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1. Introduction

This paper is a continuation of our study from [11], where Sobolev spaces and potential spaces in the
context of expansions into Jacobi trigonometric ‘functions’ were investigated. The main achievement of [11]
is a proper definition of Jacobi Sobolev spaces in terms of suitably chosen higher-order distributional deriva-
tives, so that these spaces coincide with the Jacobi potential spaces with certain parameters (see Section 2
for details). The latter spaces are defined similarly as in the classical situation, via integral operators arising
from negative powers of the Jacobi Laplacian (or its shift, in some cases).

In the present paper we focus on the Jacobi potential spaces. Nevertheless, in view of what was just said
above, our results implicitly pertain also to the Jacobi Sobolev spaces. We prove structural and Sobolev-type
embedding theorems for the potential spaces (Theorems 3.1 and 3.2). We also establish their characteriza-
tions in terms of suitably defined fractional square functions (Theorems 4.1 and 4.7). This part is motivated
by the recent results of Betancor et al. [4], and the associated analysis uses the theory of vector-valued
Calderén—Zygmund operators on spaces of homogeneous type. As a result of independent interest, we prove
LP-boundedness of the ‘vertical’ fractional g-functions associated with Jacobi trigonometric ‘function’ and
polynomial expansions (Theorems 6.1 and 6.3). Finally, inspired by some of the results in [5-7], we present
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sample applications of the Jacobi potential spaces connected with a Cauchy PDE problem based on the
Jacobi Laplacian.

We believe that our results enrich the line of research concerning Sobolev and potential spaces related to
classical discrete and continuous orthogonal expansions, see in particular [3,4,6,7,9,11,20]; see also [1,2] where
some results on Jacobi potential spaces can be found, though in a different Jacobi setting and with a different
approach from ours. We point out that intimately connected to potential spaces are potential operators, and
in the above-mentioned contexts they were studied intensively and thoroughly in the recent past. We refer
the interested readers to [13,17-19] and also to references given in these works. In particular, [13] delivers
a solid ground for our developments.

The paper is organized as follows. In Section 2 we introduce the Jacobi setting and basic notions. In Sec-
tion 3 we prove the structural and embedding theorems announced above. Section 4 contains the fractional
square function characterizations of the Jacobi potential spaces. Section 5 is devoted to sample applications
of the potential spaces. Finally, in Section 6 we prove the L results for the fractional square functions
needed in Section 4.

Notation. Throughout the paper we use a standard notation We write X < Y to indicate that X < CY
with a positive constant C' independent of significant quantities. We shall write X ~ Y when simultaneously
X<YandY S X.

2. Preliminaries

Given parameters a, 8 > —1, the Jacobi trigonometric functions are defined as
o’ (0) == WP (O) PP(0),  0e(0,m), n>0,

where
\pa,ﬁ(@) — (sin g>a+1/2(COS g>6+1/2

and
773’5(9) = cf{’ﬁ P,‘f"ﬂ(cos )

with P%# denoting the classical Jacobi polynomials as defined in Szegd’s monograph [24] and ¢# being
normalizing constants. The system {¢2? : n > 0} is an orthonormal basis in L?(0, 7). This basis consists
of eigenfunctions of the Jacobi Laplacian

2 1—4da?  1—4p2
df?  16sin® g 16 cos? g

Logp=— = D;, sDas + A3 g;

here Ao g = (@ +B+1)/2, Do = & — 22t ot £ + 2éTHtang is the first order ‘derivative’ naturally
associated with Lq, 5, and Dy, 5 = Do g — 2% is its formal adjoint in L?(0, ). The eigenvalue corresponding
to ¢%F is

2
)\%”B = (n—l—Aa’g) .
It is well known that L, g, considered initially on C2(0,7), has a non-negative self-adjoint extension to

L?(0,7) whose spectral resolution is discrete and given by the ¢2#. We denote this extension by still the
same symbol L, g. Notice that for some choices of o and 8 we get the same differential operator L, g,
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nevertheless the resulting self-adjoint extensions are different. Some problems in harmonic analysis related
to Lo p were investigated recently in [11,13,15,23].

When «,8 > —1/2, the functions ¢&* belong to all LP(0,7), 1 < p < co. However, if a < —1/2 or
B < —1/2, then ¢&# are in LP(0, 7) if and only if p < —1/min(a+1/2, 3+ 1/2). This leads to the so-called
pencil phenomenon manifesting in the restriction p € E(«, ) for LP mapping properties of various harmonic
analysis operators associated with L, g. Here

with

0, Oé,ﬁ 2 _1/27

pla, B) == { —1/min(a +1/2, 5+ 1/2), otherwise

and p’ denoting the conjugate exponent of p, 1/p+1/p’ = 1. Recall that (see [23, Lemma 2.3]) the subspace
Su.p = span{¢®? :n > 0}
is dense in LP(0, ) provided that 1 < p < p(«, 3).

We denote by {Hta’ﬁ}tzo the Poisson—Jacobi semigroup, that is the semigroup of operators generated in
L?(0,7) by the square root of L, g. In view of the spectral theorem, for f € L?(0,7) and ¢ > 0 we have

197 = Y exp (— /N0 ) () o (1)
n=0

where

is the nth Fourier-Jacobi coefficient of f. The series in (1) converges in L?(0, 7). Moreover, if t > 0, it
converges pointwise and that even for f € LP(0,7), p > p'(«, 8), defining a smooth function both in ¢ and
the space variable. Thus (1) provides an extension of {H; #1,20 to the above LP spaces (which we denote
by still the same symbol). The pointwise convergence and smoothness are easily seen with the aid of the
polynomial bound (cf. [24, (7.32.2)])

057 (0)] < CUNF(B) (n+ 1) /Hmexteal 2 g e (0,m), n >0, (2)

and the resulting polynomial growth in n of a®?(f). Furthermore, { H;" 8 }i>0 has an integral representation
HPO10) = [ HPP 0,000 e, >0, € (0.,
0

valid for f € LP(0,7), p > p/(«, 8). We note that sharp estimates of the Poisson—Jacobi kernel Hf"ﬁ(Q, ©)
follow readily from [15, Theorem A.1 in the appendix| and [16, Theorem 6.1].

Next, we gather some facts about potential operators associated with L, g. Let o > 0. We consider the
Riesz type potentials L% assuming that a + 8 # —1 (when o + = —1, the bottom eigenvalue of L, g
is 0) and the Bessel type potentials (Id + Lo )~ 7 with no restrictions on o and . Clearly, these operators
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are well defined spectrally and bounded in L?(0, 7). Moreover, both L_% and (Id 4 La,5) 7 possess integral
representations that extend actions of these potentials to LP(0,7), p > p'(«, 8), see [13]. We keep the same
notation for the corresponding extensions. According to [11, Proposition 2.4], L% and (Id + La,z)”7 are
bounded and one-to-one on LP(0, ) for p € E(a, 8). An exhaustive study of L? — L? mapping properties
of the potential operators is contained in [13]. In particular, from [13, Theorem 2.4] (see also comments in
[13, Section 1]) we get the following.

Proposition 2.1. Let o, > —1 and o > 0. Assume that p > p'(a,8) and 1 < g < p(e, B). Then L.%,
a+ B8 # -1, and (Id + L)~ are bounded from LP(0,7) to L1(0,7) if and only if

> — —20.

Q| =
SR

Moreover, these operators are bounded from LP(0,7) to L*°(0,7) if and only if
1
a,f>-1/2 and =< 20.
p

Following the classical picture, see e.g. [22, Chapter V]|, potential spaces in the Jacobi context should
be defined as the ranges of the Bessel type potentials acting on LP(0, 7). However, in our situation the
spectrum of L g is discrete and separated from 0 if a + 8 # —1. Therefore in case o + 5 # —1 one can
employ equivalently the Riesz type potentials, which are simpler. Consequently, given s > 0 and p € E(«, )
we set (see [11])

s .— L;,Sﬁ/z (Lp(ovﬂ-))» a+ B # -1,
O (1 + Lag)~*2(LP(0,7)), a+B=—1.

Then the formula

F=L1%g, geLr,m), a+p#-1,

1fllzre = lgllzetom,
=8 0 f=(d+ Lag) g, gelPO0,1), atf=—1,

defines a complete norm on ﬁg’sﬂ. We call the resulting Banach spaces Eg’% the Jacobi potential spaces. Note
that according to [11, Corollary 2.6], Sa 5 is a dense subspace of L},
In [11] the author introduced the Jacobi Sobolev spaces
Whit = {f € LP(0,7) : DV f € LP(0,7), k =1,...,m},

equipped with the norms

1fllwzm = D ID® £l Loco,m)-
k=0

Here m > 1 is integer and the operators

D™ = Doyr1p1k-10 -0 Dat1,541° Dap

play the role of higher-order derivatives, with the differentiation understood in the weak sense. The main
result of [11] says that, for a, 8 > —1, p € E(a, ) and m > 1, we have the coincidence W2';" = LI in
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the sense of isomorphism of Banach spaces. A bit surprisingly, the isomorphism does not hold in general if
D®) is replaced by seemingly more natural in this context (Da’g)k .

We finish this preliminary section by invoking (see [11, Section 2]) the following useful result, which
is essentially a special case of the general multiplier-transplantation theorem due to Muckenhoupt [12,
Theorem 1.14] (see [12, Corollary 17.11] and also [8, Theorem 2.5] together with the related comments on
pp. 376-377 therein). Here and elsewhere we use the convention that ¢%# = 0 if n < 0.

Lemma 2.2 (Muckenhoupt). Let o, B,7,0 > —1 and let d € Z. Assume that h(n) is a sequence satisfying for
sufficiently large n the smoothness condition

J—1
n) = ch n~ 4+ 0n7),
j=0

where J > a+ 4+ v+ +6 and c; are fivred constants.
Then for each p satisfying p'(7y,0) < p < p(«, B) the operator

[ Zh P 3a0), [ € Sap,

extends uniquely to a bounded operator on LP(0,7).
3. Structural and embedding theorems

In this section we establish structural and embedding theorems for the Jacobi potential spaces. We begin
with recalling definitions of the variants of higher-order Riesz—Jacobi transforms considered in [11],

e DO, atB#-1,
T\ DWA + Lag) 2, atf=-1.

Here k£ > 0 and Rk are well defined at least on S, 3. Using Lemma 2.2 it can be shown, see [11, Proposi-
tion 3.4], that R¥ 8 extend (uniquely) to bounded operators on LP(0,7), p € E(a, f), o, 8 > —1.

The following result reveals mutual relations between Jacobi potential spaces with different parameters.
It also describes mapping properties of the Riesz—Jacobi transforms acting on the potential spaces.

Theorem 3.1. Let o, 8 > —1 and p € E(«, ). Assume that r,s >0 and k > 1.

(i
(i) The spaces L7y and LY, are isometrically isomorphic.

r<s,then L, C L) C , ™) and the inclusions are proper and continuous.

If h ﬁ’;fB EZ:B LP(0 d th l d
)

(iii) Ifk < s, then D®) is bounded from Ly to LY y Moreover, D®) is bounded from ﬁi’,’% to LP(0, 7).
)

a+k,B+k"

(iv) The Riesz operator R’;’ﬁ is bounded from L)% to L7, 5.4

Proof. Throughout the proof we assume that oo + 8 # —1. The opposite case is essentially parallel (with
(iii) and (iv) requiring a little bit more attention) and thus is left to the reader.
We first prove (i). Take f € L. Then, by the definition of £, there exists g € LP(0,7) such that

f= L;sﬁ/zg. But this identity can be written as

f L—r/2 (L;’(ﬁs—r)/Zg).
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Indeed, the equality

L g =L 2L, 0<r<s, (3)

is clear when g € S, 3, and then for ¢ € LP(0,m) it follows by an approximation argument and

LP-boundedness of the potential operators. Now, since Proposition 2.1 implies L, (S T)/Q € LP(0,7), we

( )/ is bounded on

7‘/2

conclude that f € £p "». Moreover, the inclusion just proved is continuous because L

LP(0, 7). The remaining inclusion is even more straightforward, in view of the LP- boundednebb of L,
The fact that the reverse inclusions do not hold is verified as follows.

Observe that, in view of the inclusions already proved, it suffices to show that £7'; # LI’ when 0 <r < s
are rational numbers. This task further reduces to proving that

LYy # LP(0,7), 0<reqQ. (4)

Indeed, suppose on the contrary that £’y = L7%. Then, for any f € LP(0,7) we have L;:B/ ’f e Ly
and so there is ¢ € LP(0,7) such that L_ T/2f =L, 5/2 = LiT/QL*(S*T)/Zg7 see (3). Since the Riesz
potentials are injective (see [11, Proposition 2.4]), it follows that f = L, (S n/ 2g This implies f € E’;’fﬁ_r
and, consequently, £f,%" = L?(0,7). A contradiction with (4).

It remains to Ju&tlfy (4). Suppose that L.y = LP(0,7) for some rational 7 > 0. We will derive a
contradiction. Take 1 < m € N such that mr is mteger and pick an arbitrary f € LP(0, 7). Then, taking

into account what we have assumed, f € [,p’rﬁ and so there is g1 € LP(0,7) such that f = a%/le

Similarly, we can find g € LP(0,7) such that gy = L, /

(L, Tﬁ/z)m =L, mr/ gm for some g, € LP(0, ). Consequently, fe Ly According to [11, Theorem Al
Ly =whg', the Jacobi Sobolev space. We conclude that LP(0,7) = W['3'". This means, in particular,
that Dogf 6 L?(0,7) for each f € LP(0,x). But the latter is false, as can be easily seen by taking either
f=1in case (o, ) # (—1/2,-1/2) or f(6) = log @ otherwise. The desired contradiction follows.

To show (ii) we may assume, for symmetry reasons, that r < s. Then it is straightforward to see that

g2. Iterating this procedure we get, see (3), f =

the operator

(s—r)/2, p, D,s
L.s Lys — Ly

is an isometric isomorphism, see (3).

We pass to showing (iii). Observe that it is enough to treat the case k = 1, since then the general case is
obtained by simple iterations. To see that Do, g is bounded from L7 to L)7] ﬂ 4 for s > 1, it suffices to
prove that

128 Das Ll S Ngll 9 € Sap.

Taking into account the identities

Da,Bfﬁg’ﬁ - _ )\%7[3 /\a B ¢a+1,l3+1

see [11, (5)], and A%# = XoT1FAH 1y > 1 we write

(s—1)/2 52, O Y ki WA PP
La+1,ﬁ+1D ﬂL _Z Aaﬁ an (g)d)n—l ’ g€ Sa,ﬁ-

n=1
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Now an application of Lemma 2.2 leads directly to the desired conclusion. The fact that the function
h(n) = (1= A3 /A2P)1/2 indeed satisfies the assumptions of Lemma 2.2 is verified by arguments analogous
to those in the proof of [11, Proposition 3.4].

Finally, (iv) is a consequence of (iii) and the fact that L;’kB/ ? is bounded from L7 to Effgk. O

Our next result corresponds to the classical embedding theorem due to Sobolev (the latter can be found,
for instance, in [22, Chapter V]). Recall that for integer values of s, say s = m, the potential spaces L]}
coincide with the Jacobi Sobolev spaces W7';" investigated in [11].

Theorem 3.2. Let o, > —1, p € E(, ) and 1 < g < p(a, B).
(i) If s > 0 is such that 1/q > 1/p — s, then L)% C LU0, 7) and
Ifllg S Wfllere, € L (5)
ii) If a, 8> —1/2 and s > 1/p, then LY°, C C(0,7) and (5) holds with ¢ = co.
a,B

Proof. We assume that a + § # —1, the opposite case is analogous. Let f € Eg’ja. Then there exists
g € LP(0,7) such that f = L;SB/Qg. According to Proposition 2.1, the potential operator L;:Zz is of strong
type (p,q) for p and ¢ admitted in (i) and (ii) (to be precise, in (ii) ¢ = 00). Thus f € L?(0,7) and (5)
holds.

It remains to show that, under the assumptions of (ii), f is continuous. Since S, g is a dense subspace of
L}:%, there exists a sequence {f,} C Sa, such that f, — f in £})%. Then

||f7anOO S ||f*fn||[liysﬁ - 07 n— o0,

and we see that f is a uniform limit of continuous functions. 0O
4. Characterization by fractional square functions

Let a, § > —1. Following Betancor et al. [4], we consider a pair of fractional square functions

x 1/2
a0 = ([l sol ) . o
0

2dt

k 3 . 8k B 1/2
b0 = ([ gmetao ) o<q<h ken
0

Here 9] denotes a Caputo type fractional derivative given, for suitable F', by
I F(t) = _ / 8—mF(t +5)s™ 1 ds t>0 (6)
¢ (m—-~) /) otm ’ ’
0

where m = |v] + 1, |-| being the floor function. The study of square functions involving ;' goes back to
Segovia and Wheeden [21], where the classical setting was considered.

Note that gl,ﬂ(f) and gl’g(f) are well defined pointwise for f € LP(0,7), p > p'(a, §). This is clear in
case of 91’,’;” since H? is smooth in ¢ > 0. To see this property for 9., 4> We observe that OYHM f is well
defined pointwise if f is as above. In fact
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OHN£(0) = (~1)™ Y ()P exp (= /A7) 4 (1) 67 0), (7)

n=0

and the series converges for each t > 0 and 8 € (0,7). This follows by term-by-term differentiation and
integration of the series defining H, # f. Such manipulations are indeed legitimate, as can be easily checked
with the aid of (2) and the resulting polynomial growth in n of a®?(f).

The first main result of this section is the following characterization of the Jacobi potential spaces in
terms of glz

Theorem 4.1. Let o, 8 > —1, p € E(a, 8) and assume that a« + 8 # —1. Fix 0 < v < k with k € N. Then
fe Ly if and only if f € LP(0,7) and gzz(f) € LP(0,7). Moreover,

1F ez, = a2 5 (5)]

a,B

, fe Lﬁ:},

p

Remark 4.2. To get a similar characterization in the singular case a«+ 3 = —1 one has to modify suitably the
square function gglz The corresponding statement can be found at the end of this section, see Theorem 4.7.

To prove Theorem 4.1 we follow a general strategy presented in [4]. The main difficulty in this approach
is showing that the fractional square function g’ s preserves LP norms, as stated below.

Theorem 4.3. Let o, 8 > —1, p € E(a, 8) and v > 0. Then

s feLP,m).

171l = [lo2, s (DI, + X{at+s=-11 lag?(

For the time being, in this section we assume that Theorem 4.3 holds and postpone its proof until
Section 6. Then to show Theorem 4.1 it suffices to ensure that the general arguments in [4] work when
specified to the Jacobi framework. We begin with two auxiliary results which appear almost explicitly in [4].

Lemma 4.4. Let o, 8 > —1, p € E(a, 8) and assume that 0 < v < k <1 with k,l € N. Then

a2 (NI, S XA, fe L7,

Proof. We use the LP-boundedness of gih 3 (see Theorem 4.3) and repeat the arguments from the proof

of [4, Proposition 2.6]. Everything indeed works for general f € LP(0, ) thanks to the smoothness of H," # f
int>0. O

Lemma 4.5. Let o, 3 > -1, a+ B # —1, p € E(a, ) and 0 < v < k with k € N. Then gl% is bounded on
LY. Furthermore,

g’oyz’,%(f)_gogﬁ (L’Y/2f)a fe[:aﬁ7

with LZ/ understood as the inverse of the potential operator L 7/2

Proof. In view of [4, Lemma 2.2 (ii)], the identity g'y’k (f) = o= 4 (L 7/2f) holds for f € Sa 3. Taking into

account that L9 = L_V/Q(L”(O 7)) and La%/ is one-to-one, S, is dense in £87) and Ry 4 is bounded
on LP(0,7) (see Theorem 4.3), we arrive at the desired conclusion. O

Lemma 4.5 together with Theorem 4.3 implies the equivalence of norms asserted in Theorem 4.1, which
we state as the following.
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Proposition 4.6. Let o, > —1, a+ 8 # —1, p € E(a,8) and 0 <~ < k with k € N. Then

HfHng’“Hgaﬁ s ferly

We are now in a position to prove Theorem 4.1. We follow the line of reasoning from the proof of [4,

Proposition 4.1].

Proof of Theorem 4.1. In view of Proposition 4.6, what we need to prove is that f € CZ’J; if fe LP(0,m)
and gl’é(f) € LP(0, 7). Thus we assume that f, gl%(f) € LP(0, ).

Let
F, = i ()\z,ﬂ)’Y/? exp ( i /Aﬁ’ﬁ)a%’ﬂ(fﬁbg’ﬁ, t>0.
n=0

Notice that Fy = (—1)"8] H*" f, see (7). The series defining F, converges in LP(0,7), as can be easily
verified by means of (2). Since the potential operator L;}/ s LP-bounded, we have L;W 2Ft = Htaﬁ f and,

consequently, H*" f € L7 for t > 0.
Next, let | € N be such that I >kand!l>~+1/2. By Proposition 4.6 one has

1 Eellp = HE7 £l oy = N0 BHEP D, f € LP(0,7), >0,

Further, exploiting the semigroup property of {Hf‘ﬁ} we get, for 8 € (0,7),

Vi ot ds
b o = [ o) ¢
0
ol ds
l*'v_
s/ (14 ) 2 HEE 70| S
0
7 o ds
l—y = ,5
s/s e o))
0
2

Combining the above with Lemma 4.4 we obtain

, ferLPO,m), t>0.

1B < a2,

Now, by the Banach—Alaoglu theorem there exists a decreasing positive sequence ¢, — 0 and a function
F € L?(0,7) such that F; — F in the weak* topology of LP(0, ). Then, since L;%/Q is LP-bounded, we

also have
B f =L F, — LF

in the weak* topology of LP(0,7). On the other hand, Hf;ﬁf — f in LP(0,7), which follows by the
LP-boundedness of the maximal operator f — sup,s |H;' P f| (see [11, Proposition 2.2]) and the density of
Sa,p in LP(0, 7). We conclude that f = L;’%ﬂF, which means that f € L0, O



B. Langowski / J. Math. Anal. Appl. 432 (2015) 374-397 383

We now come back to the issue of characterizing Eg’}j when a+ 8 = —1. Actually, by means of a variant
of gl’f;, we will characterize the Jacobi potential spaces for any «, 8 > —1, see Theorem 4.7 below. This is
the second main result of this section.

Let o, 8 > —1 and v > 0. Consider the modified Jacobi Laplacian

za,g = (Id+ \/Laﬂ)Q

and the related modified Bessel type potentials E;”B/ 2, Clearly, the latter operators are well defined spectrally
and bounded on L?(0, 7). Moreover, Lemma 2.2 shows that they extend uniquely to bounded operators on
L?(0,7), p € E(w,B) (we keep the same notation for these extensions). Furthermore, similarly as in the
7/ is one-to-one on LP(0,7), p € E(«, ). Thus we can
define alternative potential spaces via the modlﬁed Bebsel type potentials,

proof of [11, Proposition 2.4], one can verify that L

£r = L2(L7(0,m),  pe E(a,B),

/2

normed by || f|| oy = llgllp, where f = L_7 g. These are Banach spaces, and the crucial fact is that they

are isomorphic to L)% More precisely, £/ and L‘Z,Z% coincide as sets of functions and the two norms are
equivalent. To see this, it is enough to observe that the multiplier operators

(Id+La75)7/2 (Id+ \/Laﬁg)'y
(0t Ty’ (4 Lo/

being mutual inverses defined initially on L2(0, ), both extend to bounded operators on LP(0,7), p €
E(a, 8). The latter follows readily by means of Lemma 2.2.

The Poisson semigroup corresponding to Za,g is generated by —Id — \/K , hence it has the form
{e tH} b }. Consequently, the relevant fractional square functions are given by

52,(00) = ( / oo 2) o

1/2
ks t’“ 19" [emtHP 2dt 0 k, keN
ga,ﬁ( atk f( )] t ’ <7 <K, € N.

A reasoning parallel to that in Section 6 shows that, given p € E(a, f),

182D, = 1£l  f€LP(0,m).

All the above facts and a direct adaptation of the ingredients and arguments proving Theorem 4.1 lead
to the following alternative characterization of Ei’%, valid for all o, 5 > —1.

Theorem 4.7. Let o, > —1 and p € E(, B). Fiz 0 < v < k with k € N. Then f € L} if and only if
ferLr0,m) and ﬁ;g(f) € L?(0,7). Moreover,

1flleny = [GIAOIL,  FeLty

Proof. This is a repetition of the arguments already presented. We leave details to interested readers. 0O
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5. Sample applications of the potential spaces

The first application we present is motivated by the results in [6, Section 7] and [7, Section 6], see also
references therein. Given some initial data f € L?(0,7), consider the following Cauchy problem based on
the Jacobi Laplacian:

a.a. 0e€(0,m), teR.

{ (i0; + Lag)u(6,t) = 0,
u(6,0) = £(0),

It is straightforward to check that exp(itLq,g)f is a solution to this problem (here exp(itL, ) is understood
spectrally). Then a natural and important question is the following: what regularity conditions should be
imposed on f to guarantee pointwise almost everywhere convergence of the solution to the initial condition?
It turns out that a sufficient condition for this convergence can be stated in terms of the Jacobi potential
spaces.

Proposition 5.1. Let o, 5 > —1 and s > 1/2. Then for each f € Eisﬁ
}in%)exp(itLaﬁ)f(H) = f(9) a.a. 6 € (0,m).
e

Proof. In the proof we assume that a+ 5 # —1; the opposite case requires obvious modifications, which are
left to the reader. Let f € Eisﬁ C L?(0,7) and observe that exp(itL, g)f is well defined in the L? sense. It
is straightforward to check that

lim exp(itLa,s) f(0) = f(0), 0 €(0,m), f € Sup.

Recall that S, s is a dense subspace of Eisﬁ
We will show that the set

A={0€(0,):limsup|exp(itLag)f(0) — f(0) >0}
t—0

has Lebesgue measure zero. Denote Iy = [+, 7 — +] and

1
ANy = {9 € Iy :limsup |exp(itLqy ) f(0) — f(0)] > f}.
' t—0 ’ k

Since the sum of An j over N,k > 1 gives A, it is enough to prove that |Ax x| = 0 for each N and k fixed.
To proceed, we consider the maximal operator

T.f(0) = sup | exp(itLa,p) f(0)]-
teR

We have

/ T.0)d0 <3 |a (1) / 1627(6) db.
INn

In n=0

The integrals here can be bounded by means of the estimate, see [24, Theorem 8.21.8],

657 (0)] < Ch, 0cly, n>0
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(the constant Cy depends on N and possibly also on « and ). Then, using Schwarz’ inequality, we get

N2
(x5) ) = Ciellfll ®)

/T*f(g) do < CN(i |()\g,6)s/2ag’ﬂ(f)|2>1/2(i

In n=0 n=0

where C'y depends also on s.
Now we are ready to show that |An x| = 0. Take 0 < £ < 1 and choose fy € S, such that | f —
f0||£ . <e We have Ay C Ay, U A%, UAY ., where

ah={0enn:150) ~ fo®) > 5 ).

) 1
ANk = {9 € Iy :limsup |exp(itLag) fo(0) — fo(6)] > —}
t—0 3k

1
ALy = {9 € In : limsup | exp(itLa 5) f(6) — exp(itLe,s) fo(6)] > 7}.
t—0 ’ 3k

Notice that A%, = 0. For Ay, we write

[Akeal < (31 /|f (O)F d < BRRNS — folly < (RPN I~ fola,

< (3k)2Ny7| e

s/2

where we used the equality ||L, % =|ny”? ‘75/ ?_ Finally, to deal with A3y ), we use (8) and obtain

HL2%L2

A%l <3k [ T(7 = 1o)(6)d8 < KOS  fol 2, < 3kCive

In

Since we can choose € arbitrarily small, it follows that |[Ay x| =0. O

Another result involving the Jacobi potential spaces is the mixed norm smoothing estimate motivated
by the results of [5, Section 3|. For a function F: (0,7) x (0,27) — C denote

1/p T, % p/2 1/p
el 0,7),L2(0,27)) HF ) HL2 0,27 = [F(0,1)]* dt do :
6(( ’ )7 t( ’ )) ( )
0o 0

Proposition 5.2. Let o, 8 > —1 and p € E(«a, 3). Assume that s > 0 is such that s > 1/2 + max{«, 8, —1/2}
and o+ 3 is integer. Then

. 2,
| eXp(”Laﬁ)fHLg((o,ﬂ),Lg(o,Qﬂ)) Sfllgze,s feLys

Proof. Throughout the proof we assume that o + 5 # —1, since the opposite case requires only minor
modifications. By a density argument it suffices to prove the asserted bound for f € S, 3. For such f we
have
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H exp(itLa,/g)ing(oy%) / ( Z citAn” ) o 6) (Z o—itAn? Bf) (bz,ﬁ) dt

—27r2|a ﬁ gi)a’ﬁ)

since A28 — A8 = (n —m)(n+m + a+ B+ 1) is integer. Then applying Minkowski’s inequality we get
n m

[e%s) 1/2
| eXP(itLa,B)fHL@?((O,@,L%(O,%)) < \/ﬂ( Z |a${’6(f)|2 Hﬂﬁ’ﬂHi) .

n=0

By means of (2) we can estimate the LP norms here,
o271, 5 971, (n 4 /2#meio0 b2 < 1y, o,

Applying now Parseval’s identity we arrive at

00 1/2
. sl . a 2
||eXp(ZtLa,ﬁ)fHLg((O,ﬂ),Lf(OQTr)) S <Z(“+ 1)2 ‘an’ﬂ(f)’ >
n=0

o 1/2
< (X oyl or)

n=0

[ oy ae WH = £l zz,-
n=0 2 ’
This finishes the proof. O
Finally, we give an extension of Proposition 5.2.
Proposition 5.3. Let a, 3, p and s be as in Proposition 5.2 and assume that ¢ > 2. Then
1 exp(z'tLa,B)fHLg((OJ)’L?(O,%)) < ||f|\£i,,sﬂ+172/q, fe L2 s+1-2/q

The proof uses a fractional Sobolev inequality due to Wainger [25].

Lemma 5.4 (Wainger). Let 1 <r < q < co. Then

Z U{i|_1/r+1/qﬁ(k) oith
kEZ k40

S F L 0,2m) F e L"(0,2m),
L}(0,2m)

where F(k) is the kth Fourier coefficient of F.

Proof of Proposition 5.3. We assume that a+ 3 # —1, the opposite case being similar. Taking into account
that A%# are non-zero integers, we apply Lemma 5.4 with 7 = 2 to get

oo

> e () o () o

n=0

I eXP(itLa,B)fHLg(o,m) N L§(0,27r)'

This estimate combined with Proposition 5.2 yields
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> (0) VS an () g

|| exp(itLq, g fHLP((o 7),L3(0,27)) S

2,
L3

i )\aB 1/2—1/q+s/2 aﬂ(f)¢a,ﬂ

- F1l g2 1-274-

The conclusion follows. O
6. Proof of Theorem 4.3

Theorem 4.3 is a direct consequence of LP-boundedness of g; s and standard arguments, see e.g. [4,
Section 2]. The following result will be proved in Sections 6.1-6.3 below.

Theorem 6.1. Let o, > —1, p € E(«, 8) and v > 0. Then QZ,B is bounded on LP(0, ).

We also need to know that g, 5 is essentially an isometry on L2?(0,7), or rather a polarized variant of
this fact; see, for instance, [4, Proposition 2.1 (ii)].

Proposition 6.2. Let a, 3 > —1 and v > 0. Then, for f,g € L*(0,7),

T

/ <83H?’6f(9), a;/Hta’Bg(a)>L2(t2A,—1dt) g + X{a—&—B:—l}ag’B(f) ag’ﬁ(9)~
0

227

(f,9) = T29)

In particular, taking above g = f we get

2
1113 = e )IIQQ al3 + Xars=—13lag " (N, f € L?(0,m). 9)

We are now ready to justify Theorem 4.3, assuming that Theorem 6.1 holds.

Proof of Theorem 4.3. In view of Theorem 6.1 and the estimate |af” (f)| < ||fll, (the latter is a simple
consequence of Holder’s inequality), we get

1925 ()llp + Xgars=131 a5 (N S fllps — f € LP(0,7).

To show the opposite relation, we use Proposition 6.2 to write

I fllp, = sup  |(f,9)] = sup

227 [ Y rresB Y LB
/<at Ht ' f(a)vat Ht ' 9(9)>L2(t27*1dt) da
geL? ||gll,r=1 geL? gl =1

ey

+ Xfats=—nyag"’ (f) @3’6(9)’~

Applying now the Cauchy—Schwarz inequality to the inner product under the last integral, and then Holder’s
inequality and L?'-boundedness of gl, 5 (Theorem 6.1), we conclude that

22,‘/ « «@
Iflp < sup (—F 57 (00,609 82 5(@)] + Xars——1 a5 () ao%n)
geL® gl =1 (27)

S el 5Dl + X{ars=—131ad (£,

uniformly in f € LP(0,7). O

It remains to prove Theorem 6.1.
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6.1. Proof of Theorem 6.1

As we shall see, LP-boundedness of gzh s follows in a straightforward manner from power-weighted
LP-boundedness of an analogous fractional g-function in the framework of expansions into Jacobi trigono-
metric polynomials. Thus we are going to study weighted counterpart of Theorem 6.1 in the above-mentioned
setting. Our main tool will be vector-valued Calderéon—Zygmund operator theory and its implementation in
the Jacobi context established in [14,16]. We begin with a brief introduction of the Jacobi trigonometric
polynomial setting. For all these and further facts we refer to [14—16].

Let o, 8 > —1. The normalized Jacobi trigonometric polynomials are given by P;’L“ﬁ = qﬁﬁ / B > 0.
The system {P2# :n > 0} is an orthonormal basis in L2((0,7), dpa,5), where

dpia 5(0) = (sin%)QaH(COSg)%HdG, 6 e (0,r).

Each P27 is an eigenfunction of the Jacobi Laplacian

& a—pB+(a+pB+1)cosh d a+p+1\2
s = =g~ Sin g ()
the corresponding eigenvalue being A\%#. Thus J, s has a natural self-adjoint extension in this context
(denoted by still the same symbol), whose spectral resolution is given in terms of P25,

The semigroup of operators {H""},50 generated in L2(dpua ) by means of the square root of Ju.5 is
called the Jacobi—Poisson semigroup. We have

Hy 21 (0) =3 exp (=t NP ) (£ P),, PR(O), (10)
n=0

the series being convergent not only in L?(du,. ), but also pointwise if ¢ > 0. Actually, the last series
converges pointwise for any f € LP(wdpa,g), w € Ag"ﬁ, 1 < p < o0, providing a definition of 7—[?’6, t >0,
on these weighted spaces. Here and elsewhere Ag‘wg stands for the Muckenhoupt class of weights associated
with the measure o5 in (0,7), see e.g. [14, Section 1] for the definition. Moreover, Hi*? f(0) is always a
smooth function of (¢,0) € (0,00) x (0,7). All this can be verified with the aid of the bounds, see (2) and
[14, Section 2],

PEPO) < (n+1)2PH2 e (0,7), n>0, (11)

[ PE) g | S iy (0 + D2 >0 (12)

here w € Ag’ﬂ and 1 < p < co. There is also an integral representation of {’H?’ﬁ}bo, valid on the weighted
LP spaces appearing above. We have

HEP £(0) = / HEP(0,0)F(9) djap(p), 00,7, t>0,
0
where

P 0,0) = 3 e (= A7) P 0P ()
n=0
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is the Jacobi-Poisson kernel. A useful integral representation of Hj' h (0, ) was established in [14, Proposi-
tion 4.1] for a, 8 > —1/2 and in [16, Proposition 2.3| in the general case. This representation will implicitly
play a crucial role in what follows, however we decided not to invoke it here due to its complexity.

Given v > 0, we define the vertical fractional square function in the present setting by

gg,ﬁ(f)(a) = HazH?7ﬂf(9>HLQ(tTyfldt)'

This definition makes sense pointwise for f € LP(wdpq,g), w € Ag‘*ﬂ , 1 < p < o0, as can be verified by
combining (10) with (11) and (12); we leave details to the reader. The following result not only implies
Theorem 6.1, but certainly is also of independent interest. In particular, it enhances [14, Corollary 2.5]
and [16, Corollary 5.2].

Theorem 6.3. Let o, > —1 and v > 0. Then ggﬁ is bounded on LP(wdpag), w € Ag"ﬁ, 1 <p< oo, and
from LY wdpa,g) to weak LY (wdpag), w e AP,

We give the proof of Theorem 6.3 in Sections 6.2-6.3 below. First, however, let us see how Theorem 6.3
allows us to conclude Theorem 6.1.

Proof of Theorem 6.1. We argue similarly as in the proof of [11, Proposition 2.2]. Observe that

glwg(f) =g 92,5(‘1/70(71’7671]0)-

Furthermore, since we, g = (¥*F)P/@2at1/22641/2 ¢ A% p e E(a,B) (see the proof of [11, Proposi-
tion 2.2]), Theorem 6.3 shows that g, ; is bounded on LP(wq,gdpa,s) when p € E(a, 3). Then we get

la 5(F)lIE = / 102 (U8 1) (0) [Pt 5 (6) i 5(6)
0

< / |F(O) U= 1=571(0) [Pusy 5 (0) i (0)
0

= [I£1I5,

uniformly in f € L?(0, 7). The conclusion follows. O
6.2. Proof of Theorem 6.3

We employ the theory of Calderén—Zygmund operators specified to the space of homogeneous type
((0,7),da.p, | - |), where | - | stands for the ordinary distance. Let us briefly recall the related notions; for
more details see [14,16].

Let B be a Banach space and let K (0, ¢) be a kernel defined on (0, 7) x (0, 7)\{(0, ¢) : § = ¢} and taking
values in B. We say that K (6, ) is a standard kernel if it satisfies the growth estimate

1
ta3(B(0,10 = ¢l))

[ CADIPS (13)

and the smoothness estimates
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‘9_9/| 1 /
K(0,0) — K@, 9)|p < , 60— | >2|0-10, 14
[0 = KOl 2 g sy O E 200 "
/
o / < ‘SD_SO| 1 . .
K0, ) — K(0,¢)|B < 0= 0] 1es(BO.T=o) 10— ol > 2] — ¢'l; (15)

here B(6,r) denotes the ball (interval) centered at 6 and of radius 7. As it was observed in [16, Section 4],
even when K (6, ¢) is not scalar-valued, the difference conditions (14) and (15) can be replaced by the more
convenient gradient condition

1

DK (0,90)|s + [|0,K(6,0)|s < - 16)
II Ne 1050, Dlle = 5 S B @, 10— o) (
The derivatives here are taken in the weak sense, which means that for any v € B*

(v, 00K (8, 2)) = O (v, K (6,9)) (17)

and similarly for 0.
A linear operator T assigning to each f € L?(du,. ) a measurable B-valued function 7'f on (0, ) is said
to be a (vector-valued) Calderén—Zygmund operator associated with B if

(a) T is bounded from L*(dpuq 5) to L3(dpa,s), and
(b) there exists a standard B-valued kernel K (6, ) such that

/ K(0,0)f(¢) dtas(¢),  ac.0¢supp ],

for every f € L*(dua.5) with compact support in (0, ).

When (b) holds, we say that T is associated with K.
Obviously, g 5 1s not linear, but it can be interpreted in a standard way as a linear operator

Gl [ {THT [

mapping into B-valued functions, where B = L?(t>*~'dt). The following result together with a general
Calder6n—Zygmund theory and well-known arguments (see the proof of [14, Corollary 2.5] and also references
given there) justifies Theorem 6.3.

Theorem 6.4. Let o, 3 > —1 and v > 0. Then G, g isa vector-valued Calderén—Zygmund operator in the
sense of the space ((0,7),dpa.p,| ), associated with the Banach space B = L?(t*7~1dt).

The most difficult step in proving Theorem 6.4 is showing that the vector-valued kernel
a,f
Q(ZWB(O )= {mHt (0, }t>0
satisfies the standard estimates. This is the content of the next lemma.
Lemma 6.5. Let o, 3 > —1 and v > 0. Then G], 5(0, ) satisfies (13) and (16) with B = L*(t*Y~'dt).

On the other hand, L?-boundedness of G’Y follows readily from the same property of g s (notice
that an analogue of (9) holds for g ;). Moreover the fact that G, ; is indeed associated with the kernel
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ng P (0, ) can be verified with the aid of quite standard arguments, following for instance the strategy in
the proof of [10, Proposition 2.5]. The tools needed to adapt the reasoning are the estimates (11) and (12),
L?-boundedness of Glﬁ and the growth condition (13) for the kernel Qlﬁ 0, ).

Thus Theorem 6.4, hence also Theorem 6.3, will be justified once we prove Lemma 6.5.

6.3. Proof of Lemma 6.5
We will make use of the machinery elaborated in [14,16]. Therefore we need to invoke some technical

results from [16] to make the proof of Lemma 6.5 essentially self-contained. However, we try to be as concise
as possible and so for any unexplained symbols or notation we refer to [16]. Let

6 0
q(0,p,u,v) =1 fusin§sin§ fvcos,?cosg, 0,0€(0,m), wuvel-11].

We will often omit the arguments and write simply q instead of ¢(8, o, u,v). Note that 0 < g < 2 and
a2 10—

Lemma 6.6. (See [16, Corollary 3.5].) Let M, N € N and L € {0,1} be fizred. The following estimates hold
uniformly in t € (0,1] and 0, € (0, 7).

(i) Ifa,8 > —1/2, then

u) dIlg(v)
LaN oM s\v
]&P@g MU (0 ,0)| // 21q) a+,@+3/2+(L+N+M)/2

(ii) If -1 < a < —=1/2 < 3, then

0 Kk
OLOY oM HEP(0,0) <1+ (sin ? +sin g)
K=0,1k=0,1,2

. Mg 0) AT (0
(12 + q)otBT3/2+ (LI N+ M Kk)/2°
(iii) If -1 < B < —-1/2 < a, then

Rr
|3£8é\’6t]\47{f’ﬁ(0,<p)| cosg +cos¢>

2 2

~

R=0,17r=0,1,2 <

dllo (u) dllg, r(v)
X
(t2 + q)a+ﬁ+3/2+(L+N+M+Rr)/2'

(iv) If -1 < o, B < —1/2, then

0 Kk 9 Rr
LN gMq .8 . P ¥
|8¢09 0, Hy (9,90)| <1+ E E <sm§ + sin 5) (cos— + cos —)

K,R=0,1k,r=0,1,2 2 2
% dHayK(u) dH57R(U)
(2 + q)otB+3/2+(L+N+M+Kk+Rr)/2°

Lemma 6.7. (See [16, Lemma 3.8].) Assume that M, N € N and L € {0,1} are fized. Given o, 5 > —1, there
exists an € = e(a, 8) > 0 such that
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05050117 (6. ¢)]

< e_t(‘a+§+l ‘+E) + X{N:L:O,a+,8+1;é0}e_t‘ e

’ + X{M=N=L=0, a+5+1=0}>
uniformly int > 1 and 0, ¢ € (0, 7).

The next lemma gives control of certain expressions in terms of the right-hand sides of the growth and
gradient conditions. Note that the second estimate is an immediate consequence of the first one and the
bound q > |6 — ¢|?.

Lemma 6.8. (See [16, Lemma 3.1].) Let o, B > —1. Assume that &1, &2, K1, ke > 0 are fized and such that
a+& + k1, B+ & + ke > —1/2. Then, uniformly in 6,9 € (0,7), 0 # ¢,

. 0 . P 26 0 dHOl"rErHil )dH,@"r{z‘Hﬁz( )
<s1n§ +51n§> cos§+cos // cpuv“+5+51+52+3/2
S ! ,
ta,5(B(6,10 — )

s 0 . P 26 0 dHa+€1+f€1 )dH5+§2+f€2( )
(sm§ +51n§) cos§+cos— // go,uva+5+51+52+2
< . .
0 — o] a,p(B(0, [0 — ¢l))

Finally, we will also need an estimate stated in the next lemma, which does not seem to appear elsewhere.

Lemma 6.9. Let n € R, £ > —1 and v > 0. Then

101
2y-1 1/2 —(n—¢-y-1)/2 _f£—
/(/ t2=1at n) sﬁdsg{q , n=&—7>1,
J Ny ((E+s)? log(4/q), n—&—y<1,
uniformly in q.

Proof. Denote by I the expression we need to estimate. Splitting the inner integral and using the elementary

relation vVA+ B ~ VA+ VB, A,B >0, we get
1

1 s 1
R 27~ 1dt Yz
I:/(/—((t+ i )n> 35d5+/</ G+ 77) s&ds
0 0 s 9 0 S

S

EIl +12

We will treat I; and I separately.
Observe that in the region of integration in I; we have t + s ~ s, so

1 s 1/2 1 1/va
s 21 g 2 g8 ds N s+ ds _—Ey-1)/2 v+ du
1= S2+C| 77/2 52+q 77/2 =4q (1+,l)2)n/2’
0 0 0 0

where the last equality is obtained by the change of variable s = ,/qu. Since
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1/va L, n—&—v>1,

V&Y do < loels )
/Ww og(4/q), n—§—vy=1,
0 qn=¢=7=0/20 oy —y < 1,

and clearly 1 < log(4/q), the desired bound for I; follows.
To deal with I, we consider two main cases. If ¢ > 1, then (¢ + s)2 + q ~ 1 and it is easy to see that
I> < 1. This is even stronger estimate than needed. When q < 1, we split the integral in a similar manner

as in case of I; and get

v 27-1 gt 1/2
IzN/</—n> s&ds +
) ((t+3)2+4q)
1
t2771dt 1/2
+/</((t+s)2+CI)n> s = St ot

1
\/a S

27-1 gt vz,
—_———— S dS
((t+5)2 + q)")

o\§
SY—

Notice that s <t < ,/qin Ji, s < ,/q <tin Jy and \/q < s <t in J3. Consequently, we have

va o va 1/2
Jp ~ q*n/2/ (/t%l dt) s ds < q*(n*E*vfl)/?

S

In case of Jy we can write

1/2
Joy g2l dt) s ds.

(

o\;
S~

Then, assuming that n # v, we get

Jo S |1 —q | V2qEH0/2 < g6+ D/2 4 qm(=Ey=1)/2 <y g€y 1)/2)

while for n = v we obtain
T2 S (—logq)'/2q D2 <1,

Finally, considering J3, we have

1/2
g2+l dt) s ds.

7N
M\H

Assuming first that 1 # 7, we see that

Jg <14 qE+h/2 4

}\,_.

1
ST ds <14 / TR (s,
Va

which easily leads to the bound

Js S q7 1782 4 log(4/).
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In the remaining case = v we have

1

Ja= (~loga)'/* [ s ds S log(a/a)
Va

Combining the above estimates of Jy, Jo and J3 we get
I S q D2 4 log(4/q).

Since log(4/q) < q~ =67 D/2if g —¢ —y > 1 and q~ (=€ 7=D/2 < log(4/q) if n — € —~ < 1, the necessary
bound for I5 follows. O

Now we are in a position to prove Lemma 6.5.

Proof of Lemma 6.5. Let m = ||+ 1. In view of the estimates from Lemma 6.6, it is natural and convenient

to consider separately the four cases: o, 8 > —1/2, -1 < a < —=1/2 < 3, -1 < 8 < —=1/2 < « and

—1 < o, 8 < —1/2. The treatment of each of them relies on similar arguments, thus we shall present the

details only for the most involved case —1 < a, 8 < —1/2. Analysis in the other cases is left to the reader.
To show the growth condition (13) we split the kernel

o0

HP (0, 0) = /X{t+s<1}atht (0,0) ™ ds
0

o] P o
+I‘(771/V/X{t+8>1}atm7'lt+s( ©)s™ T ds = Ay + A,
0

We will estimate A; and As separately.
Using Minkowski’s integral inequality and then Lemma 6.6 (applied with L = N = 0 and M = m) and
Lemma 6.9 (withnp=2a+28+3+m+ Kk+ Rrand { =m — v — 1) we get

||A1||L2(t2“/*1 dt)

Kk 0 Rr
<1+ Z Z (bm——l—bmi) <cos§—|—cos§)

K,R=0,1k,r=0,1,2

11
271 gt 1/2 N
><//</(/ ((t+ 2a+2B+3+m+Kk+Rr) s"7 d3> dlly, i (u) dllg r(v)
S
0 0

Kk 9 Rr
<1+ Z Z (sm——i—smi) <COS§+COS§)

K,R=0,1 k,r=0,1,2

1\ a+B8+3/2+Kk/2+Rr/2
x//{(a) +log - }dHaK( ) dllg (v).

The term 1 above satisfies the growth bound, because pq ((0,7)) < oco. The desired estimate for the

expression that emerges from considering the first term in the last double integral follows directly by an
application of Lemma 6.8 (specified to & = Kk/2, k1 = —a—1/2if K =0and k1 =1 —-k/2if K =1,
& =Rr/2, ko =—-F—-1/2if R=0and ko =1 —r/2 if R =1). To bound the remaining expression, first
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recall that q > |0 — o|? and observe that log(4/q) < log(4/|6 — ¢|). On the other hand, we have (see [14,
Lemma 4.2])

pas (B0, 10— ¢])) =10 — |0+ @)**H (m— 0+ 7~ ) b,0€(0,m),
so there exists an € = ¢(«, 8) > 0 such that
pas(B(0,10 —l)) S10— ¢l 0,0 €(0,7).

Thus log(4/q) is controlled by the right-hand side in (13) and the conclusion follows by finiteness (cf. [16,
Section 2]) of the measures appearing in the last double integral.
Considering Az, notice that Lemma 6.7 implies that there is § = d(«, 8) > 0 such that

om s
Xirrsx |5 i 0.9)| S 9 0.0 € (0,m).

Then using Minkowski’s integral inequality we get

HA2||L2(t2'y71 ay S / (/62(t+s)6t271 dt) s™ 71 ds < o0,
0 0

which implies the desired bound for As.

Now we turn to proving the gradient estimate. For symmetry reasons, it is enough to consider the partial
derivative with respect to 6. Let us first ensure that the weak derivative 9y of 9376(9,90) exists in the
sense of (17) and is equal to {9pd) H"? (0, ¢) }e>o. It suffices to check that, for each 6, ¢ € (0,7), 0 # ¢,
Dp0THXP (0, ) € L2(t2~1 dt) and

/h(t) DO HP (0, 0) t27 1 dt = Dp / h(t) 7 HEP (0, ) 27~ dt, h e LA(t*~tat). (18)
0 0

The first of these facts is justified by the bounds on B; and By obtained below. To verify (18) we use Fubini’s
theorem (its application is legitimate, in view of Schwarz’ inequality and the bound for {9y0] H;" 8 (0, 9) }>0
proved in a moment). Take 07,6 € (0, 7) such that ¢ ¢ [61,02]. Then

9200

h(t) Bpd) HOP (0, 0) 271 dtdf = / h(t) 7 HE (0, )t dt
0

- / h(t) B HE (6, 0) 271 dt.
0

Dividing both sides of the above equality by 03 — 6; and taking the limit as 6; — 02 we get (18).
It remains to show that ||898ZH§"'8(9,<p)||L2(tzw71dt) is controlled by the right-hand side of (16). To
proceed, we decompose the kernel in the same way as we did when dealing with the growth condition,

oo

Bp 0] H"" (0, ) /X{t+s<1}a¢9 5 Ht+s( @)™ ds
0

oo

/X{t+s>1}89 atht ( ,0)s™ 7 tds = By + Bs.
0
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Using Minkowski’s integral inequality together with Lemma 6.6, and then Lemma 6.9 (specified to 1 =
20+ 28 +4+m+ Kk+ Rr and £ =m — v — 1) we obtain

1Bl L2 e27-1 ar

Kk 0 Rr
<1+ Z Z (sm——i—smg) (Cosi—i—cosg)

K,R=0,1k,r=0,1,2

; t2’y—1 dt 1/2 .
% // (/ (/ 2a+2ﬁ+4+m+Kk+Rr) s"TT ds) dll, k (u) dllg g(v)
4 (t+s)%+7q)

0 Kk 0 0 Rr
<1 e z r
S1+ Z Z (sm —I—sm2> <C082+COS2>

K,R=0,1k,r=0,1,2
1\ a+B+2+Kk/2+Rr/2
X//ﬂ |:<a) + log :|dHaK( )dH@R(’U).

Now the same arguments as in the case of A; give the desired estimate.
As for Bs, just notice that by Lemma 6.7 there exists 6 = §(«, 5) > 0 such that

X{t+s>1}’89 Ht ( )‘ 5 6_(t+3)67 97@ S (0771-)'

otm

From here the required bound for B; follows as in the case of As. This completes the proof of Lemma 6.5. O

Note added in proof

A recent paper by Almeida, Betancor, Castro, Sanabria and Scotto, see arXiv:1410.3642, contains inter-
esting results that are related to our research.
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