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S(u) < bo(u + 1)? for by > 0,8 € R, and where the singular sensitivity satisfies
0 < ¢'(v) < vlk for x > 0,k > 1. In addition, f : R — R is a smooth function
satisfying f(s) = 0 or generalizing the logistic source f(s) = rs — us™ for all s >0
with r € R, u > 0, and m > 1. It is shown that for the case without a growth source,
if 28 — a < 2, the corresponding system possesses a globally bounded classical
solution. For the case with a logistic source, if 26+ a < 2 and n =1 or n > 2 with
m > 20 + 1, the corresponding system has a globally classical solution.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

This article is concerned with the existence and boundedness of globally classical solutions to the following
parabolic-parabolic chemotaxis system:

ug =V - (D(w)Vu) — V- (S(u)Ve(v)) + f(u), z€eN, t>0,

vy = Av— v+ u, e, t>0, (1.1)
gu — 9v —, x € 00t > 0, '
u(z,0) = uo(x), v(z,0)=vo(zx), x €,
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where Q) is a bounded domain in R™(n > 1) with smooth boundary 92. The nonlinear nonnegative functions
D(s), the density-dependent sensitivity S(s), and the signal-dependent sensitivity o(s) satisfy

D(s),8(s) € C2([0, 00)) and (s) € CZE7((0,50))(0 < w < 1), (1.2)
D(s) =ap(s+ 1)~ for all s > 0, (1.3)

0 < S(s) <bo(s+1)? for all s >0 and S(0) = 0, (1.4)
0<¢'(s) < X% foralls >0, (1.5)

where ag,bg,x > 0, k > 1, and «, 8 € R are constants. The function f : R — R is smooth and satisfies
f(s) =0for any s >0 (1.6)
or generalizes the logistic source
f(s) =rs—ps™ for all s > 0 and f(0) > 0, (1.7)

where 7 € R,u > 0, and m > 1. In addition, % represents the outer normal derivative on 02, and the
initial data satisfy

{ ug(x) € O(Q), ug(x) >0, and ug(x) Z0, z € Q, (18)

vo(x) € WH**(Q) and wo(z) >0, x € Q.

In the model (1.1), u and v represent the cell density and the concentration of an attractive signal
produced by the cells themselves, respectively. A source of logistic type f(u) is included in (1.1) to represent
an unlimited growth of the cell density.

We briefly recall related results obtained in previous literature in the field.

(I) The case without a growth source (viz., f = 0)

The system (1.1) is a generalized version of the parabolic-parabolic chemotaxis system

up = Au— V- (uVp(v)), reQ, t>0,
{ t (uVep(v)) (1.9)
Ut

=/Av—u-+wv, €N, t>0,

which has been studied often [3,5,7,8,12,15,18-20,27,32,33,36,35]. For the classical case p(v) = v, it has been
shown that if Q is a ball, then the radial solution may blow up in finite time when n = 2 [8] or n > 3 [30].
) and [|[Vugl|n () are small, then the solution is global and bounded [33]. For the
case that ¢'(v) = £ with y > 0, all solutions are global in time when n = 1 [19]. For n > 2, Winkler [35]

proved the existence of global classical solutions if y < \/E and global existence of weak solutions to (1.9)

if x < y/ 7<% Later, Fujie [3] obtained the uniform-in-time boundedness of solutions to (1.9) for x < \/7

For the two-dimensional case, Lankeit [12] studied the existence of a bounded solution for \/; < x < Xo
with x¢ > 1. Furthermore, Lankeit and Winkler [15] proved the problem (1.9) possesses at least a globally
defined generalized solution for N = 2 or N = 3 and y < V8 or N > 4 and y < % In addition, for
the case that 0 < ¢'(v) < 2 with & > 1,x > 0, Fujie and Yokata [27] proved the global existence and
boundedness of classical solutions to (1.9).

For (1.1), the case of ¢(v) = v has also been studied [10,22,31]. Tao and Winkler [22] proved that if

is convex and g((z)) < cu=~* for large u, then the solutions are globally bounded. Later, Ishida et al. [10]
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extended the result to the case without the assumption of convexity. Recently, for the case 0 < ¢'(v) < 2
with & > 1, Ding [2] proved that (1.1) possesses a globally bounded classical solution if a4+ < 1 and o > 0
under the assumptions (1.2)—(1.5). However, the case av < 0 was left as an open problem.

(ITI) The case with f being a logistic source (viz., f = ru — pu™)

Generally, a logistic source is beneficial for the global existence and boundedness of a solution. First,
consider the following chemotaxis system:

(1.10)

ur = ADu—V - (uVep)) + ru— pu™, z e, t>0,
TUp = Av —u + v, r€eN, t>0,

where Q@ C R™"(n > 1) is a bounded smooth domain. We recall the related result with ¢(v) = xv with x > 0
in (1.10). Winkler [30] showed that if p is sufficiently large, then the problem (1.10) possesses a unique
global-in-time classical solution that is bounded in Q x (0,00) for n > 1, m = 2, and 7 = 1. For 7 = 0
and if the growth source f(u) satisfies f(u) < r — pu™, it has been proved that for m = 2 there exist weak
solutions for arbitrary p > 0 and globally classical solutions for pu > "T_QX [24]. Under radially symmetric
[34]. With source term f(u)
controlled by —co(u + u™) and r — pu™ with ¢o,m, > 0 and r > 0, the global existence of very weak

assumptions, the corresponding solution blows up if n > 5 and m < % +

2n—2

solutions under specific assumptions on the initial data, g and m, has been proven for 7 = 0 or 1 [26,29].
In addition, for the case that ¢(v) = logv, m = 2, and n = 2, the parabolic-elliptic system (1.10) with
7 = 0 was considered in [6], where it was shown that there exists a unique global bounded classical solution
whenever r > X; for 0 < x <2orr > x—1for x > 2. Later, Zhao and Zheng [37] considered the case
7 = 1 and obtained the existence and boundedness of solutions to (1.10) under the same conditions as in
[6]. Moreover, Zheng et al. [40] showed the long-time behavior of solutions under the additional condition
1> max{3, %g} Recently, Fujie et al. [4] studied the asymptotic behavior in a chemotaxis model with
nonlinear general diffusion for tumor invasion. There is an essential estimate fooc Jo |Vu|? < oo, which does
not hold in this article. Up to know, the long-time behavior of (1.1) has not been solved.

Before stating our main results for the model (1.1), we mention the following chemotaxis-consumption
model [1,11,13,14,16,17,21,23,38,39]:

{ up =V (D(u)Vu) = V- (S(u)Ve(v)) + ru—pu™,  z€Q, t>0, (1.11)

vy = Av — uv, zeQ, t>0,

where (2 is a bounded and smooth domain of RN(N > 1). Marras and Viglaloro [17] proved that if 28+a < 2,
the corresponding problem (1.11) possesses a unique global bounded solution provided p is large enough
under the assumption that D(u) = (u+1)"%, S(u) = (u+1)?, and ¢’ (v) = W’ where a > 0, x > 0, and
a, f € R. Later, Zhao and Zheng [38] proved that there exists a global classical solution if m > 1 for n =1
or m > 1+ % for n > 2 under the case that D(u) = 1 and ¢'(v) € C*(0, 00) satisfies ¢'(v) — oo as v — 0.
Specially, when ¢'(v) = %, n = 2,and m > 2, they showed the asymptotic behavior of solutions provided p is
large enough. For r = p =0, as D(u) = 1, S(u) = u, and ¢(v) = v, Tao [21] proved that the global classical
solution of (1.11) is uniformly bounded provided that the initial data are small enough. For n = 3, Tao and
Winkler [23] showed that the problem (1.11) has a globally bounded weak solution in Q x (T, 4+00) under
the assumption that  is a bounded convex domain. Recently, Lankeit [13] studied the existence of locally
bounded global solutions of (1.11) where D(u) satisfies D(u) > du™%, S(u) = u, and ¢'(v) = . He showed
the system (1.11) has a globally classical (or weak) solution when N > 2 and o < —7%. Liu [16] studied the
global classical solution of (1.11) with D(u) = 1, ¢/(v) = %, and S(u) satisfying 0 < S(u) < K(u + 1),
and showed the system (1.11) admits a global classical solution when either n =1 and 8 < 2 or n > 2 and
p<1-7.
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In the present article, we study the existence and boundedness of a globally classical solution for the
chemotaxis system with nonlinear diffusion and singular sensitivity. For convenience, we use C; and ¢; to
represent positive constants that can be different in different cases but remain independent of the relevant
quantities. Our main results in this article are as follows.

Theorem 1.1. Let f(u) =0 in (1.1) and let @ C R™(n > 1) be a bounded domain with a smooth boundary.
Assume the initial data satisfy (1.8) and D, S, and ¢ satisfy (1.2)—(1.5) with a <0, k > 1, and

28 —a < 2. (1.12)
Then the problem (1.1) possesses a globally bounded and classical solution (u,v).

Theorem 1.2. Let f(u) = ru — pu™ with r € R,u > 0, and m > 1 in (1.1) and let Q@ C R™(n > 1) be
a bounded domain with a smooth boundary. Assume the initial data satisfy (1.8) and D, S, and ¢ satisfy
(1.2)-(1.5) with a« < 0, k> 1, 28+ a < 2, and

{m> 1 ifn=1, (1.13)

m>20+1 ifn > 2.
Then the problem (1.1) possesses a globally and classical solution (u,v).

Remark 1. Theorem 1.1 solves the boundedness result of solutions that was left as an open problem for the
case a < 0 in [2]. In addition, compared with Theorem 1.1, the condition 28 + o < 2 in Theorem 1.2 is
better than 25 — a < 2 in Theorem 1.1, which shows that the logistic source is beneficial for the existence
of global solutions.

2. Preliminaries

Firstly, we state a result concerning the local existence of classical solutions, which can be proved by the
standard contraction argument [2,4,37].

Lemma 2.1. Suppose that Q@ C R™*(n > 1) is a bounded domain with a smooth boundary. Assume D, S,
and @ satisfy (1.2)-(1.5) with « < 0,k > 1, and 268 — a < 2 and the initial data satisfy (1.8). If f =0
or f(u) = ru — pu™ with r € R, > 0, and m > 1, then there exists Tyax € (0,00] and a local-in-time
nonnegative classical solution (u,v) in Q X (0, Tmax) satisfies

(u,v) € (Co(ﬁ X (0, Trnax)) N 0271(5 X (0, Timax)))?. (2.1)
Moreover, if Tyax < 00, then

limsup, ,7 [u(-,t)| o) = 0. (2.2)

max

Furthermore, the solution (u,v) of (1.1) satisfies the following properties [2,37]:

{ [u(- )z @) = lluolliy if f=0,
u( )L < C if f(u) = ru— pu™

for allt € (0, Thax) and C is a positive constant.
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In addition, according to Lemma 2.2 in [3] and (2.7) in [37], we obtain the lower bound of v.

Lemma 2.2. Let f(u) =0 in (1.1). Assume (u,v) is the solution of the problem (1.1). Then there exists a
constant 1 > 0 such that

inf,cqu(z,t) >n for allt € (0, Tmax)- (2.4)

Let f(u) = ru— pu™ with r € R, > 0, and m > 1 in (1.1). Assume (u,v) is the solution of the problem
(1.1). Then

v(z,t) > 6(t) := infyequo(y)e™ for all(z,t) € QX (0, Tyax)- (2.5)

Lemma 2.3. [25]. Assume y(t) > 0 satisfies

{y’(t) +eyP <cg, t>0,
y(0) = yo

with constants c1, p > 0, and ca > 0. Then there exists a constant cs > 0 such that y(t) < cs for all t > 0.
Lemma 2.4. [3,9] Let 1 < p,q < oo.
(i) If %(% - %) < 1, then there exists C; > 0 such that
[v( )|l Laa) < C1(1 +supse(o,00) lul- $)llLr()) forallt > 0. (2.6)

(it) If & + %(% - %) < 1, then there exists Cy > 0 such that

Vol Dl La@) < Col +8ubse(o,00) 1l 8)l|Lr())  for allt > 0. (2.7)

The following special case of the Gagliardo-Nirenberg inequality will be frequently used in the later
analysis [28].

Lemma 2.5. Assume 0 < ¢ < p < % (or 0 < g <p < ooifn=12)and r > 0. Then for any
P € WH2(Q) N LY(Q) N L™(Q), there exists a constant C3 > 0 such that

1V ey < C3(| Vi

Tl ety + 1¥llr @), (2.8)

where X* € (0,1) satisfies

S 1=

1
q

A= o

|

. (2.9)

Q|
3|

The following lemma gives the boundedness criterion of solutions for the model (1.1), and we refer readers
to [2,35] for details.

Lemma 2.6. Let (u,v) be a solution of (1.1) defined on [0, Timax). If there exist C4y > 0 and p > n such that
||U(',t)||Lp(Q) < Cy forallt e [O,Tmax), (210)

then we have
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(s )|z (@) + ()= @) < C5 for allt € [0, Tinax) (2.11)
with Cs > 0 independent of t.
3. Proof of Theorem 1.1

Before proving our main results, we give the following a priori estimate for solutions to (1.1). For conve-
nience, we denote T' = Tiax.

Lemma 3.1. Assume D, S, ¢, and f satisfy (1.2)—(1.6) withk > 1 and 28+« < 2. Then for any p > 2—a—20
and g1 > 0, there exists C1(e1) > 0 such that

L [ (u+ 1)+ 22C=D (4 1)pma2 Tyl
<o fo oL (u+ 1P 51 1 Cy(en) [y u?, € (0,T),

2k(1-5—5)

rratai—s > 0

where v =

Proof. Multiplying the first equation in (1.1) by p(u + 1)P~! and integrating the result with respect to x
over (), we have

& Jou+1)P

=—p(p—1) [o(u+ 1)P72D(W)[Vul* + p(p — 1) Jo(u+ 1)P72S(u)V(v) - Vu &2
for all t € (0,T"). Combining (1.4), (1.5), and Young’s inequality, we have
—1) [o(u+1)P725(u)Ve(v) - Vu
< “”“’ 2 Jout 172Vl 4 B fo (u 1Pt ) V(o) (33)
< “‘”“p D fout 1pe2|Vul? + X "f’z’;é’ . fg e |V
for all t € (0,T). Since p > 2 —a — 206, k > 1, and 28 + a < 2, we have from Young’s inequality that
xbped) [ L) R G2 < oy [ T (04 1) 51 ey () ), (V0P (3.4)
where v = % > 0. By Lemma 2.4, there exists a constant ¢y > 0 such that
Jo IVO]? < e fou?. (3.5)
Substituting (3.4) and (3.5) into (3.3), we have
p(p = 1) fo(u+ 1)P728(u)Ve(v)Vu 36)

< 2= o (u+ 1)P 02|Vl 4 2y [ S ()P 4 ye) [y
for all t € (0,T). Inserting (3.6) into (3.2), we obtain (3.1). O

Lemma 3.2. Assume D, S, ¢, and f satisfy (1.2)—(1.6) with k > 1, « < 0, and 28 — a < 2. Then for any
p>max{2 — & — (3,4 — 2a — 453}, there exists Cy > 0 such that
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Q451
(ut1)Pt2HA-1 4 (k4y=2)(2k+r—1) (u41)PH2+F 2
i Jo " 2 Jo ==Vl

< aop(jln 1) fg(u + 1)p—a—2|vu|2 + 02 fQ u2 —+ 02 fg(’u’ + 1)p+%+ﬁ_17 te (0,T)7

_ 2k(1-2-8)
where v = T3 5575 -
Proof. By comparison with the second equation in (1.1) and combination with (1.8), we have v > 0 in

+g+8-1
Q x (0,T). By direct computation of % Jo % and using the first two equations in (1.1) and

considering (1.3)—(1.5), we have

N 1Pt 2
dt fn% (p+5+8-1) [ %V'(D(U)VU—S(U)V‘P(U))C&
+g+6-1
—(2k+~— 2f9%(ﬂv7v+u)dz

w p—5+8-3
< —ap(p+E+B-Dp+2+5-2) [, |Vl

u P +B8-2
tag(p+ § + B —1)(2k + 7 —2) [, CHL T 9y vy
u IJ+ +8
X+ S+ B— 1) 2k 4y —2) [, CETE 5 () V)2
P+ G +26-3
Hxbo(p+ S+ B-1)(p+ 2+ 8- 2) [, U |Vul| Vo

)P‘F%‘FB*I

(3.7)

(u+1)p+%+5*2

)
+(2k+7=2)(p+ 5 +B-1) [ | Vul[ VY|
+(2k 4+ -2) [, %

( )

u+1p+ +B8-1

- 2k+7_2 fgu V2ZkFy—1

for all t € (0,T'). Because p > 2 — § — 3 and k > 1, it is easy to see that

ut1)PT 38 ut1)PTS+8-1
4L T 2k y - 2)(2k - 1) fy, ST v
« (ut+1)P~ 5 +E—2
<aolp+§+B8-1)2k+~—2) [ "o Vul||Vy|
u p+<%+28-3
+xbo(p+ 2 +B-1)(p+ ¢ +8-2) [, “ V||Vl (3.8)

(u+1) :D+ +B—

+2k+v-2)(p+5+B-1) IQWIWIIWI

p+ +B8—-1
(2 + 7= 2) Jo e

Now we deal with the terms on the right-hand side of (3.8). We know from Cauchy’s inequality, k£ > 1, and
v > 1 that

u p—%+B-2
Al = ao(p+ % —+ 6 — 1)(2](3 +"}/ — 2) fQ %|VUHV’U‘
2
< ea folu+ VP Vul + ei(e2) o garshms (u+ 1PF07 (3:9)

2
< 2 folu 17772 Vul 4 55 [ s (u ot 170

Using Young’s inequality and 28 — a < 2, we infer that

ci(e2) Vo2 (u+1)PH26-2 < (2k+v71{4(2k+vf2) I (u+1)”*7+’3*1|vv|2+02(52) [Vo|? (3.10)

n2k+'yf2 Q v2k+y 0 v2k+y Q v2k+y

By Lemma 2.4 and v > 7, we have
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2
ea(e2) Jo T < ca(e2) fqu?. (3.11)
Combining (3.9)—(3.11), we have
_ _ w p+S+8-1
Ay < e fo(u+ 172 |Vuf?  BEEUEETE) o LEn Vo + e (e2) [ u” (3.12)

Next we estimate the second term on the right-hand side of (3.8). We know from o < 0 and 28 — a < 2
that 28 + o < 2, which together with p > 4 — 2a — 48, v > n and Young’s inequality yields

ut1)PH S +268-3
Ay = xbo(p+§ + 8= Do+ § + 6~ 2) fo | Vul| Vo]

Xbo(p+§+B8-—1)(p+§+6-2) [ (ut])PTE 2070
< s Jo e V|V

(3.13)
“ +4B+420—4
<ég fQ(U + 1)”‘0‘_2\Vu|2 + zk+~, 2 fQ ( +1):2k+w |Vv|2
_ _ “ +G+6-1
< ey fQ(UJF 1)p7a72‘vu|2 + (2k+~ 11@’%7 2) fQ ( Jrll))’;kf7 |V’U|2 +c5(52)fQ ul.
Similarly,
w p+ +8
A= (2k+v-2)(p+5+6-1) [, %Wuﬂvﬂ
. e 1)PH2B 202
<& folut+ 1P| Vuf? 4 gl [ G vy (3.14)
_ _ p+G+8-1
< ez folut P72V + ety 1)4(21€+7 2 Jo (u+11)}2k+2'y [Vol? + er(e2) [ u
In addition, for k£ > 1 it is easy to see
p+g+B-1 o
Ay = (2k+ — fﬂ% <eg [ (u+ 1)prEHo-L (3.15)
Collecting (3.8) and (3.12)—(3.15) and setting e = M yields Lemma 3.2. O
Lemma 3.3. Suppose that (1.2)-(1.6) hold with « < 0, k > 1, and 28 —a < 2. Let p > max{n,2—5 — 3,4
2a — 48}, Then there exists a constant Cs > 0 such that
u(, )l ey < C3 (3.16)

forallt € (0,T).

(2k+7—2)(2k+y—1) -
4

Proof. Since 25 — a < 2 and a < 0, it is easy to obtain 28 + a < 2. We set €1 = in
Lemma 3.1. Combining Lemmas 3.1 and 3.2, we obtain
ug1)Pt g1 aon(p— e
iUl 17+ fo ) + 2= o 1P VP (3.17)
< leﬂu +61f9 u+ )P+2+5—1
for all t € (0,T). We have from the Gagliardo-Nirenberg inequality that
2p
Jolu+1)P = [[(u+1)""]7,
Lp-a
, (3.18)

P (1-61)

p— faG e %
<e|Vi+ D)= (w+ 1) Fool(ut+1)2 |75,

|73

P pP—a

where 0; = 2—1 € (0,1) because p > 1 and o < 0. Applying (2.3) to (3.18), we infer that
2

o 1
PQ +
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o1p

Jouw+1)P < cs([o(u+1)P~*2|Vul?)p=a 4¢3, (3.19)

where

61p _ __(p=D)n (3.20)

p—a n(p—a)+2—n"

It follows that z% < 1 because p > 1 and a < 0. Applying Young’s inequality to (3.19), we have

o (w4 1)P < 202e=) [y 4 1)P=0=2|Ty)2 4 ¢y (3.21)

In addition, it follows from Young’s inequality, v > n, and 28 + a < 2 that

ut1 p+§+6-1 1 @ 1
fQ( ng+w_2 < ot Jolu+ 1)PTe+h

= (3.22)
< Jo(u+1)Pdx + cs,
which together with (3.21) implies
wt )P E+8-1 aon(p— o
Jo U < B [ (u - 1DPO2 |Vl o+ e (3.:23)
Similarly, we can obtain
c1 fou? < 2Pl [y 1P|y 4 e (3.24)
and
1 fo(u+ 1)pHeti—l < % Jo(u+1)P=272|Vu|? + cs. (3.25)

(u+1)z’+%+ﬁf1

Thus, we define ¢(t) := [,(u+ 1) + [, == Combining (3.17), (3.21), and (3.23)(3.25), we see
that

&' (t) + o(t) <ecg, t€(0,T) (3.26)
with ¢g > 0. So by Lemma 2.3, there exists a constant c¢;g > 0 such that
|u(-, )| o) < c10 for allt e (0,T).
The proof of Lemma 3.3 is complete. 0O

The proof of Theorem 1.1. In view of Lemmas 2.1 and 2.6, Theorem 1.1 is a direct consequence of
Lemma 3.3. O

4. Proof of Theorem 1.2

Lemma 4.1. Assume D, S, and ¢ satisfy (1.2)-(1.5) with k > 1 and 28 + o < 2 and f satisfies (1.7) with
r € R,u >0, and m > 1. Then for any e1 > 0 and p > max{2 — m,2 — o — 23}, there exist Ci(e1) and

Cy > 0 such that
4 Jo(u+ 17+ 22D [ (0 4 1)P=0=2|Vy|? (4.1)
< o1 fo ST (o 1T L (o) fyu? — B St )4 Gy, 1€ (0,T),

2k(1-5—5)

where Y= m
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Proof. Multiplying the first equation in (1.1) by p(u + 1)P~! and integrating the result with respect to z

over (), we have

& Jou+1)P

=—p(p—1) Jo(u+1)P72D(u)|Vul? + p(p = 1) [o,(u+ 1)P72S () Vip(v) Vu

+rp fQ u(u + l)p_l — up fQ u™(u + 1)p_1'

Since —u™ < —(u+1)™ +m(u+1)™"! for m > 1, we have

p o u(u+ 1P —pup fo u™(u+1)P!
<|rlp fo(u+ 1) — pp [o(u+ 1) P~ +mpp [, (u+ 1) P2,

We know from Young’s inequality and p > 2 — m that
rlp Jo(u+1)P < B fo(u+ 1) P 4o
and
mup [o,(u+ 1)ymtr=2 < ER [ (u+ 1)ymHr=l 4 ey,
Collecting (4.3)—(4.5), we have

p fqu(u+ 1P~ — pp [ u™(u+ 1P~ < =L [0 (u+ 1) TP 4 g,

Inserting (4.6) and (3.6) into (4.2), we obtain (4.1). The proof of Lemma 4.1 is complete.

O

(4.2)

(4.3)

(4.5)

(4.6)

Lemma 4.2. Assume m > 1, a <0, and 28 + a < 2. Then there exists a constant pg > 1 such that for any

p > po the following inequalities hold:

p—a— P (mtp=3)
0< (p+2B8—2)(m+p—1) <1

p—a+l
and
(p+2B8—-2)(m+p—1)—m—p+3
0< ot (mTp=3) < 1.
Proof. Let p > max{l — «,3 — 23,3 — m}. Then we have
(p—a)(m+p—3)
P Gtep—2(mtp-—1
p;iajl +p—1 > 0
and
(p+28-2)(m+p—1)—m—p+3 > 0.

(p—a+1)(m+p-3)

Define the function g : R™ — R satisfies

g(s) =28+ (2m —a+28—6)s —a(m—3)+2(8—1)(m — 1), s > 0.

(4.7)

(4.9)

(4.10)

It is easy to see there exists a positive constant p; > 1 such that g(s) > 0 for any s > p;. This means
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(p—a)(m+p—3)

P—O— 4, 198—2)(mFp—1)
P <1 forp > pr. (4.11)

B=1)(m—-1)—(2—a)(m—3)

In addition, since 25 + a < 2, if we take py = X p—ye

, then for any p > p2, we obtain

(p+28-2)(m+p—1)—m—p+3
(p—a+1)(m+p—3)

<L (4.12)
Combining (4.9)—(4.12) and setting

po = max{l — a,3 — 28,3 —m, p1,p2},
we obtain (4.7) and (4.8). The proof of Lemma 4.2 is complete. O

Lemma 4.3. Assume D, S, and ¢ satisfy (1.2)-(1.5) with o < 0, k > 1, and 28 4+ o < 2 and f satisfies
(1.7) with > 0 and

m>1 ifn=1,
m>20+1 ifn > 2.

If po is given by Lemma 4.2, then for any p > max{po,2 — § — (3,4 — 2a — 43}, there exists C3(T) > 0 such
that

[e3 [e3
d [ (ADPTEETL (k4 -2)(2k+y—1)  (utDPTETHO 2
dt fQ v2k+y—2 + 3 fQ v2k+y |VIU|

< aop(f—l) Jou+1)P=272|Vul? + £ [ (u+1)"P=1 4 Cy(T) [, u?

+C3(T) [o(u+1)PFE8=1 4 Cy(T)

forallt € (0,T).

. o« . . d (u+1)PT 581
Proof. Similarly to the proof of Lemma 3.2, by direct computation of £ [, “*“—s=——, we have

d (u+1)P+%+B*1
dt fQ v2kFr—2

(u+1)p+%+ﬁf2

=(p+9+8-1) [y eIV (D(u)Vu — S(u)Ve(v)) + f(u)]dz (4.13)
(u+1)”+%+5*1

p+G+B-2
Compared with (3.7) in Lemma 3.2, we need only to estimate [, %f(u) Since f(u) = ru— pu™

and p > 0, we have

+1)PHg+HA-2 41yt g Al F1)PTE A2, m
fQ (uvgwf(u) < |r|fQ (uvz)w _Mfg(u)vszzu

(ut1)PHE+E-1 (4.14)
<|rl fQ T
Collecting (3.7), (3.8), (4.13), and (4.14), we get
VRS DL B ut1)PTS+6-1
%fﬂ%+(2k+772)(2k+771)[9%|V1}|2 w1

<A+ A+ A3+ Ay + As,

where
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w1 P-SH8-2
A= ao(p—|— % + B - 1)(2]€ +v - 2) fQ %‘VUHV’UL

ut1)Pt 263

Ay = xbo(p+§ + B~ 1)+ § + 5 ~2) fo “Hrmer—[Vul| Vo,

ut1)Pt A2

A=k +y-2)p+5+8-1) [, (ﬂwwu”vv"
p+S+8-1
Ay = 2k +v-2) [o e,

u+1)p+%+3*1

As = \T|(p+%+5—1)fg(vzw

Next we estimate A;—As. Applying Cauchy’s inequality to A; and using v > 6(T"), we have
Ay <éea [o(u+ 1P| Vul? + 1 (T) [, (u+ 1)PT2=2|Vy|2 (4.16)

We know from Young’s inequality that

c1(T) [ (u+ 1)PT28=2|Vy|?
1 (mtp—1)(p+28-2) (4.17)
S €3 fQ |Vv|m+p_ + CQ(T) fQ(u —|— 1) m+p—3

for all t € (0,T).
Firstly, we estimate the first term on right-hand side of the inequality (4.17). For any n > 1, by Lemma 2.4,
there exists a constant cg > 0 such that

[ [Vo| 7=t < ey [0 (u+ 1)mHe1, (4.18)

Next we estimate the last term in (4.17). We firstly consider the case n = 1. Applying the Gagliardo-
Nirenberg inequality, we have

(m+p—1)( B—2)

Ca (T) fQ (u + 1) +pml+pp_+32 2

= 02(T)H(u + 1)T H 2(1:ny;,71)(£+2572)
I, (m+p=3)(p—a)

e IR gy SR 00

Lp—«

<es(DIV(u+1)

2(m+p—1)(p+28—2)

+es(T)l|(u+ 1)) G
e

(p—o)(m+p—3)

where 6y = 22~ et Tt follows that 6 € (0,1) because of (4.7). So using [, udz < M, we have

(m+p—1)(p+28—2) (p+28—2)(m+p—1)—m—p+3

co(T) fQ(u +1) mtp—3 < 04(T)(fﬂ(u + 1)P=272|Vul?) (p—a+D(m+p—3) + ey (T).

We have from Lemma 4.2 and 25 + o < 2 that for any m > 1 the inequality

(p+28—2)(m+p—1)—m—p+3
0< (p—a+1)(m+p=3) <1

holds for p > pg. Thus, Young’s inequality yields

(m+4p—1)(p+28—-2)

eo(T) [y (u+ 1) mtes < @@ [ 4 1)p=e=2|7y|2 4 ¢5(T). (4.19)

Next we consider the case n > 2. Since m > 23+ 1 and p > pg, applying Young’s inequality to the last term
in (4.17), we have
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(m+p—1)(p+28—2)

eo(T) [lu+ 1) e < EP [ (u 4 1) Pl 4o cg(T). (4.20)

For the case n = 1, setting g3 = % in (4.16) and e3 = 42 in (4.17) and inserting the estimate
(4.17)—(4.19) into (4.16), we have

Ay < @) [y 4 1P (V)2 4 H2 [ (w4 1) P o (T). (4.21)
For the case n > 2, setting g2 = % in (4.16) and e5 = {£ in (4.17) and inserting the estimate
(4.17), (4.18), and (4.20) into (4.16), we have

Ay < @2l (g 1)P 2 |Vl + L2 [ (1) e (T). (4.22)
Finally, we consider the estimates of As—A4. Similarly to Lemma 3.2, for any n > 1, since o < 0,
264+ a < 2,and v > 6(T), we also have

yp+g+a-1

Ay < aop(lg—l) fQ(U +1)Pm=2| V2 + (2k+7—1)3(2k+“/—2) fQ (u+1v2k+7 |Vo|2 + ¢o(T) fQ u2 (4.23)

and

)p+%+ﬁ—1

As < % fQ(u-i- 1)p—a—2|vu|2 + (2k+7—1)3(2k+’y—2) fQ (u+1v2k+7 |VU|2 +C10(T) fQ u27 (4.24)

which used 28 + 3a < 2. In addition, since v > 6(T), we have
A4 + A5 S Cll(T) fQ(’U, + 1)P+%+B—1. (425)
Inserting (4.21)—(4.25) into (4.15), we obtain

d (ut1)PT 21 (9t y—2)(2k+y—1) (ut1)Pre+e-1 2
at fQ o2k FA—2 + 3 fQ V2R |Vl

< aop(jffl) fQ(u + 1)p7a72|vu|2 + % fQ(u + 1)m+p—1 + C12(T) fQ u?
+e1(T) folu+ 1PFEFPTE 4 e1o(T)

for all t € (0,T). The proof of Lemma 4.3 is complete. 0O

Lemma 4.4. Assume D, S, and ¢ satisfy (1.2)-(1.5) with o < 0, k > 1, and 28 4+ o < 2 and f satisfies
(1.7) with > 0 and

m>1 ifn=1,
m>28+1 ifn > 2.

If po is given by Lemma /.2, then for any p > max{po,2 — § — 3,4 — 2a — 4, n} there exists C4(T) > 0
such that

[u(-, )| o) < Ca(T) for allt € (0,T). (4.26)

Proof. Set e; = w in (4.1). We know from Lemmas 4.1 and 4.3 that

wt1)PtE A1 aop(p—1 ol
%(fg(“"’ 1)p_|_fQ( +1}2)k+72—2 )+ Op(f )fﬂ(u_|_1)p 2|Vu|2

(4.27)
< en(T) Jyu? + ex(T) folu+ 1DPF3491 4 ey(T), t € (0,7).
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Similarly to the proof of Lemma 3.3, using Young’s inequality, we have
e1(T) fou? < “HE= o (ut 1P~ Vul? + ey(T) (4.28)
and
ea(T) fo(u+ 1Pt 3+0=1 < 22l [0 (4 1)P=22|Vuf? 4 ¢5(T) (4.29)

for t € (0,T'). Inserting (4.28) and (4.29) into (4.27), we infer that

F1yPrE el

L[ ur1)P 4 [ B2 ) < e(T), t € (0,T), (4.30)

which yields (4.26). The proof of Lemma 4.4 is complete. O

The proof of Theorem 1.2. In view of Lemmas 2.1 and 2.6, Theorem 1.2 is a direct consequence of
Lemma 4.4. O
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