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that the existence of a uniformly continuous weak solution on R* having a relatively
compact range over Rt implies the existence of a compact almost automorphic weak

flerzz}sotriitomorphic solution solution. For that goal, we use Amerio’s principle. We prove also the existence,
Differential inclusion uniqueness, and global attractivity of a compact almost automorphic weak solution
Parabolic system where A is strongly mazimal monotone. For illustration, some applications are
Hyperbolic system provided for parabolic and hyperbolic equations.
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Amerio’s principle

1. Introduction

Let H be a real Hilbert space and A : D(A) C H — 2% be a multivalued operator with domain D(.A).
We consider the following differential inclusions:

u'(t) + Au(t) 3 f(t) fort e R, (1.1)
u'(t) + Au(t) 3 g(t,u(t)) forteR, (1.2)
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where f: R — H and g : R x H — H are continuous functions. Many studies have been devoted to the
existence of periodic and almost periodic solutions for the differential inclusion (1.1) when the operator A is
maximal monotone on H and the forcing term f is periodic or almost periodic. Brézis [13, Theorem 3.4, p.

65] proved that for any f € L'(a,b;H) and ug € D(A) there exists a unique weak solution of the following
differential inclusion:

{ w'(t) + Au(t) o f(t) fort € [a,b], (1.3)

u(a) = up.

Brézis [13, Theorem 3.15, p. 95] showed that if A is maximal monotone, then for each f € L*(0,T;H) the
differential inclusion

'(t t) > f(b),
W(0)+ Au(t) > 1) »
u(0) = u(T)
has at least a weak solution. Baillon and Haraux [5] studied the following differential inclusion:
u'(t) + 0p(u(t)) 2 f(t) fort € [0,+00), (1.5)

where ¢ is a proper, convex, and lower semicontinuous function and f € L?([0, +o0), H) is T-periodic. They
proved that if a T-periodic solution of (1.5) exists on R, then for each solution w of (1.5) on R™ there exists
a periodic strong solution w of (1.5) on R such that

u(t) = w(t) ast— 4oo.

Haraux [19] proved that if the forcing term f: R — H is S%-almost periodic, then each weak solution of
(1.5) on R is asymptotic to an almost periodic weak solution of (1.5) on R. Haraux [21] also proved that if
(1.1) has a uniformly continuous weak solution on R* and its range over R™ is relatively compact, then it
has an almost periodic weak solution on R when f is almost periodic [21, Theorem 1, p. 295]. Furthermore,
Haraux [23] proved that if the forcing term f: R — R? is S'-almost periodic, then all bounded solutions
on R of (1.1) are almost periodic.

Bochner [9-11] introduced the concept of almost automorphy as a generalization of almost periodicity
[10,12]. This concept was then investigated in depth by Veech [26,27] and many other authors. Almost
automorphy is a weak version of almost periodicity, so many results and methods in the theory of almost
periodicity are complicated in the almost automorphic framework.

The aim of this work is to study the existence of compact almost automorphic weak solutions for (1.1)
and (1.2). If A is maximal monotone and f is compact almost automorphic, we prove that if (1.1) has a
uniformly continuous weak solution on R* having a relatively compact range over RT, then it has at least a
compact almost automorphic weak solution on R. Our main result is proved by use of the minmax principle
due to Amerio [1]. As an application, we study the following partial differential equation:

2

—u(t,z) — Au(t,z) + B (%u(tw)) 3 f(t,x) for (t,x) € R x Q,
u(t,z) =0 for (t,x) € R x 09,

(1.6)

where (2 is a bounded open set in RY with smooth boundary 9Q such that dim(Q) > 2, 3 is a strongly
monotone graph in R x R, and f is a compact almost automorphic function in L?(2).

If A is strongly maximal monotone and f is compact almost automorphic, we prove that (1.1) has a unique
bounded weak solution that is compact almost automorphic and globally attractive. Moreover, we use the
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contraction principle to prove the existence and uniqueness of compact almost automorphic weak solutions
for (1.2) where g is compact almost automorphic in ¢ and Lipschitzian with respect to the second argument.

This work is organized as follows. In Section 2, we recall some definitions and basic results that we need
to prove our results. Section 3 is devoted to the existence of compact almost automorphic weak solutions
for the differential inclusion (1.1) where A is maximal monotone. In Section 4, we study the existence and
uniqueness of compact almost automorphic weak solutions of the differential inclusion (1.2) where A is
strongly maximal monotone. Finally, in Section 5 we give some applications to illustrate the main results
of this work.

2. Monotone operators and almost automorphic functions

In this section we recall some basic results for maximal monotone operators and almost automorphic
functions.

2.1. Mazimal monotone operators
Let H be a real Hilbert space equipped with its norm | - | arising from its inner product (-, ).
Definition 2.1. Let A : D(A) C H — 2" be a multivalued operator. Its domain is defined by
D(A) = {z € H : Az is nonempty in H}.
(i) The range of A is defined by

R(A) = ] Az

TEH

(ii) The graph of A is defined by
G(A) = {(z,y) e H? : y € Az}.
(iii) A is monotone if
(Az — Ay,x —y) >0 forallz,y € D(A), (2.1)
which means that for each 1 € D(A) and 2o € D(A), one has
(y1 — yo,x1 —x2)y >0 forall y; € Az and yy € Axs. (2.2)

(iv) A is maximal monotone if it is monotone and R(I + A) = H, where I is the identity operator on H.
(v) Ais a-strongly mazimal monotone (a > 0) if it is maximal monotone and

(Az — Ay, —y)n > alz —y|*> forallz,y € D(A). (2.3)
Remark 2.2. Let A: D(A) C H — 2" be a multivalued operator and « > 0. Then
A is maximal monotone if and only if A + «f is a-strongly maximal monotone.

Theorem 2.3. [13, p. 27] If A: H — 2" is mazimal monotone, then D(A) is convex.
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Consider the following differential inclusion:

{ u'(t) + Au(t) > f(t) fort € [a,b], (2.4)

u(a) = ug € H.

Definition 2.4. [13] Let f € L'(a,b;H). A continuous function u : [a,b] — H is a strong solution of
the differential inclusion (2.4) if u is absolutely continuous on each compact of ]a,b[, u(t) € D(A) almost
everywhere on [a, b] and (2.4) is satisfied almost everywhere on [a, b].

Definition 2.5. [13] A function u is a weak solution of (2.4) if there exist f,, € L'(a,b;H), u, € C(a,b;H)
such that u,, is a strong solution of

ty, (t) + Aun (t) 3 fn(t)
on [a,b], f, — f in L*(a,b;H) and u, — u in C(a,b;H).

Definition 2.6. Let f € L} (R,H). u is a weak solution of (2.4) on R if it is a weak solution of (2.4) on

loc
every compact interval of R.

The following results regarding the existence and estimations of weak solutions are needed in this work.

Theorem 2.7. [21, Theorem 36, p. 76]. Assume that A is mazimal monotone and f € L'(a,b;H). If ug €
D(A), then there exists a unique weak solution of (2.4). Moreover, if u and v are two weak solutions of
u'(t) + Au(t) 3 f(t) and V'(t) + Av(t) 3 g(t), respectively, then,

lu(t) —v(t)| < Ju(s) —v(s)| + / |f(o) —g(o)|do fora<s<t<h. (2.5)

Theorem 2.8. [28] Assume that A is a-strongly mazimal monotone. Let I be an interval of R and f,]? €

L, (I;H). If w and U are weak solutions on I of w'(t) + Au(t) > F(t) and @ (t) + At(t) 5 f(t), respectively,
then for any s and t in I, s <t, we have

t

ja(t) = a(t)] < e fa(s) —u(s)| + /e’a“"’)lﬂ(ff) — f(o)ldo. (2.6)

S

2.2. Almost automorphic functions

Let (X, |-|x) and (Y, |-|y) be Banach spaces and BC(R, X) be the space of bounded continuous functions
from R to X equipped with the supremum norm.

Definition 2.9. [14,18] A continuous function f: R — X is almost periodic if for every £ > 0 there exists
a positive number [ such that every interval of length [ contains a number 7 such that

sup |[f(t+7)— f(t)|x <e.
teR

We denote by AP(R, X) the space of almost periodic X-valued functions.

Theorem 2.10. [18] Every almost periodic function is uniformly continuous.
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Bochner [11] introduced the concept of almost automorphy, which is more general than almost periodicity.

Definition 2.11. [11,24,25] A continuous function f : R — X is almost automorphic if for every sequence

of real numbers (¢

' )n there exist a subsequence (t,), and a function g such that for each t € R

flt+t,) — g(t) asn — 400 (2.7)
and

gt —tn) — f(t) asn — +o0. (2.8)
We denote by AA(R, X)) the space of all almost automorphic X-valued functions.

Definition 2.12. [15] A continuous function f : R — X is compact almost automorphic if for each (¢],),, C R
there exist a subsequence (), and a function g such that

lim f(t+t,)=g(t) and lim g(t—t,) = f(¢) (2.9)

n—+oo n—-+4oo

uniformly on any compact subset of R.
We denote by AA (R, X) the space of all such functions.

Remark 2.13. (1) Each almost automorphic function f: R — X has a relatively compact range; hence, it
is bounded.

(2) Since the convergence in Definition 2.11 is a pointwise convergence, the function g is only measurable
and not necessarily continuous. The function g in Definition 2.12 is continuous.

Theorem 2.14. [16] A function f is compact almost automorphic if and only if it is almost automorphic and
uniformly continuous.

Example 2.15. [6, Example 3.1] Let f : R — R be such that

1
2 + cos(t) + cos(v/2t)

f(t):sin( > fort € R.

f is almost automorphic, but it is not uniformly continuous on R; hence, it is not almost periodic.

Example 2.16. [17,27] Let 6 be an irrational real number. Then for all n € Z, cos(2rné) # 0. Let (h,), be
the sequence defined by

+1 if cos(2mnf) > 0,

h, = sgncos(2mnf) = { (2.10)

—11if cos(2mmb) <0
Let f be given by

f@)=hy+ ({t—=n)(hpy1 —hy) forten,n+1].
Then f is compact almost automorphic, but it is not almost periodic.
Remark 2.17. We have that

AP(R, X) ¢ AA.(R, X) G AA(R, X) ¢ BO(R, X). (2.11)
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Theorem 2.18. [15] AA (R, X)) endowed with the supremum norm is a Banach space.

Definition 2.19. [15] A continuous function f: R x X — Y is compact almost automorphic in ¢ € R if for
every (tI,)n C R there exist a subsequence (t,), and a function g such that

ft+ty,z) — g(t,x) asn — 400 (2.12)
and
gt —tn, ) — f(t,z) asn — +o0 (2.13)

uniformly on any compact set in R and for any = € X.
The space of such functions is denoted by AA (R x X,Y).

Theorem 2.20. [15] Let f € AA.(R x X,Y) be Lipschitzian with respect to the second argument. If x €
AA(R, X), then the composition function t — f(t,x(t)) belongs to AA(R,Y).

3. Compact almost automorphic weak solutions of (1.1) where .4 is maximal monotone

In the sequel, we prove the existence of compact almost automorphic weak solutions of (1.1) where the
operator 4 is maximal monotone.

Theorem 3.1. Suppose that f is compact almost automorphic and A is mazimal monotone. If (1.1) has a
uniformly continuous weak solution on R having a relatively compact range over RT, then (1.1) has at
least a compact almost automorphic weak solution.
For the proof of Theorem 3.1, we need the following lemmas.
Lemma 3.2. [13] Let f, f, € L'([a,b]; H). Assume that x,, is a weak solution of x!,(t) + Az, (t) > fu(t) on
[a,b]. If z,, — x uniformly on [a,b] and f, — f in L'([a,b];H), then = is a weak solution of (1.1) on
[a, b].
Lemma 3.3. Let F € L} (R,H) and x be a weak solution on R of the following differential inclusion:
o' (t) + Az(t) > F(t). (3.1)
Assume that x is uniformly continuous on R and there exists a compact set K of H such that
x(t) e K forallt € R. (3.2)
If there exist a sequence (t,)n, C R and a function G : R — H such that
F(t+t,) — G(t) in L, (R,H) as n — 400, (3.3)
then there exists a subsequence of (t,)n denoted by (sn)n such that

x(t+ sn) — y(t) asn — 400 (3.4)

uniformly on any compact subset of R, where y is a weak solution on R of the following differential inclusion:
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y'(t) + Ay(t) > G(t). (3.5)
Furthermore, y is uniformly continuous on R and y(t) € K for all t € R.

Proof. For each n € N, we define z,, and F,, on R by z,(t) = z(t+t,) and F,(t) = F(t+t,). By (3.2), (zn)n
satisfies 2, (t) € K for each t € R and n € N. Consequently {x,(t) : n € N} is a relatively compact set
in H for each t € R. Since z is uniformly continuous on R, the sequence (), is uniformly equicontinuous
on R. By the Arzela-Ascoli theorem, {x,, : n € N} is a relatively compact subset of BC'(R,H) endowed
with the topology of compact convergence. From the sequence (t,),, we can extract a subsequence (sy)n
such that there exists y € BC(R,H) such that (z,), converges to y uniformly on each compact subset of
R and hence (3.4) holds. Furthermore, since x,, is a weak solution of (1.1) with F,, and F,, converges to
G in L, (R, H), the use of Lemma 3.2 allows us to conclude that y is a weak solution of (3.5); moreover,
y(t) € K for all t € R. Therefore, y is uniformly continuous on R because it is a limit of the sequence (2, ),
which is uniformly equicontinuous on R. 0O

Lemma 3.4. Suppose that f is compact almost automorphic. If (1.1) has a uniformly continuous weak solu-
tion ug on RT having a relatively compact range over RT, then it has a uniformly continuous weak solution
u* on R; moreover, its range over R is relatively compact.

Proof. Let (t,), € R be such that
lim t, = +oo. (3.6)

If ¢ € [-1,1], then for sufficiently large n the sequence of functions w, : t — ug(t + t,,) is well defined
and uniformly equicontinuous. By the Arzela-Ascoli theorem, there exist a function v and a subsequence
(tL)n C (tn)n such that

up(t +tL) — v(t) asn — oo

uniformly on [—~1,1]. Using the same argument, we deduce that for each p € N* there exists a subsequence
(tP)n C (8271, C -+ C (tn)n such that

up(t +t0) — v(t) asn — 400
uniformly on [—p, p]. Let (t;,), := (t;)» be the Cantor’s diagonal sequence. Then
up(t +1t,) — v(t) asn — +oo (3.7)

uniformly on any compact subset of R. Since f is compact almost automorphic, there exist a continuous
function ¢ and a subsequence (t/!),, C (t),), such that

flt+t") — g(t) asn — +oo, (3.8)
gt =ty — f(t) asn — 400 (3.9)

uniformly on any compact subset of R. Moreover, using (3.7) and (3.8), we find that v is a weak solution on
R of (1.1) with g. Furthermore, v is also equicontinuous. By applying the above argument to the returning
sequence (—t!),,, we obtain a subsequence (¢'),, C (t!!),, and a function u* such that

vt 4+t — u*(t) asn — 00 (3.10)
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uniformly on any compact subset of R. By (3.9), (3.10), and Lemma 3.2, we deduce that u* is a weak
solution on R of (1.1). Furthermore, the function u* is uniformly continuous on R and its range is contained
in the closure of the range of ug; hence, it is relatively compact. O

The next lemma plays a crucial role in this work.

Lemma 3.5. [21, Lemma 30, p. 220] Let S be a contraction defined on a closed convex subset of H and
z,y € H be such that |Sz — Sy| = |z — y|. Then

5(24Y) - S5

Proof of Theorem 3.1. We use Amerio’s principle. Let K = Co(u*(R)) be the closed convex hull of u*(R)
in H, where u* is given in Lemma 3.4. Let A and I' be the sets defined by

A={ueCR,H):uR)C K and sup |u(t + o) — u(t)| < sup|u*(t+ o) —u*(t)| for all o € R},
teR teR

I'={u€A: uisa weak solution of the differential inclusion (1.1) on R}.
We define the operator J : A — R™ by

J(u) = sup|u(t)| foru e A.
teR

We say that u is a minimal weak solution of (1.1) if

uel and J(u)= inf J(u).
u€l
We divide the proof into three steps:
Step 1. We claim that (1.1) has a minimal weak solution @ on R. Let

6 = inf . A1

inf J(u) (3.11)
Then, by Lemma 3.4, T" is nonempty since u* € T'. Hence, § exists in R. Consequently, there exists a sequence
(un)n in T such that

ngr-lr—loo J(ug) = 0. (3.12)
By the definition of T', for each ¢t € R, {u,(t) : n € N} is a subset of the compact K and (uy,),, is uniformly
equicontinuous on R. Using the Arzela-Ascoli theorem, we assert that {u, : n € N} is a relatively compact
subset of BC(R, H) endowed with the topology of compact convergence. Thus, there exists a subsequence
of (un)n denoted also by (uy), such that

U (t) — u(t) asn — 400 (3.13)
uniformly on any compact subset of R. Since u/,(t) + Au,(t) > f(¢) in the sense of weak solutions, the use
of (3.13) together with Lemma 3.2 implies that u is a weak solution on R of (1.1) and u € A; consequently,

u € T'. Hence, we obtain

§ < J(@). (3.14)
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We note that J is lower semicontinuous with respect to the topology of compact convergence; namely, if

lim x,, = z uniformly on compact subsets of R, then J(z) < liminf,, . J(z,). By (3.13), we get
n—oo

J (@) < liminf J(uy). (3.15)

n—-+4oo

By (3.12), (3.14), and (3.15), we deduce that

J(@) =6 = inf J(u). (3.16)

u€el’

Step 2. We claim that the minimal weak solution % is unique. Let u,v € I be such that

J(u) = J(w) =4. (3.17)
Let (t,)n C R be such that
lim ¢, = —o0. (3.18)
n—-+oo

From the compact almost automorphy of f, there exist a continuous function g and a subsequence of (t,),
denoted also by (), such that

ft+tn) — g(t) asn — 4o0,

gt —t,) — f(t) asn — 400

uniformly on any compact subset of R. Now let us prove that

u(t+tn) — ui(t) asn — 400, (3.19)
ur(t —t,) — ua(t) asn — +o0, (3.20)
v(t+t,) — v1(t) asn — +oo, (3.21)
v1(t —t,) —> v2(t) asn — 400 (3.22)

uniformly on any compact subset of R, where uy and v, are two minimal weak solutions on R of (1.1). Since
uw € I, it is uniformly continuous on R and u(R) C K. Applying Lemma 3.3 to x = u, F' = f, and the
sequence (t,)n, we obtain (3.19), where u; is a weak solution on R of the following differential inclusion:

uy (t) + Auyi(t) > g(t).

Moreover, uy is uniformly continuous on R and u;(R) C K, which implies that u; € A. Applying again
Lemma 3.3 to = uy, F = g, and the returning sequence (—t,),, we obtain (3.20), where uy is a weak
solution on R of (1.1) with ug € T. It follows from (3.19) and (3.20) that

J(uz) < J(uy) < J(u). (3.23)

Using (3.17), we obtain J(ug) = d, and consequently us is a weak minimal solution on R of (1.1). Applying
the same argument to v, we obtain (3.21) and (3.22), where vy is a weak minimal solution on R of (1.1).
Since u/(t) + Au(t) > f(t) and v'(t) + Av(t) © f(t) in the sense of weak solutions and the operator A is
monotone, we find by using inequality (2.5) that the function ¢ — |u(t) — v(t)| is nonincreasing. By (3.18),
we obtain
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lim |u(t+t,) —v(t+t,)| = sup |u(o) — v(o)]. (3.24)

n—-+oo o€R

It follows from (3.19)—(3.22) that for each ¢t € R

lim  lm |u(t+t, —tm) —v(E+tn —tm)| = Um  |ui(t —tm) —v1(t — )|

m—>+00 nr+00 m—+o00
= |ua(t) — va(t)]. (3.25)
Combining (3.24) and (3.25), we find that for each t € R
|ug(t) — va(t)] = sup u(o) —v(o)] = c. (3.26)
Consequently, we have
|ua(t) — va(t)] = |ua(0) — v2(0)| fort e R. (3.27)

Let Sy : D(A) — D(A) be the operator defined for each zg € D(A) by
Sixo = x(t),

where z is the unique weak solution on R of (1.1) with initial data x(0) = zy. Taking f = g in (2.5), we

deduce that the operator S; is contractive on the closed convex set D(A). It follows from (3.27) that
[Stua(0) = Spv2(0)] = [u2(0) — v2(0)].

Using Lemma 3.5, we obtain

St(M) = %(Stug(()) + Sp2(0)) = M

U2 + Vo

We conclude that is also a weak solution on R of (1.1). Since us(R) C K, v2(R) C K, and K is

Uz + V2 Uz + v2

convex, ( )(]R) C K and € I'. Hence,
5= inf J(u) < T Sus + Tug ) = sup | Fus(t) + 2va(t) (3.28)
Taer W=\t TR ) TR R T ) '
By the parallelogram law, we get
1 1 21, 1 , 1 )
sup |zuz(t) + zv2(t)| + —¢° < = sup|ua(t)|* + = sup |va(t)|". (3.29)
teR | 2 2 4 2 teR 2 teR

1 1 1
By (3.28) and (3.29), we obtain §2 + ch < 552 + 562. Hence, |ug(t) — v2(t)] = ¢ < 0 for all ¢ € R;

consequently, us = v, which implies by (3.26) that u = v.
Step 3. We claim that the unique minimal weak solution @ is compact almost automorphic. Let (¢,,),, C R.
We have to prove that there exist a subsequence (t,), of (¢,), and a continuous function v such that

u(t+t,) — v(t) asn — 4oo, (3.30)

v(t—t,) — u(t) asn — 400 (3.31)
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uniformly on any compact subset of R. From the compact almost automorphy of f, there exists a subsequence
(tn)n C (t],)n such that

fit+tn) — g(t) asn — 4o0,

gt —t,) — f(t) asn — +o0

uniformly on any compact subset of R. Since u € T, it is uniformly continuous on R, and u(t) € K for all
t € R. Applying Lemma 3.3 to x = @, F' = f, and the sequence (¢,),, we obtain (3.30), where v is a weak
solution on R of the following differential inclusion:

V() + Av(t) 2 g(t).

Furthermore, v is uniformly continuous on R and v(t) € K for all ¢ € R since v € A. Using (3.30), we obtain

J(v) < J(u). (3.32)
Applying Lemma 3.3 to = v, F' = g, and the returning sequence (—ty),, we find for a subsequence that

v(t—t,) — w(t) asn— 400 (3.33)

uniformly on any compact subset of R, where w € T'. From (3.33) we obtain

J(w) < J(v). (3.34)
By (3.32) and (3.34), we get

J(w) < J(u) = inf J(u).

uel

Consequently,

J(w) = J(u) = ;161% J(u).
By the uniqueness of the minimal weak solution of (1.1) (from steps 1 and 2), we deduce that w = @, (3.31)
holds, and u is compact almost automorphic. O

4. Compact almost automorphic weak solutions of (1.1) and (1.2) where A is strongly maximal monotone

In the sequel, we prove the existence and uniqueness of compact almost automorphic weak solutions for
the differential inclusions (1.1) and (1.2) where the operator A is strongly maximal monotone.

Theorem 4.1. Assume that A is a-strongly mazimal monotone (a > 0) with 0 € A0 and f € AA. (R, H).
Then (1.1) has a unique compact almost automorphic weak solution uy that is globally attractive.

Proof. The proof is divided in five steps:
Step 1. We claim that the differential inclusion (1.1) has a bounded weak solution uy on R. Let n € N and
consider the following problem:

(4.1)

{u'a) + Au(t) > f(t),
u(—n) =0.
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Then (4.1) has a unique weak solution u,, on [—n, o). Since .40 3 0, it follows by Theorem 2.8, with & = u,,,
f=f,u=0,and f =0, that

|un ()] < /e_a(t_”)\f(aﬂda for t € [-n,c0).

—n

The compact almost automorphy of the function f implies its boundedness. Let My = sup,cg |f(t)|. Then
the last inequality gives

M
lun(8)] < =L (1 = e~y for t € [—n, +o0];
@
consequently,

M
un ()] < jf for t € [—n, +ool. (4.2)

Let I = [a,b] and n and m be such that —n < —m < a. Using Theorem 2.8 for u = u,, f: [, 4=y, and
f=17f, we get
[tin () — upm (£)] < e_a(t+m)|un(—m) — Uy (—m)| = e_a(t+m)|un(—m)| fort € I. (4.3)

Inequalities (4.2) and (4.3) imply that

ln (£) — wm ()] < %6_0‘(“'””) fortel,
which implies that (u,), is a Cauchy sequence in C(I,H) and hence it converges to uy in C(I,H). By
Lemma 3.2, the function u is a weak solution of (1.1) on I. Since I is arbitrary, by (4.2), uy is a bounded
weak solution on R of (1.1).
Step 2. We claim that uy is unique. Suppose that v is another bounded weak solution on R of (1.1). By
Theorem 2.8, we have for t,0c € R, t > o,

lug(t) = v(t)] < e us(0) — v(o)|- (4.4)
Since u; and v are bounded, by letting ¢ — —o0o in (4.4), we obtain uy = v. The global attractivity also
follows from (4.4) by our taking ¢ = 0 and letting ¢ — +o0.

Step 3. We claim that the range of uy is relatively compact. Let (¢),),, C R. From the almost automorphy
of f, there exists a subsequence (¢,), C (t,)n such that for each t € R

If(t+t,) — f(t+1ty)| — 0

{un(t) :
fn(t) :

We claim that (un(t)), is a Cauchy sequence in #H for each ¢ € R. u, and u, are weak solutions of the

as p,q — 00. Let

up(t+t,) forteR,
f(t+t,) forteR.

following differential inclusions:
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uy,(t) + Aup(t) 3 fp(t) fort € R,
ug(t) + Aug(t) > fy(t) fort e R.

Applying Theorem 2.8 to (4.5), we find that for t > o

t

Jup(t) = ug(t)] < e Duy(0) — ug(0)] + /e_a(t_8)|fp(8> — fq(s)lds.

g
Using the boundedness of uy and letting o — —oo, we deduce that for each ¢t € R

t

() = w01 < [ I g(s) = £y

—00

t

- / e (s + 1) — (s + tg)|ds.

— 00

Using Lebesgue’s dominated convergence theorem, we conclude that (u,(t)),, is a Cauchy sequence in H for
each t € R. Therefore, us has a relatively compact range.

Step 4. We claim that the solution uj is uniformly continuous on R. By Theorem 2.8 with @ = us(- + h),
G=us(-), f=f(-+h), and f = f(-), we find that for t > o

t
Jug(t+h) —up(t)] < e Nug(o +h) —us(o)| + /e_a(t_s)lf(s +h) = f(s)|ds.

o

Since uy is bounded, we find by letting o — —oo that for each t € R

t
usle+h) = us® < [ I (s m) = f(o)lds
< —sup| ¢+ 8) — (1),
teR

which implies that

sup |up(t + ) — up(8)] <~ sup £t +h) — F(2)].
teR Q teR

By Theorem 2.14, we find that u; is uniformly continuous on R.
Step 5. We claim that uy is compact almost automorphic. Let (t,), € R. Since f is compact almost
automorphic, there exist a subsequence (},),, C (t,),, and a continuous function g : R — # such that

|[f(t+1t,)—gt) — 0 asn — +oo,
lg(t —t,)— f(t)] — 0 asn — +o0

uniformly on any compact subset of R. By Lemma 3.3, one can extract another subsequence (¢/),, C (t),)n C
(tn)n such that

up(t+1tn) — y(t) asn — +o00 (4.6)
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uniformly on any compact subset of R, where y is a weak solution on R of the following differential inclusion:

y'(t) + Ay(t) 2 g(t).

Since y is also uniformly continuous and its range is relatively compact, by applying the same procedure to
the function y using the returning sequence (—¢//), , we have another subsequence (t'),, C ()5 C (t},)n C
(tn)rn such that

y(t =)y — 2(t) asn — +oo (4.7)

uniformly on any compact subset of R, where z is a bounded weak solution of (1.1) on R. From the uniqueness
of the bounded weak solution (step 2), we conclude that z = uy. Thus, it follows from (4.6) and (4.7) that
uy is compact almost automorphic. O

Theorem 4.2. Assume that A is a-strongly mazimal monotone (o > 0) with 0 € A0 and g : R X H — H
is compact almost automorphic in t and Lipschitzian with respect to the second argument. Then (1.2) has a
unique compact almost automorphic weak solution provided that Lip(g) < «, where Lip(g) is the Lipschitz
constant of g.

Proof. Let v : R — H be a compact almost automorphic function. Consider the following differential
inclusion:

u'(t) + Au(t) 3 g(t,v(t)) fort e R. (4.8)

By Theorem 2.20, the function ¢t — g(¢, v(t)) is compact almost automorphic. It follows from Theorem 4.1
that the differential inclusion (4.8) has a unique compact almost automorphic weak solution u,. Let T be
defined by

T: AA(R,H) — AA(R,H),
V> Uy.

Then T is well defined. Let v,w € AA.(R,H). Applying Theorem 2.8 to @ = u,, f = g(-,v(*)), U = Uy, and

~

f=g(,w(-)), we obtain
[Tu(t) = Tw(t)] < e™ " uy(0) — uw(0)| + /6_“(t_s)|g(s,v(s)) — g(s,w(s))|ds fort > o.

Letting 0 — —o0, we find that for each t € R

t

To(t) — Tw(t)| < / e g(s,0(s)) — g(s,w(s))|ds

This means that T is a strict contraction. We deduce that the operator T has a unique fixed point that is
the unique compact almost automorphic weak solution of (1.2). O
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5. Hyperbolic and parabolic equations
5.1. A dissipative hyperbolic system

We give an existence theorem of compact almost automorphic weak solutions for the following dissipative
nonlinear wave inclusion:

a—;u(t,x) — Au(t,z) + 3 (%u(t,x)) 25 0(t,z) for (t,z) e R x Q,

u(t,z) =0 for (t,z) € R x 9Q,

(5.1)

where A is the Laplacian operator. We assume that
(A1) Q is a bounded open set in RV with smooth boundary 99 such that dim(2) > 2.
(A2) B is a strongly maximal monotone graph in R x R with 0 € 50 such that

N +2

80| < Crlwl* + Co, with 0 <k <

(5.2)

where f% = Projg(,, (0).
— 6
(A3) 0: R x Q — R satisfies % € S%(R, L?(9)), where

t4+1

S%(R, L*(Q)) = {h € L} (R, L*(Q)) : sup / |h(s)|iz(9)ds < +oo},
teR
t

and the function ¢ — 6(t,-) is in AA.(R, L3(2)). That is, for any (¢,), C R, there exist a subsequence
(tn)n and a continuous function 6 : R x € — R such that

/ 0(t + tp,w) — O(t,w)|?dw — 0 as n — 400, (5.3)
Q
/|§(t —tp,w) — O(t,w)|?dw — 0 asn — +oo (5.4)
Q

uniformly on any compact subset of R.
Let H = Hi (Q) x L?(2) be the Hilbert space endowed with the norm

1
2

(61, 92) i — ( [@moiP +loner + |¢2<s>|2>ds) 7

and let B be the canonical extension of 3 to L?() taken from [21, p. 53]
(u,v) € G(B) if and only if (u(x),v(x)) € G(B) for almost allz € Q. (5.5)
Let

D(L) = HY(Q) N H2(Q) x HY(Q)

0 -I
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D(B) = H}(Q) x D(B)
Y
Lemma 5.1. [21, p. 93] D(A) = D(L£) N D(B), A = L + B is mazimal monotone on H = H} () x L*(Q).
Let f: R — H be the function defined by

FO)(w) = (9(2@) fort € R and w € Q. (5.6)

Then, by assumption (A3), f € AA.(R,H). If we take U = ( (;LL ), then (5.1) takes the following abstract

form: ot

U'(t)+ AU (t) > f(t) forteR. (5.7)

Lemma 5.2. [8, Theorem 2.1] Let U(t) = ( ;\i ) be a solution that starts at <u0> € D(A). Then
ot o

0%u . ou o
gz €L (RT,L*(Q)) and el (R, H3(2)).

Lemma 5.3. [8] Let U(t) = ( ;:L ) be a solution that starts at (1;()) € D(A). Then U(t) has a relatively
ot 0

compact range in the energy space H = Hi(Q) x L*(Q).
As a consequence, we have the following result.
Theorem 5.4. (5.1) has at least a weak solution in AA.(R, H}(Q) x L*(Q)).

Proof. By Lemmas 5.2 and 5.3, any trajectory (U(t));>o that starts at Uy € D(A) is uniformly continuous
on R* in H}(Q) x L?(Q2) and its range over R is relatively compact. In view of Theorem 3.1, (5.7) has at
least a compact almost automorphic weak solution. 0O

Remark 5.5. (5.1) was considered in the periodic case and the almost periodic case in [2-4,7,8,20-22].
5.2. A dissipative parabolic system

Consider the following system:

0

aw(mx) — Aw(t,z) + B (w(t,z)) + aw(t,z) 3 y(w(t,z))) + h(t,z) for (t,z) € R x Q, (5.8)
w(t,z) =0 for (t,x) € R x 99,

where a > 0. Assume that

(B1) Q is a smooth subset of RY with a regular boundary 9.

(B2) f is a maximal monotone graph in R x R with 0 € S0.

(B3) v: R — R is a Lipschitzian function such that «(0) = 0. Let L., be its Lipschitz constant.

(B4) The function t — h(t,-) belongs to AA.(R, L?(2)).
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Let B be the canonical extension of 3 to L?(Q2) defined by
(u,v) € G(B) if and only if (u(x),v(z)) € G(B) for almost allx € . (5.9)

Let A; be defined in L?(2) by

D(Ay) = {u e H*(Q) N Hy(Q); 5 (uv) € L*(Q)},
Aju = —Au + Bu.

It is known from [21, p. 88] that A; is maximal monotone. Hence, by Remark 2.2 the operator

{MMDmm

Au = Aju+ au

is a-strongly maximal monotone. Using the fact that 0 € 80, we get 0 € A0. Take H = L%(Q).
We consider the function f: H — H defined by

f@)(w) =7v(z(w)) forz e H andw € Q.
By assumption (B3), one sees that f is well defined. Using assumption (B3), we obtain that f is Lipschitzian

with a Lipschitz constant Ly = L.,. Furthermore, f € C(H,H).
Let H : R — H be defined by

H(t)(w) =h(t,w) forteRandw €.

Assumption (B4) implies that H € AA.(R,H).
Let g : R x H — H be defined by

g(t,z) = f(x)+ H(t) fort € Randz € H.
We deduce that g € AA.(R x H,H) and g is Lipschitzian with respect to the second argument with a

Lipschitz constant Ly = L.
If we take u(-)(z) = w(-,x), then (5.8) takes the following abstract form:

u'(t) + Au(t) 3 g(t,u(t)) forteR (5.10)

in the Hilbert space H. If we suppose that L, < «, then all the assumptions in Theorem 4.2 are fulfilled.
Consequently, we get the following result.

Theorem 5.6. The system (5.8) has a unique compact almost automorphic weak solution provided that
Ly <a.
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