: T—l:
Prir1(0) Pl (0) o PULPL0) P (0)
and
1 0 0
|
V— 0 1 7
: . . 0
o - 0 (r—1)

and so we obtain the formula (1.3).

Remark 1. Let for u € C, L, be the linear functional on the vector space of all
polynomials defined by

L,(z")=L((x—uw)") forn=01,...

Hence, the moments sequence of Ly, is g, = {qn (u)},, such that

@)= a (1) o

k=0

One can see that the monic orthogonal polynomials {p, ., (z)} associated with the
moments sequence {q, (u)} are given by

P (2) = pn (z +u),

this because

L, (pn (J: +u)pm (m Jru)) = ['(pn (x)pm (x)) =0 forn#m.

Then it follows form (1.8):
Priis (1)
det ((Qr+i+j (u))ogz‘,jgn—l) = (‘UW det (Hn (Qu))XdCt (%)
1<i,j<n

On the other hand, we have for u # 0,

Gn (u) = u"ay, (u),

where af = { aj (u)},, is the inverse binomial transform of the sequence a, =
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{ a,u="},, [26, 27). It is known [26, 27] that

det (H,, (aX ) = det (H,, (av)),

and hence
det (M (qu) = det (' ar; (), - )
w1 det (Hy (a)))
= det(Hy (a)).
Since we have
ag a1 e anp—1 1
a1 ag e (47%) xr
D ($) — 1 X ag as SN Anp+1 1}2
" det (H,, (a)) ’
Gp  Ap41  --- A2p—1 z"

then we obtain the following formula due to Bernard Leclerc [23]:

(-1
det ((@rsivs ()ges e 1) = (~1)" det (Ha (@) x det (W)

A generalization of this formula was given by Antonio Duran [25]. Reciprocally,
the formula (1.3) follows from the above by choosing u = 0.

3. HANKEL DETERMINANTS WITH CLASSICAL SEQUENCES

It is a common knowledge that the monic orthogonal polynomials associated
with the moments sequence {a,} can be obtained in the following way:

Let
+o0 a
fla) = apa" = G :
n=0 1—apr — L 5
1—ajx— Bz on?
1 — agx — #

be the generating function of the sequence {a,}. Then {p, ()} satisfies the
three-term recurrence:

Prt1 (2) = (# = an)pu(®) = Bppn-1(z), for n > 1,
with pg = 1 and p; (x) = = — g [21]. All sequences considered here have
generating functions satisfying a certain type of quadratic equations of the form

fx)=a+bxf(x) +cx2f(x)2,
or

f (@) =a+baf (2)+cxf (),
for some constants a, b, ¢, a # 0.
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Lemma 5. (1) Assume that f (z) = a+bx f (x)+caf (x)?, for some constants
a,b,c, a#0. Then

3.1 fla)= )

1 — b — acxr

GC$2

1—bg— —
T b

(2) Assume that f () = a+bxf (x)+caf (), for some constants a,b, ¢, a # 0.

Then
a
(3.2) fz) = 3
a'cx
1—(b+ac)z— —
a'cx
1—-bx— Y
|y
1-bg—---
where a’ = a (ac+b) and b =2ac+b .
Proof. 1. We have
a
/(@) 1—bx —ca?f (z)
B a
= 2
acx
1-bg—— 2%
\ 1—bx —ca?f ()
4 a
= 2
1—bx— acr 3
b aer®
1—bz—---
Cf@-a | | |
2. We put g(r) = “————, thus g is the generating function of the sequence
x

{an+1}. We have

g(x) = bf(z)+cf(z)?
= b(zg(x) +a)+c(zg (x) + a)’
= d +bag(x)+ Cflizg(m)zv

where ' = a (ac+b) and V' = 2ac+b . According to (3.1 )we get
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and then
a
fa) = 1—bx—caf(x)
B a
1 —(b+ac)x —cx2g(x)
B a
- ! 2
1—(b+ac)x — aer —
1 — b — acx
1— b a’ca?
Yy - —
1—ba—---

O

3.1. Hankel determinants of Catalan numbers. The Catalan number C,, =

n%_l (2:) counts the number of Dyck paths of length n, which are the lattice paths

in the plane Z x Z from (0,0) to (2n,0) using steps U = (1,1), D = (1, —1) that
never pass below the x-axis. It is a folklore that det ((Ci+j)o<i j<n_1) =1 [16] ,

+o00o
on the other hand , f (z) = > C,a" satisfies

n=0

f (@) =1+af (@)
Hence the monic orthogonal polynomials {p, (z)} satisfies the three-term recur-
rence:
Pnt1 () = (2 = 2)pn(2) — pn-1(x), forn =1,

with pp = 1 and p; (z) = 2 — 1 . We see that p,, (z) = W, (£ — 1), where W, is
the Chebychev polynomials of the fourth kinds [29].
It follows immediately from the Theorem 2. that

n n 3
det ((Ci+j+1 + CiJrj)OSi,anfl) =(=1)"pn(=1) = (=1)" W, (—5) :
and

det ((Ci+j+2 + Ci+j+1)0§i,j§n—1) -

Omne can check by recurrence that (—1)"W, (f%) = Fyp41, where {F,} are the

Fibonnacci numbers. It follows that det ((Ciﬂ»“ + Citj) = Fy,41 and

0<i,j<n—1

det ((Ci+j+2 + Ci+j+1)0§i,j§n—1) = F2n+3 - F2n+1 = F2n+2-

This results is due to Cvetkovic, Rajkovic and Ivkovic [8]. On the other hand, it
can be shown [22] that

p (@) =3 (-1 ()

k=0
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and then we obtain form the formula (1.3)

380t ((Cijur)oey s = (=1)7 det { (-1 ++J(n ))
(3.8% (( it )09’33”—1) (1) de <( ) nti—73/))o<ij<r—1

(D
ntir—=173//o<ij<r—1

Note that De Sainte-Catherine and Viennot [6] proved that

i+j+2m
det ((Ci+j+r)ogi,jgn—1) = H 4

)
1<i<j<r—1 7

so we obtain the following formula:

det(<n—|—l:+j:)> _ H i+.j—|—.2n.
n+1=7//0<ij<r—1 1<i<j<r—1 v+
By applying the Theorem 2 using the value of p,, (1) = (—%) where

=
/‘\
N | =
~—
Il

(o (5)

sin (n +1/2) %’T
oo ()
2 . 2n4+ 1)«

sin ————,
V3 3

we obtain the following theorem:

Theorem 3. We have.
(1)

n+7" 1
(=) 2
(3.4)  det ((Ci+j+7’— itj+r— 1) 0<i,j<n— 1)
ey <::t:+§> s e
GH G e () et
xdet | (i3 () (w7 4) sin 257
Cir) () o (92 (e e
(2)
(3.5) det ((Ci+j+r + CiJerr’!'*l)()gi,an—l) =
(G () Fean
RSN ) NSRS
det (212) (ZL) T (niti4) Fonys
(o) ) e (AT Fangera

where F,, are the Fibonnacci numbers.
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Remark 2. Krattenthaler provided a formula for det ((Cﬁzﬂ' + CBHH-J') >
0<i,j<n—1

, where By, B, ..., B, are non-negative integers [13].

Example 3. We have the following formulae:

(—1)F if n =3k

det ((Citjis — Cisjaz)oers = ,
ot ((Cirses = Corpsalogisenm) {(—1)"3(“1) if n=3k+1orn=3k+2

and
L B DEEEDER=1)
2
det ((Ci+j+4 - Ci+j+3)0§i,j§n—1) = (*1)]C 9 (k + 1)2 Zf n=3k+1
Cay G DBE DRI
2

3.2. Hankel determinants of Motzkin numbers. The Motzkin numbers M,,
count the number of Motzkin paths of length n, which are the lattice paths in the
plane Z x Z from (0,0) to ( n,0) using steps U = (1,1),D = (1,—-1),L = (1,0)
that never pass below the x-axis. The t-Motzkin numbers {M!} is a general-
ization of these numbers, thus M, = M} [5]. The evaluation of Hankel de-
terminants with Motzkin numbers are performed in [5], for instance we have

det <(Mi+j)0<i j<n_1) =1 and Cameron and Yip [5] had evaluated by combinato-

rial methods det ((M;;W + Merj*T*l)Ogi,jngfl) and det ((Mf+j+r)0§i,j§n—1) for

+o00
r=1,2If f(z) = >, M.z" then
n=0

f(x) =1+taf () +2°f (2)*,

and by consequent the corresponding monic orthogonals polynomials satisfy
the three-term recurrence:

Pri1 (2) = (& = )pa(z) = pn-r(2), forn >1,
with ppo (z) =1 and p; (v) =2 —t . We obtain

pn (z) =Un (?)

where U, is the Chebyshev polynomial of the second kind [29]. After this we get
by the Theorem 2:

det ((MerjJrl)OSi,jgn—l) =(=1)"Un (_7]5) =Un (%>

' _ pn(0)  p;, (0)
det((MiH”)OSioénfl) B ‘pn+1 (0)  Phyq (0)
!

wo [(—1—t 1+t
det ((Mfﬂﬂ + Mitﬂ)osmgn—l) =D ( 2 ) = <T>
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and

det ((Mfﬂ.+2 + Mf+j+1)ogi,jgn_1)

K3 (~1,0)

_ | U () Un ()
B ’Unﬂ(_lz_t) Unt1 () |

This is in agreement with [5]. Furthermore:

Pa(0) P (0)  pa(-1)
det (Ml + Ml o) oesicns) = | Pt (0) P (0) pa(—1)
- Prrz(0) Piyz (0) pu(<1)

] O (F) 0 U(F) U (55

R ARE R HE

Uni2 (3) Unia(F) Unto (75

Since we have
2Uk (2) = (b + 1) T (2)
1— a2 ’
where T is the Chebyshev polynomial of the first kind [29], then we obtain
finally

(3.6) Ug (x) =

t t —2 Un (%t) (n+1) T (%) Un(7127t)
det ((Mi+j+3 + Mi+j+2)0§i_’j§n_1) ) Uns1 (5) (n42)Toyo (5) Upgr (554
Un+2 %t) (n+3) Tn+3 %t) Un 2

Let us put ¢ = 1. We will give a method to compute explicitly the first coefficients
of the polynomial p,,. It is well known that the polynomial U, satisfies the second
order linear differential equation:

(3.7) (1—2*) U (z) = 32U, (z) +n(n+2) U, (z) = 0.
If we note for k € N, P, 1, (z) = ) (z) then differentiating (3.7) up to order
k—1, k> 1, we obtain

(1—2%) Pyjyr (@) =2 (k — 1) 2Py (2) + 2<k ; 1) P, -1 ()

—3xP, () =3(k—1) Pyg—1(z) +n(n+2) Py 1 (xz) =0,

which can be transformed into the three term recurrence

(3.8)
(1—2%) Pyjsr(2) = Rk+ 1) 2Pk (@) + (n+k+1)(n—k+1) Py i1 (z) =0.
(k)
pn’ (0) L) = -
We denote by ay = TR LL (71) Thus {ay,}, verifies the

three term recurrence

2%k +1 (n+k+1)(n—k+1)
k+1 ok k(k+1)

The initial values can be computed as follows:

() -t () (22529

where we have used the relation
(3.9) sin (0) Uy, (cos (0)) = sin ((n + 1) 0)

3an,k+1 + an k-1 = 0.
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By using (3.6) we get

an71 = %U’rlL (—1> = —lan,o — 2(”"‘ 1) COS <2(n+ 1)7T> .

2 3 3 3
Using the expressions for p, (1) and p, (—1) :

1
Pn (1) = U, (O) = sin (M)
(1) = Un(=1)=(-1)"(n+1),
we obtain the following theorem:

Theorem 4. Let for n € N the sequence {an}, that verifies the three term
recurrence

. L2kl (kD (k) p
a —a an.p—1 =0.
n,k+1 k+1 n,k A (k T 1) n,k—1
with the initial conditions a, o = % sin (W) and
. 1a 2(n+1)COS 2(n+ 1)
n,l — 3 n,0 3 3 .
Then we have
(1)
det ((Mi+j+r + Mi+j+1”—1)0§i,j§n71)
QAn,0 Qn,1 T An,r—2 (TL + 1)
Qn41,0 Qp+11 0 Apylr—2 —(n+2)
(71)(”4’1)(7*1) det An42,0 An421 t Ap42,r—2 (V’L + 3)
An+r—1,0 Ontr—1,1 *°°  Qnir—1,7r-2 (_1)T71 (n+r)
(2)
det ((Mi+j+r N Mi+j+7“*1)0§i,j§n—1)
an o 1 A Apr—2 sin (TL+21)7T
(n+1,0 Gpy1,1 - Gpylpy—2 S (n+Tz)ﬂ
= (*l)nr det an+2,0 An+2,1 T An+42,r—2 sin @
B ((nJrr)ﬂ')
Ap4r—1,0 OGn4r—1,1 o n4r—1,r—2 Sl 2
(3)
an,0 an,1 e Gn,r—1
Gn+1,0 Gn41,1 On41,r—1
det ((Mi+j+r)0§i’j§n71> = (—1)7”. det a”rH.-Q,O a'rH.—Z,l T a7b+2.;7'—1

Up4r—1,0 Optr—1,1 " Anigr—1,r—1
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Example 4. By using the Maple software, we obtained the following formulae
which some are new:

2k+1  if n =3k
2k+2 if n=3k+1 orn=3k+2

( (2k+1) if  n=3k
) +1)° if n=3k+1
"k + (21<:+3) if n=3k+2

det (( z+J+2)o<u<n 1) -

det ((Mi+j+3)ogi,j§n71)

(k+1)2 2k+ 1)? if  n=3k
2k+3 (k+1)2 if n=3k+1
k+2 +1)(2k+3)% if n=3k+2

det (( irir2 + Mitjt1)oci j<n— 1) = { Zf n =3k

det ((]\/[i+j+4)0§i,j§n—l)

k+1) if n=3k+1 orn=3k+2
k+16k3+1) if  n=3k
6(k +1)2 if n=3k+1
6k+11 k+1) if n=3k+2
D6k —1)(k+1)2  if n=3k
6k+13)(k+1)2 if n=3k+1
2k+3)(k:+2)(k+1) if n=3k+2

det ((Mi+j+3 + Mi+j+2)0§i,j§n—1) =

det ((Mi+j+4 + Mi+j+3)o§i7j§n_1)

3.3. Hankel determinants of Schroder numbers. The (large) Schroder num-
bers R,, count the number of large Schroder paths of length n, which are the paths
in the plane Z x Z from (0,0) to (2n,0) using U = (1,1),D = (1,—1),L = (2,0)
that never pass below the x-axis. Many determinants evaluation with Schroder
numbers are known [4, 9, 24], for example we have det ((Ri+j)o<i’j<n_1) —92(3),

“+o00o
Let f(z) = > R,a™ then
n=0

flz)=1+zf(x)+af(x)?

The monic orthogonal polynomials associated to the sequences {R,} satisfy
satisfies the three-term recurrence:

(3.10) Pn () = (x = 3) pr—1 () = 2pp—o (x) forn>2

with po () =1 and py (x) =2 — 2. We get easily the following values:
-2

)"
-1y 2 cos ()
pn(—1) = i) ((2+\/') (—x/i)"+l>,

NI
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from which follows immediately the formulas:

det ((Rz‘+j+1)0§i7j§n_1) = (1) 2®)p, (0) = 2("3")
det ((Ri+j+1 - Ri+j)0$i7jgn_1) = (=" Q(Q)Pn (1)
= o(3)+% COS(”4 )
det ((Ri+j+1 + Ri+j)0§i7j§n_1) = (=1)"26)p, (1)

o(3)-2 ((2 + \/§)n+1 + (2= \/i)m) .

The polynomial p,, seems to have a complex form to be of any use. Fortunately,
this is not the case of the shifted sequence {R,11},, . Indeed, if g is the generating

fla) -1

function of the sequence {R,+1},,, then g (x) = and verifies

g(z) =2+ 3zg(z) + 2%g(z)>.
Therefore, the monic orthogonal polynomials {g, } associated with { R, 41} verify
gn () = (= 3) ¢n—1 () — 2¢n—2(z) forn >2,

with qo (z) =1 and ¢ (z) = = — 3. This give

-0 573)

The values q( ) (0) can been computed as for the Motzkin case. Let us denotes by

n—k
@ (0) V2 ) -3
Bl 2k x k! 2\/_ ’

Through the relation (3.8), Un (k) ( ) verifies the three term recurrence

Uﬁ/@+1>< 3) 8(2k+1) U““’( ) (k1) (n— ke + 1) UFED (‘—?’) ~0,

Qn k. =

8 22 2V2 2V2
for £ > 1.Hence for k > 1:
3(2k+1) (n+k+1)(n—k+1) B
Ap k+1 + il Qn,k K+ 1) Q-1 = 0.

Using the fact that for || > 1:

(.r + V2 — 1)n+1 - (r — Va2 — 1)n+1

Un (@) = N
and
T, (z) = (z+ Va2 —1) + (z—Va? - 1) 7
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one can obtain the initial values a, o and a, i as follows:

n -3
()
an,0 2\/§
3 n+1 3 n+1
-3 -3 -3 -3
n(m* () 1) (m (%) 1)
ENG) >
-3
2 (m) 1
= (=" (2" -1),
and
n—1
ap1 = \/é U;l (i)
’ 2 2\/5
n—-1 =3 11 ;3) _ (n+ 1)T (;3)
_ V2 2v2 7"\ 2v2 ntl \ 92
2 1-2
n—1 -3 -3 -3
- (2 () e ()
(2\/5 (2 2) (et Do\ 5vs
with
3 n+1 3 n+1
—3 -3 -3 —3
» (m+ (53) —1> +<m‘ (55) ‘1)
Toii (=) =
+1(2\/§> 2
-1 n+1
= (\/_)nﬂ (2"t +1).
2v/2
Finally we get
n-1 — - net1(=1)""t
ay = 42 Ty, (—3>+(n+1)4\/§ HEDT (g
V2 \2v2 22
= 3an0+ (1" (n+1) (1+2").
Since we have
n —1
n (1) (\@)
= (-1)"v2"U, (cosg)
()

then we obtain:

Theorem 5. Let for n € N the sequence {an 1},
recurrence
3(2k+1) (n+k+1)(n—Fk+1)
—Qp k1 + Qp K
E+1 E(k+1)

with the initial conditions a,o = (—1)" (2”*1 - 1) and

ana = 3an0+ (1) (n+1) (2" +1).

that verifies the three term

An k-1 = 0 fO?" k > 1a
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Then we have

(1)

det ((Ri+j+r+1 )ogi,j gnfl)

Qnp,0 Qp,1 e Qpr—1
an+1,0 an+1,1 T an+1,r—1
n41
= (_1)"”2( 2 ) det An+2,0 An+42,1 e An+42,r—1
Gp+4r—1,0 OAn4r—1,1 °°° Aptr—1,r—1
(2)
n+1
_ nr+n -
det ((Ri+,7'+r+2 - Ri+j+r+1)0§i’j§n71) =(-1) 2("") x
n+l . n+1)m
Qan,0 Qn,1 e Qp r—2 \/§ SII ( 4 )
nt2 . n+2)m
An+1,0 Gpt+11 0 Qpylpr—2 —V/2 sin (( 1 )
n+3 . n+2)m
det Qn42,0 (pi2,1 0 Apy2,r—2 V2 U sin <( 1 )
r—1 n+r . n+r)mw
Un4r—1,0 Gptr—1,1 °°° Anr—1,r—2 (_1) \/i S ((T))

Example 5. Here some examples computed with the Maple software:
det ((Ri+j+2)0§i7j§n_1) = 2("%) (41 1)
det ((Ritjis)ocijanr) = 203 (22 = (4n+6)2" ~ 1)
(—1)Fosk*+ak =g

k o8k +8k+2 ; _
—)"2 if n=4k+1
det (Rissv = Risssodocijns) = ((—))’“ PIHIHE = 4D
0 if n=4k+3

det ((Ri+j+4 - Ri+j+3)o§z‘7j§nf1)
(—1)F 28K +4k if  n=4k
(—)* 28K +12k+4 if n=4k+1
(7)]6 28k2+12k+4 (2k+1 o 1) (2k+1 + 1) (22k+2 4 1) Zf n =4k +2
(_)k 28k2+12k+8 (2k+1 _ 1) (2k+1 + 1) (22k+2 + 1) Zf n = 4k + 3

4. HANKEL TRANSFORMS OF LINEAR COMBINATIONS OF CATALAN AND
MOTZKIN NUMBERS

Many authors has carried out the computation of Hankel determinant of more
than tow consecutives Catalan or Motzkin numbers [17, 20]. It is conjectured [20]
that for Catalan numbers, the Hankel transform {h,}, satisfies a homogeneous
linear recurrence relation of order 2". We shall give a positive answer to this
conjecture and we give explicitly the coefficients of such relation.
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Theorem 6. Let forn € N

bn = Z )\kcn+k
k=0
where Cy, are Catalan numbers. Let us write for j =1,...,r:

o 1 1
2" —5(@'*@)

1
where C;, — are assumed pairwise distinct. If

G

B(z) = H (1-(-1)"wyz) Z’ykz

JC{1,...,r}

where wy = H(Q(k) with I;(k) = 1 if k € J, —1 otherwise, then {hy},
k=1
hyn, = det (H,, (b)), satisfies the following homogeneous linear recurrence relation

o
Z%hnwuk =0
k=0

Proof. For 1 <i <r we have

s
Pn+i—1 (aj) = Wptia1 (?J - )

i)
J

nti—1)+1/2 —(nti-1)—-1/2
<§_+ )+/7C]‘(+ )—1/

C}/Q B Cj—l/z
Using the formula (1.1) and following the method in [28] we obtain

nr ‘J‘ n
ho=(D"K Y (=) yeft?

JC{1,2,...,r}

where

K— H 1;[(1/2 1/2) 17

1<i<j<r

and for J C {1,2,...,r}:

(k) . B 1 if kelJ
Hg w1thIJ(k)—{71 kg
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and v; =[] (Cij(j) — C;J(k)> .By consequent we obtain :
1<j<k<r
+oo ; ) +oo
flz) = Zh 2" KZ l Ly J/ Z((—l)rw']z)n
n=0 n=0

which show that f(z) is a rational function. O
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